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Chapter 1

Preliminaries

Topological spaces

The notion of topological space

The topology on a set X is usually defined by specifying its open subsets of X.
However, in dealing with topological vector spaces, it is often more convenient
to define a topology by specifying what the neighbourhoods of each point are.

Definition 1.1.1. A topology 7 on a set X is a family of subsets of X which
satisfies the following conditions:

(O1) the empty set O and the whole X are both in T

(02) 7 is closed under finite intersections

(03) 7 is closed under arbitrary unions

The pair (X, T) is called a topological space.

The sets O € T are called open sets of X and their complements C' = X\ O
are called closed sets of X. A subset of X may be neither closed nor open,
either closed or open, or both. A set that is both closed and open is called a
clopen set.

Definition 1.1.2. Let (X, 7) be a topological space.
o A subfamily B of T is called a basis if every open set can be written as
a union of sets in B.
o A subfamily X of T is called a subbasis if the finite intersections of its
sets form a basis, i.e. every open set can be written as a union of finite
intersections of sets in X.

Therefore, a topology 7 on X is completely determined by a basis or a
subbasis.
3
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Example 1.1.3. Let S be the collection of all semi-infinite intervals of the
real line of the forms (—oo,a) and (a,+00), where a € R. S is not a base for
any topology on R. To show this, suppose it were. Then, for example, (—oo, 1)
and (0,00) would be in the topology generated by S, being unions of a single
base element, and so their intersection (0,1) would be by the axiom (02) of
topology. But (0,1) clearly cannot be written as a union of elements in S.

Proposition 1.1.4. Let X be a set and let B be a collection of subsets of X.
B is a basis for a topology T on X iff the following hold:

1. B covers X, i.e.Vx € X, AB € B s.t. x € B.

2. Ifx € BiNBy for some By, By € B, thendBs € B s.t. © € B3 C B1NBs.

Proof. (Sheet 1, Exercise 1) O

Definition 1.1.5. Let (X, 7) be a topological space and x € X. A subset U
of X 1is called a neighbourhood of = if it contains an open set containing the
point x, i.e. 30 € 7 s.t. x € O C U. The family of all neighbourhoods of a
point x € X is denoted by F(x).

In order to define a topology on a set by the family of neighbourhoods of
each of its points, it is convenient to introduce the notion of filter. Note that
the notion of filter is given on a set which does not need to carry any other
structure. Thus this notion is perfectly independent of the topology.

Definition 1.1.6. A filter on a set X is a family F of subsets of X which
fulfills the following conditions:

(F1) the empty set () does not belong to F

(F2) F is closed under finite intersections

(F3) any subset of X containing a set in F belongs to F

Definition 1.1.7. A family B of subsets of X is called a basis of a filter F if
1. BCF
2.VAe F,dBeBst. BCA

Examples 1.1.8.

a) The family G of all subsets of a set X containing a fized non-empty sub-
set A is a filter and B = {A} is its base. G is called the principle filter
generated by A.

b) Given a topological space X and x € X, the family F(z) is a filter.

c) Let S := {xp}nen be a sequence of points in a set X. Then the family
F:={AC X :|S\ Al < oo} isa filter and it is known as the filter
associated to S. For each m € N, set Sy, := {x,, € S : n > m}. Then
B :={Sy, : m € N} is a basis for F.

Proof. (Sheet 1, Exercise 2). O
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Theorem 1.1.9. Given a topological space X and a point x € X, the filter of
neighbourhoods F(x) satisfies the following properties.

(N1) For any A € F(z), x € A.

(N2) For any A€ F(z), AB € F(x): Vy e B, A€ F(y).

Viceversa, if for each point x in a set X we are given a filter F, fulfilling the
properties (N1) and (N2) then there exists a unique topology T s.t. for each
x € X, Fy is the family of neighbourhoods of x, i.e. Fp = F(x), Vx € X.

This means that a topology on a set is uniquely determined by the family
of neighbourhoods of each of its points.

Proof.
= Let (X, 7) be a topological space, z € X and F(z) the filter of neighbour-
hoods of z. Then (N1) trivially holds by definition of neighbourhood of z. To
show (N2), let us take A € F(x). Since A is a neighbourhood of z, there exists
B e 1s.t. x € BC A Then clearly B € F(x). Moreover, since for any y € B
we have that y € B C A and B is open, we can conclude that A € F(y).
< Assume that for any 2 € X we have a filter F,, fulfilling (N1) and (N2).
Let us define 7:= {O C X : if z € O then O € F,}. Since each F; is a filter,
T is a topology. Indeed:
e () € 7 by definition of 7. Also X € 7, because for any z € X and any
A € F, we clearly have X D A and so by (F3) X € F,.
e By (F2) we have that 7 is closed under finite intersection.
e Let U be an arbitrary union of sets U; € 7 and let € U. Then there
exists at least one 7 s.t. x € U; and so U; € F, because U; € 7. But
U D U;, then by (F3) we get that U € F, and so U € 7.
It remains to show that 7 on X is actually s.t. F, = F(z), Vx € X.
e Any U € F(z) is a neighbourhood of z and so there exists O € 7 s.t.
x € O C U. Then, by definition of 7, we have O € F, and so (F3)
implies that U € F,. Hence, F(x) C F;.
e Let U e Fpandset W:={yeU:U € F,} CU. Since xz € U by
(N1), we also have x € W. Moreover, if y € W then by (N2) there exists
Ve Fyst. V2 € V we have U € F,. This means that = € W and so
V C W. Then W € F, by (F3). Hence, we have showed that if y € W
then W € Fy, i.e. W € 7. Summing up, we have just constructed an
open set W s.t. x € W C U, ie. U € F(x), and so F, C F(x).
O

Definition 1.1.10. Given a topological space X, a basis B(x) of the filter of
neighbourhoods F(x) of a point x € X is called a base of neighbourhoods of z,
i.e. B(x) is a subcollection of F(x) s.t. every neighbourhood in F(x) contains
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one in B(x). The elements of B(x) are called basic neighbourhoods of x. If
a base of neighbourhoods is given for each point x € X, we speak of base of
neighbourhoods of X.

Example 1.1.11. The open sets of a topological space other than the empty
set always form a base of neighbourhoods.

Theorem 1.1.12. Given a topological space X and a point x € X, a base of
open neighbourhoods B(x) satisfies the following properties.

(B1) ForanyU € B(z), x € U.

(B2) For any Uy,Us € B(z), 3Usz € B(x) s.t. U3 CU; NUs.

(B3) IfyeU € B(x), then AW € B(y) s.t. W CU.

Viceversa, if for each point x in a set X we are given a collection of subsets
B fulfilling the properties (B1), (B2) and (B3) then there exists a unique
topology T s.t. for each x € X, B, is a base of neighbourhoods of x, i.e.
By = B(z), Vo € X.

Proof. The proof easily follows by using Theorem 1.1.9. O

The previous theorem gives a further way of introducing a topology on a
set. Indeed, starting from a base of neighbourhoods of X, we can define a
topology on X by setting that a set is open iff whenever it contains a point
it also contains a basic neighbourhood of the point. Thus a topology on a set
X is uniquely determined by a base of neighbourhoods of each of its points.

Comparison of topologies

Any set X may carry several different topologies. When we deal with topo-
logical vector spaces, we will very often encounter this situation of a set, in
fact a vector space, carrying several topologies (all compatible with the linear
structure, in a sense that is going to be specified soon). In this case, it is
convenient being able to compare topologies.

Definition 1.1.13. Let 7, 7’ be two topologies on the same set X. We say
that T is coarser (or weaker) than 7', in symbols T C 7', if every subset of X
which is open for T is also open for T/, or equivalently, if every neighborhood
of a point in X w.r.t. T is also a neighborhood of that same point in the
topology 7'. In this case 7' is said to be finer (or stronger) than 7'.

Denote by F(x) and F'(x) the filter of neighbourhoods of a point € X
w.r.t. 7 and w.r.t. 7/, respectively. Then: 7 is coarser than 7’ iff for any
point x € X we have F(z) C F'(z) (this means that every subset of X which
belongs to F(z) also belongs to F'(x)).
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Two topologies 7 and 7/ on the same set X coincide when they give the
same open sets or the same closed sets or the same neighbourhoods of each
point; equivalently, when 7 is both coarser and finer than 7. Two basis of
neighbourhoods of a set are equivalent when they define the same topology.

Remark 1.1.14. Given two topologies on the same set, it may very well
happen that none is finer than the other. If it is possible to establish which
one s finer, then we say that the two topologies are comparable.

Example 1.1.15.

The cofinite topology 7. on R, i.e. 7.:={U CR:U =0 or R\ U is finite},
and the topology T; having {(—o0,a) : a € R} as a basis are incomparable. In
fact, it is easy to see that 7, = {(—00,a) : a € R} U {0, R} as these are the
unions of sets in the given basis. In particular, we have that R — {0} is in 7,
but not ;. Moreover, we have that (—o0,0) is in 7; but not 7.. Hence, 7. and
T; are incomparable.

It is always possible to construct at least two topologies on every set X
by choosing the collection of open sets to be as large as possible or as small
as possible:

e the trivial topology: every point of X has only one neighbourhood which
is X itself. Equivalently, the only open subsets are ) and X. The only
possible basis for the trivial topology is {X}.

e the discrete topology: given any point x € X, every subset of X contain-
ing x is a neighbourhood of z. Equivalently, every subset of X is open
(actually clopen). In particular, the singleton {x} is a neighbourhood
of x and actually is a basis of neighbourhoods of z. The collection of all
singletons is a basis for the discrete topology.

Note that the discrete topology on a set X is finer than any other topology on
X, while the trivial topology is coarser than all the others. Topologies on a set
form thus a partially ordered set, having a maximal and a minimal element,
respectively the discrete and the trivial topology.

A useful criterion to compare topologies on the same set is the following;:

Theorem 1.1.16 (Hausdorff’s criterion).
For each x € X, let B(z) a base of neighbourhoods of = for a topology T on X

and B'(x) a base of neighbourhoods of x for a topology 7" on X.
TCriff Vee X, VU € B(z) 3V e B'(z) s.t. 1€V CU.
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The Hausdorff criterion could be paraphrased by saying that smaller neigh-
borhoods make larger topologies. This is a very intuitive theorem, because
the smaller the neighbourhoods are the easier it is for a set to contain neigh-
bourhoods of all its points and so the more open sets there will be.

Proof.

= Suppose 7 C 7’. Fixed any point € X, let U € B(z). Then, since U
is a neighbourhood of z in (X, 7), there exists O € 7 s.t. z € O C U. But
O € 7 implies by our assumption that O € 7/, so U is also a neighbourhood
of z in (X, 7’). Hence, by Definition 1.1.10 for B/(z), there exists V € B'(z)
st. VCU.

< Conversely, let W € 7. Then for each z € W, since B(x) is a base of
neighbourhoods w.r.t. 7, there exists U € B(z) such that x € U C W. Hence,
by assumption, there exists V € B'(z)st. 2 € VCU CW. Then W € 7. 0

Reminder of some simple topological concepts

Definition 1.1.17. Given a topological space (X, T) and a subset S of X, the
subset or induced topology on S is defined by 7¢ := {SNU | U € 7}. That is,
a subset of S is open in the subset topology if and only if it is the intersection
of S with an open set in (X, ).

Alternatively, we can define the subspace topology for a subset S of X as the
coarsest topology for which the inclusion map ¢ : S — X 1is continuous.

Note that (S, 7s) is a topological space in its own.

Definition 1.1.18. Given a collection of topological space (X;, 7;), wherei € I
(I is an index set possibly uncountable), the product topology on the Cartesian
product X := [[;c; X; is defined in the following way: a set U is open in X
iff it is an arbitrary union of sets of the form [[,c; Ui, where each U; € T; and
U; # X; for only finitely many 1.

Alternatively, we can define the product topology to be the coarsest topology
for which all the canonical projections p; : X — X; are continuous.

Given a topological space X, we define:

Definition 1.1.19.

e The closure of a subset A C X is the smallest closed set containing A.
It will be denoted by A. Equivalently, A is the intersection of all closed
subsets of X containing A.

e The interior of a subset A C X is the largest open set contained in it.
It will be denoted by A. Equivalently, A is the union of all open subsets
of X contained in A.
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Proposition 1.1.20. Given a top. space X and A C X, the following hold.
e A point x is a closure point of A, i.e. x € A, if and only if each
neighborhood of x has a nonempty intersection with A.
e A point x is an interior point of A, i.e. x € zzl, if and only if there exists
a neighborhood of © which entirely lies in A.
o Ais closed in X iff A= A.
e A is open in X zﬁA:}i.

Proof. (Sheet 2, Exercise 1)

Example 1.1.21. Let 7 be the standard euclidean topology on R. Consider
X = R,7) and Y := ((O, 1],Ty), where Ty is the topology induced by T on
(0,1]. The closure of (0,%) in X is [0, 3], but its closure in Y is (0, 1].

Definition 1.1.22. Let A_and B be two subsets of the same topological space X .
A is dense in B if B C A. In particular, A is said to be dense in X (or ev-

erywhere dense) if A = X.
Examples 1.1.23.

e Standard examples of sets everywhere dense in the real line R (with the
euclidean topology) are the set of rational numbers Q and the one of
irrational numbers R — Q.

o A set X is equipped with the discrete topology if and only if the whole

space X is the only dense set in itself.
If X has the discrete topology then every subset is equal to its own
closure (because every subset is closed), so the closure of a proper subset
is always proper. Conversely, if X is the only dense subset of itself, then
for every proper subset A its closure A is also a proper subset of X. Let
y € X be arbitrary. Then to X \ {y} is a proper subset of X and so
it has to be equal to its own closure. Hence, {y} is open. Since y is
arbitrary, this means that X has the discrete topology.

e Fvery non-empty subset of a set X equipped with the trivial topology

is dense, and every topology for which every non-empty subset is dense
must be trivial.
If X has the trivial topology and A is any non-empty subset of X, then
the only closed subset of X containing A is X. Hence, A = X, i.e. A
is dense in X. Conversely, if X is endowed with a topology 7 for which
every non-empty subset is dense, then the only non-empty subset of X
which is closed is X itself. Hence, () and X are the only closed subsets
of 7. This means that X has the trivial topology.

Proposition 1.1.24. Let X be a topological space and A C X. A is dense in
X if and only if every nonempty open set in X contains a point of A.
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Proof. If A is dense in X, then by definition A = X. Let O be any nonempty
open subset in X. Then for any # € O we have that z € A and O € F(z).
Therefore, by Proposition 1.1.20, we have that O N A # (). Conversely, let
x € X. By definition of neighbourhood, for any U € F(x) there exists an
open subset O of X s.t. x € O C U. Then UN A # () since O contains a point
of A by our assumption. Hence, by Proposition 1.1.20, we get = € A and so
that A is dense in X. O

Definition 1.1.25. A topological space X is said to be separable if there exists
a countable dense subset of X.

Example 1.1.26.

o R with the euclidean topology is separable.

e The space C([0,1]) of all continuous functions from [0,1] to R endowed
with the uniform topology is separable, since by the Weirstrass approxi-
mation theorem Q[z] = C([0,1]).

Let us briefly consider now the notion of convergence.

First of all let us concern with filters. When do we say that a filter F on
a topological space X converges to a point x € X7 Intuitively, if F has to
converge to z, then the elements of F, which are subsets of X, have to get
somehow “smaller and smaller” about x, and the points of these subsets need
to get “nearer and nearer” to x. This can be made more precise by using
neighborhoods of x: we want to formally express the fact that, however small
a neighborhood of z is, it should contain some subset of X belonging to the
filter F and, consequently, all the elements of F which are contained in that
particular one. But in view of Axiom (F3), this means that the neighborhood
of  under consideration must itself belong to the filter F, since it must contain
some element of F.

Definition 1.1.27. Given a filter F in a topological space X, we say that it
converges to a point x € X if every neighborhood of x belongs to F, in other
words if F is finer than the filter of neighborhoods of x.

We recall now the definition of convergence of a sequence to a point and
we see how it easily connects to the previous definition.

Definition 1.1.28. Given a sequence of points {xy}nen in a topological space
X, we say that it converges to a point x € X if for any U € F(x) there exists
N € N such that x,, € U for alln > N.

If we now consider the filter Fg associated to the sequence S := {x;, }nen,
ie. Fg:={AC X :|59\ A|l < oo}, then it is easy to see that:
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Proposition 1.1.29. Given a sequence of points S := {xy}nen in a topolog-
ical space X, S converges to a point x € X if and only if the associated filter
Fs converges to x.

Proof. Set for each m € N, set Sy, := {x, € S: n > m}. By Definition 1.1.28,
S converges to x iff VU € F(x),IN € N: Sy CU. As B:={S,, : m € N}
is a basis for Fg (see Problem Sheet 1, Exercise 2 ¢)) , we have that VU €
F(z),IN € N: Sy C U is equivalent to say that F(x) C Fg. O

1.1.4 Mappings between topological spaces
Let (X,7x) and (Y, 7y) be two topological spaces.

Definition 1.1.30. A map f: X — Y is continuous if the preimage of any
open set inY is openin X, i.e. VU ETy, f 1 (U):={x € X : f(z) €Y} € 7x.
FEquivalently, given any point x € X and any N € F(f(x)) in'Y, the preimage
f~YN) e F(z) in X.

Examples 1.1.31.

o Any constant map f: X —Y is continuous.

Suppose that f(z) :=y for all z € X and some y € Y. Let U € 1y. If
y € U then f~}(U) = X and if y ¢ U then f~1(U) = (). Hence, in either
case, f~1(U) is open in 7x.

e If g: X — Y is continuous, then the restriction of g to any subset S
of X is also continuous w.r.t. the subset topology induced on S by the
topology on X.

o Let X be a set endowed with the discrete topology, Y be a set endowed
with the trivial topology and Z be any topological space. Any maps f :
X —=Zandg:Z —Y are continuous.

Definition 1.1.32. A mapping f : X — Y is open if the image of any open
set in X is open in'Y, i.e. YV € x, f(V) :={f(z): x € X} € 7v. In the
same way, a closed mapping f : X — Y sends closed sets to closed sets.

Note that a map may be open, closed, both, or neither of them. Moreover,
open and closed maps are not necessarily continuous.

Example 1.1.33. If Y has the discrete topology (i.e. all subsets are open
and closed) then every function f : X — Y is both open and closed (but
not necessarily continuous). For example, if we take the standard euclidean
topology on R and the discrete topology on 7Z then the floor function R — 7Z
is open and closed, but not continuous. (Indeed, the preimage of the open set
{0} s [0,1) C R, which is not open in the standard euclidean topology).

11
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If a continuous map f is one-to-one, f~! does not need to be continuous.

Example 1.1.34.
Let us consider [0,1) C R and S* C R? endowed with the subspace topologies
given by the euclidean topology on R and on R?, respectively. The map

f:[0,1) — St
t —  (cos 2mt, sin 27t).

is bijective and continuous but f~! is not continuous, since there are open
subsets of [0,1) whose image under f is not open in S'. (For evample, [0, %)
is open in [0,1) but f([0,3)) is not open in S'.)

Definition 1.1.35. A one-to-one map f from X ontoY is a homeomorphism
if and only if f and f~1 are both continuous. Equivalently, iff f and f~' are
both open (closed). If such a mapping exists, X and Y are said to be two
homeomorphic topological spaces.

In other words an homeomorphism is a one-to-one mapping which sends
every open (resp. closed) set of X in an open (resp. closed) set of Y and
viceversa, i.e. an homeomorphism is both an open and closed map. Note that
the homeomorphism gives an equivalence relation on the class of all topological
spaces.

Examples 1.1.36. In these examples we consider any subset of R" endowed
with the subset topology induced by the Fuclidean topology on R™.
1. Any open interval of R is homeomorphic to any other open interval of
R and also to R itself.
2. A circle and a square in R? are homeomorphic.
3. The circle S' with a point removed is homeomorphic to R.

Let us consider now the case when a set X carries two different topologies
71 and 7. Then the following two properties are equivalent:
e the identity ¢ of X is continuous as a mapping from (X, 71) and (X, 72)
e the topology 7 is finer than the topology 5.
Therefore, ¢ is a homeomorphism if and only if the two topologies coincide.

Proof. Suppose that ¢ is continuous. Let U € 75. Then (~(U) = U € 7,
hence U € 7. Therefore, 79 C 71. Conversely, assume that o C 7 and
take any U € 19. Then U € 71 and by definition of identity we know that
1Y (U) = U. Hence, :~*(U) € 11 and therefore, ¢ is continuous. O
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Proposition 1.1.37. Continuous maps preserve the convergence of sequences.
That is, if f : X — Y 1is a continuous map between two topological spaces
(X,7x) and (Y, 7v) and if {zn}nen is a sequence of points in X convergent to
a point x € X then {f(xy)}nen converges to f(zx) €Y.

Proof. (Sheet 2, Exercise 4 b)) O

Hausdorff spaces

Definition 1.1.38. A topological space X is said to be Hausdorff (or sepa-
rated) if any two distinct points of X have neighbourhoods without common
points; or equivalently if:

(T2) two distinct points always lie in disjoint open sets.

In literature, the Hausdorff space are often called T2-spaces and the axiom
(T2) is said to be the separation axiom.

Proposition 1.1.39. In a Hausdorff space the intersection of all closed neigh-
bourhoods of a point contains the point alone. Hence, the singletons are closed.

Proof. Let us fix a point x € X, where X is a Hausdorff space. Take y # x.
By definition, there exist a neighbourhood U(z) of x and a neighbourhood
V(y) of y s.t. U(x) NV (y) = 0. Therefore, y ¢ U(x). O

Examples 1.1.40.

1. Any metric space is Hausdorff.

Indeed, for any z,y € (X,d) with & # y just choose 0 < ¢ < %d(w,y)
and you get B:(z) N B:(y) = 0.

2. Any set endowed with the discrete topology is a Hausdorff space.
Indeed, any singleton is open in the discrete topology so for any two
distinct point z,y we have that {z} and {y} are disjoint and open.

3. The only Hausdorff topology on a finite set is the discrete topology.

In fact, since X is finite, any subset S of X is finite and so S is a
finite union of singletons. But since X is also Hausdorff, the previous
proposition implies that any singleton is closed. Hence, any subset .S of
X is closed and so the topology on X has to be the discrete one.

4. An infinite set with the cofinite topology is not Hausdorff.

In fact, any two non-empty open subsets O1, Os in the cofinite topology
on X are complements of finite subsets. Therefore, their intersection
01 N Oy is still a complement of a finite subset, but X is infinite and so
01N Oy # . Hence, X is not Hausdorff.

13
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Linear mappings between vector spaces

The basic notions from linear algebra are assumed to be well-known and so
they are not recalled here. However, we briefly give again the definition of
vector space and fix some general terminology for linear mappings between
vector spaces. In this section we are going to consider vector spaces over the
field K of real or complex numbers which is given the usual euclidean topology
defined by means of the modulus.

Definition 1.2.1. A set X with the two mappings:
XxX —» X
(x,y) — x+y wvector addition

KxX — X
(AN, x) = Az scalar multiplication

is a vector space (or linear space) over K if the following axioms are satisfied:
L1) 1. (x4+y)+z=z+(y+=2),Vz,y,z€ X (associativity of +)
2. x4+y=y+uz, Va,y € X (commutativity of +)
3. doe X: x+o=ux,Vz,€ X (neutral element for +)
4. VeeX,3 —xeX st v+ (—x)=o (inverse element for +)
1. Mpzx) = M)z, Ve e X, VA, uekK
(compatibility of scalar multiplication with field multiplication)
le =xVax € X (neutral element for scalar multiplication)
3 A+pr= x+pux,Vee X,V\pek
(distributivity of scalar multiplication with respect to field addition)
4. Mx+y) = r+ Ay, Vz,ye X,VIeK
(distributivity of scalar multiplication wrt vector addition)

Definition 1.2.2.
Let XY be two vector space over K. A mapping f : X — Y is called lin-
ear mapping or homomorphism if f preserves the vector space structure, i.e.

fOz +py) = Af(x) + pf(y)Ve,y € X, VA peK.
Definition 1.2.3.

(L.2)

o

o A linear mapping from X to itself is called endomorphism.

o A one-to-one linear mapping is called monomorphism. If S is a subspace
of X, the identity map is a monomorphism and it is called embedding.

e An onto (surjective) linear mapping is called epimorphism.

o A bijective (one-to-one and onto) linear mapping between two vector
spaces X and Y over K is called (algebraic) isomorphism. If such a
map exists, we say that X andY are (algebraically) isomorphic X 2 Y.

o An isomorphism from X into itself is called automorphism.



1.2. Linear mappings between vector spaces

It is easy to prove that: A linear mapping is one-to-one (injective) if and
only if f(x) = 0 implies = 0.

Definition 1.2.4. A linear mapping from X — K is called linear functional
or linear form on X. The set of all linear functionals on X is called algebraic
dual and it is denoted by X*.

Note that the dual space of a finite dimensional vector space X is isomor-
phic to X.

15






2.1

Chapter 2

Topological Vector Spaces

Definition and properties of a topological vector space

In this section we are going to consider vector spaces over the field K of real
or complex numbers which is given the usual euclidean topology defined by
means of the modulus.

Definition 2.1.1. A vector space X over K is called a topological vector space
(t.v.s.)if X is provided with a topology T which is compatible with the vector
space structure of X, i.e. T makes the vector space operations both continuous.

More precisely, the condition in the definition of t.v.s. requires that:

XxX —» X
(x,y) +— x+y vector addition

KxX —» X
(A\x) +—  Ax  scalar multiplication

are both continuous when we endow X with the topology 7, K with the eu-
clidean topology, X x X and K x X with the correspondent product topologies.

Remark 2.1.2. If (X, 7) is a t.v.s then it is clear from Definition 2.1.1 that

Zszl )\]E:n)xl(gn) — fovzl AeZp as n — oo w.r.t. 7 if for each k = 1,...,N
as n — oo we have that /\gl) — A\ w.r.t. the euclidean topology on K and
x,gn) — T w.rT.t. T.

Let us discuss now some examples and counterexamples of t.v.s.

Examples 2.1.3.
a) Every vector space X over K endowed with the trivial topology is a t.v.s..
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b) Every normed vector space endowed with the topology given by the metric
induced by the norm is a t.v.s. (Sheet 2, Exercise 1 a)).

¢) There are also examples of spaces whose topology cannot be induced by a
norm or a metric but that are t.v.s., e.g. the space of infinitely differentiable
functions, the spaces of test functions and the spaces of distributions (we
will see later in details their topologies).

In general, a metric vector space is not a t.v.s.. Indeed, there exist metrics
for which both the vector space operations of sum and product by scalars are
discontinuous (see Sheet 3, Exercise 1 c¢) for an example).

Proposition 2.1.4. Every vector space X over K endowed with the discrete
topology is not a t.v.s. unless X = {o}.

Proof. Assume by a contradiction that it is a t.v.s.and take o # x € X. The
sequence o, = % in K converges to 0 in the euclidean topology. Therefore,
since the scalar multiplication is continuous, a,x — 0, i.e. for any neighbour-
hood U of 0 in X there exists m € Ns.t. a,z € U for all n > m. In particular,
we can take U = {o} since it is itself open in the discrete topology. Hence,
amx = o, which implies that £ = 0 and so a contradiction. ]

Definition 2.1.5. Two t.v.s. X andY over K are (topologically) isomorphic
if there exists a vector space isomorphism X — Y which is at the same time
a homeomorphism (i.e. bijective, linear, continuous and inverse continuous).

In analogy to Definition 1.2.3, let us collect here the corresponding termi-
nology for mappings between two t.v.s..

Definition 2.1.6. Let X and Y be two t.v.s. on K.

e A topological homomorphism from X toY is a linear mapping which is
also continuous and open.

e A topological monomorphism from X to Y is an injective topological
homomorphism.

e A topological isomorphism from X to Y is a bijective topological homo-
morphism.

e A topological automorphism of X is a topological isomorphism from X
into itself.

Proposition 2.1.7. Given a t.v.s. X, we have that:
1. For any xo € X, the mapping © — x + o (translation by xo) is a
homeomorphism of X onto itself.
2. For any 0 # X € K, the mapping x — Az (dilation by \) is a topological
automorphism of X.
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Proof. Both mappings are continuous by the very definition of t.v.s.. More-
over, they are bijections by the vector space axioms and their inverses = —
r — 2z and  — %ac are also continuous. Note that the second map is also

linear so it is a topological automorphism. ]

Proposition 2.1.7-1 shows that the topology of a t.v.s. is always a transla-
tion invariant topology, i.e. all translations are homeomorphisms. Note that
the translation invariance of a topology 7 on a vector space X is not sufficient
to conclude (X, 7) is a t.v.s..

Example 2.1.8. If a metric d on a vector space X 1is translation invariant,
i.e. dx+ z,y+ z) = d(z,y) for all x,y € X (e.g. the metric induced by a
norm), then the topology induced by the metric is translation invariant and
the addition is always continuous. However, the multiplication by scalars does
not need to be necessarily continuous (take d to be the discrete metric, then the
topology generated by the metric is the discrete topology which is not compatible
with the scalar multiplication see Proposition 2.1.4).

The translation invariance of the topology of a t.v.s. means, roughly speak-
ing, that a t.v.s. X topologically looks about any point as it does about any
other point. More precisely:

Corollary 2.1.9. The filter F(x) of neighbourhoods of x € X coincides with
the family of the sets O + x for all O € F(o), where F(o) is the filter of
neighbourhoods of the origin o (i.e. the neutral element of the vector addition).

Proof. (Sheet 3, Exercise 2 a)) O

Thus the topology of a t.v.s. is completely determined by the filter of
neighbourhoods of any of its points, in particular by the filter of neighbour-
hoods of the origin o or, more frequently, by a base of neighbourhoods of the
origin o. Therefore, we need some criteria on a filter of a vector space X
which ensures that it is the filter of neighbourhoods of the origin w.r.t. some
topology compatible with the vector structure of X.

Theorem 2.1.10. A filter F of a vector space X over K is the filter of
neighbourhoods of the origin w.r.t. some topology compatible with the vector
structure of X if and only if

1. The origin belongs to every set U € F

2. VU eF,VeFst. V+V CU

3. YU € F, VA € K with A # 0 we have \U € F

4. YU € F, U is absorbing.

5. YU € F,3V € F s.t. V C U is balanced.
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Before proving the theorem, let us fix some definitions and notations:

Definition 2.1.11. Let U be a subset of a vector space X.

1. U is absorbing (or radial) if Vo € X 3p > 0 s.t. YA € K with |\| < p we
have Az € U. Roughly speaking, we may say that a subset is absorbing
if it can be made by dilation to swallow every point of the whole space.

2. U is balanced (or circled) if Vo € U, VA € K with |\ < 1 we have
Ax € U. Note that the line segment joining any point x of a balanced
set U to —x lies in U.

Clearly, o must belong to every absorbing or balanced set. The underlying
field can make a substantial difference. For example, if we consider the closed
interval [—1,1] C R then this is a balanced subset of C as real vector space,
but if we take C as complex vector space then it is not balanced. Indeed, if
we take ¢ € C we get that il =4 ¢ [—1,1].

Examples 2.1.12.

a) In a normed space the unit balls centered at the origin are absorbing and
balanced.

b) The unit ball B centered at (3,0) € R? is absorbing but not balanced in
the real vector space R? endowed with the euclidean norm. Indeed, B is
a neighbourhood of the origin and so by Theorem 2.1.10-4 is absorbing.
However, B is not balanced because for example if we take x = (1,0) € B
and A = —1 then \z ¢ B.

¢) In the real vector space R? endowed with the euclidean topology, the subset
i Figure 2.1 is absorbing and the one in Figure 2.2 is balanced.

Figure 2.1: Absorbing Figure 2.2: Balanced

d) The polynomials R[z] are a balanced but not absorbing subset of the real
space C([0,1],R) of continuous real valued functions on [0,1]. Indeed, any
multiple of a polynomial is still a polynomial but not every continuous
function can be written as multiple of a polynomial.

e) The subset A := {(z1,22) € C?: |z1| < |22|} of the complex space C? with
the euclidean topology is balanced but A is not balanced.
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Proposition 2.1.13.
a) If B is a balanced subset of a t.v.s. X then so is B.
b) If B is a balanced subset of a t.v.s. X and o € B then B is balanced.

Proof. (Sheet 3, Exercise 2 b) ¢)) O

Proof. of Theorem 2.1.10.

Necessity part.

Suppose that X is a t.v.s. then we aim to show that the filter of neighbour-
hoods of the origin F satisfies the properties 1,2,3,4,5. Let U € F.

1. obvious, since every set U € F is a neighbourhood of the origin o.

2. Since by the definition of t.v.s. the addition (z,y) + z+y is a continuous
mapping, the preimage of U under this map must be a neighbourhood of
(0,0) € X x X. Therefore, it must contain a rectangular neighbourhood
W x W' where W, W' € F. Taking V.= W NW' we get the conclusion,
ie. V+V CU.

3. By Proposition 2.1.7, fixed an arbitrary 0 # A €K, the map = — A\~ lx
of X into itself is continuous. Therefore, the preimage of any neighbour-
hood U of the origin must be also such a neighbourhood. This preimage
is clearly AU, hence \U € F.

4. Suppose by contradiction that U is not absorbing. Then there exists
y € X such that Vn € N we have that %y ¢ U. This contradicts the
convergence of %y — oasn — oo (because U € F must contain infinitely
many terms of the sequence (%y)neN.

5. Since by the definition of t.v.s. the scalar multiplication K x X — X,
(A, x) — Az is continuous, the preimage of U under this map must be a
neighbourhood of (0,0) € K x X. Therefore, it contains a rectangular
neighbourhood N x W where N is a neighbourhood of 0 in the euclidean
topology on K and W € F. On the other hand, there exists p > 0 such
that B,(0) := {A € K: |A\| < p} € N. Thus B,(0) x W is contained in
the preimage of U under the scalar multiplication, i.e. AW C U for all
A € K with [A] < p. Hence, the set V' = Uj\<, AW C U. Now V € F
since each A\W € F by 3 and V is clearly balanced (since for any z € V
there exists A € K with || < ps.t. © € AW and therefore for any o € K
with |a] <1 we get ax € aAW C V because |a\| < p).

Sufficiency part.
Suppose that the conditions 1,2,3,4,5 hold for a filter F of the vector space X.
We want to show that there exists a topology 7 on X such that F is the filter
of neighbourhoods of the origin w.r.t. to 7 and (X, 7) is a t.v.s. according to
Definition 2.1.1.
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Let us define for any x € X the filter F(z) == {U+x: U € F}. It is
easy to see that F(z) fulfills the properties (N1) and (N2) of Theorem 1.1.9.
In fact, we have:

e By 1 we have that VU € F, o€ U, thenVU € F,x =o0o+x € U +z, i.e.

VA € F(x), z € A.

o Let A € F(z) then A = U + x for some U € F. By 2, we have that
there exists V € Fs.t. V+V C U. Define B :=V +x € F(z) and take
any y € Bthenwehave V4+y CV+BCV+V4+axCU+x=A. But
V 4 y belongs to the filter F(y) and therefore so does A.

By Theorem 1.1.9, there exists a unique topology 7 on X such that F(x) is
the filter of neighbourhoods of each point x € X and so for which in particular
F is the filter of neighbourhoods of the origin.

It remains to prove that the vector addition and the scalar multiplication
in X are continuous w.r.t. to 7.

e The continuity of the addition easily follows from the property 2. Indeed,
let (z0,y0) € X x X and take a neighbourhood W of its image xo + yo.
Then W = U + xg + yo for some U € F. By 2, there exists V € F s.t.
V+V CUandso (V+xo)+ (V+y) C W. This implies that the
preimage of W under the addition contains (V + xg) x (V + yo) which
is a neighbourhood of (xg, yo).

e To prove the continuity of the scalar multiplication, let (A, zp) € Kx X
and take a neighbourhood U’ of A\gzg. Then U’ = U + A\gx¢ for some
U € F. By 2 and 5, there exists W € Fst. W+ W +W C U and W
is balanced. By 4, W is also absorbing so there exists p > 0 (w.l.o.g we
can take p < 1) such that VA € K with |A| < p we have \xg € W.

Suppose A\g = 0 then \gzg = 0 and U’ = U. Now

Im(B,(0) x (W +x0)) ={Ay+Axg: A€ B,(0),y € W}.
As X\ € B,(0) and W is absorbing, Azg € W. Also since [A\| < p <1
for all A € B,(0) and since W is balanced, we have AW C W. Thus
Im(B,(0)x(W+xg)) C WH+W C W+W+W C U and so the preimage
of U under the scalar multiplication contains B,(0) x (W + x¢) which is
a neighbourhood of (0, xo).

Suppose A\g # 0 and take o = min{p, |A\o|}. Then Im((B,(0)+ o) X
(|/\0’71W + $0)):{/\|)\0|71y+)\$0+)\0‘)\0‘71y + Az : )\GBU(O),yGW}.
As A € B;(0), 0 < p and W is absorbing, Axzg € W. Also since VA €
By (0) the modulus of A\JAg|™! and Ag|Ag|~! are both < 1 and since W
is balanced, we have A|Ao| =W, \o|Ao|*W < W. Thus Im(B,(0) +
Ao X (|>\0|_1W + l‘o)) CW4+W+W+ Azg C U+ Azg and so the
preimage of U + Aoz under the scalar multiplication contains B, (0) 4
Ao X (JAo| =W 4+ x¢) which is a neighbourhood of (\g, zg). O
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It easily follows from previous theorem that:

Corollary 2.1.14.

a) Every t.v.s. has always a base of closed neighbourhoods of the origin.

b) Every t.v.s. has always a base of balanced absorbing neighbourhoods of the
origin. In particular, it has always a base of closed balanced absorbing
neighbourhoods of the origin.

¢) Proper subspaces of a t.v.s. are never absorbing. In particular, if M is an
open subspace of a t.v.s. X then M = X.

Proof. (Sheet 3, Exercise 3) O

Let us show some further useful properties of the t.v.s.:

Proposition 2.1.15.
1. Every linear subspace of a t.v.s. endowed with the correspondent subspace
topology is itself a t.v.s..
2. The closure H of a linear subspace H of a t.v.s. X is again a linear
subspace of X.
3. Let X,Y be two tvus. and f: X — Y a linear map. f is continuous if
and only if f is continuous at the origin o.

Proof.

1. This clearly follows by the fact that the addition and the multiplication
restricted to the subspace are just a composition of continuous maps
(recall that inclusion is continuous in the subspace topology c.f. Defini-
tion 1.1.17).

2. Let xo,y0 € H and let us take any U € F(o0). By Theorem 2.1.10-
2, there exists V € F(o) st. V +V C U. Then, by definition of
closure points, there exist z,y € H s.t. * € V + 29 and y € V + 9.
Therefore, we have that  +y € H (since H is a linear subspace) and
r4+y € (V+z0)+(V+yo) CU+z0+%0. Hence, mg+yo € H. Similarly,
one can prove that if zo € H, A\xg € H for any A € K.

3. Assume that f is continuous at 0 € X and fix any « # o in X. Let U be
an arbitrary neighbourhood of f(z) € Y. By Corollary 2.1.9, we know
that U = f(x) +V where V is a neighbourhood of o € Y. Since f is
linear we have that:

SHO) =Y (f@)+ V) D+ fH(V).

By the continuity at the origin of X, we know that f~(V) is a neigh-
bourhood of 0 € X and so z + f~(V) is a neighbourhood of z € X.
O
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Hausdorff topological vector spaces

For convenience let us recall here the definition of Hausdorff space.

Definition 2.2.1. A topological space X is said to be Hausdorff or (T2) if
any two distinct points of X have neighbourhoods without common points; or
equivalently if two distinct points always lie in disjoint open sets.

Note that in a Hausdorff space, any set consisting of a single point is
closed but there are topological spaces with the same property which are not
Hausdorff and we will see in this section that such spaces are not t.v.s..

Definition 2.2.2. A topological space X is said to be (T1) if, given two
distinct points of X, each lies in a neighborhood which does not contain the
other point; or equivalently if, for any two distinct points, each of them lies in
an open subset which does not contain the other point.

It is easy to see that in a topological space which is (T1) all singletons are
closed (Sheet 4, Exercise 2).

From the definition it is clear that (T2) implies (T1) but in general the
inverse does not hold (c.f. Examples 1.1.40-4 for an example of topological
space which is T1 but not T2). However, the following results shows that a
t.v.s is Hausdorff if and only if it is (T1).

Proposition 2.2.3. A t.v.s. X is Hausdorff iff
Vo#xz € X,3U € F(o)s.t. z ¢ U. (2.1)

Proof.

(=) Let (X,7) be Hausdorff. Then there exist U € F(0) and V € F(x)
s.t. UNV = (. This means in particular that = ¢ U.

(<) Assume that (2.1) holds and let z,y € X with x # y, i.e. x —y # o.
Then there exists U € F (o) s.t. v —y ¢ U. By (2) and (5) of Theorem 2.1.10,
there exists V' € F(o) balanced and s.t. V +V C U. Since V is balanced
V = —V then we have V — V C U. Suppose now that (V 4+ x)N(V +y) # 0,
then there exists z € (V +2)N(V +y), ie. z =v+ 2 = w+y for some
v,w €€V. Thenz—y=w—-ve€V -V CUandsoz—y €U which is a
contradiction. Hence, (V +2) N (V +y) = 0 and by Corollary 2.1.9 we know
that V +2 € F(z) and V +y € F(y). Hence, X is (T2). O

Note that since the topology of a t.v.s. is translation invariant then the
previous proposition guarantees that a t.v.s is Hausdorff iff it is (T1). As a
matter of fact, we have the following result:
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2.3.  Quotient topological vector spaces

Corollary 2.2.4. For a t.v.s. X the following are equivalent:

a) X is Hausdorff.

b) the intersection of all neighbourhoods of the origin o is just {o}.
c) {0} is closed.

Note that in a t.v.s. {0} is closed is equivalent to say that all singletons
are closed (and so that the space is (T1)).

Proof.
a)= b) Let X be a Hausdorff t.v.s. space. Clearly, {0} C Nyecr)U. Now
if b) does not hold, then there exists © € Nyecr(,)U with z # o. But by the
previous theorem we know that (2.1) holds and so there exists V € F(0) s.t.
¢V and so x ¢ Nyer(o)U which is a contradiction.

b)=c) Assume that Nycr)U = {o}. If v € {o} then V'V, € F(x) we have
VN {o} # 0, i.e. 0o € V. By Corollary 2.1.9 we know that each V, = U + x
with U € F(0). Then o = u + x for some v € U and so v = —u € —U. This
means that z € Nyer)(—U). Since every dilation is an homeomorphism and
b) holds, we have that x € Nyecro)U = {0}. Hence, z = 0 and so {o} = {0},
i.e. {o} is closed.

¢)= a) Assume that X is not Hausdorff. Then by the previous proposition
(2.1) does not hold, i.e. there exists z # o s.t. © € U for all U € F(o0). This
means that * € Nyero)U € Nuer(o)closedlU = {0} By ¢), {o} = {0} and so
« = 0 which is a contradiction. O

Example 2.2.5. Fvery vector space with an infinite number of elements en-
dowed with the cofinite topology is not a tvs. It is clear that in such topological
space all singletons are closed (i.e. it is T1). Therefore, if it was a t.v.s. then
by the previous results it should be a Hausdorff space which is not true as
showed in Example 1.1.40.

Quotient topological vector spaces

Quotient topology

Let X be a topological space and ~ be any equivalence relation on X. Then
the quotient set X/~ is defined to be the set of all equivalence classes w.r.t.
to ~. The map ¢ : X — X/~ which assigns to each z € X its equivalence
class ¢(z) w.r.t. ~ is called the canonical map or quotient map. Note that ¢ is
surjective. We may define a topology on X/ ~ by setting that: a subset U of
X/~ is open iff the preimage ¢~1(U) is open in X. This is called the quotient
topology on X/ ~. Then it is easy to verify (Sheet 4, Exercise 2) that:
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e the quotient map ¢ is continuous.

e the quotient topology on X/~ is the finest topology on X/~ s.t. ¢ is
continuous.

Note that the quotient map ¢ is not necessarily open or closed.

Example 2.3.1. Consider R with the standard topology given by the modulus
and define the following equivalence relation on R:

r~ys (x=yVi{x,yt CZ).

Let R/~ be the quotient set w.r.t ~ and ¢ : R — R/~ the correspondent
quotient map. Let us consider the quotient topology on R/~. Then ¢ is not
an open map. In fact, if U is an open proper subset of R containing an integer,
then ¢~ ((U)) = U UZ which is not open in R with the standard topology.
Hence, ¢(U) is not open in R/~ with the quotient topology.

For an example of quotient map which is not closed see Example 2.3.3 in
the following.

Quotient vector space

Let X be a vector space and M a linear subspace of X. For two arbitrary
elements =,y € X, we define x ~p; y iff t —y € M. It is easy to see
that ~js is an equivalence relation: it is reflexive, since x —x = 0 € M
(every linear subspace contains the origin); it is symmetric, since © —y € M
implies —(z —y) = y — « € M (if a linear subspace contains an element, it
contains its inverse); it is transitive, since x —y € M , y — z € M implies
r—z=(x—y)+(y—=z) € M (when a linear subspace contains two vectors, it
also contains their sum). Then X/M is defined to be the quotient set X /~y,
i.e. the set of all equivalence classes for the relation ~;; described above. The
canonical (or quotient) map ¢ : X — X/M which assigns to each x € X its
equivalence class ¢(z) w.r.t. the relation ~); is clearly surjective. Using the
fact that M is a linear subspace of X, it is easy to check that:

1. if & ~p y, then VA € K we have Az~ \y.

2. if x ~pry, then Vz € X we have x + z ~pr y + 2.
These two properties guarantee that the following operations are well-defined
on X/M:

e vector addition: V¢ (z), ¢(y) € X/M, ¢(x) + ¢(y) := ¢(x +y)

e scalar multiplication: V) € K, Vo(x) € X/M, A\p(x) := ¢(Ax)
X /M with the two operations defined above is a vector space and therefore
it is often called quotient vector space. Then the quotient map ¢ is clearly
linear.
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Quotient topological vector space

Let X be now a t.v.s. and M a linear subspace of X. Consider the quotient
vector space X/M and the quotient map ¢ : X — X /M defined in Section 2.3.
Since X is a t.v.s, it is in particular a topological space, so we can consider
on X/M the quotient topology defined in Section 2.3. We already know that
in this topological setting ¢ is continuous but actually the structure of t.v.s.
on X guarantees also that it is open.

Proposition 2.3.2. For a linear subspace M of a t.v.s. X, the quotient map-
ping ¢ : X — X /M is open (i.e. carries open sets in X to open sets in X/M )
when X/M is endowed with the quotient topology.

Proof. Let V open in X. Then we have
¢ (V) =V + M = Unen(V +m)

Since X is a t.v.s, its topology is translation invariant and so V + m is open
for any m € M. Hence, ¢$~'(¢(V)) is open in X as union of open sets. By
definition, this means that ¢(V') is open in X/M endowed with the quotient
topology. O

It is then clear that ¢ carries neighborhoods of a point in X into neighbor-
hoods of a point in X/M and viceversa. Hence, the neighborhoods of the
origin in X/M are direct images under ¢ of the neighborhoods of the origin
in X. In conclusion, when X is a t.v.s and M is a subspace of X, we can
rewrite the definition of quotient topology on X /M in terms of neighborhoods
as follows: the filter of neighborhoods of the origin of X /M is exactly the im-
age under ¢ of the filter of neighborhoods of the origin in X .

It is not true, in general (not even when X is a t.v.s. and M is a subspace
of X), that the quotient map is closed.

Example 2.3.3.

Consider R? with the euclidean topology and the hyperbola H = {(x,y) € R? :
xy = 1}. If M is one of the coordinate axes, then R?/M can be identified
with the other coordinate axis and the quotient map ¢ with the orthogonal
projection on it. All these identifications are also valid for the topologies. The
hyperbola, H is closed in R? but its image under ¢ is the complement of the
origin on a straight line which is open.
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Corollary 2.3.4. For a linear subspace M of a t.v.s. X, the quotient space
X/M endowed with the quotient topology is a t.v.s..

Proof.
For convenience, we denote here by A the vector addition in X/M and just by
+ the vector addition in X . Let W be a neighbourhood of the origin o in X/M.
We aim to prove that A~!(W) is a neighbourhood of (0,0) in X/M x X /M.
The continuity of the quotient map ¢ : X — X/M implies that ¢~1(W)
is a neighbourhood of the origin in X. Then, by Theorem 2.1.10-2 (we can
apply the theorem because X is a t.v.s.), there exists V neighbourhood of
the origin in X s.t. V +V C ¢~ 1(W). Hence, by the linearity of ¢, we get
AP(V) x ¢(V)) = d(V+V) C W, ie. ¢(V)x (V) AL (W). Since ¢ is
also open, ¢(V) is a neighbourhood of the origin 0 in X/M and so A=1(W) is
a neighbourhood of (0,0) in X/M x X/M.
A similar argument gives the continuity of the scalar multiplication. [

Proposition 2.3.5. Let X be a t.v.s. and M a linear subspace of X. Consider
X/M endowed with the quotient topology. Then the two following properties
are equivalent:

a) M is closed

b) X/M is Hausdorff

Proof.

In view of Corollary 2.2.4, (b) is equivalent to say that the complement of the
origin in X/M is open w.r.t. the quotient topology. But the complement of
the origin in X /M is exactly the image under ¢ of the complement of M in X.
Since ¢ is an open continuous map, the image under ¢ of the complement of M
in X is open in X /M iff the complement of M in X is open, i.e.(a) holds. [

Corollary 2.3.6. If X is a t.v.s., then X/@ endowed with the quotient
topology is a Hausdorff t.v.s.. X/{o} is said to be the Hausdorff t.v.s. asso-
ciated with the t.v.s. X. When a tv.s. X is Hausdorff, X and X/{o} are
topologically isomorphic.

Proof.

Since X is a t.v.s. and {o} is a linear subspace of X, {o} is a closed linear
subspace of X. Then, by Corollary 2.3.4 and Proposition 2.3.5, X/{T} is a
Hausdorff t.v.s.. If in addition X is Hausdorff, then Corollary 2.2.4 guaran-
tees that {o} = {o} in X. Therefore, the quotient map ¢ : X — X/{o} is
also injective because in this case Ker(¢) = {o}. Hence, ¢ is a topological
isomorphism (i.e. bijective, continuous, open, linear) between X and X /@
which is indeed X/{o}. O
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2.4. Continuous linear mappings between t.v.s.

Continuous linear mappings between t.v.s.

Let X and Y be two vector spaces over K and f: X — Y a linear map. We

define the image of f, and denote it by Im(f), as the subset of Y:
Im(f)={yeY :Jxe Xst y=f(z)}
We define the kernel of f, and denote it by Ker(f), as the subset of X:

Ker(f) ={x e X : f(x) =0}.

Both Im(f) and Ker(f) are linear subspaces of Y and X, respectively. We

have then the diagram:

X/Ker(f)

where 7 is the natural injection of Im(f) into Y, i.e. the mapping which to
each element y of I'm(f) assigns that same element y regarded as an element
of Y; ¢ is the canonical map of X onto its quotient X/Ker(f). The mapping

f is defined so as to make the diagram commutative, which means that:

Vo e X, f(x) = f(o(x)).

Note that
o f is well-defined.

Indeed, if ¢(z) = ¢(y), i.e. * —y € Ker(f), then f(z —y) = 0 that is

f(z) = f(y) and so f(¢(z)) = f(¢(y))-

e f is linear.

This is an immediate consequence of the linearity of f and of the linear
structure of X/Ker(f).

f is a one-to-one linear map of X/Ker(f) onto Im(f).

The onto property is evident from the definition of I'm(f) and of f.
As for the one-to-one property, note that f(¢(x)) = f(¢(y)) means by
definition that f(x) = f(y), i.e. f(x —y) = 0. This is equivalent, by
linearity of f, to say that x—y € Ker(f), which means that ¢(x) = ¢(y).
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The set of all linear maps (continuous or not) of a vector space X into another
vector space Y is denoted by £(X;Y’). Note that £(X;Y) is a vector space
for the natural addition and multiplication by scalars of functions. Recall that
when Y = K, the space £(X;Y) is denoted by X* and it is called the algebraic
dual of X (see Definition 1.2.4).

Let us not turn to consider linear mapping between two t.v.s. X and Y.
Since they posses a topological structure, it is natural to study in this setting
continuous linear mappings.

Proposition 2.4.1. Let f : X — Y a linear map between two t.v.s. X andY .
If Y is Hausdorff and f is continuous, then Ker(f) is closed in X.

Proof.
Clearly, Ker(f) = f~*({o}). Since Y is a Hausdorff t.v.s., {0} is closed in Y
and so, by the continuity of f, Ker(f) is also closed in Y. O

Note that Ker(f) might be closed in X also when Y is not Hausdorff. For
instance, when f =0 or when f is injective and X is Hausdorff.

Proposition 2.4.2. Let f : X — Y a linear map between two t.v.s. X andY .
The map f is continuous if and only if the map f is continuous.

Proof.

Suppose f continuous and let U be an open subset in Im(f). Then f~}(U)
is open in X. By definition of f, we have f~1(U) = ¢(f~*(U)). Since the
quotient map ¢ : X — X/Ker(f) is open, ¢(f~1(U)) is open in X/Ker(f).
Hence, f~1(U) is open in X/Ker(f) and so the map f is continuous. Vicev-
ersa, suppose that f is continuous. Since f = f o ¢ and ¢ is continuous, f is
also continuous as composition of continuous maps. ]

In general, the inverse of f, which is well defined on I'm(f) since f is in-

jective, is not continuous. In other words, f is not necessarily bi-continuous.

The set of all continuous linear maps of a t.v.s. X into another t.v.s. Y is
denoted by L(X;Y') and it is a vector subspace of £(X;Y’). When Y = K the
space L(X;Y") is usually denoted by X’ which is called the topological dual of
X, in order to underline the difference with X* the algebraic dual of X. X’
is a vector subspace of X™* and is exactly the vector space of all continuous
linear functionals, or continuous linear forms, on X. The vector spaces X’ and
L(X;Y) will play an important role in the forthcoming and will be equipped
with various topologies.
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2.5. Completeness for t.v.s.

Completeness for t.v.s.

This section aims to treat completeness for most general types of topological
vector spaces, beyond the traditional metric framework. As well as in the case
of metric spaces, we need to introduce the definition of a Cauchy sequence in
at.v.s..

Definition 2.5.1. A sequence S := {xy, }nen of points in a t.v.s. X is said to
be a Cauchy sequence if

VU € Flo)inX,dIN e N: zp, —xp, € U, Ym,n > N. (2.2)

This definition agrees with the usual one if the topology of X is defined
by a translation-invariant metric d. Indeed, in this case, a basis of neigh-
bourhoods of the origin is given by all the open balls centered at the origin.
Therefore, {z, }nen is a Cauchy sequence in such (X,d) iff Ve >0, 3N € N:
T — T € Be(0), Ym,n > N, ie. d(m,xy) = d(xym — Ty, 0) < €.

By using the subsequences S, := {z, € S : n > m} of S, we can easily
rewrite (2.2) in the following way

VU € F(o)inX, 3N € N: Sy — Sy C U.

As we have already observed in Chapter 1, the collection B := {S,, : m € N}
is a basis of the filter Fg associated with the sequence S. This immediately
suggests what the definition of a Cauchy filter should be:

Definition 2.5.2. A filter F on a subset A of a t.v.s. X is said to be a Cauchy
filter if
VU € Flo)inX,IM CA: M € Fand M — M C U.

In order to better illustrate this definition, let us come back to our refer-
ence example of a t.v.s. X whose topology is defined by a translation-invariant
metric d. For any subset M of (X, d), recall that the diameter of M is defined
as diam(M) := sup, ,eps d(w,y). Now if F is a Cauchy filter on X then, by
definition, for any € > 0 there exists M € F s.t. M — M C B.(0) and this
simply means that diam (M) < e. Therefore, Definition 2.5.2 can be rephrased
in this case as follows: a filter F on a subset A of such a metric t.v.s. X is a
Cauchy filter if it contains subsets of A of arbitrarily small diameter.

Going back to the general case, the following statement clearly holds.

Proposition 2.5.3. The filter associated with a Cauchy sequence in a t.v.s.
X is a Cauchy filter.
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Proposition 2.5.4.

Let X be a t.v.s.. Then the following properties hold:

a) The filter of neighborhoods of a point x € X is a Cauchy filter on X.
b) A filter finer than a Cauchy filter is a Cauchy filter.

¢) Every converging filter is a Cauchy filter.

Proof.

a) Let F(z) be the filter of neighborhoods of a point z € X and let U € F(o).
By Theorem 2.1.10, there exists V' € F(o) such that V —V C U and
so such that (V +2z) — (V + ) C U. Since X is a t.v.s., we know that
F(z)=F(o) +x and so M :=V + x € F(x). Hence, we have proved that
for any U € F(o) there exists M € F(z) st. M — M C U, i.e. F(x)is a
Cauchy filter.

b) Let F and F' be two filters of subsets of X such that F is a Cauchy
filter and F C F’. Since F is a Cauchy filter, by Definition 2.5.2, for any
U € F(o) there exists M € F s.t. M — M C U. But F' is finer than F, so
M belongs also to F'. Hence, F' is obviously a Cauchy filter.

c) If a filter F converges to a point z € X then F(x) C F (see Defini-
tion 1.1.27). By a), F(«x) is a Cauchy filter and so b) implies that F itself
is a Cauchy filter. -

The converse of c) is in general false, in other words not every Cauchy
filter converges.

Definition 2.5.5. A subset A of a t.v.s. X is said to be complete if every
Cauchy filter on A converges to a point x of A.

It is important to distinguish between completeness and sequentially com-
pleteness.

Definition 2.5.6. A subset A of a t.v.s. X is said to be sequentially complete
if any Cauchy sequence in A converges to a point in A.

It is easy to see that complete always implies sequentially complete. The
converse is in general false (see Example 2.5.9). We will encounter an impor-
tant class of t.v.s., the so-called metrizable spaces, for which the two notions
coincide.

Proposition 2.5.7. If a subset A of a t.v.s. X is complete then A is sequen-
tially complete.
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Proof.

Let S := {zy,}nen a Cauchy sequence of points in A. Then Proposition 2.5.3
guarantees that the filter Fg associated to S is a Cauchy filter in A. By the
completeness of A we get that there exists x € A such that Fg converges to .
This is equivalent to say that the sequence S is convergent to x € A (see
Proposition 1.1.29). Hence, A is sequentially complete. O

Before showing an example of a subset of a t.v.s. which is sequentially
complete but not complete, let us introduce two useful properties about com-
pleteness in t.v.s..

Proposition 2.5.8.
a) In a Hausdorff t.v.s. X, any complete subset is closed.
b) In a complete t.v.s. X, any closed subset is complete.

Example 2.5.9.

Let X := R? where d > Xy endowed with the product topology given by
considering each copy of R equipped with the usual topology given by the mod-
ulus. For convenience we write X = [[;c; R with |J| = d > Ng. Note that X
is a Hausdorff t.v.s. as it is product of Hausdorff t.v.s.. Denote by H the sub-
set of X consisting of all vectors x = (x;);cy in X with only countably many
non-zero coordinates x;. Claim: H is sequentially complete but not complete.

Proof. of Claim. Let us first make some observations on H.
e H is strictly contained in X.
Indeed, any vector y € X with all non-zero coordinates does not belong
to H because d > Xg.
e H is dense in X.
In fact, let £ = (2;);cs € X and U a neighbourhood of z in X. Then,
by definition of product topology on X, there exist [[,.;U; C U s.t.
U; C R neighbourhood of x; in R for all i € J and U; # R for all i € T
where I C J with |I| < co. Take y := (y;)ics s.t. y; € U; for all i € J
with y; # 0 for all ¢ € I and y; = 0 otherwise. Then clearly y € U
but also y € H because it has only finitely many non-zero coordinates.
Hence, UNH # () and so H = X.
Now suppose that H is complete, then by Proposition 2.5.8-a) we have that
H is closed. Therefore, by the density of H in X, it follows that H = H = X
which contradicts the first of the property above. Hence, H is not complete.
In the end, let us show that H is sequentially complete. Let (z,)nen a

Cauchy sequence of vectors z,, = ( Sf))ie g in H. Then for each ¢ € J we have

that the sequence of the ¢ — th coordinates (mﬁf))neN is a Cauchy sequence
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in R. By the completeness (i.e. the sequentially completeness) of R we have
that for each ¢ € J, the sequence (a:SZ))%N converges to a point (M e R. Set
z = (9);es. Then:
e x € H, because for each n € N only countably many x%) # 0 and so
only countably many z(? # 0.
e the sequence (z,,)nen converges to z in H. In fact, for any U neighbour-
hood of z in X there exist Hiej U; C U s.t. U; € R neighbourhood of

x; in R for all i € J and U; # R for all i € I where I C J with |I]| < oo.
(

Since for each ¢ € J, the sequence (xni))neN converges to @9 in R, we
get that for each i € J there exists IV; € N s.t. a:,(f) € U; for all n > N;.
Take N := max;c; N; (the max exists because [ is finite). Then for each
1 € J we get mg) e U; for all n > N, ie. z, € U for all n > N which
proves the convergence of (z,,)nen to z.

Hence, we have showed that every Cauchy sequence in H is convergent. [

In order to prove Proposition 2.5.8, we need two small lemmas regarding
convergence of filters in a topological space.

Lemma 2.5.10. Let F be a filter of a topological Hausdorff space X. If F
converges to ¢ € X and also to y € X, then x = y.

Proof.

Suppose that x # y. Then, since X is Hausdorff, there exists V € F(x) and
W € F(y) such that VN W = (. On the other hand, we know by assumption
that 7 — x and F — y that is F(x) C F and F(y) C F (see Definition 1.1.27).
Hence, V,W € F. Since filters are closed under finite intersections, we get
that VNW € F and so @ € F which contradicts the fact that F is a filter. [

Lemma 2.5.11. Let A be a subset of a topological space X. Then x € A if
and only if there exists a filter F of subsets of X such that A € F and F

converges to x.

Proof.

Let © € A, ie. for any U € F(z) in X we have U N A # (). Set F :=
{F CX|UNAC Ffor some U € F(x)}. It is easy to see that F is a filter of
subsets of X. Therefore, for any U € F(x), UNA € F and UN A C U imply
that U € F, i.e. F(x) C F. Hence, F — .

Viceversa, suppose that F is a filter of X s.t. A € F and F converges to
z. Let U € F(z). Then U € F since F(z) C F by definition of convergence.
Since also A € F by assumption, we get UN A € F and so U N A # ().

O
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Proof. of Proposition 2.5.8

a) Let A be a complete subset of a Hausdorff t.v.s. X and let x € A. By
Lemma 2.5.11, z € A implies that there exists a filter F of subsets of X
s.t. A € F and F converges to x. Therefore, by Proposition 2.5.4-c), F is
a Cauchy filter. Consider now F4:={U € F : U C A} C F. It is easy to
see that F4 is a Cauchy filter on A and so the completeness of A ensures
that F4 converges to a point y € A. Hence, any nbhood V of y in A
belongs to F4 and so to F. By definition of subset topology, this means
that for any nbhood U of y in X we have U N A € F and so U € F (since
F is a filter). Then F converges to y. Since X is Hausdorff, Lemma 2.5.10
establishes the uniqueness of the limit point of F, i.e. x =y and so A = A.

b) Let A be a closed subset of a complete t.v.s. X and let F4 be any Cauchy
filter on A. Take the filter F := {F C X|B C F for some B € Fu}. It is
clear that F contains A and is finer than the Cauchy filter F4. Therefore,
by Proposition 2.5.4-b), F is also a Cauchy filter. Then the completeness
of the t.v.s. X gives that F converges to a point z € X, i.e. F(x) C F.
By Lemma 2.5.11, this implies that actually z € A and, since A is closed,
that x € A. Now any neighbourhood of x € A in the subset topology is
of the form U N A with U € F(x). Since F(x) C F and A € F, we have
UnNA e F. Therefore, there exists B € F4 s.t. BCUNA C A and so
UN A€ Fa. Hence, F4 converges x € A, i.e. A is complete. 0

When a t.v.s. is not complete, it makes sense to ask if it is possible to

embed it in a complete one. We are going to describe an abstract procedure
that allows to always associate to an arbitrary Hausdorff t.v.s. X a complete
Hausdorff t.v.s. X called the completion of X. Before doing that, we need
to introduce uniformly continuous functions between t.v.s. and state some of
their fundamental properties.
Definition 2.5.12. Let X and Y be two t.v.s. and let A be a subset of X. A
mapping f: A — Y is said to be uniformly continuous if for every neighbor-
hood V' of the origin in Y, there exists a neighborhood U of the origin in X
such that for all pairs of elements x1,x9 € A

xr1 — T2 € U = f({L‘l) —f($2) eV.

Proposition 2.5.13. Let X and Y be two t.v.s. and let A be a subset of X.

a) If f : A — Y is uniformly continuous, then the image under f of a Cauchy
filter on A is a Cauchy filter on Y.

b) If A is a linear subspace of X, then every continuous linear map from A
to 'Y is uniformly continuous.

Proof. (Sheet 6, Exercise 2) O
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Theorem 2.5.14.

Let X and Y be two Hausdorff t.v.s., A a dense subset of X, and f : A=Y

a uniformly continuous mapping. If Y is complete the the following hold.

a) There exists a unique continuous mapping f : X — Y which extends f,
i.e. such that for all ¥ € A we have f(z) = f(z).

b) f is uniformly continuous.

c¢) If we additionally assume that f is linear and A is a linear subspace of X,
then f is linear.

Proof. (Sheet 6, Exercise 3) O

Let us now state and prove the theorem on completion of a t.v.s..

Theorem 2.5.15.

Let X be a Haudorff t.v.s.. Then there exists a complete Hausdorff t.v.s. X

and a mapping i : X — X with the following properties:

a) The mapping i is a topological monomorphism.

b) The image of X under i is dense in X.

¢) For every complete Hausdorff t.v.s. Y and for every continuous linear map
f: X =Y, there is a continuous linear map f : X = Y such that the
following diagram is commutative:

x—1 .y

L

A~

X

Furthermore:

I) Any other pair (Xl,il), consisting of a complete Hausdorff t.v.s. Xi
and of a mapping i1 : X — X1 such that properties (a) and (b) hold
substituting X with X1 and i with i1, 1s topologically isomorphic to (X, i).
This means that there is a topological isomorphism j ofX' onto X1 such
that the following diagram is commutative:

XL>X1

LA

X

II) Given'Y and f asin property (c), the continuous linear map f 18 unique.
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Proof. X
1) The set X
Define the following relation on the collection of all Cauchy filters (c.f.) on X:

F ~r G < VU nbhood of the origin in X, 34A€ F,3Be€ G st. A— BCU.

The relation (R) is actually an equivalence relation. In fact:

o reflexive: If F is a c.f. on X, then by Definition 2.5.2 we have that for
any U nbhood of the origin in X there exists A € Fs.t. A—ACU, i.e.
F ~gpF.

e symmetric: If 7 and G are c.f. on X s.t. F ~g G, then by definition of
(R) we have that for any U nbhood of the origin in X there exist A € F
and B € Gs.t. A— B C U. This implies that B— A C —U, which gives
G ~pgr F considering that —U is a generic nbhood of the origin in X in
the same right as U.

e transitive: Let F,G,H be c.f. on X s.t. F ~gr G and G ~r H. Take any
U nbhood of the origin in X, then Theorem 2.1.10 ensures that there
exists V nbhood of the origin in X s.t. V +V C U. By definition of
(R), there exists A € F, B;,By € Gand C € Hst. A—B; C V and
By —C C V. This clearly implies A— (B1NB2) C V and (B1NB2)—C C
V. By adding we obtain

A-CCA—-(BiNBy)+(BiNBy)—CCV+VCU.

We define X as the quotient of the set of all c.f. on X w.r.t. the equivalence
relation (R). Hence, an element & of X is an equivalence class of c.f. on X
w.r.t. (R).

2) Operations on X
Multiplication by a scalar

Let 0 # A € K and let & be a generic element of X. For any J any repre-
sentative of &, we define A\Z to be the equivalence class w.r.t. (R) of the filter
A ={) A : Ac F}, ie

At :={Gctf onX : G~p AF}.

It is easy to check that this definition does not depend on the choice of the
representative F of  (see Sheet 7, Exercise 1).

When A = 0, we have A& = 0, where ¢ is the equivalence class w.r.t. (R)
of the filter of neighborhoods of the origin o in X (or, which is the same,
of the Cauchy filter consisting of all the subsets of X which contain o).
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Vector addition

Let  and § be two arbitrary elements of X, and F (resp. G) a representative
of & (resp. y). We define & + g to be the equivalence class w.r.t. (R) of the
the filter F+ G:={C C X : A+ B C CforsomeA € F, B € G}, ie.

t+g:={Hctf onX : H~pF+G}.

Note that this vector addition is well-defined because its definition does not
depend on the choice of the representative F of & and G of § (see Sheet 7,
Exercise 1).

3) Topology on X
Let U be an arbitrary nbhood of the origin in X. Define

U:={ieX:U e Ffor some F € &}. (2.3)

and consider the collection B := {(7 : U nbhood of the origin in X }. The filter
generated by B fulfills all the properties in Theorem 2.1.10 (see Sheet 7, Ex-
ercise 2) and therefore, there exists a unique topology on X compatible with
the vector space structure defined in Step 2 s.t. this is its filter of nbhoods of
the origin 6 € X. Clearly, B is a basis of nbhoods of the origin 0 € X wrt.
to such a topology.

4) X is a Hausdorff t.v.s.
So far we have constructed a t.v.s. X. In this step, we aim to prove that X is
also Hausdorff. By Proposition 2.2.3, it is enough to show that for any & € X
with 6 # & there exists a nbhood V of the origin 0 in X st. & ¢ V.
Since 6 # z, for any F € & and for any F, € 0 we have F +«r F,. Take
Fo:={F C X : 0 € E}, then the fact that F r F, means that there exists
U nbhood of the origin in X s.t. VA € F and V A, € F, we have A— A, ¢ U.
In particular, {o} € F, and so VA € F we get A ¢ U, which simply means
that U ¢ F. By Theorem 2.1.10 applied to the t.v.s. X, we can always find
another nbohood V of the origin in X s.t. V4+V CU.
Claim: V does not belong to any representative of . This means, in view
of the definition (2.3), that & ¢ V. Hence, as observed at the beginning, the
conclusion follows by Proposition 2.2.3.
Let us finally prove the claim. If ' is any representative of Z, then F ~g F,
ie. 3A € Fand 34" € F' st. A— A" C V. Suppose that V € F’ then
A'NV e F and so A’ NV # (). Therefore, we clearly have A — (A'NV)CV
which implies

ACV+A'NV)CcV+VCU.
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Since A € F, this proves that U € F which is a contradiction. Then V ¢ F’
for all 7/ € & that is exactly our claim.

5) Existence of i : X — X

We define the image of a point € X under the mapping ¢ : X — X to be
the equivalence class w.r.t. (R) of the filter F(x) of neighborhoods of z in X,
ie.

Vee X, i(x) ={F cf. onX: F ~p F(x)}.
Note that the following properties hold.

Lemma 2.5.16.

a) Two c.f. filters on X converging to the same point are equivalent w.r.t. (R)
b) If two c.f. filters F and F' on X are s.t. F ~g F' and F' converges to
x € X then also F converges to x.

Proof. (Sheet 7, Exercise 3) O

The previous lemma clearly proves that
i(r) ={Fcf. onX: F - x)}.

6) i is a topological monomorphism (i.e. (a) holds)
1 1s injective

(see Sheet 7, Exercise 4).

1 is a topological homomorphism

For the linearity of ¢ see Sheet 7, Exercise 4. We aim to show here that ¢ is
both open and continuous on X.

To prove that ¢ is open, we need to show that for any nbhood U of the
origin in X the image i(U) is a nbhood of the origin in i(X) endowed with
the subset topology induced by the topology on X. Therefore, it suffices to
show that for any nbhood U of the origin in X there exists U; nbhood of the
origin in X s.t.

U ni(X) Ci(U) (2.4)

where U is defined as in (2.3).

To show the continuity of ¢, we need to prove that for any nbhood 1%
of the origin in i(X) the preimage i_l(V) is a nbhood of the origin in X.
Now any nbhood of the origin in i(X) is of the form U; Ni(X) for some Uy
nbhood of the origin in X. Therefore, it is enough to show that for any Uy
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nbhood of the origin in X there exists another U nbhood of the origin in X
st. UCi YU ni(X)) ie.

i(U) C Uy Ni(X) (2.5)
In order to prove (2.4) and (2.5), we shall prove the following:
i(V) CVNi(X)Ci(V), VVnbhood of the origin in X. (2.6)

Indeed, if (2.6) holds then the first inclusion immediately shows (2.5) (for any
U; nbhood of the origin in X take U := Uy and apply the first inclusion of
(2.6) to V = Uj). Moreover, (2.4) follows by combining the fact that for any
nbhood U of the origin in X exists another nbhood Uj of the origin in X s.t.
Uy = Uy CU (c.f. Sheet 3, Ex3-a)) together with the second inclusion of (2.6)
(applied to Uy).

It remains to prove that (2.6) holds. Let V' be any nbhood of the origin
in X, then for any z € V we clearly have that V is a nbhood of x, which
means that V belongs to a representative of i(z), i.e. i(xz) € V. Hence,
i(V) C VNi(X). Now take § € V Ni(X), i.e. §=i(z) for some z € X s.t.
i(x) € V. Then, by definition (2.3), we have that V € F for some F € i(z)
or in other words that V belongs to some filter F converging to x. Let W
be another nbhood of the origin in X then W + x is a nbhood of z in X and
so W+z € F (since F — x). Hence, V N (W + x) € F which implies that
VN (W +2z)#0ie x€V. This means that § = i(z) € i(V) which proves
VNi(X)CiV).

7) i(X) = X (i.e. (b) holds)

Let #, € X and let N be any nbhood of #, in X. It suffices to consider the
neighborhoods N of the form U + 2, where U is defined by (2.3) for some U
nbhood of the origin in X. We aim to prove that (U + %,) Ni(X) # 0.

By Theorem 2.1.10, we know that for any U nbhood of the origin in X
there exists V nbhood of the origin in X st. V +V C U. Let F, be a
representative of oy, then F, is a c.f. on X and so there exists A, € F, s.t.
A, — A, C V. Fix an element x € A,. Then we get:

(V+a)—AgCV+ A — A, CV+V CU. (2.7)

Since V + x is a nbhood of x in X, V + x belongs to any Cauchy filter F con-
verging to x and so V +x € F for any F € i(z). Then (V +z)— A, € F—-F,
and so (2.7) gives U € F — F, i.e. i(z) — 4, € U. Hence, we found that there
exists z € X s.t. i(z) € U + &, which gives the conclusion.
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8) X is complete
Let F be a Cauchy filter on X. We aim to prove that there exists an element
ieX st Fo i

Consider the filter

F':={G c X : M+U c G for some M € F and U nbhood of the origin in X}.

Note that 7/ C F and F' is also a Cauchy filter on X. In fact, since X is a
t.v.s., for any U nbhood of the origin in X there exists Vj balanced nbhood of
the origin in X s.t. Vo + Vo + Vo CU. Take V := 4/0 which is also a nbhood

of the origin in X, then
VAV -V CVo+Vo+VocCU
Since F' is a Cauchy filter, there exists M € F s.t. M — M C V. Then
(M+V)—(M+V)CcV+V-VcCU
Now let us consider the family of subsets of i(X) given by
F={Ani(X): AeF'}.

It is possible to prove that F' is a filter on i(X) and actually a Cauchy filter
(see Sheet 7, Exercise 5). Moreover, since we proved that i is a topological
isomorphism between X and i(X), we have that i~*(F’) is a Cauchy filter on
X. Take

g:={Fcf on X:F~pi ' (F)}

Then F' converges to & (see Sheet 7, Exercise 5).

9) Proof of the universal property (i.e. (¢) and (I1))

We can now identify X with i(X) and so regard X as a dense linear subspace
of X. Since f X — Y is continuous and linear by assumption, it is also
uniformly continuous by Proposition 2.5.13. Then applying Theorem 2.5.14
with X replaced by X and A by X we get both the properties (c) and (I1).

10) Uniqueness of X up to isomorphism (proof of (I))

Since by assumption X, is a complete Hausdorff t.v.s. and i1 : X — X
is a topological monomorphism (in particular i; is a continuous linear map-
ping), we have by (c¢) that there exists a unique continuous linear map i1 s.tb.
i1(i(z)) = i1(z) for any z € X. Let us define j := i;. On the other hand,
let us define f : i1(X) — X by f(i1(z)) = i(z) for any z € X. Since f is
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clearly linear and continuous and i;(X) is a linear subspace of X , f is uni-
formly continuous and so by Theorem 2.5.14 we get that there exists a unique
f: X, = X continuous and linear s.t. f(i1(z)) = f(i1(x)) for any z € X.
Using the density of 4(X) in X, the density of 4;(X) in X; and the continuity
of the mappings involved, it is easy to check that

f@)=avieX

and that

J(f(#1)) = 21 ¥, 41 € X1
This means that j and f are the inverse of each other and that both are
topological isomorphisms.
O]



3.1

Chapter 3

Finite dimensional topological vector spaces

Finite dimensional Hausdorff t.v.s.

Let X be a vector space over the field K of real or complex numbers. We know
from linear algebra that the (algebraic) dimension of X, denoted by dim(X),
is the cardinality of a basis of X. If dim(X) is finite, we say that X is finite
dimensional otherwise X is infinite dimensional. In this section we are going
to focus on finite dimensional vector spaces.

Let {e1,...,eq} be a basis of X, i.e. dim(X) = d. Given any vector x € X
there exist unique x1,...,xq4 € Ks.t. x = x1e1+- - - x4e4. This can be precisely
expressed by saying that the mapping

K4 o X
($1,...,xd) — T1e1+ - ZTqeq

is an algebraic isomorphism (i.e. linear and bijective) between X and K¢. In
other words: If X is a finite dimensional vector space then X is algebraically
isomorphic to KIm(X),

If now we give to X the t.v.s. structure and we consider K endowed with
the euclidean topology, then it is natural to ask if such an algebraic isomor-
phism is by any chance a topological one, i.e. if it preserves the t.v.s. structure.
The following theorem shows that if X is a finite dimensional Hausdorff t.v.s.
then the answer is yes: X is topologically isomorphic to K4 Tt is worth
to observe that usually in applications we deal always with Hausdorff t.v.s.,
therefore it makes sense to mainly focus on them.

Theorem 3.1.1. Let X be a finite dimensional Hausdorff t.v.s. over K (where
K is endowed with the euclidean topology). Then:
a) X is topologically isomorphic to K¢, where d = dim(X).
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b) Every linear functional on X is continuous.
¢) Every linear map of X into any t.v.s. Y is continuous.

Before proving the theorem let us recall some lemmas about the continuity
of linear functionals on t.v.s..

Lemma 3.1.2.
Let X be at.v.s over K andv € X. Then the following mapping is continuous.

wpy: K — X
& = .

Proof. For any ¢ € K, we have ¢,(§) = M(¢,(€)), where ¢, : K - K x X
given by ¥(&) := (§,v) is clearly continuous by definition of product topology
and M : K x X — X is the scalar multiplication in the t.v.s. X which is
continuous by definition of t.v.s.. Hence, ¢, is continuous as composition of
continuous mappings. O

Lemma 3.1.3. Let X be a t.v.s. over K and L a linear functional on X.
Assume L(x) # 0 for some x € X. Then the following are equivalent:

a) L is continuous.

b) The null space Ker(L) is closed in X

¢) Ker(L) is not dense in X.

d) L is bounded in some neighbourhood of the origin in X.

Proof. (see Sheet 4, Exercise 4)

Proof. of Theorem 3.1.1
Let {e1,...,eq} be a basis of X and let us consider the mapping

p: K4 — X
(xl,.. . 71'd> — X1€1 + - Tgeq.

As noted above, this is an algebraic isomorphism. Therefore, to conclude a)
it remains to prove that ¢ is also a homeomorphism.
Step 1: ¢ is continuous.

When d = 1, we simply have ¢ = ¢, and so we are done by Lemma
3.1.2. When d > 1, for any (x1,...,14) € K¢ we can write: ¢(x1,...,24) =
A(pey (T1); -+ s Pey(Ta)) = A((Pey X -+ X Qe ) (21, .-, 7q)) where each @, is
defined as above and A : X x X — X is the vector addition in the t.v.s. X.
Hence, ¢ is continuous as composition of continuous mappings.
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Step 2: ¢ is open and b) holds.
We prove this step by induction on the dimension dim(X) of X.
For dim(X) = 1, it is easy to see that ¢ is open, i.e. that the inverse of ¢:

cp_lz X — K
r==~81 — ¢

is continuous. Indeed, we have that

Ker(p™) ={z € X : 97 (z) =0} = {€e1 € X : £ =0} = {0},

which is closed in X, since X is Hausdorff. Hence, by Lemma 3.1.3, ¢! is

continuous. This implies that b) holds. In fact, if L is a non-identically zero
functional on X (when L = 0, there is nothing to prove), then there exists
ao#x¢€ X st L&) #0. Wlo.g. we can assume L(Z) = 1. Now for
any x € X, since dim(X) = 1, we have that x = &% for some £ € K and so
L(z) = £L(%) = ¢. Hence, L = ¢! which we proved to be continuous.

Suppose now that both a) and b) hold for dim(X) < d—1. Let us first show
that b) holds when dim(X) = d. Let L be a non-identically zero functional
on X (when L = 0, there is nothing to prove), then there exists a 0 # & € X
s.t. L(Z) # 0. W.l.o.g. we can assume L(Z) = 1. Note that for any = € X the
element x — ZL(z) € Ker(L). Therefore, if we take the canonical mapping
¢ : X — X/Ker(L) then ¢(x) = ¢(ZL(x)) = L(z)¢(z) for any = € X.
This means that X/Ker(L) = span{¢(Z)} i.e. dim(X/Ker(L)) = 1. Hence,
dim(Ker(L)) = d—1 and so by inductive assumption Ker(L) is topologically
isomorphic to K¢~!. This implies that Ker(L) is a complete subspace of X.
Then, by Proposition 2.5.8-a), Ker(L) is closed in X and so by Lemma 3.1.3
we get L is continuous. By induction, we can cocnlude that b) holds for any
dimension d € N.

This immediately implies that a) holds for any dimension d € N. In fact,
we just need to show that for any dimension d € N the mapping

oL X — K4
d
r=> 5 165 = (T1,...,7q)

is continuous. Now for any x = Z?:l zje; € X we can write o !(z) =
(Li(x),...,L4(z)), where for any j € {1,...,d} we define L; : X — K b
Lj(x) := xje;. Since b) holds for any dimension, we know that each L; is
continuous and so ¢! is continuous.

Step 3: The statement c¢) holds.
Let f : X — Y be linear and {ej,...,eq} be a basis of X. For any j €

{1,...,d} we define b; := f(e;) € Y. Hence, for any « = Z?Zl zje; € X we
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have f(z) = f(E?Zl xje;) = 2?21 xjbj. We can rewrite f as composition of
continuous maps i.e. f(z) = A((pp, X ... X @p,) ("1 (x)) where:

e o ! is continuous by a)

e cach ¢y, is continuous by Lemma 3.1.2

e A is the vector addition on X and so it is continuous since X is a t.v.s..

Hence, f is continuous. O

Corollary 3.1.4 (Tychonoff theorem). Let d € N. The only topology that
makes K a Hausdorff t.v.s. is the euclidean topology. Equivalently, on a

finite dimensional vector space there is a unique topology that makes it into a
Hausdorff t.v.s..

Proof. We already know that K¢ endowed with the euclidean topology 7. is
a Hausdorff t.v.s. of dimension d. Let us consider another topology 7 on
K% s.t. (K% 7) is also Hausdorff t.v.s.. Then Theorem 3.1.1-a) ensures that
the identity map between (K¢, 7.) and (K%, 7) is a topological isomorphism.
Hence, as observed at the end of Section 1.1.4 p.12, we get that 7 = 7. O

Corollary 3.1.5. Every finite dimensional Hausdorff t.v.s. is complete.

Proof. Let X be a Hausdorff t.v.s with dim(X) = d < oo. Then, by Theo-
rem 3.1.1-a), X is topologically isomorphic to K% endowed with the euclidean
topology. Since the latter is a complete Hausdorff t.v.s., so is X. ]

Corollary 3.1.6. Every finite dimensional linear subspace of a Hausdorff
t.v.s. is closed.

Proof. Let S be a linear subspace of a Hausdorff t.v.s. (X, 7) and assume that
dim(S) = d < co. Then S endowed with the subspace topology induced by 7
is itself a Hausdorff t.v.s. (see Sheet 5, Exercise 2). Hence, by Corollary 3.1.5
S is complete and therefore closed by Proposition 2.5.8-a). O

Connection between local compactness and finite
dimensionality

By the Heine-Borel property (a subset of K¢ is closed and bounded iff it is com-
pact), K¢ has a basis of compact neighborhoods of the origin (i.e. the closed
balls centered at the origin in K?¢). Thus the origin, and consequently every
point, of a finite dimensional Hausdorff t.v.s. has a basis of neighborhoods
consisting of compact subsets. This means that a finite dimensional Hausdorff
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t.v.s. is always locally compact. Actually also the converse is true and gives
the following beautiful characterization of finite dimensional Hausdorff t.v.s
due to F. Riesz.

Theorem 3.2.1. A Hausdorff t.v.s. is locally compact if and only if it is finite
dimensional.

For convenience let us recall the notions of compactness and local com-
pactness for topological spaces before proving the theorem.

Definition 3.2.2. A topological space X is compact if every open covering
of X contains a finite subcovering. i.e. for any arbitrary collection {U;}icr
of open subsets of X s.t. X C U;crU; there exists a finite subset J of I s.t.
X C UieUs.

Definition 3.2.3. A topological space X is locally compact if every point of
X has a base of compact neighbourhoods.

Just a small side remark: It is possible to show that every compact Haus-
dorff space is also locally compact but there exist locally compact spaces that
are not compact such as:

o K? with the euclidean topology

e any infinite set endowed with the discrete topology.

Indeed, any set X with the discrete topology is locally compact, because
for any x € X a basis of neighbourhoods of x in the discrete topology is
given just {z} which is open and also compact. However, if X is infinite
then it is not compact. In fact, if we take the infinite open covering S of
X given by all the singletons of its points, then any finite subcovering
of § will not contain at least one point of X.

Proof. of Theorem 3.2.1

Let X be a locally compact Hausdorff t.v.s., and K a compact neighborhood
of oin X. As K is compact and as %K is a neighborhood of the origin (see
Theorem 2.1.10-3), there is a finite family of points z1,...,z, € X s.t.

T
USL‘Z—I— —K).

Let M := span{z1,...,x,}. Then M is a linear subspace of X and dim(M) <
oo is finite, hence M is closed in X by Corollary 3.1.6. Therefore, the quotient
space X /M is Hausdorff t.v.s. by Proposition 2.3.5.

Let ¢ : X — X/M be the canonical mapping. As K C M + %K, we have

P(K) C ¢(M) + ¢(AK) = 3¢(K), i.e. 2¢(K) C ¢(K). By iterating we get
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#(2"K) C ¢(K) for any n € N. As K is absorbing (see Theorem 2.1.10-5), we
have X =2, 2"K. Thus

X/M = ¢(X) = | ¢(2"K) € ¢(K).

n=1

Since ¢ is continuous and the continuous image of a compact set is compact, we
get that ¢(K) is compact. Thus X/M is a Hausdorff t.v.s. which is compact.
We claim that X/M must be of zero dimension, i.e. reduced to one point.
This concludes the proof because it implies dim(X) = dim(M) < co.

Let us prove the claim by contradiction. Suppose dim(X/M) > 0 then
X/M contains a subset of the form Rz for some 6 # z € X/M. Since such a
subset is closed and X/M is compact, RZ is also compact which is a contra-
diction. O

48



4.1

Chapter 4

Locally convex topological vector spaces

Definition by neighbourhoods

Let us start this section by briefly recalling some basic properties of convex
subsets of a vector space over K (where K is R or C).

Definition 4.1.1. A subset S of a vector space X over K is convex if, when-
ever S contains two points x and y, S also contains the segment of straight
line joining them, i.e.

Vez,ye S, Va,8>0s.t. a+p=1,ax+ By € S.

Figure 4.1: Convex set Figure 4.2: Not convex set

Examples 4.1.2.

a) The convex subsets of R are simply the intervals of R. Examples of convex
subsets of R? are solid reqular polygons. The Platonic solids are convex
subsets of R3. Hyperplanes and halfspaces in R™ are convex.

b) Balls in a normed space are convex.

¢) Consider a topological space X and the set C(X) of all real valued functions
defined and continuous on X. C(X) with the pointwise addition and scalar
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multiplication of functions is a vector space. Fized g € C(X), the subset
S:={felC(X): f(z) > g(x),Yz € X} is conver.

d) Consider the vector space R[z]| of all polynomials in one variable with real
coefficients. Fized n € N and ¢ € R, the subset of all polynomials in R|x]
such that the coefficient of the term of degree n is equal to c is conver.

Proposition 4.1.3.

Let X be a vector space. The following properties hold.

0 and X are convex.

Arbitrary intersections of convexr sets are convex sets.

Unions of convex sets are generally not convew.

The sum of two convex sets is conver.

The image and the preimage of a convex set under a linear map is convez.

Definition 4.1.4. Let S be any subset of a vector space X. We define the
convex hull of S, denoted by conv(S), to be the set of all finite convex linear
combinations of elements of S, i.e.

conv(S) == {Zm tm €SN €E0,1,) Ni=1n¢ N}.

i=1 i=1

Figure 4.3: The solid line is the border of the convex hull of the shaded set

Proposition 4.1.5.

Let S, T be arbitrary subsets of a vector space X. The following hold.

a) conv(S) is convex

b) S C conv(S)

c) A set is convez if and only if it is equal to its own convex hull.

d) If S C T then conv(S) C conv(T)

e) conv(conv(S)) = conv(S).

f) conv(S +T) = conv(S) + conv(T).

g) The convex hull of S is the smallest convex set containing S, i.e. conv(S)
is the intersection of all convex sets containing S.

h) The convex hull of a balanced set is balanced

Proof. (Sheet 9, Exercise 1) O
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Definition 4.1.6. A subset S of a vector space X over K is absolutely convex
if it is convexr and balanced.

Let us come back now to topological vector space.

Proposition 4.1.7. The closure and the interior of convex sets in a t.v.s. are
convex sets.

Proof. Let S be a convex subset of a t.v.s. X. For any \ € [0, 1], we define:

or: XxX — X
(r,y) = dx+(1-Ny

Note that each ) is continuous by the continuity of addition and scalar
multiplication in the t.v.s. X. Since S is convex, for any A € [0,1] we have
that (S x S) C S and so ¢, (S x S) € S. The continuity of ¢y guarantees
that ¢x(S x S) C ¢x(S x S). Hence, we can conclude that ¢)(S x S) =
oA(Sx8)C S, ie. Sisconvex.

To prove the convexity of the interior S , we must show that for any two
points z,y € S and for any A € [0, 1] the point z := ¢, (z,y) € S.

By definition of interior points of .S, there exists a neighborhood U of the
origin in X such that xt+U C S and y+ U C S. Then, of course, the claim is
that z 4+ U C S. This is indeed so, since for any element u € U we can write
z 4+ w in the following form:

zru= 4+ 1 —=Ny+ u+(1—-Nu=Az+u)+ (1 —N(y+u)

and since both vectors x + u and y + w belong to S, so does z + u. Hence,
z € S which proves S is convex. O

Definition 4.1.8. A subsetT of a t.v.s. is called a barrel if T has the following
properties:
1. T is absorbing

2. T is absolutely convex
3. T is closed

Proposition 4.1.9. Every neighborhood of the origin in a t.v.s. is contained
in a neighborhood of the origin which is a barrel.

Proof.
Let U be a neighbourhood of the origin and define

TU) := conv( U /\U>.

AeK,|A<1
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Clearly, U C T(U). Therefore, T'(U) is a neighbourhood of the origin and so
it is absorbing by Theorem 2.1.10. By construction, T'(U) is also closed and
convex as closure of a convex set (see Proposition 4.1.7). To prove that T'(U)
is a barrel it remains to show that it is balanced. It is easy to see that any

point z € conv(U/\eK,)\l<1 )\U> can be written as

z=te+(1—-1t)y

with 0 <t <1, 2z € AU and y € pU, for some A\, € K s.t. [N\ <1 and
|p| < 1. Then for any £ € K with [¢] < 1 we have:

Ez=tx)+ (1 -t)(&y) € com}< U )\U>

AeK A <1

since [€A| < 1 and |{pu| < 1. This proves that CO””(U)\eK,|>\<1 AU) is bal-

anced !. Hence, by Sheet 3 Exercise 2b, its closure T'(U) is also balanced. [J

Corollary 4.1.10. Ewvery neighborhood of the origin in a t.v.s. is contained
i a neighborhood of the origin which is absolutely conver.

Note that the converse of Proposition 4.1.9 does not hold in any t.v.s..
Indeed, not every neighborhood of the origin contains another one which is
a barrel. This means that not every t.v.s. has a basis of neighbourhood
consisting of barrels. However, this is true for any locally convex t.v.s.

Definition 4.1.11. A t.v.s. X is said to be locally convex (l.c.) if there is a
basis of neighborhoods of the origin in X consisting of convex sets.

Locally convex spaces are by far the most important class of t.v.s. and
we will present later on several examples of such t.v.s.. For the moment let
us focus on the properties of the filter of neighbourhoods of locally convex
spaces.

Proposition 4.1.12. A locally convex t.v.s. always has a basis of neighbour-
hoods of the origin consisting of open absorbing absolutely convex subsets.

'One could also have directly observed that the set |J xex,|n<1 AU is balanced and used
Proposition 4.1.5-h to deduce that its convex hull is balanced.
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Proof.

Let N be a neighbourhood of the origin in X. Since X is locally convex, there
exists W convex neighbourhood of the origin in X s.t.W C N. Moreover, by
Theorem 2.1.10, there exists U balanced neighbourhood of the origin in X s.t.
U C W. The balancedness of U implies that U = | ACK, A< AU. Then, using
that W is a convex set containing U, we get

0= conv( U AU) =conv(U) CW C N
AEK,|A[<1

and so O C N. Hence, the conclusion holds because O is clearly open and
convex and it is also balanced since o € O and O is balanced (as we have
already showed in the proof of Proposition 4.1.9).

O

Similarly, we easily get that

Proposition 4.1.13. A locally convex t.v.s. always has a basis of neighbour-
hoods of the origin consisting of barrels.

Proof.

Let N be a neighbourhood of the origin in X. We know that every t.v.s. has a
basis of closed neighbourhoods of the origin (see Sheet 3, Exercise 3a). Then
there exists V' closed neighbourhood of the origin in X s.t. V' C N. Since X is
locally convex, then there exists W convex neighbourhood of the origin in X
s.t. W C V. Moreover, by Theorem 2.1.10, there exists U balanced neighbour-
hood of the origin in X s.t. U C W. Summing up we have: U CW CV C N
for some U, W,V neighbourhoods of the origin s.t. U balanced, W convex
and V closed. The balancedness of U implies that U = aek,n<1 AU. Then,
using that W is a convex set containing U, we get

conv( U AU) =conv(U) CW

AEK, M1

Passing to the closures and using that V' we get
TU)=conv(U)CW CV =V CN.

Hence, the conclusion holds because we have already showed in Proposi-
tion 4.1.9 that T'(U) is a barrel neighbourhood of the origin in X.
O
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We can then characterize the class of locally convex t.v.s in terms of ab-
sorbing absolutely convex neighbourhoods of the origin.

Theorem 4.1.14. If X is a l.c. t.v.s. then there exists a basis B of neigh-
bourhoods of the origin consisting of absorbing absolutely conver subsets s.t.
a) VU VeB, IWeBst. WCUNV

b) VU € B,Vp>0,3W € B s.t. W C pU

Conversely, if B is a collection of absorbing absolutely convexr subsets of a vec-
tor space X s.t. a) and b) hold, then there exists a unique topology compatible
with the linear structure of X s.t. B is a basis of neighbourhoods of the origin
in X for this topology (which is necessarily locally convez).

Proof. (Sheet 9, Exercise 2) O

In particular, the collection of all multiples pU of an absorbing absolutely
convex subset U of a vector space X is a basis of neighborhoods of the origin
for a locally convex topology on X compatible with the linear structure (this
ceases to be true, in general, if we relax the conditions on U).

Connection to seminorms

In applications it is often useful to define a locally convex space by means of a
system of seminorms. In this section we will investigate the relation between
locally convex t.v.s. and seminorms.

Definition 4.2.1. Let X be a vector space. A function p: X — R is called a
seminorm if it satisfies the following conditions:

1. p is subadditive: Vx,y € X, p(x +y) < p(z) + p(y).

2. p is positively homogeneous: Y,y € X, VA € K, p(Ax) = |\|p(z).

Definition 4.2.2. A seminorm p on a vector space X is a norm if p~1({0}) =
{o} (i.e. if p(x) =0 implies x = o).

Proposition 4.2.3. Let p be a seminorm on a vector space X. Then the
following properties hold:
® p 15 symmetric.
p(o) = 0.
Ip(z) — p(y)| < p(x —y), Yo,y € X.
p(z) >0, Ve X.
Ker(p) is a linear subspace.
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Proof.

e The symmetry of p directly follows from the positive homogeneity of p.
Indeed, for any « € X we have

p(=z) =p(=1-2) = [ = 1p(z) = p(z).
e Using again the positive homogeneity of p we get that p(o) = p(0-z) =
0-p(x)=0.
e For any z,y € X, the subadditivity of p guarantees the following in-
equalities:

p(z) = p(z—y+y) < p(z—y)+p(y) and p(y) = p(y—r+x) < p(y—z)+p()

which establish the third property.
e The previous property directly gives the nonnegativity of p. In fact, for
any z € X we get

0 < |p(z) — p(o)| < p(z — 0) = p(z).
o Let 2,y € Ker(p) and o, 8 € K. Then
plaz + By) < |alp(z) + [Blp(y) = 0

which implies p(az + By) = 0, i.e. ax + By € Ker(p).

Examples 4.2.4.
a) Suppose X =R"™ and let M be a vector subspace of X. Set for any x € X

:= inf —
pum () ylgMHx Y|

where || - || is the Euclidean norm, i.e. py(x) is the distance from the point
x to M in the usual sense. If dim(M) > 1 then pys is a seminorm and not
a norm (M is exactly the kernel of par). When M = {o}, pp(-) = || - ||-

b) Let X be a vector space on which is defined a nonnegative sesquilinear
Hermitian form B : X x X — K. Then the function

N

pe(x) = B(z, )

is a seminorm. pp is a norm if and only if B is positive definite (i.e.
B(z,z) >0, Vx # o).
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¢) Let C(R) be the vector space of all real valued continuous functions on the
real line. For any bounded interval [a,b] with a,b € R and a < b, we define
for any f € C(R):
Plag)(f) := sup [f(t)].

a<t<b

Dlay 8 @ seminorm but is never a norm because it might be that f(t) =0
for all't € [a,b] (and so that pi,p)(f) = 0) but f # 0. Other seminorms are
the following ones:

; :
a(f) = 1£(0)] and gp(f) = ( / !f(t)lpdt> for 1< p< o,

Note that if 0 < p < 1 then g, is not subadditive and so it is not a semi-
norm.

Seminorms on vector spaces are strongly related to a special kind of func-
tionals, i.e. Minkowski functionals. Let us investigate more in details such a
relation. Note that we are still in the realm of vector spaces with no topology!

Definition 4.2.5. Let X be a vector space and A a non-empty subset of X.
We define the Minkowski functional (or gauge) of A to be the mapping:

pa: X — R
x  +— pa(x):=inf{\>0:2 € \A}

(where pa(x) = oo if the set {\ > 0:x € AA} is empty).

It is then natural to ask whether there exists a class of subsets for which
the associated Minkowski functionals are actually seminorms. The answer
is positive for a class of subsets which we have already encountered in the
previous section, namely for absorbing absolutely convex subsets. Actually
we have even more as established in the following lemma.

Notation 4.2.6. Let X be a vector space and p a seminorm on X. The sets
(ofp:{:r:eX:p(a:)<1} and U, = {z € X : p(x) < 1}.

are said to be, respectively, the closed and the open unit semiball of p.

Lemma 4.2.7. Let X be a vector space. If A is a non-empty subset of X which
18 absorbing and absolutely convex, then the associated Minkowski functional
pa 1S a seminorm and (7“ CACU,,. Conversely, if q is a seminorm on X
then f]q is an absorbing absolutely convex set and q = Py,
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Proof. Let A be a non-empty subset of X which is absorbing and absolutely
convex and denote by p4 the associated Minkowski functional. We want to
show that p4 is a seminorm.

e First of all, note that pa(x) < oo for all z € X because A is absorbing.
Indeed, by definition of absorbing set, for any z € X there exists p, > 0
s.t. for all A € K with |A\| < p, we have Az € A and so the set {\ >
0:x € AA} is never empty i.e. pg has only finite nonnegative values.
Moreover, since o € A, we also have that o € AA for any A € K and so
pa(o) =inf{A >0:0€ NA} =0.

e The balancedness of A implies that p4 is positively homogeneous. Since
we have already showed that p4(0) = 0 it remains to prove the positive
homogeneity of p4 for non-null scalars. Since A is balanced we have that
for any x € X and for any &, A\ € K with £ # 0 the following holds:

Exr € MA if and only if z € AA. (4.1)

€l

Indeed, A balanced guarantees that £A = |£|A and so x € %A is equiv-

alent to &z € )\%A = AA. Using (4.1), we get that for any x € X and
for any ¢ € K with £ # 0:

pa(€x) = inf{\>0:&x e A}

= inf{)\>0:m€‘2’A}
A A
= inf - : —A
in {'5'|5|>° €T }

— [¢lint{u > 0: 2 € pA} = [¢lpala).

e The convexity of A ensures the subadditivity of ps. Take z,y € X. By
definition of Minkowski functional, for every € > 0 there exists A, u > 0
s.t.

A<pa(z)+ecand z € \A

and
p<pa(y) +eand y € pA.

Then, by the convexity of A, we obtain that ﬁ/\uA + ﬁA C A, ie.
A+ pA C (A + p)A, and therefore = +y € (A + p)A. Hence:

palz+y)=inf{6 >0:x4+y € dA} <A+ pu<pa(x)+paly) + 2

which proves the subadditivity of p4 since € is arbitrary.
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We can then conclude that p, is a seminorm. Furthermore, we have the
following inclusions:
Upy CACUp,.

In fact, if z € (O]pA then pa(z) < 1 and so there exists 0 < A < 1 s.t. z € \A.
Since A is balanced, for such A we have AA C A and therefore x € A. On the
other hand, if x € A then clearly 1 € {A > 0: 2 € AA} which gives pa(z) <1
and so v € U,

Conversely, let us take any seminorm ¢ on X. Let us first show that ﬁq is
absorbing and absolutely convex and then that ¢ coincides with the Minkowski
functional associated to ﬁq.

e U, is absorbing.

Let  be any point in X. If ¢(x) = 0 then clearly = € ﬁq. If g(x) > 0,
we can take 0 < p < ngc) and then for any A € K s.t. |A] < p the
positive homogeneity of ¢ implies that g(Ax) = [Aq(z) < pg(z) < 1, i.e.
Ax € [j'q.

e U, is balanced.

For any = € ﬁq and for any A € K with |[A\| < 1, again by the positive
homogeneity of ¢, we get: g(Az) = [A¢(z) < gq(z) <1ie Az e [j'q.

e U, is convex.

For any z,y € (O]q and any t € [0, 1], by both the properties of seminorm,
we have that q(tx + (1 —t)y) <tq(x)+ (1 —t)q(y) <t+1—t=11e.
te+ (1 —t)y € U,

Moreover, for any x € X we easily see that

pf]q(m) =inf{A>0:z¢ Aﬁq} =inf{\ > 0: q(z) < \} = ¢q(x). 0

We are now ready to see the connection between seminorms and locally
convex t.v.s..

Definition 4.2.8. Let X be a vector space and P := {p;}icr a family of
seminorms on X. The coarsest topology Tp on X s.t. each p; is continuous is
said to be the topology induced or generated by the family of seminorms P.

Theorem 4.2.9. Let X be a vector space and P := {p;}ticr a family of semi-
norms. Then the topology induced by the family P is the unique topology
making X into a locally convex t.v.s. and having as a basis of neighbourhoods
of the origin in X the following collection:

B .= {{xeX:pil(m)<€,...,pin(x)<€}:z’1,...,inEI,nEN,E>0,6€R}.

Viceversa, the topology of an arbitrary locally convex t.v.s. is always induced
by a family of seminorms (often called generating).
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Proof. Let us first show that the collection B is a basis of neighbourhoods of
the origin for the unique topology 7 making X into a locally convex t.v.s. by
using Theorem 4.1.14 and then let us prove that 7 actually coincides with the
topology induced by the family P.

For any i € I and any € > 0, consider the set {z € X : pi(z) < e} = eU,,.
This is absorbing and absolutely convex, since we have already showed above
that ﬁpi fulfills such properties. Therefore, any element of B is an absorbing
absolutely convex subset of X as finite intersection of absorbing absolutely
convex sets. Moreover, both properties a) and b) of Theorem 4.1.14 are clearly
satisfied by B. Hence, Theorem 4.1.14 guarantees that there exists a unique
topology 7 on X s.t. (X,7) is a locally convex t.v.s. and B is a basis of
neighbourhoods of the origin for 7.

Let us consider (X, 7). Then for any i € I, the seminorm p; is continuous,
because for any ¢ > 0 we have p; *([0,¢[) = {z € X : p;(z) < ¢} € B which
means that p; ' ([0,¢[) is a neighbourhood of the origin in (X, 7). Therefore,
the topology 7p induced by the family P is by definition coarser than 7. On
the other hand, each p; is also continuous w.r.t. 7p and so B C 7p. But B is
a basis for 7, then necessarily 7 is coarser than 7p. Hence, 7 = 7p.

Viceversa, let us assume that (X, 7) is a locally convex t.v.s.. Then by
Theorem 4.1.14 there exists a basis A of neighbourhoods of the origin in X
consisting of absorbing absolutely convex sets s.t. the properties a) and b)
in Theorem 4.1.14 are fulfilled. W.l.o.g. we can assume that they are open.
Consider now the family S := {py : N € N'}. By Lemma 4.2.7, we know that
each py is a seminorm and that ﬁpN C N. Let us show that for any N € N/
we have actually that N = f]pN. Since any N € N is open and the scalar
multiplication is continuous we have that for any x € N there exists 0 <t < 1
s.t. . € tN and so py(z) <t <1, ie. x € f]pN.

We want to show that the topology 7s induced by the family S coincides
with original topology 7 on X. We know from the first part of the proof how
to construct a basis for a topology induced by a family of seminorms. In fact,
a basis of neighbourhoods of the origin for 75 is given by

n
B:= { ﬂ{xGX:pNi(x) <e}:Ny,...,N, 6/\/,n6N,5>0,66R}.
i=1
For any N € N we have showed that N = ﬁpN € B so by Hausdorff criterion
7 C 75. Also for any B € B we have B = ﬂ?zlsl}p]v_ = N ,eN; for some
neN, Ni,...,N, € N and € > 0. Then the property lz)) (of Theorem 4.1.14)
for A implies that for each ¢ = 1, ..., n there exists V; € N s.t. V; C eN; and so
by the property a) of N we have that there exists V € Ns.t. V C N, V; C B.
Hence, by Hausdorff criterion 75 C 7. O
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This result justifies why several authors define a locally convex space to
be a t.v.s whose topology is induced by a family of seminorms (which is now
evidently equivalent to Definition 4.1.11)

In the previous proofs we have used some interesting properties of semiballs
in a vector space. For convenience, we collect them here together with some
further ones which we will repeatedly use in the following.

Proposition 4.2.10. Let X be a vector space and p a seminorm on X. Then:
a) Up s absorbing and absolutely convex.

b) Vr>0,rUp:{x€X:p(x)<r}:U%p.

c)VeeX, 2+U,={ye X :ply—2x) <1}

d) If q is also a seminorm on X then: p < q if and only if Uq C Up.

e) Ifn € Nandsy,...,s, are seminorms on X, then their maximum s defined
as s(x) :=  max sl( ), Vo € X is also seminorm on X and Us = (), Us,.

2y

All the previous properties also hold for closed semballs.

Proof.
a) This was already proved as part of Lemma 4.2.7.
b) For any r > 0, we have

rUp:{rweX:p(az)<1}:{y€X:%p(y)<1}:{y€X:p(y)<r}.

Uy
P

c¢) For any z € X, we have
s+ Up={z+2€X:p(z)<1}={ye X :py—=) <1}

d) Suppose that p < ¢ and take any T € U Then we have q(x) < 1 and
so p(z) < q(z) < 1,ie z € U Viceversa, suppose that U - U holds
and take any z € X. We have that either ¢(z) > 0 or ¢(z ) = 0. In the

first case, for any 0 < ¢ < 1 we get that q(%) — ¢ < 1. Then % c U

which implies by our assumption that (x) € U i.e. p( e )) < 1. Hence,
ep(z) < q(z) and so when € — 1 we get p(z) < ¢g(z). If instead we are in
the second case that is when ¢(z) = 0, then we claim that also p(z) = 0.
Indeed, if p(z) > 0 then q(%) =0 and so ( y € U which implies by our

assumption that ( y € Up, i.e. p(z) < p(z) which is a contradiction.

e) It is easy to check, using basic properties of the maximum, that the subad-
ditivity and the positive homogeneity of each s; imply the same properties
for s. In fact, for any =,y € X and for any A € K we get:
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e s(x+y)=  nax si(z +y) < max (si(z) + s:(y))

yeees i=1,...,n

< max () + max si(y) = s(x) + s(y)

e s(\) = max s;(Ax) = A max si(x) = |\|s(x).

ey 20ty

Moreover, if x € U, then max s;(z) < 1andsoforalli=1,...,n we

have s;(x) < 1, i.e. € (I, Us,. Conversely, if z € (I, U, then for all
i =1,...,n we have s;(z) < 1. Since s(z) is the maximum over a finite
number of terms, it will be equal to s;j(x) for some j € {1,...,n} and
therefore s(z) = s;(x) < 1, i.e. x € U,.

O

Proposition 4.2.11. Let X be a t.v.s. and p a seminorm on X. Then the
following conditions are equivalent:

a) the open unit semiball l?p of p is an open set.

b) p is continuous at the origin.

c) the closed unit semiball U, of p is a barrel neighbourhood of the origin.

d) p is continuous at every point.

Proof.

a) = b) Suppose that ﬁp is open in the topology on X. Then for any € > 0
we have that p~1([0,¢]) = {z € X : p(z) < ¢} = dj'p is an open neighbourhood
of the origin in X. This is enough to conclude that p : X — R™ is continuous
at the origin.

b) = c) Suppose that p is continuous at the origin, then U, = p~1([0, 1]) is
a closed neighbourhood of the origin. Since U, is also absorbing and absolutely
convex by Proposition 4.2.10-a), U, is a barrel.

¢) = d) Assume that c) holds and fix 0 # x € X. Using Proposition 4.2.10
and Proposition 4.2.3, we get that for any € > 0: p~!([—¢ +p(z), p(z) +¢]) =
{y e X :|ply) —px)| <e} D2{y € X : ply —z) < e} = x+ eU,, which
is a closed neighbourhood of x since X is a t.v.s. and by the assumption c).
Hence, p is continuous at x.

d) = a) If p is continuous on X then a) holds because the preimage of an
open set under a continuous function is open and U, = p~([0, 1]). O

With such properties in our hands we are able to give a criterion to compare
two locally convex topologies using their generating families of seminorms.
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Theorem 4.2.12 (Comparison of l.c. topologies).
Let P = {pi}ier and Q = {q;}jes be two families of seminorms on the vector
space X inducing respectively the topologies Tp and Tg, which both make X
into a locally convex t.v.s.. Then Tp is finer than tg (i.e. 1o C 7p) iff

Vge QIneN,iy,...,ip, €I,C >0 s.t. Cq(z)< max pi, (), Vo € X.
Proof. (42)
Let us first recall that, by Theorem 4.2.9, we have that

Bp ::{ﬂgf]pik :il,...,inGI,nEN,E>O,€€R}
k=1

and
n

Bg = { ﬂqujk Y1y esn € J,nGN,£>0,EE]R}.
k=1
are respectively bases of neighbourhoods of the origin for 7p and 7¢.
By using Proposition 4.2.10, the condition (4.2) can be rewritten as

n
Vg€ Q neN,iy,....inel, C>0st. C()U, CU,
k=1

which means that
Vg€ Q,3 B, € Bp st. B,CU,. (4.3)

since C'(p_; [ofpik € Bp.
Condition (4.3) means that for any ¢ € Q the set U, € 7p, which by
Proposition 4.2.11 is equivalent to say that ¢ is continuous w.r.t. 7p. By

definition of 7o, this gives that 7¢ C 7p. 2
O

?Alternate proof without using Prop 4.2.11. (Sheet 10, Exercise 1)
Suppose that (4.2) holds and take any B’ € Bg, ie. B’ = (L, eU,, for some
m €N, ji,...,jn € J and 0 < ¢ € R. Then, by using m times the condition (4.3),
we obtain that there exist By, ..., B,, € Bp such that Vk € {1,...,m}, By C Uy, -
Hence, =, Bi € Ni=, [Oquk. Multiplying by e both sides of the inclusion, we get
B’ D e, Bi € Bp and so, by Hausdorff criterion (see Theorem 1.1.16) 7 C 7p.

Conversely, suppose that 7p is finer than 7o and take any ¢ € Q. Since lofq € Bg,
by Hausdorff criterion, we get that there exists B € Bp s.t. B C [O]q. Now such B will
be of the form B = ﬂZ=1 815’19”c for some n € N,i1,...,i, € [ and 0 < € € R. Then,

equivalent to gq(x) < L max py, (z), Ve e X.
=1,...,n

ERRRE}
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This theorem allows us to easily see that the topology induced by a family
of seminorms on a vector space does not change if we close the family under
taking the maximum of finitely many of its elements. Indeed, the following
result holds.

Proposition 4.2.13. Let P := {p;}icr be a family of seminorms on a vector

space X and Q := {manpi : 0 # B C I with B finite } Then Q is a family
1€

of seminorms and Tp = Tg, where Tp and Tg denote the topology induced on

X by P and Q, respectively.

Proof.

First of all let us note that, by Proposition 4.2.10, Q is a family of seminorms.

On the one hand, since P C Q, by definition of induced topology we have

7p C 7o. On the other hand, for any ¢ € Q we have ¢ = max p; for some
1€

) # B C I finite. Then (4.2) is fulfilled for n = |B| (where |B| denotes the
cardinality of the finite set B), i1,...,%, being the n elements of B and for
any 0 < C' < 1. Hence, by Theorem 4.2.12, 79 C 7p. O

This fact can be used to show the following very useful property of locally
convex t.v.s.

Proposition 4.2.14. The topology of a locally convex t.v.s. can be always
induced by a directed family of seminorms.

Definition 4.2.15. A family Q := {q;}jcs of seminorms on a vector space
X is said to be directed if

Viji,joeJ,3je J,C >0 s.t. Cgj(x)>max{q; (x),q,(x)}, Ve e X (4.4)
or equivalently by induction if

VneNji,...,jn€J,35€J,C >0 s.t qu(z:)zkll%ax ¢, (x), Vo e X,

=1,..,n

Proof. of Proposition 4.2.14

Let (X, 7) be a locally convex t.v.s.. By Theorem 4.2.9, we have that there
exists a family of seminorms P := {p; }ic; on X s.t. 7 = 7p. Let us define Q
as the collection obtained by forming the maximum of finitely many elements
of P,ie. Q:= {I}leaé(pi : 0 # B C I with B finite } By Proposition 4.2.13,

Q is a family of seminorms and we have that 7p = 79. We claim that Q is
directed.
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Let ¢,¢ € Q, ie. q:= max p; and ¢ := max p; for some non-empty finite
i€ ieB’
subsets B, B’ of I. Let us define ¢’ := max. p;. Then ¢” € Q and for any
i€ BUB’
C > 1 we have that (4.4) is satisfied, because we get that for any x € X

Cy'(z) = C max { masep, () m%xpxw)} > max{g(z), ¢ ()}
7 i€B’
Hence, Q is directed. O

It is possible to show (Sheet 10, Exercise 2) that a basis of neighbourhoods
of the origin for the l.c. topology 7¢ induced by a directed family of seminorms
Q is given by:

By:={rU,:qe Q,r>0}. (4.5)

Hausdorff locally convex t.v.s

In Section 2.2, we gave some characterization of Hausdorff t.v.s. which can
of course be applied to establish whether a locally convex t.v.s. is Hausdorff
or not. However, in this section we aim to provide necessary and sufficient
conditions bearing only on the family of seminorms generating a locally convex
topology for being a Hausdorff topology.

Definition 4.3.1.
A family of seminorms P := {p;}icr on a vector space X is said to be sepa-
rating if

Ve e X\ {o},3iel st pi(x)#0. (4.6)

Note that the separation condition (4.6) is equivalent to
pi(z)=0,Viel ==x=o0

which by using Proposition 4.2.10 can be rewritten as

ﬂ Cﬁpi = {0}7

iel,c>0

since p;(z) = 0 is equivalent to say that p;(x) < ¢, for all ¢ > 0.
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Lemma 4.3.2. Let 7p be the topology induced by a separating family of semi-
norms P := (p;)icr on a vector space X. Then p is a Hausdorff topology.

Proof. Let x,y € X be s.t. x # y. Since P is separating, 4 i € [ s.t.
pi(x —y) #0. Then 3 € > 0 s.t. p;(x —y) = 2e. Let us define V, := {u € X |
pi(z —u) < e} and Vy :={u € X | pi(y —u) < e}. By Proposition 4.2.10, we
get that V,, = o + €U, and V,, = y + eU,,. Since Theorem 4.2.9 guarantees
that (X, 7p) is a t.v.s. where the set a(ofpi is a neighbourhood of the origin, V,
and V,, are neighbourhoods of = and y, respectively. They are clearly disjoint.
Indeed, if there would exist u € V, NV, then

pi(r—y) =pi(z —u+u—y) <pi(r—u)+pi(u—y) <2

which is a contradiction. O

Proposition 4.3.3. A locally conver t.v.s. is Hausdorff if and only if its
topology can be induced by a separating family of seminorms.

Proof. Let (X, ) be a locally convex t.v.s.. Then we know that there always
exists a basis A of neighbourhoods of the origin in X consisting of open
absorbing absolutely convex sets. Moreover, in Theorem 4.2.9, we have showed
that 7 = 7p where P is the family of seminorms given by the Minkowski
functionals of sets in N, i.e. P := {pny : N € N}, and also that for each
N € N we have N = U,, .

Suppose that (X, 7) is also Hausdorff. Then Proposition 2.2.3 ensures that
for any x € X with x # o there exists a neighbourhood V' of the origin in X
s.t. ¢ V. This implies that there exists at least N € N s.t. ¢ N 3. Hence,
r¢ N = lo]pN means that py(z) > 1 and so py(x) # 0, i.e. P is separating.

Conversely, if 7 is induced by a separating family of seminorms P, i.e.
T = 7p, then Lemma 4.3.2 ensures that X is Hausdorff.

O

Examples 4.3.4.

1. Every normed space is a Hausdorff locally convex space, since every norm
is a seminorm satisfying the separation property. Therefore, every Ba-
nach space is a complete Hausdorff locally convex space.

3Since N is a basis of neighbourhoods of the origin, 3 N € N s.t. N C V. If z would
belong to all elements of the basis then in particular it would be z € NV and so also z € V,
contradiction.
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2. Every family of seminorms on a vector space containing a norm induces
a Hausdorff locally convex topology.

3. Given an open subset Q of R? with the euclidean topology, the space C(Q)
of real valued continuous functions on  with the so-called topology of
uniform convergence on compact sets is a locally conver t.v.s.. This
topology is defined by the family P of all the seminorms on C(S2) given
by

pr(f) = glea%’f(x)” VK C Q compact .

Moreover, (C(R2),Tp) is Hausdorff, because the family P is clearly sepa-
rating. In fact, if px (f) = 0, VK compact subsets of 2 then in particular
Py (f) = [f(2)| = 0 Vo € Q, which implies f =0 on Q.

More generally, for any X locally compact we have that C(X) with the
topology of uniform convergence on compact subsets of X is a locally
convexr Hausdorff t.v.s.

To introduce two other examples of l.c. Hausdorff t.v.s. we need to recall
some standard general notations. Let Ng be the set of all non-negative integers.
For any = = (z1,...,74) € R? and @ = (a1,...,a4) € N¢ one defines 2% :=
x{' -+ ay?. For any f € Ng, the symbol D? denotes the partial derivative of

order || where |B] := Z?Zl Bi, i.e.
BIE Bl P

D8 .= - o )
dx ... 8x§d oz 8x§d

Examples 4.3.5.

1. Let Q C RY open in the euclidean topology. For any k € Ny, let C¥(Q) be
the set of all real valued k—times continuously differentiable functions
on Q, i.e. all the derivatives of f of order < k exist (at every point of )
and are continuous functions in 2. Clearly, when k = 0 we get the set
C(Q) of all real valued continuous functions on  and when k = oo we
get the so-called set of all infinitely differentiable functions or smooth
functions on Q. For any k € Ny, CF(Q) (with pointwise addition and
scalar multiplication) is a vector space over R. The topology given by
the following family of seminorms on C*():

Pm,k(f) == sup sup }(Dﬁf)(fv)
BeNg zeK

|BI<m

, VK C Q compact,¥Ym € {0,1,...,k},

makes C*(Q) into a locally convex Hausdorff t.v.s.. (Note that when
k = oo we have m € Ny.)
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4.4. The finest locally convex topology

2. The Schwartz space or space of rapidly decreasing functions on R? is
defined as the set S(R?) of all real-valued functions which are defined
and infinitely differentiable on R® and which have the additional property
(regulating their growth at infinity) that all their derivatives tend to zero
at infinity faster than any inverse power of x, i.e.

S(RY) := {f € C®°(RY) : sup

xo‘Dﬂf(x)‘ < o0, Ya, B € Ng .
zERY
(For example, any smooth function f with compact support in R? is
in S(R?Y), since any derivative of f is continuous and supported on a
compact subset of R, so x2*(DPf(x)) has a mazimum in R? by the
extreme value theorem.)

The Schwartz space S(R?) is a vector space over R and the topology
given by the family Q of seminorms on S(R?):
2 DP f(x)

do,p(f) := sup , Ya, B € Ng

z€R4

makes S(RY) into a locally conver Hausdorff t.v.s.. Indeed, the family is
clearly separating, because if qo5(f) =0, Vo, B € Ng then in particular
Go.o(f) = sup,epa | f(7)] = 0 Vo € R, which implies f =0 on RZ.

Note that S(R?) is a linear subspace of C*°(R?), but its topology To
on S(RY) is finer than the subspace topology induced on it by C(R?).
(Sheet 10, Ezercise 1)

The finest locally convex topology

In the previous sections we have seen how to generate topologies on a vector
space which makes it into a locally convex t.v.s.. Among all of them, there is
the finest one (i.e. the one having the largest number of open sets) which is
usually called the finest locally convex topology on the given vector space.

Proposition 4.4.1. The finest locally convex topology on a vector space X is
the topology induced by the family of all seminorms on X and it is a Hausdorff
topology.

Proof.

Let us denote by S the family of all seminorms on the vector space X. By
Theorem 4.2.9, we know that the topology 7s induced by & makes X into a
locally convex t.v.s. We claim that 75 is the finest locally convex topology. In
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fact, if there was a finer locally convex topology 7 (i.e. if 75 C 7 with (X, 7)
locally convex t.v.s.) then Theorem 4.2.9 would give that 7 is also induced by
a family P of seminorms. But surely P C S and so 7 = 7p C 75 by definition
of induced topology. Hence, 7 = 75.

It remains to show that (X, 7s) is Hausdorff. By Lemma 4.3.2, it is enough
to prove that S is separating. Let z € X \ {0} and let B be an algebraic basis
of the vector space X containing x. Define the linear functional L : X — R as
L(z)=1and L(y) =0 for all y € B\ {z}. Then it is easy to see that s := |L]
is a seminorm, so s € S and s(x) # 0, which proves that S is separating. [

An alternative way of describing the finest locally convex topology on a
vector space X without using the seminorms is the following;:

Proposition 4.4.2. The collection of all absorbing absolutely convex sets of
a vector space X is a basis of neighbourhoods of the origin for the finest locally
convex topology on X.

Proof. Let T4, be the finest locally convex topology on X and A the collection
of all absorbing absolutely convex sets of X. By Theorem 4.1.14, we know
that every locally convex t.v.s. has a basis of neighbourhood of the origin
consisting of absorbing absolutely convex subsets of X. Then clearly the
basis of neighbourhoods of the origin B,z Of Thas is contained in A. Hence,
Tmaz C T where 7 denote the topology generated by A. On the other hand,
A fulfills all the properties required in Theorem 4.1.14 and so 7 also makes
X into a locally convex t.v.s.. Hence, by definition of finest locally convex
topology, 7 C Thaz- ]

This result can be clearly proved also using the Proposition 4.4.1 and
the correspondence between Minkowski functionals and absorbing absolutely
convex subsets of X introduced in the Section 4.2.

Proposition 4.4.3. FEvery linear functional on a vector space X is continuous
w.r.t. the finest locally convex topology on X.

Proof. Let L : X — K be a linear functional on a vector space X. For any
e > 0, we denote by B.(0) the open ball in K of radius € and center 0 € K,
i.e. B.(0):={k € K: |k| <¢e}. Then we have that L=1(B.(0)) = {z € X :
|L(z)| < e}. It is easy to verify that the latter is an absorbing absolutely
convex subset of X and so, by Proposition 4.4.2, it is a neighbourhood of the
origin in the finest locally convex topology on X. Hence L is continuous at
the origin and so, by Proposition 2.1.15-3), L is continuous everywhere in X.

O
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Direct limit topology on a countable dimensional t.v.s.

In this section we are going to give an important example of finest locally
convex topology on an infinite dimensional vector space, namely the direct
limit topology on any countable dimensional vector space. For simplicity, we
are going to focus on R—vector spaces.

Definition 4.5.1. Let X be an infinite dimensional vector space whose di-
mension is countable. The direct limit topology (or finite topology) 7¢ on X
is defined as follows:

U C X s open in 7p iff UNW is open in the euclidean topology on W,
VW C X with dim(W) < co.

Equivalently, if we fix a Hamel basis {xn}nen of X and if for any n € N we
set Xp, = span{zi,...,z,} s.t. X =J;2; X; and X; C... C X, C ..., then
U C X 1s open in ¢ iff U N X; is open in the euclidean topology on V; for
every i € N.

Theorem 4.5.2. Let X be an infinite dimensional vector space whose dimen-
sion is countable endowed with the finite topology T¢. Then:

a) (X, 7¢) is a Hausdorff locally convez t.v.s.
b) Ty is the finest locally convex topology on X

Proof.
a) We leave to the reader the proof of the fact that 7 is compatible with the
linear structure of X (Sheet 10, Exercise 3) and we focus instead on proving
that 7 is a locally convex topology. To this aim we are going to show that
for any open neighbourhood U of the origin in (X, 7y) there exists an open
convex neighbourhood U’ C U.
Let {z;}ieny be an R-basis for X and set X,, := span{z,...,z,} for any
n € N. We proceed (by induction on n € N) to construct an increasing
sequence C,, C U N X, of convex subsets as follows:
e For n = 1: Since U N X7 is open in X7 = Rz, we have that there exists
a1 € R, a1 > 0 such that C := {)\1551 | —a; <\ < al} CUNX;.
e Inductive assumption on n: We assume we have found ay,...,a, € Ry
such that C,, := {)\1;131+...—|—)\n:cn | —a; <\ <a;;i€ {1,...,n}} -
U N X,. Note that C, is closed (in X, as well as) in X,,41.
e For n+ 1: We claim 3 an41 > 0,an41 € R such that
Cn+1 = {)\1%1‘}‘. . .+)\nl’n+)\n+1$n+1’—ai < )\i <a; ;i € {1, e, nt
1}} CUN Xpq.
Proof of claim: If the claim does not hold, then V N € N 3 zV ¢ X1
s.t.

N N N N
V=M A T A 1T
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1 1
with —a; < AN < q; fori € {1,...,n}, —NS)\gﬂ SﬁandegéU.

But # has form 2 = AMxy + ...+ ANz, +AY 2001, s0 {2V }ven

€ Ch
is a bounded sequence in X,,1\U. Therefore, we can find a subsequence

{2Ni}jen which is convergent as j — oo to x € Cy, C U (since C,, is
closed in X,,;1 and the n+1—th component of 27 tends to 0 as j — o).
Hence, the sequence {275 };eny € Xy, 41\ U converges to x € U but this
contradicts the fact that X, 11 \ U is closed in X, 1. This establishes
the claim.

Now for any n € N consider

D,, = {A1$1+...+)\nxn |—ai<)\i<ai;i€{1,...,n}},

then D,, C C,, C U N X, is open and convex in X,,. Then U’ := UpenDn is
an open and convex neighbourhood of the origin in (X, 7¢) and U’ C U.

b) Let us finally show that 7¢ is actually the finest locally convex topology
Tmaz 00 X. Since we have already showed that 7y is a Lc. topology on X,
clearly we have 7y C 7y,4, by definition of finest lL.c. topology on X.

Conversely, let us consider U C X open in Tye.. We want to show that
U is open in 74, i.e. W NU is open in the euclidean topology on W for
any finite dimensional subspace W of X. Now each W inherits 7,4, from
X. Let us denote by 7/ the subspace topology induced by (X, Tpaez) on
W. By definition of subspace topology, we have that W N U is open in 77 .
Moreover, by Proposition 4.4.1, we know that (X, Tjnee) is a Hausdorff t.v.s.
and so (W, W ) is a finite dimensional Hausdorff t.v.s. (see by Proposition

2.1.15-1). Therefore, 7V has to coincide with the euclidean topology by

max

Theorem 3.1.1 and, consequently, W NU is open w.r.t. the euclidean topology
on W. ]

We actually already know a concrete example of countable dimensional
space with the finite topology:

Example 4.5.3. Let n € N and z = (x1,...,zy,). Denote by R[z] the space
of polynomials in the n variables x1,...,x, with real coefficients and by

Ralz] := {f € Rz]|deg f < d},d € No,

then Rlz] := U o Ralz]. The finite topology Ty on Rz| is then given by:
U C Riz] is open in 17 iff Vd € No, U N Ryz] is open in Rylz] with the
euclidean topology.
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4.6. Continuity of linear mappings on locally convex spaces

Continuity of linear mappings on locally convex spaces

Since locally convex spaces are a particular class of topological vector spaces,
the natural functions to be considered on this spaces are continuous linear
maps. In this section, we present a necessary and sufficient condition for
the continuity of a linear map between two l.c. spaces, bearing only on the
seminorms inducing the two topologies.

For simplicity, let us start with linear functionals on a l.c. space. Recall
that for us K = R or K = C endowed with the euclidean topology given by
the absolute value | - |. In this section, for any € > 0 we denote by B:(0) the
open ball in K of radius € and center 0 € K i.e. B:(0) :={k € K: |k| < €}.

Proposition 4.6.1. Let 7 be a locally convex topology on a vector space X
generated by a directed family Q of seminorms on X. Then L : X - K is a 7-
continuous linear functional iff there exists ¢ € Q such that L is g-continuous,
i.e.

dg € ©,3C >0 s.t.|L(z)| < Cq(z), Vo € X. (4.7)

Proof.

Let us first observe that since X and K are both t.v.s. by Proposition 2.1.15-3)
the continuity of L is equivalent to its continuity at the origin. Therefore, it
is enough to prove the criterion for the continuity of L at the origin.

(=) Suppose that L is 7-continuous at the origin in X. Then we have that
L=Y(B1(0)) = {z € X : |L(z)| < 1} is an open neighbourhood of the origin in
(X, 7). Since the family Q inducing 7 is directed, a basis of neighbourhood
of the origin in (X, 7) is given by By as in (4.5). Therefore, 3B € By s.t.
B C L7Y(B4(0)), i.e.

JqgeQ,3r>0 st rU, C LB (0)). (4.8)

Then for any € > 0 we get rsﬁq C eL=YB1(0)) = L~1(B-(0)). This proves
that L is g—continuous at the origin, because raffq is clearly an open neigh-
bourhood of the origin in X w.r.t. the topology generated by the single semi-
norm gq.

(<) Suppose that there exists ¢ € Q s.t. L is g-continuous in X. Then,
since 7 is the topology induced by the whole family Q which is finer than
the one induced by the single seminorm ¢, we clearly have that L is also
T—continuous.

Note that by simply observing that |L| is a seminorm and by using Propo-
sition 4.2.10 we get that (4.7) is equivalent to (4.8) and so to the g-continuity
of L at the origin.

O
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By using this result together with Proposition 4.2.14 we get the following.

Corollary 4.6.2. Let 7 be a locally convex topology on a wvector space X
generated by a family P := {p;}icr of seminorms on X. Then L : X — K is
a T-continuous linear functional iff there exist n € N, iy,...,1, € I such that
L is (kg%axnpik)-contmuous, i.e.

=1,...,

IneN,Jiy,...,ip € [,AC >0 s.t. \L(:C)\SCkn}ax pi (), Vo € X.
=1,...,n

geen

The proof of Proposition 4.6.1 can be easily modified to get the following
more general criterion for the continuity of any linear map between two locally
convex spaces.

Theorem 4.6.3. Let X and Y be two locally convex t.v.s. whose topologies
are respectively generated by the families P and Q of seminorms on X. Then
f: X =Y linear is continuous iff

Vge Q,3n e N,3p1,...,pp, € P,3C >0 : ¢(f(z)) < C max p;(x),Vre X.

i=1,...,n

Proof. (Exercise) O
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Chapter 5

The Hahn-Banach Theorem
and its applications

The Hahn-Banach Theorem

One of the most important results in the theory of t.v.s. is the Hahn-Banach
theorem (HBT). It is named for Hans Hahn and Stefan Banach who proved
this theorem independently in the late 1920s, dealing with the problem of
extending continuous linear functionals defined on a subspace of a seminormed
vector space to the whole space. We will see that actually this extension
problem can be reduced to the problem of separating by a closed hyperplane
a convex open set and an affine submanifold (the image by a translation of a
linear subspace) which do not intersect. Indeed, there are two main versions
of HBT showing respectively the analytic and the geometric side of this result.

Before stating these two versions of HBT, let us recall the notion of hy-
perplane in a vector space (we always consider vector spaces over the field
K which is either R or C). A hyperplane H in a vector space X over K is
a maximal proper linear subspace of X or, equivalently, a linear subspace of
codimension one, i.e. dimX/H = 1. Another equivalent formulation is that a
hyperplane is a set of the form »~1({0}) for some linear functional ¢ : X — K
not identically zero. The translation by a non-null vector of a hyperplane will
be called affine hyperplane.

Theorem 5.1.1 (Analytic form of Hahn-Banach theorem ).
Let p be a seminorm on a vector space X over K, M a linear subspace of X,
and f a linear functional on M such that

[f (@) < p(x), Vo e M. (5.1)
There exists a linear functional f on X extending f, i.e. f(x) = f(z)Vz e M,

and such that ~
|f(2)] < p(x), Vo € X. (5.2)
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Theorem 5.1.2 (Geometric form of Hahn-Banach theorem ).

Let X be a topological vector space over K, N a linear subspace of X, and )
a convexr open subset of X such that N N Q = (. Then there exists a closed
hyperplane H of X such that

NCH and HNQ=1. (5.3)

It should be remarked that the vector space X does not apparently carry
any topology in Theorem 5.1.1, but actually the datum of a seminorm on X
is equivalent to the datum of the topology induced by this seminorm. It is
then clear that the conditions (5.1) and (5.2) imply the p—continuity of the
functions f and f , respectively.

Let us also stress the fact that in Theorem 5.1.2 neither local convexity nor
the Hausdorff separation property are assumed on the t.v.s. X. Moreover, it is
easy to see that the geometric form of HBT could have been stated also in an
affine setting, namely starting with any affine submanifold N of X which does
not intersect the open convex subset 2 and getting a closed affine hyperplane
fulfilling (5.3).

We first prove Theorem 5.1.2 and then show how to derive from this the
analytic form Theorem 5.1.1.

Before starting the proof, let us fix one more definition. A cone C in a
vector space X over R is a subset of X which is closed under addition and
multiplication by positive scalars.

Proof. Theorem 5.1.2
We assume that € # (), otherwise there is nothing to prove.

1) Existence of a linear subspace H of X maximal for (5.3).
This first part of the proof is quite simple and consists in a straightforward
application of Zorns lemma. In fact, consider the family F of all the linear
subspaces L of X such that

NCL and LNQ=0. (5.4)

F is clearly non-empty since N belongs to it by assumption. If we take now a
totally ordered subfamily C of F (totally ordered for the inclusion relation C),
then the union of all the linear subspaces belonging to C is a linear subspace of
X having the properties in (5.4). Hence, we can apply Zorn’s lemma applies
and conclude that there exists at least a maximal element H in F.

2) H is closed in X.
The fact that H and €2 do not intersect gives that H is contained in the
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complement of €2 in X. This implies that also its closure H does not intersect
Q. Indeed, since {2 is open, we get

HCX\Q=X\Q

Then H is a linear subspace (as closure of a linear subspace) of X, which is
disjoint from € and which contains H and so N, i.e. H € F. Hence, as H is
maximal in F, it must coincide with its closure. Note that the fact that H
is closed guarantees that the quotient space X/H is a Hausdorff t.v.s. (see
Proposition 2.3.5).

3) H is an hyperplane
We want to show that H is a hyperplane, i.e. that dim(X/H) = 1. To this
aim we distinguish the two cases when K = R and when K = C.

3.1) Case K=R
Let ¢ : X — X/H be the canonical map. Since ¢ is an open linear mapping
(see Proposition 2.3.2), ¢(2) is an open convex subset of X/H. Also we have
that ¢(€2) does not contain the origin 6 of X/H. Indeed, if 6 € ¢(€2) holds,
then there would exist x €  s.t. ¢(xr) = 6 and so x € H, which would
contradict the assumption H N = (. Let us set:

A= xr().

A>0

Then the subset A of X/H is open, convex and it is a cone which does not
contain the origin 6.

Let us observe that X/H has at least dimension 1. If dim(X/H) = 0 then
X/H = {6} and so X = H which contradicts the fact that Q does not intersect
H (recall that we assumed {2 is non-empty). Suppose that dim(X/H) > 2,
then to get our conclusion it will suffice to show the following claims:

Claim 1: The boundary 0A of A must contain at least one point x # 6.

Claim 2: The point —z cannot belong to A.

In fact, once Claim 1 is established, we have that ¢ A, because x € 0A and
A is open. This together with Claim 2 gives that both x and —z belong to the
complement of A in X/H and, therefore, so does the straight line L defined
by these two points. (If there was a point y € LN A then any positive multiple
of y would belong to L N A, as A is a cone. Hence, for some A > 0 we would
have x = Ay € L N A, which contradicts the fact that ¢ A.) Then:

e ¢~ !(L) is a linear subspace of X

e ¢ H(L)NQ =0, since LNA=0

e ¢"1(L) 2 H because 6 = ¢(H) C L but L # {6} since x # 6 is in L.
This contradicts the maximality of H and so dim(X/H) = 1.

To complete the proof of 3.1) let us show the two claims.
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Proof. of Claim 1

Suppose that 9A = {6}. This means that A has empty boundary in the set
(X/H) \ {6} and so that A is a connected component of (X/H) \ {6}. Since
dim(X/H) > 2, the space (X/H) \ {6} is arc-connected and so it is itself a
connected space. Hence, A = (X/H) \ {6} which contradicts the convexity of
A since (X/H) \ {6} is clearly not convex. O

Proof. of Claim 2

Suppose —x € A. Then, as A is open, there is a neighborhood V of —zx
entirely contained in A. This implies that —V is a neighborhood of z. Since
x is a boundary point of A, there exists y € (—V)N A. But then —y € V C A
and so, by the convexity of A, the whole line segment between y and —y is
contained in A, in particular 6, which contradicts the definition of A. O

3.2) Case K=C
Although here we are consider the scalars to be the complex numbers, we
may view X as a vector space over the real numbers and it is obvious that its
topology, as originally given, is still compatible with its linear structure. By
step 3.1) above, we know that there exists a real hyperplane Hy of X which
contains N and does not intersect ). By a real hyperplane, we mean that
Hj is a linear subspace of X viewed as a vector space over the field of real
numbers such that dimgr(X/H) = 1.

Now it is easy to see that iN = N (here i = y/—1). Hence, setting
H := HyNiHy, we have that N C H and H N Q = (). Then to complete the
proof it remains to show that this H is a complex hyperplane. It is obviously
a complex linear subspace of X and its real codimension is > 1 and < 2 (since
the intersection of two distinct hyperplanes is always a linear subspace with
codimension two). Hence, its complex codimension is equal to one.

O]

Proof. Theorem 5.1.1

Let p be a seminorm on the vector space X, M a linear subspace of X, and f
a linear functional defined on M fulfilling (5.1). As already remarked before,
this means that f is continuous on M w.r.t. the topology induced by p on X
(which makes X a l.c. t.v.s.).

Consider the subset N := {& € M : f(z) = 1}. Taking any vector
xo € N, it is easy to see that N — xy = Ker(f) (i.e. the kernel of f in
M), which is a hyperplane of M and so a linear subspace of X. Therefore,
setting My := N — x¢, we have the following decomposition of M:

M = My @ Ko,
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where Kz is the one-dimensional linear subspace through zy. In other words
Vee M,INeK,ye My: z=1y+ A\xo.

Then
Ve e M, f(x) = f(y) + Af(z0) = Af(z0) = A,

which means that the values of f on M are completely determined by the ones
on N. Consider now the open unit semiball of p:

U:=U,={zeX:p) <1},

which we know being an open convex subset of X endowed with the topology
induced by p. Then N NU = () because if there was x € N NU then p(x) < 1
and f(z) = 1, which contradict (5.1).

By Theorem 5.1.2 (affine version), there exists a closed affine hyperplane
H of X with the property that N € H and H NU = (). Then H — xg
is a hyperplane and so the kernel of a continuous linear functional f on X
non-identically zero.

Arguing as before (consider here the decomposition X = (H — x¢) ®Kzxy),
we can deduce that the values of f on X are completely determined by the
ones on N and so on H (because for any h € H we have h —xg € Ker(f) and
so f(h) — f(xo) = f(h — z0) = 0). Since f # 0, we have that f(z¢) # 0 and
w.l.o.g. we can assume f(wo) =1i.e. f =1 on H. Therefore, for any x € M
there exist unique A € Kand y € N —2zog C H — x¢ s.t. * =y + Axg, we get
that:

(@) = Mf(x0) = A = Af(xo) = f(2),
Le. f is the restriction of f to M. Furthermore, the fact that HNU = () means
that f(x) = 1 implies p(z) > 1. Then for any y € X s.t. f(y) # 0 we have

. ~ ~y _ Ny > . . . r < .
that: f (f(y)) 1 and so that {o (f(y)) > 1 which implies that |f(y)| < p(y)

The latter obviously holds for f(y) = 0. Hence, (5.2) is established. O

Applications of Hahn-Banach theorem

The Hahn-Banach theorem is frequently applied in analysis, algebra and ge-
ometry, as will be seen in the forthcoming course. We will briefly indicate
in this section some applications of this theorem to problems of separation of
convex sets and to the multivariate moment problem. From now on we will
focus on t.v.s. over the field of real numbers.
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Separation of convex subsets of a real t.v.s.

Let X t.v.s.over the field of real numbers and H be a closed affine hyperplane
of X. We say that two disjoint subsets A and B of X are separated by H
if A is contained in one of the two closed half-spaces determined by H and
B is contained in the other one. We can express this property in terms of
functionals. Indeed, since H = L~'({a}) for some L : X — R linear not
identically zero and some a € R, we can write that A and B are separated by
H if and only if:

JaeR st. L(A)>a and L(B) <a.

where for any S C X the notation L(S) < a simply means Vs € S, L(s) < a
(and analogously for >, <, >, =, #).

We say that A and B are strictly separated by H if at least one of the two
inequalities is strict. (Note that there are several definition in literature for
the strict separation but for us it will be just the one defined above) In the
present subsection we would like to investigate whether one can separate, or
strictly separate, two disjoint convex subsets of a real t.v.s..

Proposition 5.2.1. Let X be a t.v.s. over the real numbers and A, B two

disjoint convex subsets of X .

a) If A is open nonempty and B is nonempty, then there exists a closed affine
hyperplane H of X separating A and B, i.e. there exists a € R and a func-
tional L : X — R linear not identically zero s.t. L(A) > a and L(B) < a.

b) If in addition B is open, the hyperplane H can be chosen so as to strictly
separate A and B, i.e. there exists a € R and L : X — R linear not
identically zero s.t. L(A) > a and L(B) < a.

c) If A is a cone and B is open, then a can be chosen to be zero, i.e. there
exists L : X — R linear not identically zero s.t. L(A) >0 and L(B) < 0.

Proof.

a) Consider the set A— B:={a—b:a€ A, b€ B}. Then: A— B is an open
subset of X as it is the union of the open sets A — y as y varies over B;
A — B is convex as it is the Minkowski sum of the convex sets A and —B;
and o ¢ (A — B) because if this was the case then there would be at least a
point in the intersection of A and B which contradicts the assumption that
they are disjoint. By applying Theorem 5.1.2 to N = {o} and U = A — B
we have that there is a closed hyperplane H of X which does not intersect
A— B (and passes through the origin) or, which is equivalent, there exists a
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linear form f on X not identically zero such that f(A—B) # 0. Then there
exists a linear form L on X not identically zero such that L(A — B) > 0
(in the case f(A — B) < 0 just take L := —f) i.e.

Vee A, Vy e B, L(x) > L(y). (5.5)

Since B # () we have that a := inf,c 4 L(x) > —oco. Then (5.5) implies that
L(B) < a and we clearly have L(A) > a.

b) Let now both A and B be open convex and nonempty disjoint subsets of
X. By part a) we have that there exists a € R and L : X — R linear not
identically zero s.t. L(A) > a and L(B) < a. Suppose that there exists
b € B s.t. L(b) = a. Since B is open, for any x € X there exists £ > 0 s.t.
for all t € [0, ] we have b+ tx € B. Therefore, as L(B) < a, we have that

L(b+tz) < a,Vt e [0,e]. (5.6)

Now fix « € X, consider the function f(t) := L(b+ tz) for all t € R whose
first derivative is clearly given by f'(t) = L(z) for all ¢ € R. Then (5.6)
means that ¢ = 0 is a point of local minimum for f and so f'(0) = 0 i.e.
L(z) = 0. As z is an arbitrary point of x, we get L = 0 on X which is a
contradiction. Hence, L(B) < a.

c) Let now A be a nonempty convex cone of X and B an open convex
nonempty subset of X s.t. AN B = (. By part a) we have that there
exists @ € R and L : X — R linear not identically zero s.t. L(A) > a and
L(B) < a. Since A is a cone, for any ¢ > 0 we have that tA C A and so
tL(A) = L(tA) > aie. L(A) > ¢. This implies that L(A) > infs~g ¢ = 0.
Moreover, part a) also gives that L(B) < L(A). Therefore, for any ¢t > 0
and any z € A, we have in particular L(B) < L(tz) = tL(x) and so
L(B) < infysotL(xz) = 0. Since B is also open, we can exactly proceed as
in part b) to get L(B) < 0.

O

Let us show now two interesting consequences of this result which we will
use in the following subsection.

Corollary 5.2.2. Let X be a vector space over R endowed with the finest
locally convex topology ¢. If C is a nonempty closed cone in X and xy € X \C
then there exists a linear functional L : X — R non identically zero s.t.
L(C) >0 and L(xp) < 0.

Proof. As C'is closed in (X, ¢) and zp € X \ C, we have that X \ C is an open
neighbourhood of zy. Then the local convexity of (X, ¢) guarantees that there
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exists an open convex neighbourhood V of zg s.t. VC X\ Cie. VNC =0.
By Proposition 5.2.1-c), we have that there exists L : X — R linear not

°

identically zero s.t. L(C') > 0 and L(V') < 0, in particular L(xg) < 0. O

Before giving the second corollary, let us introduce some notations. Given
a cone C in a t.v.s. (X, 7) we define the first and the second dual of C w.r.t.
T respectively as follows:

CY :={f: X — R linear |¢ isT — continuous and ¢(C) > 0}

CYWi={zeX|VleC, ((x)>0}.

Corollary 5.2.3. Let X be a vector space over R endowed with the finest
locally convex topology ¢. If C' is a nonempty cone in X, then c¥ = C’;fv.

Proof. Let us first observe that ¢ € C}Y, because for any x € C' and any
¢ € CJ we have by definition of first dual of C' that (x) > 0 and so that

x € CYY. Then we get that C¥ C CSXV@. But C}Y is closed since CY¥ =

ﬂgqu £([0,400)) and each £ € Cy is go—continuoils. Hence, C¥ C cyY.
Conversely, suppose there exists xg € C2" \ C¥. By Corollary 5.2.2, there

exists a linear functional L : X — R non identically zero s.t. L(C”) > 0 and

L(zp) < 0. As L(C) > 0 and every linear functional is ¢—continuous, we have
L € Cg. This together with the fact that L(zo) < 0 give xg ¢ CJ, which is

a contradiction. Hence, C* = CyY. O

Multivariate real moment problem

Let d € N and let R[z] be the ring of polynomials with real coefficients and d
variables z := (x1,...,1q). Fixed a subset K of R? we denote by

Psd(K) :={p € Rlz] : p(z) > 0,Vz € K}.

Definition 5.2.4 (Multivariate real K —moment problem).
Given a closed subset K of R? and a linear functional L : R[z] — R, does
there exists a nonnegative finite Borel measure p s.t.

Lp) = [ plan(d), Vo € Rl

and supp(p) C K (where supp(p) denotes the support of the measure i)?
If such a measure exists, we say that pu is a K-representing measure for L
and that it is a solution to the K —moment problem for L.
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A necessary condition for the existence of a solution to the K —moment
problem for the linear functional L is clearly that L is nonnegative on Psd(K).
In fact, if there exists a representing measure p for L then for all p € Psd(K)
we have

L) = [ p(@)ntd) = [ p(@)n(dz) =0

since p is nonnegative and supported on K and p is nonnegative on K.

It is then natural to ask if the nonnegative of L on Psd(K) is also sufficient.
The answer is positive and it was established by Riesz in 1923 for d = 1 and
by Haviland for any d > 2.

Theorem 5.2.5 (Riesz-Haviland Theorem). Let K be a closed subset of R?
and L : R[z] — R be linear. L has a K—representing measure if and only if
L(Psd(K)) > 0.

Note that this theorem provides a complete solution for the K — moment
problem but it is quite unpractical! In fact, it reduces the solvability of the
K —moment problem to the problem of classifying all polynomials which are
nonnegative on a prescribed closed subset K of R? i.e. to characterize Psd(K).
This is actually a hard problem to be solved for general K and it is a core
question in real algebraic geometry. For example, if we think of the case
K = R? then for d = 1 we know that Psd(K) = > R[z]?, where > R[z]?
denotes the set of squares of polynomials. However, for d > 2 this equality
does not hold anymore as it was proved by Hilbert in 1888. It is now clear
that to make the conditions of the Riesz-Haviland theorem actually checkable
we need to be able to write/approximate a non-negative polynomial on K in
a way that makes its non-negativity apparent, i.e. as a sum of squares or as
an element of quadratic modules of R[z]. For a special class of closed subsets
of R? we actually have such representations and we can get better conditions
than the one of Riesz-Haviland type to solve the K —moment problem.

Definition 5.2.6. Given a finite set of polynomials S := {g1,...,gs}, we call
the basic closed semialgebraic set generated by S the following

Kg I:{QERd:gi(g)Zoaizlv""s}'

Definition 5.2.7. A subset M of R[z| is said to be a quadratic module if
1eM, M+ MCM and h>M C M for any h € Rz].

Note that each quadratic module is a cone in Rz].
Definition 5.2.8. A quadratic module M of R[z| is called Archimedean if
there exists N € N s.t. N — (Z?Zl z?) € M.
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For S :={gi1,...,gs} finite subset of R[z], we define the quadratic module
generated by S to be:

Mg := {Zs:aigi 10y € ZR[x]Q,i:O,l,...,s},
=0

where gg := 1.

Remark 5.2.9. Note that Mg C Psd(Kg) and Mg is the smallest quadratic
module of R[z] containing S.

Consider now the finite topology on R[z] (see Definition 4.5.1 ) which
we have proved to be the finest locally convex topology on this space (see
Proposition 4.5.2) and which we therefore denote by ¢. By Corollary 5.2.3,
we get that

Ms? = (Mg)]" (5.7)

Moreover, the Putinar Positivstellesatz (1993), a milestone result in real al-
gebraic geometry, provides that if Mg is Archimedean then

Psd(Kg) C Mg”. (5.8)

Note that Mg is Archimedean implies that Kg is compact while the converse
is in general not true (see e.g. M. Marshall, Positive polynomials and sum of
squares, 2008).

Combining (5.7) and (5.8), we get the following result.

Proposition 5.2.10. Let S := {g1,...,9s} be a finite subset of R[z] and
L : R[z] — R linear. Assume that Mg is Archimedean. Then there ezists a
Ks-representing measure p for L if and only if L(Mg) > 0, i.e. L(h%g;) >0
for all h € Rlz] and for alli € {1,...,s}.

Proof. Suppose that L(Mg) > 0 and let us consider the finite topology ¢
on R[z]. Then the linear functional L is ¢-continuous and so L € (Mg)J.
Moreover, as Mg is assumed to be Archimedean we have

(58
Psd(Ks) € Ms® E (Mg)y.

Since any p € Psd(Ks) is also an element of (Ms)y", we have that for any
¢ € (Ms)y, £(Psd(Ks)) > 0 and in particular L(Psd(Kg)) > 0. Hence, by
Riesz-Haviland theorem we get the existence of a Kg-representing measure g
for L.
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Conversely, suppose that the there exists a Kg-representing measure g
for L. Then for all p € Mg we have in particular that

L) = [ pa(dz)

which is nonnegative as p is a nonnegative measure supported on Kg and
pGMSQPsd(KS). ]

From this result and its proof we understand that whenever we know that
Psd(Kg) C Mg”, we need to check only that L(Mg) > 0 to find out whether
there exists a solution for the K g—moment problem for L. Then it makes sense
to look for closure results of this kind in the case when Mg is not Archimedean
and so we cannot apply the Putinar Positivstellesatz. Actually whenever we
know that Psd(Kg) C Mg where 7 is a locally convex topology on R[z], the
condition L(Mg) > 0 is necessary and sufficient for the existence of a solution
of the Kg—moment problem for any 7—continuous functional on R[z] (see
M. Ghasemi, S. Kuhlmann, E. Samei, 2012). This relationship between the
closure of quadratic modules and the representability of functionals continuous
w.r.t. locally convex topologies started a new research line in the study of the
moment problem which is still bringing interesting results.
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