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@ Framework and main ingredients
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What is traffic flow?

Definition

Traffic flow is the study of interactions between
o travellers (pedestrians, cyclists, riders drivers and their vehicles)

e infrastructure (highways, signage, and traffic control devices).
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Why is it so important?

Understanding and developing an optimal transport network with efficient
movement of traffic and minimal traffic congestion problems in order to:

@ improve the drivers' safety,
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Why is it so important?

Understanding and developing an optimal transport network with efficient
movement of traffic and minimal traffic congestion problems in order to:

@ improve the drivers' safety,
@ reduce the travel time,

@ reduce the fuel consumption,

@ reduce the pollution related to the heavy traffic.
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Introduction

Framework

Mathematical modeling of traffic flow on a single road, by means of both

@ a microscopic (agent-based) follow-the-leader model based on a
system of ODEs

e a MACROSCOPIC (fluid-dynamic) model based on conservation laws
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Introduction

Relevance

Multiscale models are useful for exploiting in a unique setting both
Eulerian (i.e., flux-based) and Lagrangian (i.e., GPS) real traffic data.
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Microscopic follow-the-leader models

Hypothesis:
N cars on a infinite road, overtaking not possible
Xk(t) position of car k at time t
Vi (t) velocity of car k at time t
Ak(t) acceleration of car k at time t
X1 < Xo <. < Xy

—o—o00o0—+o0oo0o—*+—oot+o—o0o+—o0-0O0—
X1

Note that the N-th car (the leader) needs a special dynamic because has
no one in front of him.
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Microscopic follow-the-leader models

Xi(t) = V(X(t), Xiga (), k<N
XN(t) = Vmax

Main feature: Assume that accelerations are instantaneus and traffic
conditions are always at the equilibrium.
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Microscopic follow-the-leader models

First-order

Xi(t) = V(Xi(t), Xiga(t)), k<N
XN(t) — Vmax

Main feature: Assume that accelerations are instantaneus and traffic
conditions are always at the equilibrium.

v

Xi(t) = Vi(t), k<N
Vi(t) = A(Xi(t), X1 (t), Vk(t), Vies(t)), k< N
Vn(t) =0

Main feature: Consider bounded accelerations, so it's closer to real

dynamics of drivers. They are also able to reproduce
some traffic phenomena like Stop & Go Waves.
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Possible choices for the acceleration term

ARZ limit model

Vi1 — Vi o Vies(Xi+1 — Xi) — Vi

A(Xies X1, Vi, Vier1) = Vief Xie41 — X T

Simplified Zhao-Zhang Model

VZZ (X1 — Xk) — V

A(Xk, Xk+1, Vi, Vig1) =

—
07 A S Amin7

VZZ(A) = OL(A - Amin)a Apin £ A < Apin + Vmax/a7
Vinax; A > Anin + Vmax/a'

Y. Zhao and H. M. Zhang, A unified follow-the-leader model for vehicle, bicycle and pedestrian traffic,
Transportation Res. Part B, 105 (2017), 315-327.
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Stop & go waves with the Zhao-Zhang model

vehicles' trajectories

1000
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Resume on Microscopic approach

v' is the natural way to describe traffic flow

v/ is easy to implement
v' is really accurate
v

is able to easily describe second order effect
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Resume on Microscopic approach

v' is the natural way to describe traffic flow

is easy to implement

v
v' is really accurate
v

is able to easily describe second order effect

But...

X requires a lot of time

X is expensive in terms of memory

X is impossible to use on a large network
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Macroscopic models

p(x, t) density of cars at point x and time t
v(x, t) velocity of cars at point x and time t

f(x,t) = p(x, t)v(x, t) flux of cars at point x and time t
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Macroscopic models

p(x, t) density of cars at point x and time t
v(x, t) velocity of cars at point x and time t

f(x,t) = p(x, t)v(x, t) flux of cars at point x and time t

Definition
The fundamental diagram establishes the relationship between the flux and
the density of vehicles, i.e. {(p(x,t),f(x,t)) : x € R, t >0}
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Macroscopic models

First-order (LWR model)

Otp+0x(pv(p)) =0, x€R, t>0

Typically v(p) = Vinax (1 = 72-)
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Macroscopic models

First-order (LWR model)

Otp+0x(pv(p)) =0, x€R, t>0

Typically v(p) = Vinax (1 = 72-)

Second-order (e.g., ARZ model)

Orp + Ox(pv) =0, x€eR, t>0
Orv + vOxv = a(p, v), x€eER, t>0

Main feature: More realistic but it requires complex implementation.
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Resume on Macroscopic approach

Advantages

v is very cheap in terms of memory and time

v/ can be used also on large networks
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Resume on Macroscopic approach

Advantages

v is very cheap in terms of memory and time

v/ can be used also on large networks

x First order model is not able to reproduce real traffic phenomena like
Stop &Go waves

x the second order model is very difficult to implement
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© The multi-scale approach
o Existing approaches
Main features

o

@ A simple case

@ Numerics

@ The complete algorithm
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Existing multi-scale models (with fixed or mobile interface)

——o0—0—08

o First-order FtL + LWR?

@ Second-order FtL + LWR?

@ Second-order FtL + Phase-Transition model®
@ Second-order FtL + ARZ¢

aR. M. Colombo and F. Marcellini, A mixed ODE-PDEmodel for vehicular traffic, Math. Meth. Appl. Sci., 38
(2015), 1292-1302.

M. Garavello and B. Piccoli, Boundary coupling of microscopic and first order macroscopic traffic model,
Nonlinear Differ. Equ. Appl., 24:43 (2017).
M. Garavello and B. Piccoli, Coupling of microscopic and phase transition models at boundary, Netw.
Heterog. Media, 8 (2013), 649—661.

C. Lattanzio and B. Piccoli, Coupling of microscopic and macroscopic traffic models at boundaries, Math.
Models Methods Appl. Sci., 20 (2010), 2349-2370.

E. lacomini (SBAI, La Sapienza, Rome) A new multiscale model for traffic flow

17 / 43



The new multiscale approach

Main feature

The model we propose is characterized by the fact that no interface (either
fixed or mobile) it explicitly defined.

The macroscopic model is always and everywhere alive, while the
microscopic model is activated only where and when it is needed.
The microscopic model corrects (in full or in part) the macroscopic one.

This procedure is expected to be advantageous if one couples an
easy-to-use first-order macroscopic model with a more realistic but
still easy-to-use second-order microscopic model (used only in small
parts of the road).
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The multiscale model with complete information

A SIMPLE CASE:
Both micro and macro models always and everywhere active

b
) / p(x, t)dx = 0(F(a, t) — F(b, £))+

N N
+(1-9) (Z 02(Xk(t)) — thSb(Xk(f))) , Va,beR
k=1 k=1

Xk(t = Vk(t)v k < Na

)
Vie(t) = AXXk (1), Xk (t), Vi(t), Vi (2)), k< N,
Vin(t) =0,

\

0 € [0,1], f = pv, x — 0y (x) Dirac delta function centred in xg, O; in
distributional sense.

E. Cristiani, B. Piccoli, A. Tosin, Multiscale modeling of granular flows with application to crowd dynamics, Multiscale
Model. Simul., 9 (2011), 155-182.
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The multiscale model with complete information

A SIMPLE CASE:
Both micro and macro models always and everywhere active

b
at/ o, t)dx = B(F(a, £) — F(b, £))+

N N
+(1-9) (Z 02(Xk(t)) — thSb(Xk(f))) , Va,beR
k=1 k=1

Xi(t) = Vi(t), k<N,
Vie(£) = AXi(t), Xier1 (), Vie(t), Vi (1), k< N,
L VN(t) = 0,

0 € [0,1], f = pv, x — 0y (x) Dirac delta function centred in xg, O; in
distributional sense.

E. Cristiani, B. Piccoli, A. Tosin, Multiscale modeling of granular flows with application to crowd dynamics, Multiscale

Model. Simul., 9 (2011), 155-182.
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The multiscale model with complete information

A SIMPLE CASE:
Both micro and macro models always and everywhere active

b
8t/ p(x, t)dxze(f(a t) — f(b t))_|_
(Z% (Xi(t 2551: (Xi(t >, Va,beR

Xi(t) = Vi(t), k<N,

Vie(t) = AXXk (1), Xk (t), Vi(t), Vi (2)), k< N,
[ V(1) =0,

0 € [0,1], f = pv, x — 0y (x) Dirac delta function centred in xg, O; in
distributional sense.

E. Cristiani, B. Piccoli, A. Tosin, Multiscale modeling of granular flows with application to crowd dynamics, Multiscale

Model. Simul., 9 (2011), 155-182.
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The multiscale model with complete information

A SIMPLE CASE:
Both micro and macro models always and everywhere active

b
) / p(x, t)dx = 0(F(a, t) — F(b, £))+

N N
+(1-10) (Z 02(Xk(t)) — thSb(Xk(f))) , Va,beR
k=1 k=1

Xk(t = Vk(t)v k < Na

)
Vie(t) = AXXk (1), Xk (t), Vi(t), Vi (2)), k< N,
Vin(t) =0,

\

0 € [0,1], f = pv, x — 0y (x) Dirac delta function centred in xg, O; in
distributional sense.

E. Cristiani, B. Piccoli, A. Tosin, Multiscale modeling of granular flows with application to crowd dynamics, Multiscale
Model. Simul., 9 (2011), 155-182.
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The multiscale model with complete information:

numerical approximation

o= + 9,\(Q(p}"_1,p,’-") - Q(pj”,pj’ll)) +(1-0)A (Fj’i% - ffi%) :

X=X+ AV, k<N,

VI = Vi + AtAXT, XE, VS VEL), k<N,

Vm+1 VNa

with the classical Godunov’s numerical flux
min{f(p™),f(p")}, ifp” <p"
_ f(p~) ifp” >ptand p” <o
+y\ . )

9o p7) = f(o), if p~ > p*and p~ >0 > p*

f(ph), if p” >ptand p >0

(where o := arg r[nax ]f(p)), and the microscopic flux
0, Pmax

m . ¢ Lym m+1
J:.i% = ECard{k.xk <Xzl < X }

J
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The multiscale algorithm: Step 1

Moving from (p™, X™, V™) to (p™+, Xm+1 vm+tl) ]

1. Activation of cars. For all j, if |,0J’7_’H — pJ'"| > dp, put new cars in cell C;
(unless the cell is already occupied), for i € {j — 1,/,j+ 1,/ + 2}.

The number of cars to put in the cell C; is proportional to pi” and cars are
initially equispaced in the cell. Their velocity is set to veauilibrium(,m) (the
corresponding macroscopic velocity at equilibrium).

| e —

>§ op
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The multiscale algorithm: Step 2

2. Labeling. Find NEXT(k) for all k. The rightmost car is labeled as leader
(NEXT = 0).

Also, all cars h such that |X1\IITI~13XT(h) — X{7'| > Ax are also labeled as leader
(every time a car has a free space of length > Ax in front of it, its
dynamics ceases to be dependent on the vehicle in front).
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The multiscale algorithm: Step 3

3. Deactivation of cars. Remove all followers k which are active since

more than t units of time and such that
’Vk _ 8quilibrium <XIT7 1\,17;])(T(k)>‘ <5V

Note that, without the first condition new cars would immediately

deactivated since their velocity is initially at equilibrium. In this way,

instead, vehicles have enough time to fully exploit their second-order

dynamics.

After that, if and when they get close to the equilibrium velocity again,

they are deactivated.

X
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Numerical test: activation and deactivation

m rhoLwR| | L
car pos 1

08 4 08t J
06 4 06} 4
04r 1 04 1
02r 4 02t J

of - s 4 of — —— J

0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
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The multiscale algorithm: Step 4

4. Update cars’ positions and velocities. We run the microscopic
second-order model

X = X7+ AtV VK,
v = ym 4 AtAXT, Xiixaky» Vs Vi) 1 NEXT(K) > 0,
V}:ﬂ—&-l — vequilibrium(pjr.:_i_l), if NEXT(k) =0,

where ji is the cell occupied by the vehicle k.

The velocity of a leader is that of macroscopic cars located in the cell in
front of it.
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The multiscale algorithm: Step 5

5. Update cars’ density. We run the multiscale model, which reads as
follows (for 6 = 0)

I'J’-" := number of particles in cell j at time step m
]:J-nl%_]‘;% if 7y, M7, riy; >0
Pl = pmy Fity =900 p) Ty, I >0& 7, =
! ! g(ﬂﬂlapj)—}}Jr% ifrr,=0&r7 17, >0
G(p 1. p7") — G(p7" pfi1) otherwise.
Fje 1 G(pj, pj+1)
1% —_— —=
| o—o0—0-¢p0—0 | | |
X ! w
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Mass conservation: Ax Y. pf = Ax > p?  Vn

Denote by M:,r,j (M5, ;) the mass gained (lost) by a generic cell Cj in one

time step n — n+ 1.

AXIOJ’_'+1 = Axp] + M;LJ - M V), Vn,

nyJ
and then let us simply prove that

M /\/lnjJrl V), Vn.

But looking at the numerical scheme, we can conclude that:

JA it 17, I >0,
M_.:M+- 1:At' Jt3 2
n,j nJj+ g(pj'?’pJ’.’H), otherwise.

Ol

v
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© Numerical tests
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Numerical tests

In the following numerical test we consider

Microscopic version of the ARZ model (micro, FtL, second-order)

Vikr — Vi n Vies(Xi+1 — Xi) — Vi

A(Xies Xi+15 Vi, Vieg1) = Viet Xer1 — Xe -

_|_
LWR model (macro, first-order)

A. Aw, A. Klar, T. Materne, M. Rascle, Derivation of continuum traffic flow models from microscopic
follow-the-leader models, SIAM Journal on Applied Mathematics 63.1 (2002), 259-278.
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rhoLWR

Test 1: effect of 7 (reactivity ! of drivers)

—e—rhoMS
= carpos
° carvel

A new multiscale model for traffic flow
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Test 2: self-sustaining perturbation

. hoLWR 1 thoLWR| |
—&— rhoMS. @ —=&—rhoMS
- x  carpos g g % carpos
o carvel 08 o carvel
08 08 o2
06 - 06 H
04 0.4
02 02
[ 0
0 2 4 6 8 10 12 14 16 18 2 0 2 4 6 8 10 12 14 16 18 20
s ThoLWR . ol wR| |
—e— rhoms —o— thoMis
48 *x  carpos * carpos
s o carvel o carvel
08t $ 0.8
06 06
04 0.4
02f 02 ﬁ
A , \
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Test 2: self-sustaining perturbation

1k rhoLWR | |
—&—— rhoMS
p— x car pos
o car vel
0.8 _
0.6 - .
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Numerical tests

In the following numerical test we consider

Minimalized Zhao & Zhang's model (micro, second-order)

vZZ (X —Xg)—V
A(Xies Xiv1s Vi, Vier1) = Kierr = Xi)

—
0, A < Amin:
VZZ(A) = a(A - Amin)v Amin <AL Amin - Vmax/aa
Vimax; A > Apmin + Vmax/a-
+

LWR model (macro, first-order)

Y. Zhao and H. M. Zhang, A unified follow-the-leader model for vehicle, bicycle and pedestrian traffic,
Transportation Res. Part B, 105 (2017), 315-327.

v
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Test 3: Reproducing stop & go waves

06 06
04 0.4
0.2 /\ 02
0 0 omee s -
0 50 100 150 200 250 300 50 100 150 200
1 1
08 1 08
06 1 06
04 1 04
0.2 02
0 somsconecn xxmeonx XXXX XK 1 0 oo wew X xxx

9 2
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@ Conclusions and future perspectives
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Conclusions

@ we get an easy-to-use algorithm able to reproduce second order effect,
avoiding complex implementations;

@ we save memory and time tracking the vehicles only where and when
it is needed:

@ we avoid any interface between the two scales.
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Future Perspective

@ studying the model analytically;

@ studying the impact of the parameters and making them depending
on the variables of the system;

@ making a deeper analysis of the second order effects, like the stop &
g0 waves.
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... Thank you for your attention!
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