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Plan

An integer n is squarefree if it is not divisible by d? for any |d|>1

Solve over F[t] a number of open problems in analytic number
theory concerning squarefree integers, in the limit q—o0

* The asymptotic number of squarefrees in short intervals
« variance of the number of squarefrees in short intervals



The density of square-free integers

The density of squarefrees is 1/((2)=6/r?
Q(x)=#{n<x:n square—free }= ﬁ +0(x"?)

Remainder term is conjectured to be O( x1/4+o(1) ).

Assuming the Riemann Hypothesis, exponent improved from 1/2 :

o Axer (1911): 2/5 ..... Jia (1993): 17/54= 0.314815



The indicator function of squarefrees

-1, n=p,-... squarefree
Mobius function ﬂ(n)Z{( ) Y Py g

0, otherwise
:> (n)2— 1, n squarefree
#7700, otherwise
1 geniii
o d)=1
Mobius inversion formula Z 'u( ) {O’ n>1
d|n
Lemma: ,Uz(n): Z p(d)

2
In
Proof: 1) Every integer can be uniquely written as n=sm?, with s squarefree

1, m=1< n=ssquarefree
2)Ridetn S=ediim = Z ud)= 2, u(d)= { otherwise
d |n dlm 0



Proof of Q(x) = Fo(1/x)

<<2>
Q(X) = nz;ﬂ (n)= ;gﬂ(d)—dzxﬂ(d)nz;l
Counting the number of multiples in an interval: dz_m
> 1= 51=5+0@)
Q(X)—d<fﬂ(d)(—+o(1)) X3 A2+ O( [u(@)
- —x(m+ (-~ ) (&)=@+0(&>

loED |



Sqguarefree polynomials

An polynomial is squarefree if it is not divisible by d? for any polynomial d, deg(d)>0.

The number of squarefree polynomials of degree n: If n>1 then

n
Q(n) = #{f € IFq |t] monic,deg f = n, squarefree} —
Cq(2)
1
Sa(®)= 2 s Norm:  [fll:=#F[t]/(f)=gges®d

- no remainder term !

#{f € F,[t] monic, deg f = n} =



The zeta function for F[x]

Riemann (- function ¢(s)= 2% o H(l— P~ )_1
n= p

()= Y re-yei)

=
f monic” f ” P monic irreducible

1

Norm of a polynomial: [[f]|:= F,[x]/(f)= q?e®

1

Here zeta is very simple: v
é/q (S) = 1_ 1—s

(no zeros!)




Proof of Q(n) = q"/{(2)

Use generating function of squarefrees

DS T wn= T4

n=0 q n:Oq deg f=n
é/q (S) 1_ ql—ZS = L] .
= = et a6 G T
c,(2s) 1-q Z;

n

me) Q(M=09"-9""=q"(l-q )=

for n>2

- (2)



Squarefrees In short intervals

Q(X;H)=0Q(x+H)—-0Q(X) =#{ x<n< x+H, nsquare —free }

¢(2)

OK for H > xl/2 because of Q(x) -x/{(2) = o(x2)

Want: for 1<K H < X Q(x H)N

Roth (1951): OK for H > x1/3

improvements: Roth (1951) 3/13, Richert (1954) 2/9, Tolev (2006) 1/5

Conjecture: Q(x;H)~H/{(2) for any H>>x®

Moreover the fluctuations are of order HL/4

Entin 2014: OK assuming the ABC conjecture
Erdos: False for H= log x/loglog x



Variance — Hall’s theorem

VarQ(e; H )= % ZN Q(n;H) ;22)

R. Hall (1982): If H<<N?/® | H—s with N (very short intervals) then

VarQ oy AI—IaII\m AHaII T [;(3/2)1_[(1_ 52 T : j

p3

Corollary: In this case, almost all short intervals (n,n+H] contain ~H/{(2) squarefrees.

moreover the fluctuations are typically of order H/4

Unknown: Behaviour of the variance Var(Q) for longer intervals.




Ideas for Hall’s theorem

1. The autocorrelation function of squarefrees (Carlitz 1932, Mirsky 1949): uniformly in J<X,

2 (Nt (n+3) =6(I)x+0(x*?)

n<Xx

1, J=0 modp°
2, J#0 mod p?

v(J; p)

S(J) —H(l— ), V(J;p2)={

2. A subtle cancelation in sums of the “singular series”

ZZG(I J)= (Cj( )j ""AHan\/_"‘O(Hl/s)

=1 J=1

4(3/2) 1_3 2j
AHaII H( p p3




Squarefree polynomials in short intervals

f |[:= #F[t)/(f) = qea®d

A short interval around f,. [I(fy;h):={f: || f-fy [[<q"}= {f:deg(f — fo) < h}

Norm of a polynomial:

e.g. f,=t"h=2: || f-t"|Kg®° o f =t"+ at’+at+a,

If deg f, >h then H:=# {f: ||f-f, |[<g"} =g"*! < “length” of interval

Squarefrees in short intervals:

For a polynomial A of degree n, we count the number of squarefree polynomials in an
“interval” about A:

Q(A; h) =#{f squarefree, ||FA||<q"}

Goals: In the limit g—oo,
1. Asymptotic of Q(A;h)
2. Variance



Asymptotics of squarefrees in short intervals
Q(A;h) =#{f squarefree, |f — A|<q"}
Thm (ZR 2012): Fix 0<h<n. Then for any A with deg(A)=n, as q—wo,

H) H
Ah)=H+0O, | — |~
LA U [q] .2

-analogousto  X& < H <X

Dan Carmon (June 2015): Can do the n—oo limit, for intervals I(A,h) of “length”

H = GRaIE (A€ = qt¢, > Yiee=0

Q(A;h) ~

Gq(2)



Method

@ [E!Umef=A+a withdeg@sh

@ Wantto know the proportion of substitutions a, deg(a)=m, with F(a):=A+a squarefree

@ IHM (ZR,2014): F(X) € F,[t][X] separable, with squarefree content, then as g—oo

. 1
q—n#{a monic, dega = n, F(a) squarefree} =1+ Oy, ye(r) (5)

I.e. almost all substitutions give square-free values

Example: F(X) = A(t) + cX



: ._i i
Variance ~ V@@=g ), le@im-H

degA=n
Theorem (J. Keating & ZR, 2014): Fix n, h<n-5. As g— with gcd(q,6)=1,

qh/2 J‘ ‘trace(Symh’MU)‘sz, Py

U (n-h-2)
Var Q ~ <
qh-vr2 j traceV|" dV j' traceSym ™9’y ‘2 dU, hodd
i U (n—h-2) U (n-h-2)
ﬂ h even

4

no restriction on length of interval ;
for the integers we need H<X?? (short)

\f’
%, h odd

\



comparison
Hall (1982): For HKN?®  Var Q ~ AHa,,\/ﬁ

Keating & ZR (2014): For F[t], inlimit g—o , Var Q~ <

= sl=

\ 4
— so smaller than over Z 11!

- no restriction on length of interval

Method: 1) reduce to zeros of L-functions
I1) equidistribution + independence of Frobenius matrices (N. Katz 2014)



Dirichlet characters & L-functions for F[t]

Let Q(t)e F,[t] be a polynomial of positive degree.
A Dirichlet character modulo Q is a function y : F,[t] -C* satisfying

x(AB)=x(A) x(B)
x(A+CQ) = x(A)
x(1)=1

x Is “even” ifitis trivial onscalars F, : x(cf) = x(f), Vc € Fg

-1
The L-function associated to y : L(S, Z) ' Z Z( f) il H (1_ Z(P)j

for Re(s)>1 f monic | f ”S P prime ” P “S

Norm of a polynomial: ||f||:=#F[x]/(f)=qcee(®
(analogy: for O#neZ, |n|=#Z/nZ )



L(s, x) and the Frobenius class

-1
. x(1) 1 x(P)
If y is nontrivial (“primitive”) then L(s, x) = Z I T [1_ P

f monic P prime

* L(s, %) is apolynomial in u:=q® of degree deg(Q)-1
« functional equation L(s,yx) < L(1-s,¢1)
 RH (Weil, 1940°s): All non-trivial zeros lie on Re(s)=1/2 ait

« If yis “even” then there is a trivial zero at =0

: . O(y) =
the Frobenius conjugacy class:

If  is even and primitive mod Q, then can write aif

L(s, ) = 1-u)det(l ~ug”*®(y)), u=q°

O(yx) = unitary mxm matrix, m=deg Q-2, called the “unitarized Frobenius matrix’




Definition of equidistribution

Let G be a compact metric space, with associated volume measure dm.

A sequence of subsets {X,,} of G becomes equidistributed in G if for any nice
subset 4 c G,

o 4 _ i
rm#—xn#{xnmA}_ =

Equivalently for any continuous function F on G,

< 1
lim WZX F(x) = i jG F (x)dm(x)

For us,
» G=set of conjugacy classes in projective) unitary group PU(N-2),
» the sets Xy, are the Frobenii O(y) y all even primitive characters mod t




Equidistribution & independence of Frobenii

L(s,x) = (1 — q~%)det(l — "SG()())

1) N. Katz, (2012) As y varies over all “even” primitive characters mod tV, the Frobeniius
classes ®(y) become equidistributed in the projective unitary group PU(N-2) as q—oo.

(N>4)
I.e. for any nice function F on PU(N-2)# |

: 1

lim—— F(O® - FU)dU

gy . FOD=[0afW)
even primitive

ii) N. Katz (2014): the pairs (O(%),0(x?) ) are equidistributed in PU(N-2) x PU(N-2)

(N>5, gcd(q,6)=1) - independence of ®(y) and O(x?)

i.e. for any nice function F on PU(N-2)# x PU(N-2)# |

hmL Z F(O(x),0(x?)) = ﬂ F(U,UNdUdU’

q—oo #{x}
x mod tN PU(N-2) x PU(N-2)
even primitive



Var Q in terms of zeros of L-functions

Expression for Var(Q) via zeros of Dirichlet L-functions mod t""

as —oo

Var Q ~ vH x

#{ }Z 2

even prlmltlve

%‘traceSym(m)’z@(Zz) ‘2 ,heven

%‘trace(@(;())xtraceSym(“+3)’2®( )‘ h odd



Using equidistribution

Equidistribution >

lim ——— > |traceSym"®(x*) [ = I ‘traceSym”UrdU =1

17 } xmodt"™" U (n-h-2)
even primitive

Equidistribution + independence 4

|imi Z|trace O(y) | x|trace Sym"®(r°) |

e #{Z } xmodt""
even prlmltlve
- j]traceu izdu X Htrace Sym"U ‘sz — L=l

U (n—h-2) U (n-h-2)

—H, h even
Ja
:> Var Q ~
ﬂ, h odd
g



Summary

Solved a number of problems in F[t], in the limit g—oo, which are open for Z:

» Squarefrees in short intervals
 variance of the number of squarefrees in short intervals

These and other problems give insight as to what should be true over the integers.



Thank you !




