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1. Overview
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Rich history

Hilbert’s 18th problem

Arrange most densely equal solids of a given
form, e.g. spheres, regular tetrahedra

' Extremely difficult
n = 3: solved by Hales (1998, 2014)
n > 3: open

wide open, maximum density
between 0.85 and 1 — 102"

~~ Mathematical tools for proving upper bounds are needed




Extending combinatorial optimization
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combinatorics geometry geometry

computational challenge




Method: Using harmonic analysis
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2. Modelling




Independent sets in Cayley graphs

Cayley(G, ) r~ys=ay €Y 3 Cayley(2/5Z. {1,4})
S5
group L C G, ="
undirected graph on G
may contain loops

2

I C G independent: Vz,y € I,x # y,x %y

find indep. sets in Cayley(G, ) which are as “large” as possible




Examples

G by

F? {z: ||z||lg < d}, || - || Hamming distance

finite error correcting codes

SO(n) {A: AC(a)° N C(a)° # 0}, C(a) € S™ ! spherical cap
compact spherical codes

SO(n) x R” {(A,x) : K°Nx+ AK® # (0}, K C R™ convex body
locally compact body packing




Complete SDP proof system

polynomial optimization formulation

a(G) = max Z 2

veV
T, > 0

2_
v

i —x, =0forveV

ToyLy = 01f u ~ v

~ apply Lasserre’s hierarchy for polynomial optimization




t-th step of Lasserre’s hierarchy

las, (G) = max { D yio) e RE yy =1, My(y) = 0},

I5; = independent sets with < 2telements

YJuJ’ ifJUJ/EIQt,

moment matrix  (M(y)) 5 5 = . therwise

Y1 Y2 Y3 Y12 Y13 Y23 \
Y1 Yi2 Y1z  Yi2 Y13 Y123
Y12 Y2 Y23 Y12 Y123 Y23
Y1z Y23 Ys Y123 Y13 Y23
Y2 Y12 Y123 Y12 Y123 Y123
Y13 Y123 Y13 Y123 Y13 Y123
Y123 Y23 Y23 Y123 Y123 Y23 )




Properties of Lasserre’s hierarchy

* the t-th step las;(G) is a semidefinite program
* SDP proof system is complete:

'(G) = lasi(G) > lasa(G) > ... > lasy ) (G) = a(G)

every intermediate step gives rigorous upper bound

* las;(G) is a 2t-bound: makes use of 2¢-point correlation functions

* can be generalized to infinite graphs




Complete SDP proof system for infinite graphs

need topological assumptions

Graph G = (V, F) is a topological packing graph if

* 'V is a Hausdorff topological space

* every finite clique is contained in a clique which is open

laSt(G) — maX{ Z Y{z} Y € R?Sa yp = 1, Mt(y) - 0}7
eV

las;(G) = sup {)\(Izl) : A € M(I2t)>0, A{0}) =1, AFXA € M(I; X It)i()}-
s

Borel measure

~ SDP proof system complete if G compact top. packing graph




3. Explicit Computations




Rough guide to the literature

Packing problem 2-point bound 3-point bound 4-point bound
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Congruent copies
of a convex body




2-point bounds
las; (Cayley(G, X)) = ¢'(Cayley(G, X))

inf f(e)
f : G — R positive type

f(x) <Oforx &X

is pos. semidefinite

parametrize cone of positive type functions
& use conic optimization




Harmonic analysis

inf f(e)
f : G — R positive type
Je f(z)dp(z) =1

arametrize cone of positive type functions
flz)<Oforz gy P SR P
& use conic optimization

construction of positive type functions
7w : G — U(H,) unitary representation, h € H
then f(x) = (w(x)h, h) is positive type

* Gelfand-Raikov 1942:

x all positive type functions are of this form

* extreme rays of cone of pos. type functions
come from irreducible rep.




Fourier inversion formula (Segal-Mautner, 1950)

optimization variable

b
/A trace(m(x) f (7)) dv(r)

G k!

explicit formula needed

S

for positive, trace-class operators f(w) : H, — H;

f 1S pos. type <—

G = {irred. unitary rep. of G}/ ~

v = Plancherel measure on G

J?(W):/Gf(m)ﬂ(x—l)dﬂ(x) Fourier transform




2-point bounds for translative packings in Euclidean space

Theorem. (Cohn-Elkies (2003))
Suppose continuous f € L' (R") satisfies

AN

(i) f is of positive type, i.e. f(u) > 0 for every u € R",

AN

Gi) F(0) = 1,
(iii) f(x) < 0 whenever K° N (z + K°) =0

Then the density of any translative packing of IC in R" is < f(0) vol K.

AN

f(u) = f(x)e ™ “dx Fourier transform of f
Rn




4. Results




Superspheres

" 4 JyP +[2]P < 1}

He found a shape that had never been
used before

PIET HEIN covrmunn

lrrh\h version of some of his
aphormsiic poems for which he
comned the pemenc term “‘grooks
But despite his vast outpet of
grooks—he has wntten 7,000
Pict Hein is a3 much scientint aa
artist. “If you are only a poet, you
are not even that.” he has said
"Arusts should be artasts with real
things. ™

The chief architect of the 52 bal-
hon Stockholm project telephoned
Hein, an ol friend, in Denmark
“He knew.” says Hein, “of my
great mierest n borderhme prob
lema, problcms that have both com
poacals, technology and an

Heanng this borderlene probiem
decnibed over the phone, Hein had
an immediate sugpestion. ““What
we want,”™ be 1old the architect, “'is
2 curve that medaates betweoen the
curcle and the square, between the
ellipse and the rectangle. | think a
curve with the same oquation as an
cihipse but with an exponent of
two and 2 hall would do ™

The architect, who had the same
mathematical prounding a5 his
fend, knew preciscly what Hemn
meant, Curves are determaned by
formulas with different degrees, or
exponents. A straight lime s a firsd
degree curve, because the exposent
in the formula is cae. The formula

Life Magazine 1966

Piet Hein (1905-1996): inventor of the superellipse




Infinite dimensional linear program

0'(K) < inf  f(0)
feL (R
F(0) > vol K

S

f(u) >0 forall u € R™\ {0}
f(z) <Oforallx & K° — K°

approximate by semi-infinite linear program

optimize over polynomials p € Rluq, ..., u,|<24
and set f(u) = p(fu,)e_””f'“"”2

0'(K) < inf [, p(u)e=™ul® gy
p € Rluj<aq
p(0) > vol K
p(u) > 0 for all w € R™\ {0}

Jrm p(u)e~ el g2mive gy < 0 for all z & K° — K°




Technical “details”: Solving the optimization problem

6'(K) < inf e~ ul® gy
D -~ R[U]SZCZ
p(0) > vol K
p(u) >Oforallu€]R”\{O}

Jion D _“”“” e?mu T dy < 0 forall x € K° — K°

checking that p is globally nonnegative: NP-hard

semidefinite relaxation: p is a sum of squares (SOS), p = p + -+ - + p?,

n-+d
p with deg p = 2d is SOS <— 4(Q) € Séod ) : p(u)

if n = 3, d = 15, then Q € SZ; too big for high precision SDP solvers

idea: can assume that p is invariant under symmetry group of C—/C




Finite reflection group

reflection group Bs, 48 elements




Chevalley-Shephard-Todd-Serre theory
finite reflection group: G C GL(C")
invariant ring: Clz]“ = {p € C[z] : p(¢~'x) = p(x) for all g € G}

generated by basic invariants: C[z]” = C[f1,...,0,]

0y = 22 +42 + 22, 0y = 2t + oyt + 2% 05 = 26 + 8 + 26

coinvariant algebra: C|z|q = Clz]/I, where [ = (04,...,0,)

Clz] = C[z]® ® C[z]q

has dimension |G| and is isomorphic to regular representation of G

P
gpi; = (w(g)j)T : ci=1,...,d;,,

7T
Pid.

C|x]c has basis 7, with

oF, with m€ G, 1<4,j <d,




Invariant SOS polynomials

Theorem. (Gatermann, Parrilo (2004), DGOV (2015))

The cone of SOS polynomials which are G-invariant equals

{ peRlz]:p= Z (P™,Q™), P™ is Hermitian SOS matrix polynomial in 92} .
WGCA;

where (A, B) =Tr(B"A)

P™ = (L™)* L™ with matrix L™ having entries in C[z]®
dr

Q" |k = Z PriPls-
i=1

advantages:

— substantial size reduction: one semdefinite matrix for every m € GG

— only computation of matrix Q™ needed (independent of degree)
n = 3,d = 15: 10 matrices (31, 23,11, 7,27, 39, 34, 50, 50, 70) vs. 876




()™ matrices

1

03 — 30,05 + 203

—0$ + 90105 — 80305 — 210203 + 36010203 + 305 — 1863

—07 + 120705 — 100%05 — 480703 + 78010203 + 660305 — 340303 — 150070203
—90105 + 1266010203 + 60505 — 3603

—20% + 120305 — 40203 — 180,03 + 120,05

—20105 + 60305 + 60205 — 220,003 + 1203

07 — 90205 + 100105 + 190303 — 36020203 — 30105 + 166105 + 20305

—20% + 60

—26105 + 603

0F — 60702 + 860103 + 63

126,05 — 1262

207 — 120305 + 160203 + 60,05 — 120,05

20°% — 120105 + 100303 + 120702 — 6010205 — 603

20°% — 100105 + 100303 + 100,005 — 1263

07 — 30205 + 20105 — 903035 + 24620,05 + 30105 — 120103 — 60303

40805 — 30205 — 210103 + 32030203 + 120303 — 120203 — 9010305 — 305

—1203 + 4861605 — 3605

—607 + 2460205 — 120,05 — 603

—60305 + 60203 + 180105 — 180,05

—203 + 60305 + 20205 — 6605

09 — 90105 + 80305 + 150203 — 12010203 — 303

07 — 6030, + 50105 + 30302 + 60105 — 90303

302 — 30

60102 — 603

—01 + 60305 — 20,03 — 303

—20% + 120205 — 100,03

—03 + 40305 — 20705 + 30,05 — 40,053

—20105 + 0305 + 960203 — 70,0,05 — 303 + 202

60,

602

603

603

9% — 69%02 + 86103 + 39%

07 — 50705 + 50705 + 50205




Translative packings of superspheres

upper bound
0, -lattice
0,-lattice
', -lattice

G, lattice lower bounds by
’ Jiao, Stillinger, Torquato (2009)

2 (CE, 2003)
lower bound 0.7404 ...
upper bound 0.7797 ...




Rigorous computer proofs

— proof by exhibiting a certificate

— aim: find solution and check feasibility rigorously

— high precision SDP solver (SDPA-GMP)

— important: choosing well-conditioned polynomial basis
— post processing (rational approximation)

— interval arithmetic (MPFI)
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