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Introduction

The main purpose of this course is to explore the fascinating connection exist-
ing between positive polynomials and moment problems. The corner stone of
this intimate relation is the famous Riesz-Haviland Theorem (proved by Riesz
for the one-dimensional case in 1923 and by Haviland for higher dimensions in
1936), which establishes that the problem of characterizing the cone Psd(K)
of all non-negative polynomials on a prescribed subset K of R is the dual
facet of the so-called K-moment problem (KMP).

These two problems arose more or less contemporarily at the end of 19th
century. In fact, Hilbert’s theorem about sum of squares representations of
non-negative forms appeared in 1888 and the first formulation of the KMP
is due to Stieltjes in 1894, even if moments were already applied by Cheby-
sev, Krein and Markov in the 1880’s in studying limit values of integrals. As
the characterization of Psd(K) and the KMP are faces of the same coin, we
could start our journey by looking at any of these two problems but, since
this course builds up on the contents of the course “Real Algebraic Geometry
I” and “Topological Vector Spaces” held during last semester, we are going to
start with a quick overview about the main results concerning the fundamental
question of characterizing the Psd(K') cone (e.g. Positivstellensétze, satura-
tion of preorderings and quadratic modules, closure of even power modules,
etc.). Then we will rigorously formulate the KMP for K C R™ with n € N, i.e.
the problem of establishing whether or not a given sequence of real numbers
is the moment sequence of a non-negative Radon measure on K. As Landau
brilliantly summarized in [10]: “The moment problem is a classical question
in analysis remarkable not only for its own elegance but also for the extraor-
dinary range of subjects theoretical and applied which has illuminated”. In
this course, we will only discover a small part of the beauty of the moment
problem. In particular, after proving the Riesz-Haviland Theorem, we will use
it to connect the KMP to the Psd(K) cone and we will study in detail how
the even-power representations/approximations of non-negative polynomials
on K influenced the theory of the KMP and at the same time how some of
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them actually came exactly from the study of the KMP. We will focus only
the full finite dimensional KMP for basic closed semi-algebraic sets, i.e. on the
case when the starting sequence is infinite and K is a subset of R” determined
by finitely many polynomial inequalities. Particular attention will be given to
the case when K is non-compact which is still open in many of its aspects.
Last but not least, we also would like to introduce a very general version of
the KMP, namely for linear functionals on any unital commutative real al-
gebra and present some recent results and open problems. Indeed, both the
theory of positive polynomials and the moment problem are far to be static
and, despite the huge progress of the last 130 years, we can still agree with the
statement of Diaconis of 1987 in [10]: “Much is known but still the theory is
not up to the demands of the applications” and being motivated to go forward
with further research on these topics!



1.1

Chapter 1

Positive Polynomials and Sum of Squares

The ring of multivariate polynomials

Let n € N. We denote the ring of polynomials in n variables and real coef-
ficients by R[X] := R[X},...,X,]. We denote by 0 € R[X] the polynomial
with all coefficients equal to zero and by convention we set deg(0) = —oo. Let
us recall some fundamental properties of R[.X].

Proposition 1.1.1. Let f,g € R[X] s.t. f#0 and g Z0. Then

(i) deg(fg) = deg(f) + deg(g),
(i) deg(f + g) < max {deg(f),deg(g)},
(iii) deg(f + g) = max {deg(f),deg(g)}, if deg(f) # deg(g).

Note that R[X] is a real vector space of countable dimension, since a basis
is {X%| a € Nj} where X := X{" ... X% and o = (aq,...,05). In fact,
R[X] can be written as a countable union of finite dimensional vector spaces,
ie. RIX] := U2, R[X]q where each R[X]4 := {f € R[X]|deg(f) < d} has
dimension (dtn) This structure naturally carries a topology on R[X], which
makes it into a Hausdorff topological vector space, namely the finite topology
7t defined by: U C R[X] is open w.r.t. 77 iff Vd € Ny, U N R[X]4 is open in
R[X]4 endowed with the euclidean topology (see e.g. [21, Section 4.5] for more
details). As we showed in [21, Theorem 4.5.3], 7y is the finest locally convex
topology on R[X] and so every linear functional on R[X] is 7¢-continuous (see
[21, Theorem 4.4.3]). This property will be particularly interesting in the
study of the n-dimensional moment problem.

Definition 1.1.2. A polynomial is said to be homogenous or form if it is the
zero polynomial or a linear combination of monomials with same finite degree.
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1. POSITIVE POLYNOMIALS AND SUM OF SQUARES

Forn € N and d € No, we denote by F, 4 the set of all forms in n variables
of degree d, i.e. Fp 4 = {f € R[Xy,...,X,] | f isaform and deg(f) = d}
which is also called set of n-ary d-ics forms.

The set F,, 1, is a finite dimensional real vector space of dimension (ﬁf}l).
Definition 1.1.3. Let p € R[X7, ..., X,] with deg(p) = d. The homogeniza-
tion pp, of p is defined as

X4 Xn
Xo, X1, Xn) = X3 p| ==, 50 ).
ph( 0y, A1 ) TL) Op<X05 7X0>

Note that py is a homogeneous polynomial of degree d and in n+1 variables
ie. pp € Frnyid-

1.2 When is a psd polynomial a sos?

In this section, we are going to consider the fundamental question of when a
non-negative polynomial on R™ can be written as sum of squares of polyno-
mials in R[X].

Definition 1.2.1. For p € R[X] we say that
e p is positive semidefinite (psd) if p(x) > 0 for all z € R™.
e p is a sum of squares (sos) if p= > ;_, h? for some s € N and h; € R[X]
fori=1,...,s.
We denote by Psd(R™) the cone of all psd polynomials in R[X] and by > R[X]?
the cone of all sos of polynomials in R[X].

Clearly, for any n € N we always have that > R[X]? C Psd(R"). Hence,
it is natural to ask for which n € N the converse also holds, i.e. when we have
that Psd(R") = > R[X]2.

While for n = 1, it is easy to show that Psd(R) = 3" R[X]? (see [37, Propo-
sition 1.2.1]), for n > 2 it was known already to Hilbert in 1888 that not every
psd polynomial is a sos in R[X]. Indeed, Hilbert provided a complete charac-
terization of all psd polynomials which are sos. He actually restricted himself
only to forms because the property of psd-ness and sos-ness are preserved
under homogenization, i.e. for any p € R[X]; we have that:

e p is psd iff py, is psd,

e p is sos iff py, is sos,
where p;, denotes the homogenization of p (see Definition 1.1.3).

We denote by Py, 4 the set of all forms in F,, 4 which are psd, and by Zn d
set of all forms in F;, 4 which are sos. It is easy to show that if p € and,



1.2. When is a psd polynomial a sos?

then every sos representation of p consists only of homogeneous polynomials
of degree d, i.e. p € Frod, = iy D7 = Di € Fra-

In [12] Hilbert proved the following result (for a proof see e.g. [31, Lec-
tures 21,22,23], [5, Section 6.3]).

Theorem 1.2.2. P, ;=" . iff
(i) n=2 [i.e. binary forms| or
(i1)) d =2 [i.e. quadratic forms] or
(i1i) (n,d) = (3,4) [i.e. ternary quartics/.

The proof of Hilbert was not constructive but in 1927 Motzkin provided
the first concrete example of psd form which is not a sos. In addition to
Motzkin’s form several other examples have been considered. We provide
here a short list of the most known ones (for the proofs and references to the
original papers see e.g. [31, Lecture 23] and [37, Section 1.2]).

e Motzkin (1927): 25 + aty? + 22y* — 3229?22 € P36 — 236

e Robinson (1969): 28 + 3% + 26 — (2% + 2122 + y*2? + y*22 + 2422

+2%%) + 32%y?2% € Pyg — D g6

e Robinson (1969): w* + 2%y + 3222 + 1222 — dayzw € Pyy — > a4

e Choi and Lam (1977): 1+ 2%y + y?2% + 2222 — dayz € P36 — > 36

Hilbert’s theorem and these examples which concretely show that in general
S R[X]? C Psd(R™) naturally led to relax the original question and investigate
when a psd polynomial can be represented (or approximated) by polynomials
whose non-negativity is “more evident”, e.g. elements of even power modules
of R[X]. Actually, the need of looking to these further cones in R[.X] becomes
even more natural when we analyze the more general question of characterizing
the cone of all polynomials in R[X] which are non-negative on a prescribed
subset K of R™.

Definition 1.2.3. Let K C R™. A polynomial p € R[X] is said to be positive
semidefinite on K if p(x) > 0 for all x € K. We denote by Psd(K) the cone
of all polynomials which are psd on K, i.e.

Psd(K) := {p € R[X] : p(z) > 0,Vz € K}.

The following results on polynomials in one variable which are psd on
intervals were most probably already known in the early 19th century (see
[12] for some discussion on the history of such results) as easy consequences
of the fundamental theorem of algebra.
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Proposition 1.2.4.
a) Psd(R") = {01 + Xog : 01,02 € . R[X]?}.
b) For a,b € R with a < b, we have
Psd([a,b]) = {o1 + (b — z)o2 + (z — a)os : 01,092,053 € > R[X]?}.

Proof. Set Q :=>_R[X]?>+ X Y_R[X]?. Clearly, Q@ C Psd(RT) and Q-Q C Q.
We want to show that Psd(RT) C Q.

Let 0 # p € Psd(R"). By the fundamental theorem of algebra, p has the
following factorization into irreducibles:

s

p=a] (X oy [T IX — ) +07]" (L)
j=1

k=1

where r,s,n1,...,np, b1, s € Ny a,an,. 0 00U, U, v, s € R
with a; # a; whenever j # i and A\, = up + v s.t. A # A and A\ # A
whenever k # i. Since @ is closed under multiplication, it is enough to show
that all factors in (1.1) belong to Q. Clearly, (X — ug)? + v € Q and for n;
even also (X — a;)"™ € @, so we just need to show that

T

a H (X —oy)" € Q.

je{1,..., r}
s.t. m; odd

As p(z) > 0 for all z € RT, we obtain that a > 0 by letting z — 400 and
so a € Q. Also, if ¢ is a real root of p with odd multiplicity n; then p must
change sign in a neighbourhood of a;; and so o; < 0, which gives in turn that
X —aj=(—a;)+ X -12€ Q. Hence, p € Q.

For a proof of b) see e.g. [50, Proposition 3.3]. O

Proposition 1.2.4 shows that for K = R™ or K = [a,b] the cone Psd(K)
actually coincides with a certain quadratic module. Let us define such an
object for any unital commutative ring.

Definition 1.2.5. Let A be a commutative ring with 1, d € N and denote by

>~ A% the set of all finite sums Y a??, a; € A.

a) A 2d-power module M in A is a subset M C A such that M + M C M,
a? M CMVYacAleM.

b) A 2d-power preordering T in A is a 2d-power module such that T -T C T.

In the case d = 1, 2d-power modules (resp., 2d-power preorderings) are referred

to as quadratic modules (resp., quadratic preorderings)
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Clearly, > A%? is a 2d-power module in A and it is actually the unique
smallest one. As > A?? is closed under multiplication, we have that 3~ A%? is
also the unique smallest 2d-power preordering of A.

Definition 1.2.6. Let A be a commutative ring with 1 and d € N. For an
arbitrary family S := {g;};jes of elements in A (note that J is an arbitrary
index set possibly uncountable), the 2d-power module of A generated by S is
defined as

MS:{Uo—i—algjl—i—...%—asgjs:sGN,jl,...,jsEJ,JO,...,USGZAM}

while the 2d-power preordering of A generated by S as

Ts := { Z Oc 97t . g5 s €N 1, ..., Js € J,0¢ € ZA2d,Ve € {0,1}5}.
e=(e1,...,es)€{0,1}°

Note that for a fixed d € N and S C A we have Mg C Ts C Psd(Kg). We
say that a module (resp. a preordering) M C A is finitely generated if there
exist a finite subset S C A such that M = Mg. For example: ¥ A? is finitely
generated with S = ().

Let us come back now to the ring of polynomials in n variables R[X]
and to the question of relating the cone Psd(K) to even power modules in
R[X]. In the light of the definitions above, we can restate Proposition 1.2.4
by saying that Psd(R™") coincide with the quadratic preordering generated
by {X}, and that for any a,b € R with a < b the cone Psd([a,b]) is the
quadratic module generated by {b — X, X — a}. One can also easily see that
Rt = {z € R: p(x) > 0} and [a,b] = {z € R : r(x) > 0,¢q(x) > 0} with
p=X,r=b—X,qg:=X —a.

This leads us to focus our attention on the special class of closed subsets
of R™ having this same structure.

Definition 1.2.7. Given S = {g1,...,9s} C R[X], we call the following
subset of R™ the basic closed semialgebraic set (bcsas) generated by S':

KS :{xERngl(l‘)ZO,ZZI,,S}

Hence, we are naturally brought to ask whether for any bcsas Kg of R”
we have Psd(Kg) = Ts (resp. Psd(Kg) = Mg), where Tg (resp. Mg) is the
quadratic preordering (resp. module) associated to S.

We already know that this is not always true, because for S = () we
have Ks = R", Ts = Mg = > R[X]? and we have already seen that for
n > 2 it does not always hold Psd(R") = Y R[X]2. However, the results in
Proposition 1.2.4 give already a motivation for investigating more deeply the
connection between Psd(Kg), Ts and Mg for finite S C R[X].
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1.3

Relation between Psd(Kg) and Ts (resp. Mg)

Fixed a finite subset S := {g1,...,9s} C R[X1,..., X},], we want to study the
relation between the (quadratic) preordering associated to S, i.e.

Ts := Z oe g7 ... g5 :JEGZR[X]z,VeE{O,l}S ,

e=(e1,...,es)€{0,1}5
and Psd(Kg) where
Kg:={zeR":gi(zx)>0,i=1,...,s}.

The first result in this direction is the so-called Stengle Positivstellensatz,
whose proof is due to Stengle in 1974 even if most ideas were already contained
in an article of Krivine of 1964.

Theorem 1.3.1. Let S ={g1,...,9s} C R[X] and f € R[X]. Then:

(1) f>0o0n Kg< 3p,qeTs s.t. pf =1+ q (Striktpositivstellensatz)

(2) f>0o0n Kg < 3m € Ny,3p,q € Ts st. pf = f2™ + q (Nichtnega-
tivstellensatz)

(3) f=0o0n Ks< 3meN s.t. —f>™ € Ts (Real Nullstellensatz)

(4) Ks =¢ & —1€Ts.

Taking S = ) in (2) we obtain an alternative proof for Artin’s solution
(1927) to the Hilbert’s 17th problem posed in 1900 of establishing whether or
not a psd polynomial is always a sum of squares of rational functions.

Corollary 1.3.2. Let f € R[X].
If f(x) >0 for all x € R™ then f € Y R(X)2.

Proof. Suppose that f(x) > 0 for all x € R™ and f # 0. By taking S = () in

(2), we get that 3 m € No,3 p,q € Ts = Y. R[X]? s.t. pf = f>™ 4+ q. Since
f#0,also f2™ 4+ q# 0 and p Z 0. Hence,

_f2m+Q_<1>2 2m
f="——=\;) P +a e} RX)

If f =0 then clearly the conclusion holds. O

Theorem 1.3.1-(2) gives a representation of elements in Psd(Kg) as quo-
tients of elements in Ts. Therefore, it is natural to look for denominator free
Positivstellensatze. In particular, in the next subsection we are going to fo-
cus on saturation of preorderings, i.e. on the problem of establishing when
Psd(Kg) = Tg holds.
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1.3.1 Saturation of preorderings

Definition 1.3.3. Let S C R[X] be finite. The preordering Ts in R[X] is
said to be saturated if Psd(Kg) = Ts.

In [31, Lecture 24, 25] the following result was proved in details:

Proposition 1.3.4. Suppose n > 3. Let S be a finite subset of R[X] such
that K¢ C R™ and int(Kg) # 0. Then there exists f € R[X] such that f >0
on R" and f ¢ Ts.

This already excludes saturation already for an entire class of preorderings
and can be actually obtained as a corollary of the following more general result
due to Scheiderer [17, Proposition 6.1].

Theorem 1.3.5. Let S be a finite subset of R[X] s.t. dim(Kg) > 3. Then
there exists f € R[X] s.t. f>0onR™ and f ¢ Ts.

Recall that the dimension of a besas K C R"™ is defined as the Krull
dimension of % where Z(K) is the ideal of polynomials vanishing on K.
To derive Proposition 1.3.4 from Theorem 1.3.5, it is enough to prove that
int(Kg) # () implies dim(Kg) = 3 (see [31, Lemma 2.7]).

For lower dimensional bcsas, there are examples in which saturation holds
and examples in which it fails. An example of one dimensional bcsas which
can be described both by a saturated preordering and by a non-saturated
preordering is R™.

Example 1.3.6. Let K = [0,+00). For Sy := {X}, we have that K = Kg,
and Proposition 1.2.4-a) ensures that Psd([0,+o0)) = Ts,. Hence, Ts, is
saturated. However, by taking the representation K = Kg, with Sy := {X3},
we do not have anymore the saturation of the corresponding preordering. In
fact, X € Psd(K) but X ¢ Ts,.

Suppose that there exist 01,09 € S.R[X]? s.t. X = o1 + X309, Then we
have four possibilities: =iq

e if 01 =0 =0y then q(X) =0.

e if 01 =0 and o9 # 0 then deg(q) is odd and > 3.

e if 01 0 and o9 =0 then deg(q) is even.

o if o1 £ 0 and o3 Z 0 then deg(q) = max{deg(o1),deg(X302)} which is

either even or odd > 3.

Hence, X # q) which leads to the desired contradiction.

In the one variable case, it is possible to show that for any besas K of R[X]
there exists S C R[X] finite such that K = Kg and Ty is saturated. Such a S
is called the natural description of K.
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Definition 1.3.7. Let K be a non-empty bcsas of R, i.e. K is a finite union
of intervals and points. The natural description of K is defined as the finite
subset Spar of RIX] s.t.

(i) if a € R is the smallest element of K, then X —a € Spat

(ii) if a € R is the greatest element of K, then a — X € Spat
(iii) if a,b € K, a <b and (a,b) N K = ¢, then (X —a)(X —b) € Snat

(iv) no other polynomial is in Spat.

Examples 1.3.8.

o [f K = [0,400) then Spat = {X}, since 0 is the smallest element of
K, K has no greatest element and for all a,b € K with a < b we have
(a,b) N K # 0.

o [f K =10,1] then Spat = {X,1 — X}, since 0 is the smallest element of
K, 1 is the greatest element of K and for all a,b € K with a < b we
have (a,b) N K # ().

o I[fK=—-1U]0,1] then Spat = {X +1,1—-X, X(X +1)}, since —1 is the
smallest element of K, 1 is the greatest element of K and (—1,0)NK = ().

Theorem 1.3.9. Let K be a non-empty besas of R. Then the preordering
associated to the natural description Snpqt of K is saturated.

Proof. For notational convenience, set S equal to the natural description Sj,q+
of K. We want to show that Psd(K) = T&s.

If K =R then S = () and Ts = >_ R[X]?, so the conclusion holds. There-
fore, we can assume that K C R. Then Definition 1.3.7 provides the following
information:

e If K has a smallest element a, then X —a € S and so

Vi<a,X —d= (X —a) 1>+ (a —d) € Ts. (1.2)
e if K has a greatest element a, then a — X € § and so
Vd>a,d—X=(a—X) 1>+ (d—a) € Ts. (1.3)

e ifa,be K,a<band (a,b) N K = ¢, then (X —a)(X —b) € S and, by
Exercise 1 in Sheet 1 we have that

Vd,ecRst. a<d<e<b, (X —-d)(X —e)eTs. (1.4)

Suppose that f € Psd(K) and proceed by induction on deg(f).
If deg(f) = 0 then f(z) = k for all z € R? with k¥ > 0. Hence, f €
S R[X]? C Ts.
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Suppose that deg(f) = m > 1 and that for all g € Psd(K) with deg(g) <
m — 1 we know that g € Tg. W.l.o.g. we can assume that there exists ¢ € R
s.t. f(e) < 0 (otherwise f > 0 on R which gives f € Y. R[X]? C Ts). Then
there are the following three possibilities: either K has a least element a and
¢ < a or K has a largest element a and ¢ > a or there exist a,b € K with
a<b, (a,b)NK=0and a <c<b.

Case 1: if K has a least element a and ¢ < a, then f has a root d in the
interval (¢, a]. Therefore, f = (X —d)g for some g € R[X] with deg(g) = m—1.
As f>0on K and X —d > 0 on K, we get that g € Psd(K). Hence, by
inductive assumption we have that g € Tg. Also, X —d € Tis by (1.2) and so
feTs.

Case 2: If K has a largest element a and ¢ > a, then f has a root d in the
interval [a, ¢). Therefore, f = (d—X)g for some g € R[X] with deg(g) = m—1.
As f > 0on K and d — X > 0 on K, we get that g € Psd(K). Hence, by
inductive assumption we have that g € Ts. Also, d — X € Ts by (1.3) and so
feTs.

Case 3: If there exist a,b € K with a < b, (a,b) N K = and a < ¢ < b,
then f has a greatest root d in the interval [a,c) and a least root e in the
interval (c,b]. Therefore, f = (X — d)(X — e)g for some g € R[X] with
deg(g) =m—2. As f > 0on K and (X —d)(X —e) > 0 on K, we get that
g € Psd(K). Hence, by inductive assumption we have that g € Ts. Also,
(X —d)(X —e) €Ts by (1.4) and so f € Ts. O

Corollary 1.3.10. Let K be a non-empty besas of R. If S C R[X] is finite
s.t. K = Kg and S O Spat (up to a positive scalar multiple factor), then Ts
s saturated.

Proof. By Theorem 1.3.9, we know that Psd(K) = Tg,,,. As S O Spat (up
to a positive scalar multiple factor), we also have that Tg,,, C Ts. Hence,
Psd(K) =Tg, i.e. Ts is saturated. O

Note that the converse of this result does not hold in general. In fact, if S
does not contain the natural description then T's might be or not be saturated
as showed by the following example. However, for non-compact bcsas of R
the converse holds (see Proposition 1.3.12).

Example 1.3.11. Let K = [0,1]. Then Spa = {X,1 — X} is the natural
description of K. Hence, by Theorem 1.5.9, Ty, ,, is saturated. If we take now
Sy = {X31— X}, then K = Kg,, S1 does not contain Spa; and Ts, is not
saturated (see Sheet 1, Exercise 2 for a proof). However, also So = {X(1-X)}
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does not contain Spq and K = Kg,, but Ts, is saturated. Indeed, we have
that X = X2+ X(1-X)€Ts, and 1 — X = (1 — X)?2 + X(1 — X) € Ts,,
which imply Ts,,, C Ts, and so that Psd(K) = Tg,.

Proposition 1.3.12. Let K C R be a non-compact besas of R[X] and S a
finite subset of R[X] s.t. K = Kg. Then Tg is saturated < S O Spat (up to
a positive scalar multiple factor).

Before proving this result, let us introduce the notion of width of a quadratic
polynomial in one variable and an elementary related property which will be
useful in the proof of Proposition 1.3.12.

Definition 1.3.13. Let f € R[X] be such that deg(f) = 2. If r1,ry are the
real roots of f and r1 < ra, then width of f is denoted by w(f) and defined to
be ro — r1. If f has no real roots, then w(f) := 0.

Lemma 1.3.14. Let f1, fo € R[X] with deg(f1) = 2 = deg(f2) and positive
leading coefficients. Then w(f1 + f2) < max{w(f1),w(f2)}.

Proof. W.l.o.g. we can assume that w(f1) > w(f2) and that w(f;) > 0 (oth-
erwise w(f1) = w(f2) = 0 and so fi; + fo has either one root or no roots,
ie. w(fi + f2) = 0). Shifting and scaling we can always reduce to the case
fii= X% - X and fo := ¢(X — a)(X — (a + b)) with a,b,c € R such that
0<b<1andc>0. Thus, we get

fi+ fo=(c+1)X? = (2ac+bc+1)X + cala + b),

2ac—|-bc—i-1:|:\/(2ac—§—bc—&—1)2 —4ca(a+b)(c+1)

S ) and so

whose roots are

v/ (2ac + be + 1)2 — 4ea(a + b)(c + 1)
(c+1) '

w(fi+ f2) =

We want to show that w(f; + f2) < w(f1) = 1, which by expanding is equiva-
lent to show (1 —b%)(c+1) + (2a +b—1)? > 0. The latter indeed holds since
c>0and 0<b< 1. O

Proof. of Proposition 1.3.12.
One direction always holds by Corollary 1.3.10, while for the converse the
non-compactness is essential.

Suppose that Kg is not compact and Psd(Kg) = T's . We can assume that
for any g € S we have deg(g) > 1. Since Kg is not compact, it either contains
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an interval of the form [c, +00) or it contains an interval of the form (—oo, c|.
Replacing X by —X when necessary in the following proof, we can assume
that we are in the first case. This implies that every g € S is non-negative on
[c, +00) and so has positive leading coefficient.

Suppose that Kg has a smallest element ¢ and consider p := X —a. Then
p € Psd(Kg) and so by assumption we have p € Tg. This together with
the fact that deg(p) = 1 and that deg(g) > 1, for all g € S ensures that
p= 0191 + ...+ 0tgt, where 01,...,0; € RT and g; € S with deg(g;) = 1 for
i=1,...,t. Asp(a) =0 and g;(a) >0 for all i =1,...,t (since a € Kg), we
can conclude that there exists at least one i € {1,...,t} such that g;(a) = 0.
Hence, there exists r > 0 such that g; = (X —a), i.e. 7(X —a) € S as
required.

Suppose now that a,b € Kg are such that a < b and (a,b) N Kg = () and
set p:= (X —a)(X —b). Then p € Psd(Kg) and so by assumption p € T&s.
This together with the fact that deg(p) = 2 and that deg(g) > 1,Vg € S
ensures that p is a sum of terms of the form of and £gh with 0,£ € RT and
f,9,h € S with deg(f) € {1,2} and deg(g) = 1 = deg(h). Since any linear
g € S is increasing and g(a) > 0, g is positive on the interval (a,b). Thus,
p> 0191 + -+ + ogr on (a,b), where o1,...,00 € RT\ {0} and g1,...,9: € S
are quadratics which assume at least one negative value on (a,b). Now for
each i € {1,...,t}, we have that g; opens upward, g;(a) > 0 and g;(b) > 0,
which imply that g; has its roots in [a, b] and consequently w(g;) < b — a (see
Definition 1.3.13). Since w(p) =b—a and p > 0191 + -+ + o1g; on (a,b), we
have that necessarily w(o1g1 + -+ + 01g¢t) = b — a. Hence, by Lemma 1.3.14,
we get

b—a=w(oig1+ - +0ogt) < i{riaxtw(oigi) = Enaxtw(gi) <b-—a,
which implies that there exists ¢ € {1,...,t} such that w(g;) = b — a. Hence,

gi necessarily has the form r(X — a)(X — b) for some real r > 0, that is,
r(X —a)(X —b) € S as required. O

Applying the so-called Scheiderer’s Local Global Principle (see e.g. [37,
Section 9]), one can provide examples of two dimensional compact besas which
can be described by a saturated preordering.

Examples 1.3.15.
1. The preordering Ts for S ={X,1— X,Y,1—Y} is saturated. Here Kg
is the unit square in R2.
2. The preordering Ts for S = {1 — X? — Y2} is saturated. Here Kg is the
unit disk in R2.

11
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However, there are examples of two dimensional compact bcsas for which
saturation does not hold.

Example 1.3.16. Let S := {X3 — Y3 1 — X}. Then Kg is compact in R?
and Ts is not saturated. Indeed, the polynomial X € R[X,Y] is nonnegative
on Kg but does not belong to Ts.

Suppose that there exists o1,09,03,04 € >, R[X,Y]? s.t.

X=0+X3-YNoy +(1-X)o3+ (X3 -Y>)(1 - X)oy.
Evaluating at Y = 0, we have that X = q(X,0) = 01(X,0)+X302(X,0)+(1—
X)o3(X,0) + X3(1 — X)o4(X,0), i.e. X belongs to the preordering generated
by {X3,1 — X} in R[X] which is false as showed in Sheet 1, Exercise 2.

For non-compact two dimensional besas, we have both saturated and non-
saturated associated preorderings.

Examples 1.3.17.
1. If S =0 C R[X,Y] then Ts = Y. R[X,Y]? is not saturated as Kg = R2.
2. If S = {X(1— X)} C RX,Y], then Psd([0,1] x R) = T,
——
=Ks
i.e. Tg is saturated (see [75]).

Summarizing we have that a preordering T's in R[X] is always not saturated
if dim(Kg) > 3, but can be or cannot be saturated if dim(Kg) € {1,2}
(depending on the geometry of Kg and the chosen description S).

Representation Theorem and Positivstellensatze

We have seen that saturation of preorderings does not occur for a large class of
besas. Therefore, in the cases when saturation does not occur, it is still stand-
ing our question of how to characterise Psd(Kg) in terms of T's without using
quotients of its elements. For compact bcsas, a denominator free Positivstel-
lensatz was provided by Schmiidgen in [18] as a corollary of a fundamental
result for the K—MP for K compact bcsas. This rather surprising result had
a great impact in this area and it can be considered a breakthrough in both
the theory of positive polynomials and the moment problem. Generalizations
of this result were proved by Putinar in [413] and Jacobi in [24] in the coming
ten years. Moreover, the Schmiidgen Positivstellensatz gave the impulse to a
lively research activity about the moment problem in the non-compact case.
In this section, we are not providing the original Schmiidgen proof but
we will derive his Positivstellensatz from a general version of the so-called
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Representation Theorem due to Marshall [35]. Actually, Schmiidgen’s Posi-
tivstellensatz can be obtained as a corollary of a less general and earlier version
of the Representation Theorem due to Krivine [29, 30]. This was first noticed
by Woérmann in [55], but there was no obvious way to derive Putinar’s Pos-
itivstellensatz from the Krivine Representation Theorem. Only in 2001 with
Jacobi’s generalized version of the Representation Theorem [21] it became
possible to give a completely algebraic proof of Putinar’s Positivstellensatz.
The further extension of the Representation Theorem we give here (see The-
orem 1.3.24) allows to derive all the above mentioned Positivstellensétze as
well as a nice refinement of Putinar’s result (see Theorem 1.3.33). In order
to state such a Representation Theorem we need to introduce the following
general setting.

Let A be a commutative ring with 1 and for simplicity let us assume that
Q € A. We denote by X (A) the character space of A, i.e. the set of all
unitary ring homomorphisms from A to R. For any a € A, we define the
Gelfand transform a : X(A) — R as a(a) := a(a), Vo € X(A).

For any subset M of A, we set

Ky :i={a € X(A):ala) >0, Ya € M}.

If M =Y A% then Ky = X(A). If M is the 2d—power module of A gener-
ated by {p;}jes then Ky ={a € X(A) : pj(a) >0, Vj € J}.

If a € M, then clearly a > 0 on KCp;. Does the converse hold, i.e. is it true
that if a € A is such that @ > 0 on K, then a € M? The Representation
Theorem exactly provides an answer to this question. In order to rigorously
formulate this result, we need some further notions and properties.

Definition 1.3.18. A preprime of A is a subset T of A such that T+T C T,
T -TCT and Qt CT.

Definition 1.3.19. Let T be a preprime of A.
o A T—module of A is a subset M of A such that M+M C M, T-M C M
and 1€ M.
o A T—module is said to be Archimedean if for each a € A there exists
N € N such that N +a € M.

13
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Remark 1.3.20.
o A preprime T is itself a T—module.
e Ifa preprime T is Archimedian, then any T—module is also Archimedian
since T'C M.

Note that, for d € N, any 2d—power preordering of A is a preprime and any
2d—power module of A is a "4 —module (see Definition 1.2.5). In particular,
any quadratic module of A is a > A%2—module and the following holds.

Proposition 1.3.21. Let M be a quadratic module of A. Then
a) Hy:={a€ A:3 N eNs.t. N+taec M} is a subring of A.
b) M N Hy is an Archimedean quadratic module of Hyy.

¢) M is Archimedean if and only if Hyy = A.

d)VacA a®>c Hy =ac Hy.

k
e) Val,...,akeA,Za?eHMiaiGHMVizl,...,k.

i=1

Proof. (see e.g. [31, Proposition 2.1, Lecture 28] and [37, Proposition 5.2.3])
]

Corollary 1.3.22. Let M be a quadratic module of R[X]. The following are
equivalent:
(1) M is Archimedean

(2) 3N €N such that N =Y X} € M.

=1
(8) 3 N € N such that N + X; € M fori=1,...,n.

Proof.

(1)=-(2) This is clear from the definition of Archimedean quadratic module.
(2)=(3) Suppose that there exists k& € N such that k — Y., X? € M.
Then Y, X? € Hy and so Proposition 1.3.21-e) ensures that for each
i € {1,...,n} we have that X; € Hjy;. Hence, there exists N € N such
that N + X; € M, i.e. (3) holds.

(3)=(1) Suppose that there exists k € N such that k£X; € M fori =1,...,n.
Then X; € Hy fori =1,...,n and since Rt C M we also have that R C Hj,.
Hence, Proposition 1.3.21-a) guarantees that Hy; = R[X], which is equivalent
to the Archimedeanity of M by Proposition 1.3.21-c). O

For the general version of the Representation Theorem, we need to strengthen
a bit our assumptions on T'.

14
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Definition 1.3.23. A preprime T is said to be weakly torsion if for anya € A
there exists a positive rational v and m € N such that (r +a)™ € T.

Clearly, any Archimedean preprime is weakly torsion. Also, for d € N, any
2d—power preordering of A is a weakly torsion preprime (just take m = 2d).
We are finally ready to state the general version of the Representation
Theorem we had announced (for a proof see [35], [24] and [37, Theorem 5.4.4]).
Other versions of the Representation Theorem can be found in [1], [27], [29, 30],

(1], [54]-

Theorem 1.3.24. Let A be a commutative ring with 1 such that Q C A. If
T is a weakly torsion preprime of A and M an Archimedean T —module of A,
then for any a € A we have:

a>0o0n Ky =ac M.

Remark 1.3.25.

a) Taking M = T with T Archimedean preprime, we get Krivine’s version
of the Representation Theorem (see [29, 30] and also [71, Corollary 2.1,
Lecture 27]). From this version, we can already derive the Schmidgen
Positivstellensatz as it was first noted by Wormann in [55] (see Theo-
rem 1.8.31).

b) Taking d € N and T = 5. A%?, we get the Jacobi-Prestel Positivstellensatz
(see Theorem 1.5.28) from which one can straightforwardly derive Putinar’s
Positivstellensatz (see Theorem 1.3.29).

To understand the meaning of the Representation Theorem 1.3.24 for A =
R[X1,...,X,], we need to understand what the Gelfand transform and the
characters are in this special case.

Proposition 1.3.26.
a) The identity id : R — R is the unique ring homomorphism from R to R
b) X(R[X1,...,X,]) is in a one-to-one correspondence with R™.

Proof.

a) Suppose that « : R — R is a ring homomorphism such that a # id.
Then there exists a € R such that a(a) # id(a), say a(a) < id(a). Thus,
there exists ¢ € Q such that a(a) < ¢ < id(a) and so a(a — ¢) < 0 while
id(a —q) > 0,ie. a—q ¢ o '(R") and a — ¢ € id"!(R"). Hence, we have
that =} (RT) # id~!(RT). However, a maps squares to squares and so we
also have that o~ !(R*) = RT = id~!(R™), which yields a contradiction.

b) By a), for any o € X(R[X1,...,X,]) we have that a [gr= id, which
easily implies that « is completely determined by (a(Xy),...,a(X,)) € R™

15
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In fact, for any p := Y 4psX” € R[X] with 8 = (B1,...,5,) € Nj and
X% = xP'... X we have that

alp) = o P psX’ | =3 alp)a(X)7 - a(Xa)*
B B
= Y psa(X)? - a(X)P = p(a(X)),... (X))

Conversely, for any y € R" we can define the map oy : R[X1,..., X,] = R by
ay(p) == p(y) for any p € R[X], which is clearly a ring homomorphism, i.e.
ay € X(R[Xy,...,X,]). Hence, X(R[X1,...,X,]) = R". O

Remark 1.3.27. Using the isomorphism between X (R[X1,...,X,]) and R"
we get that for any p € R[X] the Gelfand transform p is identified with the
polynomial p itself. Moreover, if M is a 2d—power module of R[X] then

ICM = {aGX(R[X1’7XnDCj(a)207 VQGM}
= {reR":q(x) >0,Yge M} = K)y.

In particular, if S C R[X,..., X, and Mg is the 2d—power module generated
by S then

Kms = Kyg = {zeR":q(x)>0,Yqg e Mg}

= {ze€eR":q(z)>0,Yge S} = Kg.

Applying the Representation theorem 1.3.24 for T = 3" R[X]?? with d € N
and using Remark 1.3.27 we easily get the following results.

Theorem 1.3.28 (Jacobi-Prestel’s Positivstellensatz). Let M be an Archimedean
2d—power module of R[X]| with d € N. Then for any f € R[X]

f>0o0n Ky = feM.

In particular, taking d = 1 we easily get:

Theorem 1.3.29 (Putinar’s Positivstellensatz). Let S C R[X] be finite such
that the quadratic module Mg generated by S is Archimedean. Then for any
f e RX]

f>0o0n Kg= f € Mg.

16
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To get Schmiidgen’s Positivstellensatz from Theorem 1.3.24, we need to
understand how the compactness of Kg relates to the Archimedeanity of the
associated quadratic preordering Tg. The following criterion was provided by
Woérmann in [55].

Theorem 1.3.30 (Wormann Theorem). Let S C R[X] be finite. The corre-
sponding besas Kg is compact if and only if the associated quadratic preorder-
ing Ts is Archimedean.

Proof. (see e.g. [37, Theorem 6.1.1] or [31, Theorem 2.1, Lecture 28]) O

Theorem 1.3.31 (Schmiidgen’s Positivstellensatz). Let S C R[X] be finite
such that the associated besas Kg is compact. Then for any f € R[X]

f>00n Kg= feTs.

Proof. By Wormann Theorem, the quadratic preordering T is Archimedean
and so a weakly torsion preprime. Hence, by taking T' = M = Tg in the
Representation Theorem 1.3.24 and using Remark 1.3.27, we obtain the con-
clusion. O

Remark 1.3.32.

a) Schmiidgen’s Positivstellensatz fails in general if we drop the compactness

assumption on Kg.
For example,

e forn =1 and S = {X3}, we have that Kg = [0,00) is non-compact
and X +1 >0 on Kg but X +1 ¢ Ts (otherwise there would exist
00,01 € Y. R[X]? such that X +1 = oo + 01 X? but this impossible as
the right-hand side would have either even degree or odd degree > 3
(see Example 1.3.6)).

e forn = 2 and S = 0, we have that the strictly positive version of
the Motzkin polynomial 1 — X7 X3 + X7 X3 + X1 X3 is indeed strictly
positive on Kg = R? but does not belong to Ts = > R[X7, X2]%.

b) Schmiidgen’s Positivstellensatz fails in general if the assumption of strict
positivity on Kg is replaced by the nonnegativity on Kg. For example,
forn =1 and S = {(1 — X?)3} we have that Ks = [—1,1] is compact,
1-X2>0o0nKg but1l—X?¢Ts.

c) Schmiidgen’s Positivstellensatz fails in general when the preordering Tg is
replaced by the quadratic module Mg. The question of whether this was
true was first posed by Putinar in [/3] and got a negative answer in [25,

17
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Ezample 4.6], where Jacobi and Prestel showed that for n > 2 and S =
{91, g1} with g; :== X; — % fori=1,....n and gny1 :=1—[[-; Xi
we have that Kg is compact but Mg is not Archimedean (thus, there exists
N €N such that N — 3" | X2 >0 on Kg but N — Y | X? ¢ Mg). This
counterexample provides a general negative answer to Putinar’s question,
but there are actually cases in which the compactness of Kg implies the
Archimedeanity of Mg. For instance, this holds in each of the following
cases

e |S| =1 (as in this case Ts = Mg)

e |S| =2 (proof in [25]).

e n =1 (proof in Sheet 2, Exercise 2)

e S consists only of linear polynomials (see [57, Theorem 7.1.3]).
Note that if Mg is Archimedean then Kg is always compact. Indeed,
Archimedeanity of Mg implies that there exists N € N such that N —
Y X2 € Mg and so N -1, X2>0 on Kg. Hence, Kg is contained
in the closed ball of radius VN in R™ endowed with the euclidean topology,
i.e. Kg is bounded. This together with the fact that Kg is closed provides
that Kg is compact.

Let us give now a further application of the Representaton Theorem 1.3.24,
which shows the power of this very general version and allows to refine the
representation provided by Putinar’s Positivstellensatz (see Theorem 1.3.29).

Theorem 1.3.33. Let S := {g1,...,9s} be a finite subset of R.X| such that
the associated quadratic module Mg is Archimedean. Then, for any real N >
0, any f > 0 on Kg can be represented as f = o9 + 0191 + - -+ + 0sgs where
each o; is a sum of squares of polynomials which are strictly positive on the
closed ball By = {x € R" : ||z|| < N} (here || - || is the euclidean norm,).

Proof. Let N be a strictly positive real number and f > 0 on Kg. Define
T*:={)_f7: f €eRIX],f; > 0on By},T :=T"U{0}

and ~ - _ . - ~
M =T"+T*qy+---+T*gs, M := M*U{0}.

As By is compact, for any g € R[X] there exists r € Q positive such that
r+g>0on By and so (r+g)? € T*. Hence, T is a weakly torsion preprime.
Claim: For any h € R[X] there exists [ € N such that [ + h € M*.
(see Sheet 2, Exercise 3 for a proof of the Claim).

Since T is a preprime, it easily follows from the definitions that M + M C
M and TM C M. Moreover, applying the claim for & = 0, we have that there
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exists | € N such that [ € M* and so 1 :l-% GQM* QM* - M. Thus, M
is a T—module. By the Claim, M is also Archimedean.

To apply Theorem 1.3.24, it remains to show that Kg = K ;. Once this
is proved, the theorem ensures that f € M.

(C) As M C Mg, we have that Kg C {z € R" : g(z) > 0,Yg € M} = K.

(2) Suppose there exists € K; such that ¢ Kg. Then there exists
i € {1,...,s} such that g;(z) < 0. Take h := > %_;7;g; with go == 1, r; = 1
for all j # i, and r; > Is where [ € N such that g;(z) < —lg;(x) for all
j #i. Thus, h € M but h(z) = >, 9;(x) + rigi(z) < —lsgi(x) + rigi(x) =
(ri — Is)gi(x) < 0, which yields x ¢ K; that is a contradiction. O

Closure of even power modules

In this section, we are going to see how the Positivstellensitze considered in
the previous section can be used to better understand the relation between
Psd(Kg) and Tg (resp. Mg). For this purpose, let us recall the following ap-
plication of Hahn-Banach Theorem which we have studied in [21, Section 5.2].

Corollary 1.3.34. Let (X, 7) be a locally convez t.v.s. over the real numbers.
If C is a nonempty closed cone of X and x and xy € X\ C, then there exists a
linear T— continuous functional L : X — R non identically zero s.t. L(C) >0
and L(zg) < 0.

Recall that a cone of X is a subset C € X such that C + C C C and
AC C C for all A € RT.

Proof. As C'is closed in (X, 7) and z¢p € X \ C, we have that X \ C' is an open
neighbourhood of xy. Then the local convexity of (X, 7) guarantees that there
exists an open convex neighbourhood V of 29 s.t. VC X\ Cie. VNC =1).
By the Geometric form of Hahn-Banach theorem, we have that there exists a
closed hyperplane H of X separating V and C, i.e. there exists L : X — R
linear 7—continuous and not identically zero s.t. L(C) > 0 and L(V) < 0
(see [21, Proposition 5.2.1-c)] for more details). In particular, L(C) > 0 and
L(.%'()) < 0. ]

Given a convex cone C in any t.v.s. (X,7) we define the first and the
second dual of C' w.r.t. T respectively as follows:

CY :={l: X — R linear |¢ isT — continuous and £(C) > 0}

CYWi={zeX|VlteC), i(x)>0}.
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Note that
e C C CYY, because if x € C then for all ¢ € CY we have {(z) > 0 by
definition of CY.
o CYV is closed in (X,T), because 7Y = (\yeev ¢71([0,00)) and each
¢ € CY is by definition 7—continuous.
Hence, C' C CYV always holds.

Corollary 1.3.35. Let (X, 7) be a locally conver t.v.s. over the real numbers.
If C is a nonempty convex cone in X, then C' = CYV.

Proof. Suppose there exists 29 € CYV \ C". By Corollary 1.3.34, there exists
a T—continuous functional L : X — R non identically zero s.t. L(C") > 0
and L(zg) < 0. As L(C) > 0 and L is 7—continuous, we have L € CY. This
together with the fact that L(zg) < 0 give 2o ¢ CYV, which is a contradiction.
Hence, C" = CYV. O

The previous results clearly apply to R[X] endowed with the finite topology
7f. Indeed, we have already observed in Section 1.1 that 7 is actually the
finest locally convex topology on R[X] and so that (R[X],7f) is a locally
convex t.v.s.. Moreover, keeping in mind [21, Theorem 3.1.1], it is easy to prove
that (R[X],7¢) is actually a topological algebra, i.e. a t.v.s. with separately
continuous multiplication. Hence, we can prove the following properties.

Proposition 1.3.36. Let d € N, M a 2d—power module of R[X] and ¢ the
finest locally convex topology on R[X]. Then

(a) M7 is a 2d—power module of R[X]

(b) If M is a preordering, then M” is a preordering.

(c) M? = MYV C Psd(Ky)

Proof. (a) As M is a 2d—power module of R[X] and (R[X], ¢) is a topological
algebra, we have that 1 € M C MW, M? + M? C M+ M? C M? and
p2AN¥ C p2d 0 C M¥. Hence, M7 is a 2d—power module.

(b) If M is a 2d—power preordering, then (a) ensures that MY is a 2d—power
module. Moreover, using that M - M C M and (R[X], ¢) is a topological al-
gebra, we get that M* - M” C M - M* C M?. Hence, M? is a preordering.

(c) Since every 2d—power module is a cone, Corollary 1.3.35 guarantees
that M¥ = MyY. For any x € R", the map e, : R[X]| — R defined by e, (p) :=
p(z) is a R—algebra homomorphism. Hence, for all x € R", ¢, is linear and
so p—continuous. Also, for all x € Ky, we have that e;(g) = g(z) > 0 for all
g€ M,ie. e, € My. Then for any f € My" we get that f(z) = e.(f) >0
for all z € Ky, i.e. f € Psd(Kg). O
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Let us now come back to the Positivstellensatze introduced in the last
sections and derive from them the corresponding Nichtnegativstellensétze.

Corollary 1.3.37 (Jacobi-Prestel’s Nichtnegativstellensatz). Let M be an
Archimedean 2d—power module of R[X] with d € N. Then for any f € R[X]

f>00n Ky =Ve>0,f+ee M.

Proof. Let f € R[X] be such that f > 0 on Kj;. Then for any € > 0, we have
that f +& > 0 on Kj; and so Theorem 1.3.28 ensures that f +¢ € M. O

Corollary 1.3.38 (Putinar’s Nichtnegativstellensatz). Let S C R[X] be finite
such that the quadratic module Mg generated by S is Archimedean. Then for
any f € RIX]

f>200on Kg=Ve>0,f+e€ Mg.

Corollary 1.3.39 (Schmiidgen’s Nichtnegativstellensatz). Let S C R[X] be
finite such that the associated besas Kg is compact. Then for any f € R[X]

f>00n Kg=Ve>0,f+eeTs.

Using Proposition 1.3.36 and the Nichtnegativstellensétze, we easily obtain
the following closure results.

Corollary 1.3.40. Let M be an Archimedean 2d—power module of R[X] with
d € N. Then Psd(Ky) = M”.

Proof. By Proposition 1.3.36-(c), Psd(Kj;) 2 M?. For proving the converse
inclusion, let us consider f € Psd(Kjs) and € > 0. The Jacobi-Prestel’s

Nichtnegativstellensatz 1.3.37 guarantees that f + ¢ € M and so, for any
¢ € My, we have that £(f +¢) >0, i.e. £(f) > —ef(1). Then £(f) > 0 and so

Corollary 1.3.41. Let S C R[X] be finite such that the quadratic module Mg
generated by S is Archimedean. Then Psd(Kg) = (Mg)®

Corollary 1.3.42. Let S C R[X] be finite such that the associated besas Kg

is compact. Then Psd(Kg) = (Tg)”

These results make us understanding that even when we do not have satu-
ration of the preordering we still have cases when Psd(Kg) can be character-
ized in terms of Tg or Mg, namely as closures of these cones w.r.t. the finest
locally convex topology . Note that typically Ts is not closed.
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In fact, if S is a finite subset of R[X] such that Kg is compact and
dim(Kg) > 3, then Corollary 1.3.42 ensures that Psd(Kg) = (Tg)~ but by
Theorem 1.3.5 we also know that Psd(Kg) # Tg so Ts # @@, i.e.Tg is not
closed in (R[X], ). In the case when Ky is not compact (and so Mg is not
Archimedean), we cannot apply the previous closure results, so is it natural to
ask if we can get similar results by considering closures w.r.t. other topologies

rather than .

Closures of even power modules of R[ X7, ..., X,,] have been studied already
since the seventies. Indeed, the cone > R[X1,..., X,]? is closed in (R[X], ¢)
(see Sheet 3, Exercise 2), so taking its closure w.r.t. ¢ does not help to char-
acterize Psd(R™) for n > 2 (as Psd(R") # Y R[X]? = 3. R[X]?"). However,
every polynomial in Psd(R") can be approximated by elements in Y R[X]?
w.r.t. the topology induced by the norm || - |1, where ||f|1 := >, |fa| for
any f = >, faX® € R[X]. In fact, in [2, Theorem 9.1] the authors show

that Psd([-1,1") = S RX2", ie. TRIX]? is dense in Psd([~1,1]")
w.rt. || - |1 on R[X] (see also [31]). This result is actually established in
[2] as a corollary of a general result valid for any commutative semigroup.
In [3] and [1] the results in [2] were extended further, to include commuta-
tive semigroups with involution and topologies induced by absolute values. In
[15] a new proof of these results is given by using the Representation Theo-
rem 1.3.24 and they are at the same time extended from sums of squares to

sums of 2d—powers. In particular, the authors prove that for any d € N we get

PSd([—]., 1]”) = W””l The closure of ZR[XPd w.r.t. to ” . ||p with

1 < p < oo has been studied in [13], where it is showed that for any d € N
we have Psd([—1,1]") = ZR[X]M”'HP. In this same work also the closure of
S R[X]* w.r.t. weighted versions of | - ||, has been considered. In particular,
Lasserre in [33] identified a weighted version || - ||, of the norm || - ||; such that

for any S C R[X] finite Psd(Kg) = Mg ™.

The question of establishing when the closure of an even power module
M in R[X] coincides with Psd(K) for some subset K of R™ can be clearly
considered also for even power modules in any unital commutative topological
R—algebra. Such a general setting was studied in [14] and [16]. We would
like to present here the main result [10] as it is a powerful application of the
Representation Theorem 1.3.24 and allows to deduce several of the closure
results mentioned above.
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Let A be a unital commutative R—algebra and denote by X (A) the char-
acter space of A (see Section 1.3.2 for the definition). For any M C A, recall
that Ky := {a € X(A) : a(a) > 0,Ya € M}, where a is the Gelfand transform
of a (see Section 1.3.2 for the definition).

Definition 1.3.43. A function p: A — R is called a seminorm if
1. p is subadditive: Vz,y € A, p(z +y) < p(z) + p(y).
2. p is positively homogeneous: Vx € A, VYA € R, p(Ax) = |\|p(x).
A seminorm on a A is said to be submultiplicative if

Vr,y € A, p(ry) < p(x)p(y)-

If p is a submultiplicative seminorm on A, then (A4, p) is called a semi-
normed algebra. (In particular, A with a submultiplicative norm is said to
be a normed algebra). Note that any seminormed algebra is a topological
algebra with jointly continuous multiplication (c.f. [22, Proposition 1.2.14]).
We denote by sp(p) the set of all p—continuous R—algebra homomorphisms
from A to R and we refer to sp(p) as the Gelfand spectrum of (A, p), i.e.

sp(p) :={a € X(A) : a is p — continuous}.

Lemma 1.3.44.
For any seminormed R—algebra (A, p) we have:

sp(p) ={a € X(A4) : |a(a)| < p(a) for all a € A}.

Proof. The inclusion {« € X(A) : |a(a)| < p(a) for all a € A} C sp(p) follows
straightforward from the definition of Gelfand spectrum of (A, p). Let us prove
by contradiction the converse inclusion.

Suppose that a € X(A) is p—continuous but that there exists z € A
st. |a(x)] > p(x). Take 6 € RT s.t. |a(z)] > 6 > p(z) and set y = %.
Then we have p(y) < 1 and |a(y)| > 1, which imply that p(y™) — 0 and
la(y™)| = oo as n — oo, contradicting the p—continuity of a. O

We are ready now to state the main result of [10].

Theorem 1.3.45. Let (A, p) be a unital commutative seminormed R—algebra
and d € N. If M is a 2d—power module of A, then M’ = Psd(Kys Nsp(p)).

In order to prove this result, let us recall some fundamental properties of
unital commutative seminormed R-algebras.
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Remark 1.3.46. Any seminormed algebra (A, p) can be topologically embed-
ded into a Banach algebra (A, p), i.e. there exists v : (A, p) — (A,p) contin-
uous embedding (see [22, Corollary 3.3.21]). Hence, A and 1(A) are homeo-
morphic. Recall that a Banach algebra is a normed algebra whose underlying
space is a complete normed space.

Lemma 1.3.47. For any unital commutative Banach R—algebra (B, o), any
b€ B and r € R such that r > o(b), and any k € N, there exists p € B such
that p* =r +b.

Proof. The standard power series expansion

5.

Jj=0

==
=
T

(E=1) (h=d) oy
4! : (?)

converges absolutely for |x| < r. This together with the fact that (B,o) is a
Banach algebra implies that, for any b € B and any r € R such that r > o(b),

we have L . )
> 1(1_ e (2 — 4 J
pi= T%Z G (5 d) <b> cB

r

1
(r—i—az)%:r% <1+£>k =r
T

and p* = (r +b). O

Lemma 1.3.48. Let (B,o) be a unital Banach R-algebra and L : B — R a
linear functional. If there exists d € N such that L(b*?) > 0 for all b € B,
then L is o—continuous.

Proof. By Lemma 1.3.47, for all n € N and all a € B we have that %+ o(a)+
a =1+ o(+a) + (£a) € B*. Applying L, we obtain |L(a)| < (L + o(a))L(1)
for all n € N and all a € B, so |L(a)| < o(a)L(1) for all « € B. Hence, L is
o—continuous. O

We are finally ready to show Theorem 1.3.45.

Proof. of Theorem 1.3.45
Since
Psd(Kunisp(p) = () 07([0,4+20))
€ Nsp(p)

and any a € Ky Nsp(p) is p—continuous, we have that Psd(ICas N sp(p)) is
closed in (A, p). Hence, M” C Psd(Kas Nsp(p))’ = Psd(Kas N sp(p)). For
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the reverse inclusion, let us consider b € Psd(KCpr Nsp(p)) and denote by ]\7~

the closure of the image of M in the Banach algebra (4, p), i.e. M = W)’
(see Remark 1.3.46). Then M is a 2d— power module of A as addition and
multiplication on A are both p-continuous and M is a 2d—power module of A.
By Lemma 1.3.47, for any n € N and all @ € A we have %+ﬁ(a):|:a € A2 C M.
Hence, p(a) £ a € M which implies that M is Archimedean. Now, for any
a € K47 we have that a(a) > 0 for all a € M, which gives in particular that o
is a linear functional on A s.t. a(a2?) > 0 for all a € A and so Lemma 1.3.48
ensures that « is p—continuous. Hence, ao is p—continuous and a(c(m)) > 0
for all m € M, i.e.

(o) € Ky Nisp(p), Va € Ky (1.5)

Denote by b := 1(b). Then (1.5) ensures that for all a € K37 we have ab) =

(ao¢)(b) = 0 as by assumption b € Psd(Ky N sp(p )) By Jacobi-Prestel
Nichnegativstellensatz we have that for all n € N, b + L ¢ M and so by the
completeness of A we get b € M. This yields «(b) € (M )p 1(M") where the

latter equality holds since A and ¢(A) are homeomorphic (see Remark 1.3.46).
Hence, b € M”. O

Keeping in mind the identification between X (R[X]) and R™ proved in
Proposition 1.3.26 and applying Theorem 1.3.45 for A = R[X], we obtain
some of the closure results mentioned above.

Examples 1.3.49. Let M =Y R[X]? and so Kj); = R".
(a) If we consider the norm || - |1 defined by ||fll1 == >_51fs] for all f =

>3 fsXP € RIX], then (R[X],| - |l1) s a normed algebra. Hence, Theo-
rem 1.58.45 gives Y R[X ]2” I = Psd(R™"Nsp(]| - ||1)). Let us now compute
the Gelfand spectrum of (R[X], |- ||1)-

If y = (y1,.--yyn) € sp(|| - ||1), then by Lemma 2.3.8 we obtain that
Ip(y)| < llpllh for all p € R[X] and in particular for each i = 1,...,n
we have |y;| < [|Xi|li = 1. Hence, y € [—1,1]". Conversely, for any
y=(Y1,.---,yn) € [-1,1]" we have that |y;| = 1 fori=1,...,n and so
for any p =35 psX" € R[X] we get

9 < Ipsllonl® - lynl® < Ipsl = lIpl.
8 8

Hence, by Lemma 2.5.8, y € sp(|| - ||1)-

We have therefore showed that y  R[X ]2” I Psd([—1, 1]™), retrieving
the result of [2] and [7]].
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(b) Let1 < p < oo and consider |-llps where for any f =34 fsXP € RIX] we

define £l i= (S145P)” for 1< p < o0 and | flle 1= maxs |fsl. As

Ifllp < £l for all f € RIX], we have that S RIX]Z " € S RXJZ "

and so by (a) we obtain Psd([—1,1]") C Y R[X ]QH le. Furthermore, for
any y € [—1,1]" we have that the map e, : R[X] — R, defined by
ey(f) == f(y) for any f € R[X], is || - ||,—continuous. Indeed, for any
y=(y1,---,yn) € [-L,1]" and any f =3 4 fsXP € RIX] we have that

er ineq.

ey ()] = 17 () KE]MMW-MW"OS Call Fllp-

wherelgqgooissuchthat%—i—%:land

1
q
q-= B

maxg |y |7 - - - |yn| 7 if g =00

which is finite as y = (y1,--.,yn) € [—1,1]™.
Hence, Psd([-1,1]") = ) e, '([0,400)) is closed in (R[X], ||-[|,),
ye[—l,l]”

which yields STRIX]2 " € Psd([=L, ") " = Psd([~1,1]"). We have
therefore showed that Psd([—1,1]") = > R[X ]2H lp, forall 1 < p < 0,
retrieving the result of [13].

Theorem 1.3.45 easily extends to locally multiplicatively convex algebras.

Definition 1.3.50. A unital commutative R—algebra A endowed with a locally
convex topology induced by a family of submultiplicative seminorms on A is
called locally multiplicatively convex (lmc).

If (A,7) is an lmc algebra, then it is a topological algebra with jointly
continuous multiplication (c.f. [22, Proposition 2.1.9]). Moreover, we denote
by sp(7) the set of all 7—continuous R—algebra homomorphisms from A to R
and we refer to sp(7) as the Gelfand spectrum of (A, ).

Using that any locally convex topology can be always generated by a family
of directed seminorms (see [21, Proposition 4.2.14]) we get the following result.

Proposition 1.3.51. Let (A, 7) be an Imc algebra with T generated by a di-
rected family F of submultiplicative seminorms. Then sp() = U ez 5p(p).
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Proof. Applying [21, Proposition 4.6.1] and the definition of Gelfand spec-
trum, we easily obtain

sp(t) = {a€ X(A4):ais T—continuous}
= U {a € X(A) : o is p—continuous} = U sp(p).
pEF pEF

It is then clear how to extend Theorem 1.3.45 to any lmc algebra.

Theorem 1.3.52. Let (A, 7) be an Imc algebra and d € N. If M is a 2d—power
module of A, then M' = Psd(Ky N sp(T)).

Proof. Let F be a directed family of submultiplicative seminorms generating .
Then by Proposition 1.3.51, we get

M = (M=) Psd(Kunsp(p))
pEF pEF

= Psd [ Ky [ Jsp(p) | =Psd(Ky nsp(r)).
pEF
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Chapter 2

K—Moment Problem:
formulation and connection to Psd(K)

Formulation: from finite to infinite dimensional settings.

As suggested by the name the K —Moment Problem deals with moments of
measures. In this course we are going to consider always non-negative Radon
measures on Hausdorff topological spaces.

Recall that

Definition 2.1.1. A Radon measure p on a Hausdorff space (X, T) is a mea-
sure defined on the Borel o—algebra B; on (X, T) (i.e. the smallest c—algebra
on X containing 7) and such that
e 1 is locally finite, i.e. for all x € X there exists U open neighbourhood
of x in (X, 7) such that p(U) < 00)
e 1 is inner regular, i.e. for all B € B, u(B) = sup{u(K) : K C
Bcompact}.
We say that p is supported in a subset Y of X if for any B € B; we have
that BNY = implies u(B) = 0.

Let us start by introducing the most classical version of the K —moment
problem.

Given a Radon measure ¢ on R and j € Ng, the j—th moment of p is
defined as

m :—/xju(dx).
R

If all moments of u exist and are finite, then we can associate to u the sequence
of real numbers (my)jeNoa which is said to be the moment sequence of u. The
moment problem exactly addresses the inverse question:
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Problem 2.1.2 (The one-dimensional K —Moment Problem (KMP)).

Let N € NgU+o00. Given a closed subset K of R and a sequence m := (mj)évzo
of real numbers, does there exist a non-negative Radon measure p supported
in K and s.t. m; :my forall j=0,1,...,N, i.e.

mj:/ 2 p(dx),¥j=0,1,...,N?
K

If such a measure p does exist we say that p is a K—representing measure
for m or that m is represented by p on K. If N = oo the KMP is said to be
full, while it is called truncated if N < oco. In the following we are going to
focus on the full KMP.

Note that there is a bijective correspondence between the set RNo of all
sequences of real numbers and the set (R[X])* of all linear functionals on R[X],
namely

¢: RN - (RIX])"

m = (mj>j€N0 — Ly, : R[:C] A - R
pi=2_p;X? = Ln(p) =2 pym;,
j j

where Ly, is called Riesz’ functional. Indeed
e ¢ is injective, because if m = (mj);en,,m = (m;)jeNo e RNo and
m # m’ then there exists j € No s.t. m; # m/, ie. L (27) # Ly (27),
and so ¢(m) = Ly, # Ly = ¢(m/).
e ¢ is surjective, because for any ¢ € (R[X])* the sequence m := (£(X7))en,
is such that ¢(m) = £. In fact, for any p := > p; X’ € R[X] we have
j

L (p) = ijf(Xj) =/ (ijXj> = {(p) and, hence, ¢p(m) = L,, = /.

In virtue of this correspondence, we can always reformulate the full KMP
in terms of linear functionals.

Problem 2.1.3 (The one-dimensional K —Moment Problem (KMP)).
Given a closed subset K of R and L : R[X] — R linear, does there exists a
non-negative Radon measure p1 supported in K s.t. L(p) = [ pdu, Vp € R[X]?

If such a measure exists we say that u is a K—representing measure for L
and that it is a solution to the K —moment problem for L.

This reformulation makes clearly how to generalize the statement of the
one-dimensional KMP to higher dimensions (see also [21, Section 5.2.2]). Let
n € N and R X] := R[Xq,..., X,].



2.1. Formulation: from finite to infinite dimensional settings.

Problem 2.1.4 (The n-dimensional K —Moment Problem (KMP)).
Given a closed subset K of R"™ and L : R[X] — R linear, does there ezists a
non-negative Radon measure p supported in K s.t. L(p) = [ pdp, Vp € R[X]?

We can clearly consider also infinite dimensional settings, e.g. by replac-
ing R[X1,...,X,] with R[X; : ¢ € Q], where  is an infinite index set or
replacing the polynomial algebra by any infinitely generated unital commuta-
tive R—algebra. Let us then give a formulation of the K —moment problem
general enough to encompass all the above mentioned instances.

Given a unital commutative R—algebra A, recall that we denote by X (A)
its character space of A (see Section 1.3.2). We endow the character space
X (A) with the weakest topology Tx(4) on X(A) s.t. all Gelfand transforms
are continuous, i.e. @ : X(A) = R, a(«) := a(a) is continuous for all a € A.
A basis for Tx(4) is given by

N = {ﬂail(Uai) tay, ... ap € A, Uqy, ..., Uy, 0pen in R,n € N}.
i=1

Remark 2.1.5. X(A) can be seen as a subset of R4 via the embedding:
7: X(A) — RA
a = m(@) = (a(a))gen = (@())gen -

If we equip R? with the product topology Tprods then Tx(a) coincides with the
topology T induced by ™ on X (A) from (R4, Tpr0a), i.e.

TX(A) = {7771(0) :0 € Tpmd} .

Hence, w is a topological embedding and the space (X(A), TX(A)) 1s Hausdorff.

Proof. Let a € A. Then = is 7 —continuous and the projection p, : R4 — R,
Pa((Tb)bea) == x4 1S Tprog—continuous. Hence, & = p, o 7 is 7r—continuous
and so Tx(4) C Tr-

Conversely, let O € Tpoq. Then there exist n € N, by,...,b, € A

n
and Up,, ..., U, open in R such that [[ Up, x I1 R C O. Hence,
i=1 a€A\{b1 ) bn}
1

w1 (0) 2wt (M py (Un)) = My 7 (9 (U0)) = ML b (Us) €
0

and so T C Tx(4)

We are now ready to introduce the general formulation of KMP announced
above.
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Problem 2.1.6 (The KM P for unital commutative R—algebras).
Let A be a unital commutative R—algebra. Given a closed subset K C X (A)

and L : A — R linear, does there erist a non-negative Radon measure p on
X (A) supported on K and such that L(a) = fX(A) ala)p(da),Va € A?

Note that for A = R[X] = R[X},...,X,,] Problem 2.1.6 reduces to Prob-
lem 2.1.4 by means of the correspondence X (R[X]) = R" introduced in Propo-
sition 1.3.26.

Riesz-Haviland’s Theorem

Let A be a unital commutative R—algebra. Given a subset K of X(A), we
denote by
Psd(K):={a€ A:a>0on K}.

A necessary condition for the existence of a solution to Problem 2.1.6 is clearly
that L is nonnegative on Psd(K). In fact, if there exists a K —representing
measure 4 for L then for all a € Psd(K) we have

L(a) = /X(A) a(a)p(da) > 0

since p is nonnegative and supported on K and a is nonnegative on K.

It is then natural to ask if the non-negativity of L on Psd(K) is also
sufficient. For A = R[Xj,...,X,] a positive answer is provided by the so-
called Riesz-Haviland theorem (see [16, 20]).

Theorem 2.2.1 (Classical Riesz-Haviland Theorem). Let K C R™ closed and
L :R[Xy,...,X,] = R linear. Then L has a K—representing measure if and
only if L(Psd(K)) C [0, 400).

An analogous result also holds in the general setting.

Theorem 2.2.2 (Generalized Riesz-Haviland Theorem). Let K C X(A)
closed and L : A — R linear. Suppose there exists p € A such that p > 0
on K and for alln € N the set {a € K : p(a)) < n} is compact. Then L has a
K —representing measure if and only if L(Psd(K)) C [0, +00).

This theorem reduces the solvability of the K —moment problem to the
problem of characterizing Psd(K) establishing the beautiful duality between
these two problems.



2.2. Riesz-Haviland’s Theorem

We will prove both Theorems 2.2.1 and 2.2.2 as corollaries of the follow-
ing more general result for which we need some notation. Given a topologi-
cal space (X, ), we denote by C(X) the space of all continuous real valued
functions defined and by C.(X) the subspace of all functions in C(X) having

compact support supp(f) :={z € X : f(x) # O}T.

Theorem 2.2.3. Let A be a unital commutative R—algebra, x a Hausdorff
space and " : A — C(x) a R—algebra homomorphism. Suppose that

dpeAst. p>0onx andVjeN, x;:={a e x:pla) <j} is compact.
(2.1)
If L : A — R is linear and s.t. L(a) > 0 for all a € A with & > 0 on x, then
there exists a Radon measure jn on x such that L(a) = f&d,u, foralla € A.

Remark 2.2.4. (2.1) implies that x is locally compact, i.e. for any x € x
there exists a compact neighbourhood of x.

Proof.

Let « € x and j € N such that p(z) < j. Then U := {y € x | p(y) < j} € xj,
x € U, and U is open (since U = ﬁfl((—oo,j)) and p € C(x)). Hence, U is an
open neighbourhood of x and so U is a closed neighbourhood of x contained
in x;, which is compact. Then, U is a compact neighbourhood of x. O

Proof. of Theorem 2.2.1
Let x := K be a closed subset of R", A := R[X] := R[Xy,...,X;], " :
R[Xy,...,X,] — C(K) defined by f := f [k, and p := > | X2 ie. p =

| X||?, where || - || is the euclidean norm on R™. Then p > 0 on K and for any
j € Nthe x; = {z € K : ||z]|?> < j} is compact. Hence, (2.1) holds and the
conclusion follows by Theorem 2.2.3. O

Proof. of Theorem 2.2.2
Let x := K be a closed subset of X(A) endowed with the subset topology
induced by 7x(4) which makes K into a Hausdorf space. Define the map

"t A - C(K)

a — alg,

where a is the Gelfand transform of a. This is well-defined as the Gelfand
transform of a restricted to K is a continuous R—algebra homomorphism.
Then the conclusion follows by Theorem 2.2.3. O
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Theorem 2.2.3 was most probably known since at least the sixties as it
can be derived from a theorem due to Choquet in [7]. However, we propose
a proof due to Marshall, see [37, Theorem 3.2.2] or [30, Theorem 3.1], and
based on the following famous result.

Theorem 2.2.5 (Riesz-Markov-Kakutani theorem). Let x be a locally com-
pact Hausdorff space. If L : C.(x) — R is a positive linear functional, i.e.
L(f) > 0 for all f € C.(x) such that f > 0 on x, then there exists a unique
non-negative Borel reqular measure 1 on x such that L(f) = [ fdu for all

feCe(x)
Proof. (see e.g. [28, Theorem 16, p.77]) O

Recall that a Borel regular measure p on the Hausdorff space (x,7) is a
measure defined on the Borel o—algebra B, such that p is both inner reg-
ular and outer regular, where u outer regular means that for all B € B,
pu(B) = inf{u(O) : O O Bopen}. Note that a finite Borel regular measure is
in particular a Radon measure.

Proof. of Theorem 2.2.3

Let A :={a:a € A} and B(x) := {f € C(x) : Ja € Ast.|f| < |a| on x}.
Since " : A — C(x) is an R—algebra homomorphism, we have that both A and
B(x) are subalgebras of C(x) and A C B(x) C C(x).

Claim 1: C.(x) is a subalgebra of B(x).

Proof of Claim 1.

Clearly, C.(x) equipped with the pointwise operations of addition and multi-

plication is an R—algebra. Moreover, if f € C.(x) then f is bounded above

on x, and so there exists kK € N s.t. |f| < k on x. Since k € A, we have that

|f] < kon x,ie fe€B(x). Hence, C.(x) is a subalgebra of B(x). O(Claim 1)
Define L: A — R as L(a) = L(a) for all a € A.

Claim 2: L is a well-defined linear functional on A.

Proof of Claim 2.
It is enough to prove that

Vae A, a=0= L(a) =0. (2.2)

In fact, (2.2) implies that L(a) = L(b) for any a,b € A such that & = b, i.e.
L is well-defined. Also, using (2.2) together with the assumptions that " is a



2.2. Riesz-Haviland’s Theorem

R—algebra homomorphism and L is linear, we obtain that for any a,b € A
and A € R

Y T(a+b) = L(a +b) = L(a) + L(b) = L(a) + L(b)

and

Z(xa) % T(a) = L(ha) = AL(a) = AL(a).
Let us then show that (2.2) holds. If @ = 0 then ¢ > 0 and —a = —a > 0.
These respectively imply that L(a) > 0 and L(—a) > 0, which together yield
L(a) =0, ie. L(a) =0. O(Claim 2)
Claim 3: L : A — R extends to a linear functional L : B(x) — R s.t.
L(f) >0 for all f € B(x) with f >0 on x.

Proof of Claim 3. B
Consider the collection P of all pairs (V, f), where V is a R—subspace of

B(x) containing A and L is an extension of L : A — R such that f(f) > 0 for
all f €V with f > 0 on x. Define the following partial order on P

(Vl,f1> - (Vz,fz> = Vi CVyand Ly fvlzfl-

e P is non-empty since (fl,f) belongs to it. In fact, for any a € A s.t.
)

@ >0 on x we have L(a) = L(a) > 0, where the latter inequality holds
by assumption on L.

e Every chain in P has an upper bound. Indeed, for any {(V;,¢;),i € J}
chain in P, the pair (UZE 7 Vi, E) is an upper bound, where the functional

0 UieJ Vi — R is linear and such that ¢ [y;= ¢; for all i € J.

Then by Zorn’s lemma there exists be a maximal element (B ,f) in P.

We want to show that B = B(x).
Suppose that this is not the case and let g € B

) ffl,fQEBSt
fi<gand g < foony,then fi < fonx, and so L(f1

\B. 1
) < L(f2). Therefore,

U:={L(f1): freB,fi<gonx}and ©:={L(fs): fo € B,g < f»on x}

are such that u < 0 for all w € U and § € ©. Moreover, U and © are both
non-empty. [Indeed, as g € B(x), there exists a € A s.t. |g| < |a] on x

~9
1 ~
al < @+ € A (since (d + 1)2 > 0), which in turns gives that
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~2 ~2
a‘+1 A a‘+1
f1 = = 5 € A and f2 =

completeness of R ensures that

€ A are such that fi<g< fg.] The

Je e Rst. sup(Ud) < e <inf(O). (2.3)

We can now linearly extend T from B to B + Rg C B(x) by setting f(g) =ce

and so f(f +dg) := L(f) +de for all d € R and f € B. Then the following
holds _
Vf+dg€eB+Rg, f+dg>0onyx= L(f+dg)>0, (2.4)

which yields (B —HRg,f) D) (B,f) and so contradicts the maximality of

(B,f), proving that B = B(x). To show that (2.4) holds, we need to dis-
tinguish three cases.

Case 1: Ifdanndf—i—dgeB—i—Rgiss.t.f—l—ngOonx,thenf(f)ZO
since (B f) eP.

Case 2: If d > 0 and f 4+ dg € B+ Ry is s.t. f+dg>00nx,then 5 g
on y. Hence, L<_E) € U and so by (2.3) we haveL<—§> <e=L(g),ie.

0<L(g) - L(—%)zL(g—i—i):lL(f—i—gd). Then L (f + gd) > 0.
Case 3: If d < 0 and f+dg € B+ Rg is s.t. f+dg>00nx,then—§>g
on . Hence, L( )G@and so by (2.3) we haveL(—g> >e = L(g), ie.
0<TL(g) — L(_g) L(g+f):—aL(f+gd).ThenL(f+gd)20.
L(Claim 3)

By Claim 1, we know that C.(x) € B(x) and so T is in particular defined

on C.(x) and such that L(f) > 0 for all f € C.(x) with f > 0 on . This
together with Remark 2.2.4 guarantees that we can apply Theorem 2.2.5 and,
hence, that

3 u Borel regular measure on y s.t. f(f) = /fd,u,, VfelCx). (2.5)

Main Claim: L(f) = [ fdu,Vf € B(x).

Proof of Main Claim.
Let f € B(x). W.lo.g. we can assume that f > 0 on ¥, since f = f; — f_
where fi := max{f,0} and f_ := —min{f,0}. Set ¢ := f + p where p is the
one in (2.1). Then ¢ € B(x).

For each j € N, define X;' ={z € x| q(z) <j}. Then



2.2. Riesz-Haviland’s Theorem

e VjeN, X;‘ is compact. Indeed, for all x € x we have that ¢(z) > p(z)

and so that X;' C x;j, which yields that X;' is closed subset of a compact
set and so itself compact.

* Xj S x4 and x = Jx;

Subclaim 1: For each j € %\L there exists f; € Cc(x) such that 0 < f; < f,
fi=Fon xjand f;=0on x\ xj-
Proof of Subclaim 1.
For each j € N, let us set Y] = {z € x| j+3 <q(z) <j+1}. Then
Y] and xj are disjoint closed subsets of x’;, ;. Applying Urysohn’s lemma, we
get that there exists g; : X, — [0,1] continuous such that g; = 0 on Y and
g; =1 on X}- We can extend g; to the whole x by setting g; = 0 on x \ X;‘+1'
Then f; := f - g; is such that

e 0< fj < fony,since 0 <g; <1ony.

e fj=f-g;=fonXxj, since gj =1on xj.

e fj=f-g;=00nx\Xj,since gj =0on x \ xj,;-
In particular, supp(f;) C X} 41 is compact, as closed subset of a compact set,
and so f; € Ce(x).

LJ(Subclaim 1)

Then (f;)jen is a non-decreasing sequence of non-negative functions in
C¢(x) which pointwise converges to f in x. Indeed, for all j € N and
all z € x, we easily get from Subclaim 1 that 0 < fj(z) < fj+1(x) and
lim; o fj(z) = f(x). Hence, we can apply the Monotone Convergence The-
orem, which ensures that

[ tin =t [ gy = 1 T,
J—00 J—00
Hence, the proof of the Main Claim is complete once we show that
Subclaim 2: L(f) = lim L(f;).
Jj—00

Proof of Subclaim 2.
Let j € N. First of all, let us show that

.2Zf—fj200nx- (2.6)

=)

<

2
From Subclaim 1 we know that f = f; on X;, so clearly q— >f—fi=0on
J

X;- Moreover, for any = € x \ xj, we have ¢(z) > j and so
¢*(x) > ja(x) = j(f () + p(x)) > jf(x) = (f(z) = f;(2)),
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q2§_x) > (f - f;)(@) for all z € ¥.

Now (2.6) implies that L (% —(f - fj)) >0and L (f — /i) > 0. Hence,

L (qj—g> > f(f — fj) >0, ie. %f (q2) > f(f — fj) > 0. Then passing to the

limit for j — oo we obtain that lim f(f — fj) =0and so lim f(fj) = f(f)
J J—00

—00

which yields

LI(Subclaim 2)
[J(Main Claim)

_ Since A C B(x), the Main Claim implies that for all a € A we have
L(a) = [ adp. This together with the definition of L and Claim 3 gives that

L(a) = L(a) = L(a) = / adp,Va € A, (2.7)

which yields the conclusion as p is a finite Borel regular measure and so Radon.
Indeed, using (2.7), we get that L(1) = [ 1dp = p(x) and so that u is finite.

LJ(Proof of Theorem 2.2.3)

Solving the KMP through characterizations of Psd(K)

The Riesz-Haviland theorem 2.2.1 establishes a beautiful duality between
the K —moment problem and the problem of characterizing Psd(K’). Hence,
thanks to this result we can obtain necessary and sufficient conditions to
solve the KMP using the characterizations of Psd(K) introduced in the pre-
vious chapter. For example, combining Riesz-Haviland’s theorem with Theo-
rem 1.3.9 about saturation of preorderings we obtain the following.

Corollary 2.3.1. Let L : R[X] — R be linecar and K a non-empty bc-
sas of R with natural description Spat = {g1,...,9s}. Then there exists
a K—representing measure for L if and only if L(h?g{*...g%) > 0 for all
h € R[X] and all ey, ..., es € {0,1}.

Proof.

By Theorem 2.2.1, the existence of a K —representing measure for L is equiv-
alent to the non-negativity of L on Psd(K'). The latter is in turn equivalent
to the non-negativity of L on the preordering T, , associated to the natu-
ral description Syq¢ of K, since Theorem 1.3.9 ensures that Psd(K) = T
Hence, the conclusion directly follows from the linearity of L as

nat"*

TS0 = S oegf gl ioe €Y RIXPee {01}
6:(617""88)6{0’1}5
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Corollary 2.3.1 allows to derive the most classical results about the one-
dimensional KMP. Indeed, we have the following

o If K =R, then Spqt = {0} and so Corollary 2.3.1 becomes
Theorem 2.3.2 (Hamburger [15]).
A linear functional L : R[X] — R has a R—representing measure if and
only if L(h?) > 0 for all h € R[X].

o If K =[0,+00), then Spet = {X} and so Corollary 2.3.1 becomes
Theorem 2.3.3 (Stieltjes [52]).
A linear functional L : R[X] — R has a R —representing measure if
and only if L(h?) > 0 and L(Xh?) >0 for all h € R[X].

o If K = 0,1], then Spu = {X,1 — X}. Hence, using Corollary 2.3.1
together with the observation that X (1 —X) = X (1—-X)?+ (1 - X)X?,

we obtain

Theorem 2.3.4 (Hausdorff [19]).

A linear functional L : R[X] — R has a [0, 1]—representing measure
if and only if L(h?) > 0, L(Xh?) > 0 and L((1 — X)h?) > 0 for all
h € R[X].

These classical results were obtained without using Riesz-Haviland theorem,
but through methods involving the analysis of the so-called Hankel matriz or
moment matrix associated to the starting functional. In fact, we will see that
any condition of the form L(gh?) > 0 for all h € R[X] and some g € R[X] can
be translated into the positive semidefiniteness of a certain matrix obtained

from the putative moment sequence (L(X7));en,-
Let us introduce these concepts for any dimension n € N.

Definition 2.3.5. A sequence m := (ma)aeny of real numbers is called
positive semidefinite (psd) if

Z caCgMarg >0, YV F CN{, cq, cg €R.
OC,BGF

Definition 2.3.6. Given a polynomial g := ZWENH g, X7 € R[Xy,..., X,] and

a sequence m := (Mq)aeny of real numbers, we define g(E)m := ((g(E)m)a)aeNn,
0

where

(9(E)m)q = Z Gy Moty -

veNG

Examples 2.3.7.
1. For m := (mj)jen, = (mo,m1,ma,...), g:= X and h := X3 —1 we get:
g(E)m = (mjq1)jen, = (m1, ma, m3,...) and
h(E)m = (mj+3 — 1)j€N0 = (m3 - 1,’171,4 - 1,m5 - 1, e )
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2. For m = ( al,ocz))(al a2)EN2 and g := 5 — X? — X2, we have that
(g(E) )(oq ag) — 5m(0c1 az) T M(a142,02) = M(ag,a+2)-
For instance, (g(E)m),1) = 5m0,1) — M(2,1) — M(0,3)-
Lemma 2.3.8.

Given L : R[Xy,...,X,] — R linear and g := ZweNg 9, X7 € R[Xq,..., Xy,
we have that L(gh®) > 0,Yh € R[X1,...,X,] if and only if g(E)m is psd,
where m := (L(X%)) qenn -

Proof.

For any a € Njj, we have

LgX®) =L 3 g X7+ | = 3 g LX) = 3 gymyia = (9(B)m),
YEN? yeENg v€Ng

Let h = ZBGNQ hgX? € R[X]. Then h? = ZB,WGNS hzh, XP7 and so

L(gh®) = L|g > hgh Xt
B,veNg

= Y hghyL(gX )
B,7eNg

= D hghy (9(B)ym)s,, -

B,yeNy

Hence, L(gh?) > 0 for all h € R[X] iff 25, ~eNg hﬁh (9(E)m)g,., = 0 for all
hg, hy € R, which is equivalent the psd-ness of g(E) O

Definition 2.3.9. Let L : R[X]| — R be linear and g € R[X]. We define the
associated symmetric bilinear form as

(,)g: RXIxR[X] — R
(p,q) = (p,q)g:= L(pgg)

The moment matrix associated to L and localized at g is defined to be the infi-

nite real symmetric matriz M9 := (<Ka’zﬁ>g)a,5eNg = (L(XC“FB g))

For g =1, M" is just said the moment matriz associated to L.

a,BeND”
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Examples 2.3.10.
a) Letn =1, L:R[X] — R linear and set m := (mj);en, with mj := L(X7).
Then the associated moment matriz s

mo mi mz ... L(1) LX) L(X?)
i | ™™ _ L(X) L(X?)

If g := X then the corresponding localized moment matriz is given by

my Mg ms ... L(X) L(X2) L(X3)
o |mems ] LEX% LX)

b) Let n =2, L: R[X] = R linear and set m := (ma)yenz with
M(ay,a0) := L(XT' X5?). Then the associated moment matrix is

Mmoo Mi0 Mol M20 M1l

mio MM20 Mi11 M30

mo1r Mi1 M20

L(1) L(X1)  L(Xy) L(X}) L(X1X5)
L(X1) L(X}) LXiX) L(X}) -

(
| LX) L(X1Xy)  L(XD)

and if g = X1Xo then the corresponding localized moment matriz is

mir Mm21 Mi2 M31 M2
ma21 M31 M22 M4

M9 =
mi2 M22 M31
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Recall that

Definition 2.3.11. A real symmetric N x N matriz A is positive semidefinite
(psd) if gtAg >0Vye RN . An infinite real symmetric matriz A is psd if
y'Ayy > 0V y € RN and V N € N, where Ay is the upper left corner
submatriz of order N of A.

Proposition 2.3.12. Let L : R[X] — R be linear and g € R[X]. Then the
following are equivalent:

1) L(og) >0V o € Y. RX]?

2) L(h*g) >0V h € R[X].

3) (, )g is psd.

4) MY is psd.

5) g(E)m is psd where m := (L(X®))aeny -

Proof.
1) & 2) since for any o € Y R[X]?, there exist h; € R[X] such that o = Y, h?
and so L(cg) = >, L(hig).

2) < 3) as L(h%g) = (h, h),

3) & 4) Indeed, for any h =) h, X" € R[X] with F' C Nj finite, we have

YEF

(hhyy = LY hgh  X5g) = > hghy L(gX5+)

ByeF ByeF
= > hahyM9(B,7) =y My,
ByeF

where y := (hy)er.
4) < 5)

g(E)m is psd iff ZBJGNS hghy (9(E)m) g, = 0 for all hg, hy € R, which is
equivalent to the psd-ness of M7 since (g(E)m)g,., = M?(B,7).

5) < 1) by Lemma 2.3.8. O

We can then express the Hambuger, Stieltjes and Hausdorff solutions to
the KMP in terms of moment matrices.
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Theorem 2.3.13.

Given m := (m;j)jen,, the following are equivalent:

a) m is a Hamburger’s moment sequence, i.e. has a R—representing measure
b) m is psd

c) M is psd

d) Ly,(h%) >0 for all h € R[X].

Theorem 2.3.14.

Given m := (m;j);en,, the following are equivalent:

a) m is a Stieltjes’s moment sequence, i.e. has a RT —representing measure
b) m and g(E)m are both psd

c) M' and M9 are both psd

d) Ln(h?) >0 and L,(gh?) > 0 for all h € R[X].

where g .= X.

Theorem 2.3.15.

Given m := (m;j);en,, the following are equivalent:

a) m is a Hausdorff’s moment sequence, i.e. has a [0, 1]—representing measure
b) m, g1(E)m and g2(E)m are all psd

c) M, M9 and M9 are all psd

d) L(h?) >0, L(g1h?) > 0 and L(g2h?) > 0 for all h € R[X].

where g1 := X and go ' =1— X.

Let us now relate to the KMP the Nichtnegativstellenséitze and the closure
results introduced in the previous chapter.

Proposition 2.3.16.

Let T be a locally convex topology on R[X]. Given a conver cone C of R[X]
and a closed subset K of R", the following are equivalent

a) Psd(K) C CYV

b) ¥V LeCY, 3 u K—representing measure for L,

where:

CY :={{:R[X] = R linear|l is T — continuous and ¢(C) > 0} and
CYV={peRX]|VLe CY, i(p) = 0}.

Proof.

a) = b) Let L € C), i.e. L is 7 — continuous and non-negative on C.
Then L (C") C [0,+0c) and so, by Corollary 1.3.35, L(CYV) C [0, +00).
This implies by a) that L(Psd(K)) C [0,+00) which is equivalenty by Riesz-
Haviland Theorem 2.2.1 to the existence of a K —representing measure for L.

b) = a) By b), we have that V L € CY, L(Psd(K)) C [0,+00), i.e.
L € (Psd(K))Y. Then CY C (Psd(K))Y and so

CYV 2 (Psd(K))YY 2 Psd(K).
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By combining the previous result with Corollary 1.3.42 (respectively 1.3.41
and 1.3.40) and recalling that every linear functional is continuous w.r.t. the
finest locally convex topology, we obtain the following results for the KMP.

Corollary 2.3.17. Let L : R[X] — R linear and S = {g1,...,9s} C R[X]
such that the associated besas Kg is compact. Then there exists a Kg—repre-
senting measure for L if and only if L(h?g{" ---g%) > 0 for all h € R[X],
e1,...,es €{0,1}.

Corollary 2.3.18. Let L : R[X] — R linear and S := {g1,...,9s} C R[X]
such that the quadratic module Mg generated by S is Archimedean. Then
there erists a Kg—representing measure for L if and only if L(h%g;) > 0 for
all h € R[X] and i € {0,1,...,s}, where gy := 1.

Corollary 2.3.19. Let L : R[X] — R linear and M be an Archimedean
2d—power module of R[X]| with d € N. Then 3 a Ky —representing measure
for L if and only if L(M) C [0, +00).

Remark 2.3.20. Corollary 2.3.17 is actually the dual facet of Corollary 1.3.42,
since we can also deduce Corollary 1.5.42 from Corollary 2.3.17. Indeed, by
Proposition 2.3.16, Corollary 2.3.17 is equivalent to Psd(Kg) C (Ts)YY. This
together with Corollary 1.5.35 and the fact that Psd(Ks) = (e, ez ([0, 4+0))
(where e, (p) := p(x) for all p € R[X]) yields that

Psd(Ks) C (Ts)y" = Ts” C Psd(Ks) = Psd(Ks).

Hence, Psd(Ks) = Ts", i.e. Corollary 1.3.42 holds.
A similar argument shows that Corollary 1.3.41 (respectively, Corollary 1.5.40)
can be derived from Corollary 2.5.18 (respectively, Corollary 2.5.19).

Proposition 2.3.16 can be easily generalized to any unital commutative
R—algebra with the only additional assumption that

dpeAst.p>0on K andVneN, {a € K:p(a) <n}is compact. (2.8)

This hypothesis is fundamental for the application of the generalized Riesz-
Haviland Theorem 2.2.2 and so to get the following.

Proposition 2.3.21. Let A be a unital commutative R—algebra and C a
convex cone of A. Given a locally convex topology T on A and a closed subset
K of X(A) s.t. (2.8) holds, the following are equivalent
a) Psd(K) C CYY
b) ¥V LeCY 3 u K—representing measure for L,
where:
CY:={l:A— R lnear|l is T — continuous and ¢(C) > 0} and
CYV:={a€ ANLeCY, {(a) > 0}.
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Proof.

a) = b) Let L € CY, i.e. L is 7 — continuous and non-negative on C.
Then L (C") C [0, +00) and so, by Corollary 1.3.35, L (CYY) C [0, +oco). This
implies by a) that L(Psd(K)) C [0,400) which is equivalent by generalized
Riesz-Haviland Theorem 2.2.2 to the existence of a K —representing measure
for L. Note that we can apply the generalized Riesz-Haviland Theorem 2.2.2
since we assumed that (2.8) holds.

b) = a) By b), we have that for any L € C} there exists a non-negative
Radon measure p supported in K and such that L(a) = [ adu. Hence, for all
a € Psd(K) we have L(a) > 0, i.e. L € (Psd(K))Y. Then CY C (Psd(K))Y

T

and so CYY D (Psd(K))YY D Psd(K). O

By combining Proposition 2.3.21 with Theorem 1.3.45 we get the following
result for Problem 2.1.6.

Theorem 2.3.22. Let (A, p) be a unital commutative seminormed R— algebra,
L:A— R linear, d € N and M a 2d—power module of A. Then there exists
a (K Nsp(p))—representing measure for L if and only if L is p— continuous
and L(M) C [0, 00).

Before proving it, let us recall that the Gelfand spectrum sp(p) is the
collection of all p—continuous characters of A and let us show the following

property.

Lemma 2.3.23. If (A,p) is a unital commutative seminormed R—algebra,
then the Gelfand spectrum sp(p) is compact.

Proof. By Lemma 2.3.8, we know that
sp(p) = {a€X(4):]a(a)] < pla), Vae A}

_ {a € X(4) : (a(0))aca € H[—p<a>,p<a>]} .

acA

Hence, using the embedding

7: X(A) — RA
a = m(@) = (a(a))gen = (@())4en -

we have that

m(sp(p)) = w(X(4)) N [ [=p(a). p(a)] (2.9)
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Since 7(X (A)) is closed in (R, 7,.04) (see Sheet 5) and [],c 4 ([—p(a), p(a)])
is compact in (R4, 7,.04) by Tychonoff theorem, (2.9) ensures that 7(sp(p)) is
a closed subset of a compact set and so it is compact itself.

Let (Ui)ier s:t. Ui € Tx(a) and sp(p) € J;c; Ui Then by Remark 2.1.5
for each i € I there exists O; € Tyroq s.t. 7 1(0;) = U;. Hence,

5p(p) € | Jr 1 (01) = 7! (U oz) |
iel el
which implies m(sp(p)) C 7 (7! (U;e; Os)) € Uses Oi- Then the compactness
of m(sp(p)) guarantees that there exists J C I finite and such that w(sp(p)) C
Uics Oi, which gives

sp(p) € 7" (n(sp(p))) C 7! (U oz) - Jr o) =u.

icJ icJ icJ
Hence, sp(p) is compact. O

Proof. of Theorem 2.3.22
Since (A, p) is a seminormed algebra (and so in particular a locally convex
t.v.s.) we can apply both Theorem 1.3.45 and Corollary 1.3.35, which yield

Psd(Ka Nsp(p)) = M" = M.

Moreover, (2.8) holds by taking p = 1. Indeed, 1 = 1 > 0 on X(A) and for all
n € N the set {oa € Ky Nsp(p) : 1(a) < n} is nothing but Ky; N sp(p) which
is compact by Lemma 2.3.23.

Suppose that L is p—continuous and L(M) C [0,00), i.e. L € M. Then
Proposition 2.3.21 ensures that there exists a (Kj;Nsp(p))—representing mea-
sure for L.

Conversely, suppose that there exists a (K/Nsp(p))—representing measure
for L. Then clearly L(M) C [0,+00) and for any a € A we have that

[L(a)| < / |a(a)| du(er) < p(a)L(1),
KnNsp(p)
i.e. L is p—continuous. O
Remark 2.3.24. Theorem 2.5.22 is actually the dual facet of Theorem 1.5.45,

since we can also deduce Theorem 1.3.45 from Theorem 2.53.22. Indeed, we
have already observed that (2.8) holds because of the compactness of KyrNsp(p)
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and so we can apply Proposition 2.3.21, which ensures that Theorem 2.3.22
is equivalent to Psd(Ky Nsp(p)) € M)V, This together with Corollary 1.3.35
and the fact that Psd(Kny Nsp(p)) = Naek pnsp(p) a 1[0, +00)) yields that

Psd(Ky Nsp(p)) € MYY =M’ C Psd(Kpy Nsp(p))” = Psd(K Nsp(p)).

Hence, Psd(Ky Nsp(p)) = M, i.e. Theorem 1.3.45 holds.

Theorem 2.3.22 easily extends to the case when A is an arbitrary lmc
algebra (i.e. a topological algebra, where the the topology is generated by a
family of submultiplicative seminorms).

Theorem 2.3.25. Let (A, 7) be a unital commutative Imc R—algebra, d € N,
M a 2d—power module of A and L : A — R linear. Then L is T7— continuous
and L(M) C [0,00) if and only if there exists a (K N sp(p))—representing
measure for L for some p € F, where F is a directed family of submultiplicative
seminorms generating T.

Proof. Since (A, T) is an Imc algebra, there always exists a directed family F
of submultiplicative seminorms generating 7 (see [21, Theorem 4.2.14]). Then
the T—continuity of L is equivalent to the p—continuity of L for some p € F
by [21, Proposition 4.6.1]. Hence, Theorem 2.3.22 guarantees that there exists
a (K Nsp(p))—representing measure for L. O

In Theorems 2.3.22 and 2.3.25 as well as in Corollaries 2.3.17, 2.3.18 and
2.3.19 the representing measure are always compactly supported. This gives
in turn the uniqueness of the representing measure in each of these results.

Theorem 2.3.26. If i1 is a Radon measure on X (A) supported on a compact
subset K, then it is determinate, i.e. any other Radon measure v on X (A)
such that [ adp = [adv for all a € A coincides with p.

To prove this result we will make use of the Stone-Weirstrass Theorem,
which we state here for the convenience of the reader.

Theorem 2.3.27 (Stone-Weirstrass’ Theorem). Let x be a Hausdorff compact
topological space and C a subalgebra of C(x) containing a non-zero constant
function. Then C is dense in C(x) if and only if C separates the points of x,
i.e. for any x # y in x there exists f € C such that f(x) # f(y).
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Proof. of Theorem 2.3.26
Let us first show that v is also supported in K and then that v coincides
with u.

Suppose that v is not supported in K. Then there exists Z C X(A4) \ K

compact and such that v¥(Z) > 0. Let ¢ > 0 such that ¢ < % Now
{a:a € A} is a subalgebra of C(X(A)) which separates the points of X (A),
since for any a; # ag in X (A) there exists a € A such that aj(a) # az(a),
ie. a(a1) # a(ag). Hence, {a:a € A} in particular separates the points of
KUZ. Since K and Z are both compact and disjoint, we can apply Urysohn’s
lemma, which ensures that there exists g € C(K U Z) such that g [x= 0 and
g [z= 1. Therefore, by Stone-Weirstrass’ Theorem 2.3.27 applied to K U Z,
we obtain that there exists a € A such that |a(a) — g(a)| <e, Vae KU Z,
ie.
JdacA:|a(a)] <e, Vae K and |a(a) — 1| <e, Va e Z.

W.lo.g. we can assume @ > 0 on X (A) (otherwise replace a with a?). Then
we have

(-2 < [lalav < [adv= [ad < [ faldn < entr),

which yields v(Z) < e (u(Z) + v(Z)) < v(Z) and so a contradiction. Hence, v
is also supported in K and so we have that fK Bd,u = fK bdv, V b € A. Hence,
by Stone-Weierstrass’ Theorem 2.3.27, we get [ odp = [ odv, ¥ ¢ € C(K).
Then g = v by the uniqueness in Riesz-Markov-Kakutani Representation
Theorem 2.2.5. O
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3.1.1

Chapter 3

K—Moment Problem:
the operator theoretical approach

Basics from spectral theory

Let (H,(-,:)) be a Hilbert space (i.e. a complete inner product space). We
denote by || - || the norm induced on H by the inner product (-, -).

Definition 3.1.1. An operator T on H is a linear map from a linear subspace

D(T) of H (called the domain of T') into H. We say that

e T is bounded if its operator norm ||T||op := SUPLep()\ {0} HIII;QI:IH

\
e T is symmetric if (Tx,y) = (x,Ty) for all x,y € D(T).

s finite.

Bounded operators

In this subsection we are going to focus on bounded operators defined every-
where in H.

Definition 3.1.2. Let T' be a bounded operator with D(T) = H. Then
o the unique bounded operator T* : H — H such that (Tx,y) = (x,T™y)
for all x,y € H is called the adjoint of T.
o T is called self-adjoint if T = T*.

Note that a bounded operator defined everywhere in H is self-adjoint if
and only if it is symmetric.

Definition 3.1.3. Two operators 11,15 defined on the same Hilbert space H
commute if TyTox = ToTix for all x € H.

Theorem 3.1.4 (Spectral Theorem for bounded operators). Let T1,...,T),
be n pairwise commuting bounded self-adjoint operators having as domain the
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same separable Hilbert space H and let v € H. Then there exists a unique
non-negative Radon measure p, on R™ such that

(0, TP - Ty = X%p, < o0, Va=(a,...,a,) € Nj
Rn
and py is supported in By, (0) X -+ X Bjr,|,,(0) where Br(0) denotes the
closed ball of radius R and center 0 in R.

(for a proof see e.g. [14, Chapter VII] and [19, Theorem 5.23]).

Let us also recall a fundamental theorem about linear transformations
on normed spaces (see e.g. [14, Theorem 1.7]), which will be useful in the
following.

Theorem 3.1.5 (Bounded Linear Transformation Theorem). Let Y be a Ba-
nach space, Z be a normed space, and U a dense subset of Z. If o : U =Y
1s a bounded linear map, then ¢ can be uniquely extended to a bounded linear
map ¢ : Z =Y and [[@lop = [|¢]lop

Unbounded operators

By the Hellinger-Toeplitz theorem, a symmetric operator 1" with D(T) = H
is always bounded (see e.g. [14, Section III.5]). Hence, unbounded symmetric
operators cannot be defined everywhere in H. For this reason, we need a more
general definition of adjoint than the one given for bounded operators.

Definition 3.1.6. Let T : D(T) — H be linear with D(T) dense' in H. Then
e the adjoint of T is the linear operator T with domain

D(T*) :={weH:3zy €H s.t. (Tv,w)=(v,2y), YveDT)}

defined by T*v = z, for allv € D(T™).
e T is called self-adjoint of T = T*.

Definition 3.1.7.

Let T and Ty be two self-adjoint operators with domain in the same Hilbert
space H. We say that T) and T are strongly commuting if 171212 =
eir22eim Ty for qll ri,ry € R.

Theorem 3.1.8 (Spectral Theorem for unbounded operators).
Let (T1,...,T,) be a tuple of self-adjoint operators with domain dense in the
same separable Hilbert space (H, (-,-)) which are pairwise strongly commuting

'The density of D(T) in H ensures that z, is uniquely determined by the equation
(Tv,w) = (v, zw), VYve D).
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3.2. Solving the KMP for K compact semialgebraic sets

and let v € H be such that ¥Yd € Ny, Yiy,...,igy1 € {1,...,n} we have
Tiy-Tiy_, - Tyyv € D(Tiy,,) (for d =0 we set Tj, to be the identity operator).

d—1
Then there exists a unique non-negative Radon measure p, such that
(0, Ty, - Tiy |- Tiv) = Xi, - Xiydpy, ¥ d e No,iq, ... ig € {1,...,n}
R?’L
(for a proof see e.g. [14, Section VIIL.3] and [19, Theorem 5.23]).

Let us also recall a fundamental result due to Nussbaum dealing with
strongly commuting self-adjoint extensions of unbounded symmetric opera-
tors. For this we need to defined the notion of quasi-analytic vector for a
given linear operator.

Definition 3.1.9.

oo

Let T be a linear operator with D(T) C H. A vector v € D®(T) := | D(T*).
k=1

is said to be quasi-analytic for T if

> 1
> lIT )7 = .
k=1

Theorem 3.1.10.

Let Th and Ty be two unbounded symmetric operators with D(T1) and D(Ts)
subsets of the same Hilbert space H. Let D be a set of vectors in H which
are quasi-analytic for both 11 and Ty and such that TyD C D, ToD C D,
T\ Tox = ToThx for all x € D. If the set D is total in H, i.e. span(D) = H,
then there exist unique self-adjoint extensions Ty and Ty of Ty and Ty in H
such that Ty and Ty are strongly commuting.

(for a proof see e.g. [11, Theorem 6] and [19, Theorem 7.18]).

Solving the KMP for K compact semialgebraic sets

In Section 2.3 we proved the celebrated solution to the KMP for K compact
due to Schmiidgen, see Corollary 2.3.17, by combining Schmiidgen Nichtneg-
ativstellensatz and Riesz’-Haviland Theorem. In this section we are going to
provide the original proof given by Schmiidgen in [1&], which is based on an
operator theoretical approach to the moment problem.

Theorem 3.2.1. Let L : R[X] — R linear and S := {g1,...,9s} C R[X]
such that the associated bcsas Kg is compact. Then there exists a unique
Kg—representing measure for L if and only if L(h*g{*---g%) > 0 for all
h € R[X], e1,...,es € {0,1}.

o1



3.

K—MOMENT PROBLEM: THE OPERATOR THEORETICAL APPROACH

52

Proof.
Suppose there exists a Kg—representing measure p for L, then for any h €
R[X] and any ey,...,es € {0,1} we have

LR - &) = / B2 gt du,
Ks

which is non-negative as integral of a non-negative function w.r.t. a non-
negative measure.

Conversely, suppose that L(h?g{"---g%) > 0 for all h € R[X], eq,...,es €
{0,1}, i.e. L(Ts) C [0,400) where Tg is the preordering generated by S.
We want to show the existence of a Kg—representing measure by using the
Spectral Theorem 3.1.4.

First of all, let us observe that the compactness of Kg implies that there
exists o > 0 such that for any x € Kg we have |z|? := 22 + .- + 22 < 02, i.e.
0? —|z|?> > 0,V 2 € Kg. Hence, by Stengle Striktpositivstellensatz 1.3.1, we
have that

Ip,qeTsst. (6 — |z )p=1+q. (3.1)

Consider now the symmetric bilinear form

(,): RIXIxRX] —» R
(p,q) = (pq = L(pg)

(note that (-,-) coincides with (-, -); as in Definition 2.3.9).

This is a quasi-inner product, since for any f € R[X] we have by assump-
tion that (f, f) = L(f?) > 0 but (f, f) = 0 does not necessarily imply that
f=0(eg. if L:R[X] — Ris linear s.t. L(X")=1forn=0and L(X") =0
for n € N, then (X, X) = L(X?) = 0 but X is not the zero polynomial.)

Let us consider the ideal N := {f € R[X] : L(f?) = 0}. Hence, there exists
a well-defined inner product on the quotient vector space R[X]/N which, by
abuse of notation, we denote again by (-,-) and that is defined by

(f + N,r+ N):= L(fr),Yf,r € R[X]. (3.2)

Let us denote by H, the Hilbert space obtained by taking the completion of
R[X]/N w.r.t. the inner product (-,-) in (3.2)?> and by || - || the norm on H;,
induced by (-, ).

Claim: ¥V h e R(X], j€{1l,...,n}, |X;h+ N| <o|lh+ NJ|.

2This construction is actually part of a very classical tool in operator theory named
GNS-construction for Israel Gel’fand, Mark Naimark, and Irving Segal.
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Proof. of Claim

Let us fix h € R[X] and d € N. Take p and ¢ as in (3.1) and define | X|? :=
X244+ X2, Since (1+¢)|X|?*?2h? € Ts and L is non-negative on elements
of T, we have that:

LOX['h%p) < LOXPR%p) + L ((1+ q)lX[*'~2h%)
= L(1XP*R(XPp+1+0))
GH (’£‘2d72h202p> — 527 (|X|2(d71)h2p) '
Iterating, we get that
VdeN, L(IX[*h2p) < o?IL(h%p). (3.3)

Fix j € {1,...,n} and consider ¢; : R[X,] — R defined by ¢;(r) := L(rh?),
for all r € R[X;]. Then ¢; is linear and ¢;(r?) = L(r?h?) = L((rh)?) > 0,
since by assumption L is non-negative on squares. Then, by Hamburger’s
Theorem 2.3.2 we have that there exists an R—representing measure v, ; for
;. Therefore, for any A > 0 and any d € N we have

/ )\2ddl/h7j < / X]?ddl/;w'
(—00,—A)U(A,400) (—00,—A)U(A,+00)

< /R X3 dup; = 6;(X]7) = L(X7h?)

IA

L(X3R2(XPPp+1+q))
1) L(ijdh202p) = O'QL(ijdh2p)

(3.10)
< O'ZL(|X|2dh2p) < O'2+2dL(h2p).

Hence, we proved that for any A > 0 and any d € N we have

o 2d
dvn; < (=) o2L(h%p).
/(—oo,—)\)u(k,—l-oo) 7 <>\> (°p)

In particular, if we take A > ¢ and d — oo, then f( dvp; = 0

—00,—A)U(A,+00)
and so that vy, ; is supported in [—o, 0]. Then

IX;h+N|? = L(X7h%) =(;(X7) = /RXJ?duh,j = /[ ]X]?duh,j
< 02/ dvp; = 0?l;(1) = o*L(h?) = o?||h + N
[—o,0
LI(Claim)
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For any j € {1,...,n}, let us define the multiplication operator as follows
Wi RIX]/N — R[X]/N
h+N +— Xjh+N

This is a well-defined operator with s.t. D(W;) = R[X]|/N is dense in #H, and
(a) Wj is bounded, since

|[Willop := sup IWsrll _ su [ X5h + N Claimg sup I+ NI _
op 1= = < =
T ey Il nerpx) A4 N nerxy [P+ Nl

r#o h¢N h¢N
As (R[X]/N, | - ||) is a normed space, this means that W; is continuous.

(b) Wj is symmetric, since for any h,r € R[X]/N we have

(th,?“> = L(X]hT‘) == L(hX]T) == <h, WjT‘>.

(¢c) Wi,..., W, are pairwise commuting, since for any j # kin {1,...,n} and
any h € R[X] we have

WjWk(h—i-N) = Wj(X]JH-N) = Xijh-‘rN = Xkah—i-N = Wij<h+N).

By Theorem 3.1.5 (applied for Z =Y = H;, U = RX]/N, ¢ = W),
there exists a unique bounded operator W] : Hr — Hp extending W; and
Willop = ||Wjllop- Since each D(W;) is dense in H, and each W; is bounded
(so continuous), we have that properties (b) and (c) above hold also for
Wi,...,W,. Hence, Wy, ..., W, are pairwise commuting bounded self-adjoint
operators with D(W;) = H, for all j € {1,...,n}. Then, by the Spectral The-
orem 3.1.4, there exists a unique non-negative Radon measure p such that

<(1+N),W1al~-ma"(l+]\7)> :/ X% p < oo,Va = (aq,...,0p) € Ny

(3.4)
(a)
and g is supported in By (0) X -+ X By (0) [—o,0]" =: Q.

Since

lop

(1+ N), Wi W, (14 N))
(14 N), X - X, 4 )
— L(Xlal . Xna”) — [/(XO()7

(1+N), W™ W, 1+ N)) = (
(

(3.4) becomes
L(XY) = / X%p, Vo € Nj.
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Hence, the spectral measure p is a (Q—representing measure for L. It remains
to show that u is actually supported on Kg.
For each i € {1,...,n} we have

0 < L(g;ih?) = / gih?dp, ¥ h € R[X].
Q
As (@ is compact, we can apply the Stone-Weierstrass Theorem 2.3.27, we get
0< [ affdu ¥ fecQ)
Q

Then
0</gifdu, VfeC@) st f>00nQ
Q

and so the linear functional
L: CQ — R
f = fQ gifd:u

is such that L(f) > 0 for all f > 0 on Q. Hence, by Riesz-Markov-Kakutani
Theorem 2.2.5, there exists a unique non-negative Radon measure v such that
L(f) = [ fdv for all f € C(Q). But L(f) = [ fgidu for all f € C(Q), so
the signed measure g;u must coincide with v. Hence, g;u is a non-negative
measure, which implies that the support of ;4 must be contained in the set of
non-negativity of each g;, i.e. u is supported in Kg.
The uniqueness of the K g—representing measure follows from Theorem 2.3.26

for A=R[X] and K = Kg. O

The operator theoretical approach used in the proof of Theorem 3.2.1
can be also employed to provide an alternative proof to Corollary 2.3.18.
This proof is indeed much closer to the original proof of this result due to
Putinar [13].

Theorem 3.2.2. Let L : R[X]| — R linear and S := {g1,...,9s} C R[X] such
that the quadratic module Mg generated by S is Archimedean. Then there
exists a unique Ks—representing measure for L if and only if L(h%g;) > 0 for
all h € R[X] and i € {0,1,...,s}, where go := 1.

Proof. Suppose there exists a K g—representing measure p for L, then for any
h € R[X] and any i € {0,1,...,s} we have

L(h*g;) = h?gidp,
Kg
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which is non-negative as integral of a non-negative function w.r.t. a non-
negative measure.

Conversely, suppose that L(h%g;) for all h € R[X] and all i € {0,1,...,s},
i.e. L(Mg) > 0. Since go := 1, we have that L(h?) > 0 for all h € R[X].
Then we can run the GNS-construction as in the proof of Theorem 3.2.1 and
construct the Hilbert space Hy associated to L by taking the completion of
R[X]/N w.r.t. the inner product (-,-) defined in (3.2), where N := {f €
R[X] : L(f?) = 0}. Denote by || - || the norm on #Hj, induced by (-, ).

In the proof of Theorem 3.2.1 the compactness of K¢ and the non-negativity
of L on Tg implied the following bound

VheRX], je{l,...,n}, ||Xjh+ N| <o|lh+ N|| for some o >0, (3.5)

which was fundamental in the rest of the proof. Here we still have com-
pactness of Kg as Mg is Archimedean by Remark 1.3.32-c), but we have
the non-negativity of L only on Mg which is contained in Tg. However,
we can still derive (3.5) exploiting the Archimedeanity of Mg. Indeed, as
Mg is Archimedean, for any j € {1,...,n} there exists A\; € N such that
Aj £ ij € Mg. This together with the non-negativity of L on Mg gives
in particular that L(h*()\; — XJQ)) > 0 for all h € R[X]. Hence, for each
j€{1,...,n} and for each h € R[X], we obtain

|X;h+ N||* = L(X?h?) < L(A\;h%) = \;L(R?) < o®||h + N,

where o2

= max;—1, .n A;j. This proves that (3.5) holds and so we can con-
tinue the proof exactly as in the proof of Theorem 3.2.1 and show that there
exists a Kg—representing measure. As for the uniqueness, we can apply also
here Theorem 2.3.26 for A = R[X] and K = Ky since the Archimedeanity of

Mg ensures that Kg is compact. ]

Solving the KMP for K non-compact semialgebraic sets

Having in mind Theorem 3.2.1 and Theorem 3.2.2, it is natural to ask if the
non-negativity of a linear functional on Ts or Mg is still sufficient to get the
existence of a Kg—representing measure when Kg is not compact (and so Mg
is not Archimedean). We already know that this is true for Kg C R with
S D Spat by Corollary 2.3.1 (see also Theorems 2.3.2 and 2.3.3). But what
about higher dimensions? In this section, we are going to see how the operator
theoretical approach to the KMP sheds some light on this question.

A crucial role will be played by the following condition which will be further
discussed in the next chapter.
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Definition 3.3.1. Given a sequence m = ('ma)aeNg of mon-negative real
numbers, we say that m fulfills the Carleman condition if

_ 1 .
Zm(o .0, 0,...,0) 2k = 0Q, Vj c {1, . .,n}. (36)

J- th

Let us start by a result due to Nussbaum, who obtained in [11, Theo-
rem 10] a solution to the KMP for K = R™ as a consequence of an important
result concerning the theory of unbounded operators, namely Theorem 3.1.10.
Indeed, in this case the multiplication operators defined in the previous section
are not anymore guaranteed to be bounded, because we do not have either
compactness or Archimedianity to ensure that the bound (3.5) holds. Hence,
we need to deal with unbounded operators and use the results in Section 3.1.2.

Theorem 3.3.2.
Let n > 2 be an integer and L : R[X1,...,X,] = R linear. If L(h?) > 0 for
all h € R[Xy,...,X,] and fulfills the Carleman condition, i.e.

Z:I 2k/L X2k)

then there exists a unique R"™—representing measure for L. Conversely, if
there exists a unique R"—representing measure for L then L(h%) > 0 for all
hER[Xl,...,Xn].

=00, Vje{l,...,n}, (3.7)

The existence part of this theorem is a higher dimensional version of Ham-
burger’s theorem 2.3.2. We provide a proof just for the case n = 2, since the
proof structure for n > 3 is exactly the same. Afterwards, we will see how
this proof can be adapted to the case n = 1, giving an alternative proof to
Hamburger’s theorem 2.3.2.

Proof. of Existence in Theorem 3.3.2 for n = 2.
Suppose there exists a R?—representing measure u for L, then for any polyno-
mial i € R[X1, X5] =: R[X] we have L(h?) = [;, h®du, which is non-negative
as integral of a non-negative function w.r.t. a non-negative measure.
Conversely, suppose that L(h?) > 0 for all h € R[X] and that the Carle-
man condition (3.7) holds. Then we can run the GNS-construction as in the
previous section and construct the Hilbert space H associated to L by tak-
ing the completion of R[X]/N w.r.t. the inner product (-,-) defined in (3.2),
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where N := {f € R[X] : L(f?) = 0}. Denote by || - || the norm on H, induced
by (-,-). For any j € {1, 2}, let us define the multiplication operator as follows

Wj: RX]|/N — R[X]/N
h+N }th/+-PJ

This is a well-defined operator which is densely defined in H; and symmetric,
since D(W;) = R[X]/N and

(Wih,r) = L(X;hr) = L(hX;r) = (h,W;r), ¥ h,r € RIX]/N.

Since the multiplication operators are unbounded, we aim to use the Spec-
tral Theorem 3.1.8 and so we need to find pairwise strongly commuting self-
adjoint extensions of the multiplication operators in Hy. To this purpose, let
us consider the set

D:={X;X}+ N|s,t € No}

and show that Wy, Wy and D fulfill all the assumptions of Theorem 3.1.10.

a) W1D C D and WD C D directly follow from the definitions of Wy, W,
and D.

b) For all h € D, say h = XX} + N for some s,t € Ny, we have

WiWa(h+ N) = XiT X 4 N = XEVE X 4+ N = WaWi(h + N).

c) D is total in Hp, since span(D) = R[X]/N which is dense in Hj, by con-
struction.
d) Claim: Any h € D is a quasi-analytic vector for both Wy and Wj.

Then Theorem 3.1.10 guarantees that there exist unique self-adjoint extensions
Wi and Wy of W; and Wy in Hy s.t. W and Wy are strongly commuting.
Moreover, 1 + N € D(W;) = D(W3) = R[X]/N C Hr is s.t. Vd € N,
Vit, ..., ig+1 € {1,2} we have

Wi, Wi, - Wy (1+N)=X,,---X;, + N € D(W,,.,) = R[X]/N.

d—1 "’ d+1)

Then we can apply the Spectral Theorem 3.1.8 to W; and W5 and get that

there exists a unique non-negative Radon measure p on R? such that

(14+N), T - T W5 - T3 -(14)) :/Xf‘ng‘?du(Xl,Xg), ¥ an,an € No.
RQ

a1 times oo times

(3.8)
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Since

(L4 N), W W21+ N)) = (14 N), Wi Wa2(1 + N))
= <(1+N),X1Q1X2a2—|—N>
= L(X1™Xp*) = L(X),

(3.8) becomes L(X®) = [po X¥dp, Vo € NZ. Hence, the spectral measure y is
an R?—representing measure for L. O

Note that the fact that p is the unique spectral measure coming from
the unique self-adjoint extensions of the multiplication operators to Hj does
not guarantee that p is the unique R™ —representing measure for L. Indeed,
there could exist self-adjoint extension (resp. pairwise strongly commuting
extensions) of the multiplication operators in another Hilbert space larger than
H 1 such that the corresponding spectral measure v is also an R” —representing
for L but clearly does not coincide with p. Hence, we need an extra argument
to show the uniqueness of the representing measure.

Before passing to the determinacy part, let us complete the existence part
by showing that the Claim d) holds. To do that we will need the notion of
log-convex sequences and some of their properties.

Definition 3.3.3.
A sequence (Sk)ken, of non-negative real numbers is said to be log-convex if
for all k € N we have that s% < Sk—_1Sk+1-

Lemma 3.3.4. A sequence (Si)ren, of positive real numbers is log-convez if
and only if (,’6/2—’“) 1§ monotone increasing.
0/ keN

Proof.
The log-convexity of (si)ken, is equivalent to the sequence <5§k1>k N being
-1/ ke
increasing, since for any k € N we have that
s s
Si < Sk-1Sk+1 < i < SUASS
Sk—1 Sk

Hence, for any k € N we get

k k
oI < ()
- = Y
S S
0 j:ljl

Sk—1
ie. si_l < sosz_l. By multiplying the latter on both sides by % we get

s k k—1 . ril %
( kil) < (S*k> , which is equivalent to ( ’;gl> < <ik> ) 0

S0 — \ SO — \ /S0
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Lemma 3.3.5. Let (Si)ren, be a sequence of non-negative real numbers s.t.
sok > 0 for all k € No and (sak)ken, is log-convex. Then

— 1 — 1
= — = 00.
= WSk > = WSk >
Proof. (see Bonus Sheet) O

Lemma 3.3.6.
Let o # q, f € R[X] and L : R[X] — R linear s.t. L(h%) >0 for all h € R[X].
Define Ly : RIX] — R as Ly(p) := L(fp) for all p € RX]. Then

(Lf(hQ) >0, Yh € RIX

andZQW OO>:>;2W 0.

Proof.

For any k € Ny, set t; := L(¢*) and 7}, := L;(¢¥). Since L(h?) > 0 and
i}f(hz) > 0 for all h € R[X], we have that tor > 0, o > 0 for all k € Ny and
we can apply the Cauchy-Schwarz inequality to both L and f/f. Hence, we
obtain that the following hold for all k € Ny

9 2
thsn = (L(q%ﬁ)) = (L(qqu+2)> < L(PF)L(* ) = tortopra  (3.9)

3= (LUa™)" < La™)L() = () (3.10)

Now w.l.o.g. we can assume that to; > 0 for all k € Ny and L(f?) > 0. Indeed,
o If t5; = 0 for some j € Ny, then by (3.9) we have that ¢y, = 0 for all
k > j in Ny and so by (3.10) also ro = 0 for all £ > j in Ny. Hence,
ey 2,%/@ = oo and we have already our desired conclusion.
o If L(f?) = 0, then 7o = 0 for all K € Ny and so again our desired
conclusion holds.
Hence, (fax)ren, is a sequence of positive real numbers, which is log-convex

by (3.9). Since by assumption > ;2 25/1@ = 00, we can apply Lemma 3.3.5
and obtain that -
1
> & — =00 (3.11)
k=1
Therefore, we get
_1 (310) _ 1 i
roi2F >ty (L(f?)F > ept,*F, VEEN, (3.12)
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where ¢; == (1 + L(fz))_1 is clearly a positive constant. Then

1612

Ve sz 4kt4

k=1 k=1

Mg

O]

Corollary 3.3.7. Let 0 # f € R[X] and L : R[X] — R linear s.t. L(h?) >0
for all h € R[X]. Suppose that Lf(hQ) > 0 for all h € RIX]. If L fulfills
Carleman condition (3.7), then so does Lf

Proof. Apply Lemma 3.3.6 for ¢ = X for each j € {1,...,n}. O

Proof. of Claim d).
Let us fix s,t € Ny, then by using the Cauchy-Schwarz inequality we get that
for any k € N

"WlkaXé“Q _ (L(Xf(k+S)X22t)> < <L(X;1(k+s))); (L(Xglt))%

which gives in turn that

o

1

Z ,/HWJ“XSXt kz \/L(Xf“““))L(th)'

W.lo.g. we can assume that ¢ := L(X3") > 0 and that for any k € N

we have L(X; (k+5)) > 0 (otherwise the series on the right-hand side of (3.13)
would diverge and we would have already our conclusion).

Then L(cX7*h?) > 0 for all h € R[X]. This together with (3.7) ensures
that we can apply Lemma 3.3.6 for ¢ := X; and f := c¢X{® obtaining that

(3.13)

Yoo 1
Moreover, the sequence (L(CX 12k+4s)) is log-convex (see Definition 3.3.3),

. keNg
since for any k € N we have

2 9 ~ . .
[L(chk“S)} :[L(\/EX{C—I—F?S\/EX{H-I—&—ZS)} SL(ch(Zk 2)+4 )L(cX1(2k+2)+4 )

Then we have that

Zl (X4k+45) = 0. (3.14)

In fact, we can distinguish two cases:
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e If there exists w € Ny such that L(cX?“ ") = 0, then by log-convexity

L(eX?*t4%) = 0 for all integers k > w, which implies that (3.14) holds.

o if L(cXZ¥45) > 0 for all k € N, then by Lemma 3.3.5 we have that
(3.14) holds.

Hence, (3.14) and (3.13) guarantee that Y 7>, ———— = 00, i.e. XjX}

allighe s |
is a quasi-analytic vector for Wj.

The same proof applies to show that X{X! is a quasi-analytic vector
for Wa. LU(Claim d))

The proof of the existence part of Theorem 3.3.2 can be adapted to
provide an alternative proof to Hamburger’s theorem 2.3.2. Note that for
n = 1 the Carleman condition is not needed for getting the existence of an
R"™—representing measure for L, while this was essential for getting it in the
case n > 2. We will see that Carleman’s condition is instead crucial in prov-
ing the determinacy of the R"™—representing measure independently of the
dimension n.

Theorem 3.3.8. Let L : R[X] — R be linear. There exists an R—representing
measure for L if and only if L(h?) >0 for all h € R[X].
If in addition, L fulfills the Carleman condition (3.7) for n =1, i.e.

s 1
_— = 0. 3.15
2 m0em) (19

then the representing measure is determinate.

Proof. of Existence in Theorem 3.3.8, i.e. of Hamburger’s theorem 2.3.2
Suppose there exists an R—representing measure p for L, then for any poly-
nomial h € R[X] we have L(h?) = [, h®du, which is non-negative as integral
of a non-negative function w.r.t. a non-negative measure.

Conversely, suppose that L(h?) > 0 for all h € R[X]. Then we can run
the GNS-construction and construct the Hilbert space Hj associated to L.
Consider the multiplication operator

W: R[X]/N — R[X]/N
h + N —> th + N
where N := {f € R[X] : L(f?) = 0}. Since W is a symmetric unbounded

operator densely defined in Hy, it admits a self-adjoint extension W in Hp,
(see e.g. [15, p.319]). Then by the Spectral Theorem 3.1.8 for n = 1 and
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v=1+N € D*(W) = R[X]/N C H we get that there exists a unique
non-negative Radon measure p on R such that

(14 N), W (1 + N)) :/deu(X), Y j € Np. (3.16)
R

Since
(L+N), W (1+N)) = ((1+N),Wi(l+N)) = (1 +N), X7 + N) = L(X9)

(3.16) becomes L(X) = [p X?du(X),V j € No. Hence, the spectral measure p
is an R—representing measure for L. O

Let us show now the determinacy part of both Theorem 3.3.2 and Theo-
rem 3.3.8. This will be a consequence of the following important result about
the determinacy of the moment problem, which we are going to prove in the
next chapter.

Theorem 3.3.9.

Letn € N. If u is a non-negative Radon measure on R™ such that the sequence
of its moments (ma)acny etists and fulfills the Carleman condition (3.6), then
u is determinate, i.e. any other non-negative Radon measure having the same
moment sequence as p must coincide with .

Proof. (of Uniqueness in Theorem 3.3.2 and in Theorem 3.3.8)

Let p,v be two R™—representing measure for L. Then p and v have the
same moment sequence (L(X®))aenz. Since by assumption L fulfills (3.7),
the sequence (L(X®))aeny fulfills (3.6) and so Theorem 3.3.9 ensures that
w=u. O

Carleman’s condition, and so Theorem 3.3.9, will also play a crucial role
to prove a version of Theorem 3.3.2 for the KMP with K (not necessarily
compact) b.c.s.a.s. of R™ due to Lasserre [33, Theorem 3.2] (see also [23,
Theorem 5.1]).

Theorem 3.3.10.

Letn,s € N, S :={g1,...,9s} CR[Xy,...,X,], and L : R[Xy,..., X,] = R
linear s.t. L(h?) >0 for all h € R[X71,..., X,] and Carleman’s condition (3.7)
holds. Then there exists a unique Kg—representing measure for L if and only
if L(g;:h?) >0 for all h € R[X1,...,X,] and alli € {1,...,s}.

63



3.

K—MOMENT PROBLEM: THE OPERATOR THEORETICAL APPROACH

64

Proof.

Since L(h%) > 0 for all h € R[X1,...,X,] = R[X] and L fulfills the Car-
leman condition (3.7), Theorem 3.3.2 guarantees that there exists a unique
R™—representing measure p for L. We want to show that p is actually sup-
ported on Kg.

Case s =1

For notational convenience, let us first consider the case s = 1 and so S := {g}.
Define L, : RX] — R as Ly(p) := L(pg) for all p € R[X]. Since Ly(h?) =
L(gh?) > 0 for all h € R[X] and L satisfies the Carleman condition (3.7),
Lemma 3.3.6 (applied for ¢ = X; with j = 1,...,n and f = g) ensures that
I:Q also fulfils Carleman’s condition. Hence, by applying again Theorem 3.3.2
we get that there exists a unique R"™—representing measure 7 for f/g. Thus,
we obtained that

X%n(X) = Ly(X*) = L(gX®) /X"‘ X), VaeNg. (3.17)
]R’n
=:dy(

v(X)

The measure v is a signed Radon measure on the Borel c—algebra B(R™) on
R™ and can be written as v = vy — v_, where

dvy = lprdv  with T'T:={z € R": g(x) > 0}
dv_ = —1lp-dv with T :={zeR":g(x) <0}

and so v4 and v_ are both non-negative Radon measures on R".

Claim: v— = 0.

Proof.
Define the following two non-negative Radon measures on B(R™)

dps = Lp+dp and dp— := Lp-dpy.

Then p = p4 + p— and so we have

/ XFduy(X) < / XFdu(X), VkeNo,Vi=1,...,n. (3.18)
R” Rn
Consider ¢,,, : R[X] — R defined by ¢, (p) := [gn pdpi4. Then (3.18) can be

rewritten as

O (XPF) < L(XZF), VEeEN,Vj=1,...,n,
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which implies that

i 1 . i 1
k=1 ZW k=1 X/ L(X3F)

i.e. £, fulfills the Carleman condition.
Consider £,, : R[X] — R defined by ¢, (p) := [g. pdvs. Then

® oo, VEeNy,Yi=1,...,n,

b, (p) = / plp+gdp = / pgdpy =L, (pg), Vp € RIX]

and
ly, (h?) = / h*dvy > 0 Vh € R[X].

Hence, by Lemma 3.3.6 (applied for L = ¢, , ¢ = X;,f = g), we get that
also /,, fulfills the Carleman condition and so that v, is determinate by
Theorem 3.3.9.

Putting all together, we obtain that for all o € N

o def a
[ xedno [ X*g(X)dus (X)

W=l X9(X)du(X) — / X*g(X)dp—(X)
R'n Rn

(.17) Xdn(X) - | X%¢(X)du—(X)
R~ Rm

def X%n(X)+ [ X%dv_(X)

R” Rn

_ / Xd(y+v_)(X),
Rn

i.e. the non-negative Radon measures v4 and n+ v_ have the same moments.
Since vy is determinate, they need to coincide, i.e. v; = n + v_. Hence, for
any B € B(R") we have 0 = v (I'") > v_(I'") > 0, that is, v_(I'") = 0. Since
by definition v_(I't) =0 and R® =TT UT~, we get that v =0.  O(Claim)

The Claim implies that yu is supported on I't| i.e. for any B € B(R") such
that BNT'T = () we have pu(B) = 0. In fact, suppose that this is not the case.
Then there exists € > 0 such that Be NT" = @ but p (B:) > 0, where B is
some closed ball in R™ of radius . Then for any x € B, we have that x € '~
and so g(z) < 0, i.e. —g(x) > 0. Hence, we get

0y (B = [ v = [ a0 > (i ~9(0)) (B >0

r€B,
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which yields a contradiction.

Thus, we proved that u is supported on {z € R™ : g(z) > 0}, which in this
case coincides with Kg.
Case s > 2
Suppose now that s > 1 and S := {g1,...,9s}. By repeating for each g; the
same proof as above, we get that u is supported on each {z € R" : g;(z) > 0}
with ¢ € {1,...,s}. Hence, we get that

0<u(R"\Ks) = u<UR“\{xeR":gi<x>zO})
=1

IN

> n(R"\ {z €R": gi(x) > 0}) =0,
i=1

i.e. p is supported on Kg.
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Chapter 4

Determinacy of the X —Moment Problem

In this chapter we are going to investigate the so-called determinacy question,
which is certainly one of the most investigated aspects of the K—moment
problem. The determinacy question consists in finding under which conditions
a non-negative measure with given support K is completely determined by its
moments. In particular, we will see how the concept of quasi-analyticity enters
in the study of the determinacy question and give a proof of Theorem 3.3.9
first for n = 1 and then for higher dimensions.

From now on, for K C R" closed, we denote by M*(K) the collection of all
the non-negative Radon measures on R™ having finite moments of all orders
and which are supported in K.

Definition 4.0.1. A measure p € M*(K) is said to be K—determinate if
for any v € M*(K) such that [ x*du(z) = [x*dv(z),V o € Nj we have that
u = v. Equivalently a sequence of real numbers m (resp. a linear functional L
on R[X]) is called K —determinate if there exists at most one K —representing
measure for m (resp. for L).

Note that if K7 and K5 are closed subsets of R™ such that K; C K», then
the Ks—determinacy always implies the Kj—determinacy but the converse
does not hold in general.

Quasi-analytic classes

Let us recall the basic definitions and state some preliminary results concern-
ing the theory of quasi-analytic functions. In the following, we denote by
C>(X) the space of all infinitely differentiable real valued functions defined
on a topological space X.
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Definition 4.1.1.
Given a sequence of positive real numbers (s;)jen, and an open I C R, we
define the class C{s;} as the set of all functions f € C°°( ) for which there
exists vy > 0 (only depending on f) such that HDka ’yf) sk, VkéeN,
where D* f is the k—th derivative of f and HDkaOO = SUDgc ‘Dkf(xﬂ

The class C{s;} of functions on I is said to be quasi-analytic if the con-
ditions

feC{s;j}, Ito € Ist. (D*f)(tg) =0, VkeNg

imply that f(x) =0 for allx € 1.

The problem to give necessary and sufficient conditions bearing on the
sequence (s;)jen, such that the class C'{s;} is quasi-analytic was proposed by
Hadamard in [I7]. Denjoy was the first to provide sufficient conditions for
the quasi-analyticity of a class [10], but the problem was completely solved
by Carleman, who generalized Denjoy’s theorem and methods giving the first
characterization of quasi-analytic classes in [0].

Theorem 4.1.2 (The Denjoy-Carleman Theorem).
Let (sj);en, be a sequence of positive real numbers. The class C{sy} is quasi-
analytic if and only if

i infj>k y/55

Proof. see e.g. [3] for a simple but detailed proof. O

Corollary 4.1.3. If (sj)jen, is a sequence of positive real numbers such that
S|
Z k S

k=1

k
then the class C{s;} is quasi-analytic.

Proof. For any k € N we have inf;>; y/s; < {/si and so

o0 oo

1nfj>k \J/?

Since by assumption the series on right-hand side diverges, so does the series
on the left-hand side. Hence, by Theorem 4.1.2, the class C{s;} is quasi-
analytic. O




4.2

4.2. Determinacy in the one dimensional case

Remark 4.1.4. If (sj)jen, s a log-convex sequence of positive real num-
bers such that so = 1, then in Corollary 4.1.3 also the converse implication
holds. Indeed, under these assumptions the sequence (\J/s»)]eN 1S 1ncreasing
by Lemma 3.3.4 cmd so for each k € N we have inf]>k V/8j = ¥/si.Hence, the
condition Y g, \ﬁ = 00 is equivalent to Y po mf]>k 7 = > and so to the
quasi-analiticity of the class C{s;} by Theorem 4.1.2.

Using Corollary 4.1.3, we can easily produce some examples of quasi-
analytic classes.

Examples 4.1.5.
e The class C{j7} is quasi-analytic, since Y o \ﬁ =Y r=

e The class C{j!} is quasi-analytic, since Zk:l a2 >3 W =
This s in fact the class of real analytic functions. Recall that a function
f is real analytic on I C R if f € C>°(I) and the Taylor series of f at
any point xg € I pointwise converges to f in a neighborhood of xg.

Determinacy in the one dimensional case

In this section we are going to exploit the theory of quasi-analytic functions on
R to prove the so-called Carleman’s Theorem, i.e. Theorem 3.3.9 for n = 1.
Carleman was indeed the first to approach the determinacy question with
methods involving quasi-analyticity theory in his famous work of 1926 (see [0,
Chapter VIII)).

Theorem 4.2.1 (Carleman’s Theorem).
If nw € M*(R) is such that its moment sequence (m?)jeNo fulfils the following

=1
> = 00, (4.1)
2k I

k=1

3

then p is R—determinate.

The original proof by Carleman makes use of the Cauchy transform of
the given measure. Here, we propose a slightly different proof that uses the
Fourier-Stieltjes transform but maintains the same spirit of Carleman’s proof.
Before proving Theorem 4.2.1, let us recall the definition of Fourier-Stieltjes
transform of a measure and some fundamental properties of this object.
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Definition 4.2.2. Let u € M*(R). The Fourier-Stieltjes transform of p is
the function F,, € C*°(R) defined by

Fu(t) = /Re_mtdu(:c)jv teR.

Proposition 4.2.3. Let u,v € M*(R).
a) If F, = F, on R, then p=v.
b) For any k € Ng and any t € R, we have (D*F,)(t) = [p(—iz)*e ™ du(x).

Proof. of Theorem 4.2.1
W.l.o.g. assume that all even moments of y are positive. In fact, if mgj =0
for some j € Ny, then pu is supported in {z € R : 2% = 0} = {0} and
thus, p = my 5{0} is the unique measure having these moments, which proves
already the determinacy of u.

Let v € M*(R) having the same moment sequence as y and let us consider
the Fourier-Stieltjes transforms of 4 and v. Then (F,, — F,,) € C*°(R) and for
any k € Ng and any ¢t € R we get

(DHFu = F)(O) = [ (mia)e " utao) = [ (iafe uldn)  (42)
and so

O E0 - F0| < [ lalutdn) + [ loltvida

Holder " p —
< \/ MMy, + /mgmb,
= 2¢y/mmb, < (1+7)y/mby,

where v := 2y/mf > 0. Hence, F,, — F, € C{sy}, where s; := (14 7)y/mb,
for any k € Ny.
Since
[e.e] oo oo
Z kls Z = (1i’Y) 2% : I = >
e v/ (1 + )/ mb, k=1 /M3y

Corollary 4.1.3 guarantees that the class C{sy} is quasi-analytic.

Moreover, (4.2) gives in particular (D¥(F, — F,))(0) = 0 for all k € Ny.
Then the quasi-analyticity of the class C'{s;} implies that F},—F, is identically
zero on R. Consequently, Proposition 4.2.3-a) ensures that yu = v. ]
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Carleman’s condition (4.1) is only sufficient for the R—determinacy. In-
deed, there exist R—determinate measures whose moments do not fulfilll Car-
leman’s condition (see [53] for examples).

As a consequence of Carleman’s Theorem, we can derive a sufficient con-
dition for the (R*)—determinacy.

Corollary 4.2.4.
Let p € M*(RY). If
o0

> ! = o0, (4.3)

el 2k ml]:

then p is (RY)—determinate realizing m.

Condition (4.3) is well-know as Stieltjes’ condition since it is sufficient for
the determinacy of the Stieltjes moment problem.

Before providing the proof of Corollary 4.2.4, recall that the image measure
of a measure x on B(R") through a given Borel measurable map ¢ : R* — R?
(n,d € N) is the measure p#p on B(R?) defined by o#u(B) = u(e 1 (B))
for all B € B(R%). Moreover, for any g : R? — R integrable w.r.t. p#u we
have that

/ o(y)d(#in)(y) = / (9.0 @) (@)du(z). (4.4)
Rd n

Proof.
Let 1, pe € M*(RT) having the same moment sequence fulfilling Stieltjes’
condition. For j € {1,2} we define

1
dvj(z) = 5 (f#n + (=F)#n;)
where f : RT — R is given by f(x) := y/z. Then (4.4) implies that for any
k € Ng and any j € {1,2} we have

mg = [P =5 [P asEne -+ [P aED#n )
— 5 [ W@ 5 [ (v = [ (WD s =l

and

mia = [ =5 [P0+ 5 [P R))

1

= 5 [V @) £ 5 [ (VP (a) o

71



DETERMINACY OF THE K —MOMENT PROBLEM

4.3

72

Then 11 and v have the same moments and

Hence, Carleman’s Theorem 4.2.1 ensures that 11 = v5 on R and so 1 = po
on RT. O

Determinacy is also deeply connected to polynomial approximation. One
result in this direction is the following, which will be particularly useful in the
next section.

Lemma 4.2.5.
If 1 € M*(R) is R—determinate, then Clx] is dense in L*(R, p1).

Proof. (see e.g. [50, Proposition 6.10]) O

Determinacy in higher dimensions

In this section we are going to prove a multivariate version of Carleman’s
Theorem 4.2.1, namely we give a proof of Theorem 3.3.9 which we restate
here for the convenience of the reader.

Theorem 4.3.1. Let n € N. If p € M*(R"™) is s.t. its moment sequence
(m)acny fulfills

oo
1 .
Zmﬁo,..‘o, % 0,00 =00 Vje{l,...,n}, (4.5)
~—

k=1 j-th

then u is (R™)—determinate, i.e. the set

M= {ve s @) s [ovante) = [ aauta. va ey

s a singleton.

Note that the set M, is convex and we have the following characterization
of its extreme points'.

'Recall that v is an extreme point of M, if the following implication holds:
(v =2 + (1 — Anz), for some A € [0,1],m1,m2 € M) = (v =m1 or v =12).
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Lemma 4.3.2. Let p,v € M*(R"). Then v is an extreme point of M,, if and
only if C[X1,. .., Xy] is dense in LY(R™, v).

Proof. (see e.g. [50, Proposition 1.21]) O

To prove Theorem 4.3.1, we can proceed in the two following ways:

e We generalize the theory of quasi-analytic functions to the higher di-
mensions and prove an analogue of the Denjoy-Carleman theorem in the
multivariate case. Using such results, we adapt the proof of Carleman’s
Theorem 4.2.1 to the higher dimensional case and provide a proof of
Theorem 4.3.1 (see [20]).

e Using the connection between determinacy and polynomial approxima-
tion, we prove the so-called Petersen’s theorem [39] about partial de-
terminacy and so to reduce the (R™)—determinacy question to several
R—determinacy questions. Combining this result with Carleman’s The-
orem 4.2.1, we show that Theorem 4.3.1 holds (see [11]).

As we have already seen the power of the theory of quasi-analytic functions
in the study of the determinacy question in the one-dimensional case, we
are going now to use the second approach for the higher dimensional case.
Therefore, let us first show Petersen’s theorem.

Theorem 4.3.3 (Petersen’s Theorem).

Let p € M*(R") and for each j € {1,...,n} define mj(x) = z; for all
x = (x1,...,2n) € R". If m#u,...,m#u are all R—determinate, then p
is (R™)—determinate.

Proof.
Let v € M, and j € {1,...,n}. Then for any k € Ny we have that

[damnm = [ m@taw)
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ie. (mj#v) € My, 4,. This implies that
7'(']'#1/ = ﬂj#u (4.6)

as mj#p is R—determinate. Moreover, the determinacy of 7;# . implies that
C[X;] is dense in L*(R, u) by Lemma 4.2.5 and so that

Ve > 0,¥B; € B(R),3 p; € C[X;] st gy = pjl| oy <6 (1)
Since
(4.6)
H]lBj _ijL2(R77rj#u) = H]lBj _ijLz(R,ﬂ'j#l/)

_ (/R@Bj(y)—pj<y>>2d<ﬂj#”><y>>

1
2

2

_ </ (1, (mj(x)) —pj(ﬂj(x)))2dv(a?)>
Rn
= ||ip, om; —ijWme(R",u)’

we can rewrite (4.7) as

Ve > 0,VB; € B(R),3 p; € C[X;] s.t. ||1p, omj —pj o ﬂjHL%Rmu) <e. (4.8)
Now the function (Ip, om)---(1p, om,) — (p1om) - (pp o m,) on R™ can
be rewritten as

(Ip,om)---(lpg, omy) —(prom) - (pnomy) =
(Ip,om —prom)(p, omg) - (g, om,) +
+ (p1om)(Lp, om —paom)(lp, oms) -+ (Lp, omn) +
+oo+ (prom) - (Pno10omn1)(lB, © Ty — Pn © ). (4.9)

and so

I(Lp, 071) -+ (L, 0 7a) = (1o T1) -~ (P © W)l 1 o)

(4.9)
< (M, om —prom)(Ip, ome) -+ (Up, o mn)|l pr(rn )+
+ H(pl © 7T1) ce (pnfl © anl)(]an OTp — Pn© 7T7L)||L1(]RTL7V)
Holder
< HﬂBl 0Tl —pP1° 7T1||L2(]R",1/) ||(]132 o 77-2) tee (ﬂBn © 7rn)HL2(R”,1/) + -
Fllprom) - (Pa-1 0 Tn-1)ll2mn ) 1B, © T = P o Tallp2(rn 1)
(4.8)
< Ck,
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where C' > 0.
This shows that C[X1,...,X,] is dense in the subset

S = {(]lBl Oﬂ'l)-“(]an O7Tn) :B1,...,B, € B(Rn)}

of LY(R",v). Since span(S) is dense in L'(R",v), we get that C[X7, ..., X,]
is dense in L'(R™,v) and so by Lemma 4.3.2 we obtain that v is an extreme
point of M,,.

Since v was arbitrary in M, we have showed that every point of M, is
extreme. In particular, n := %(,u—k v) € M,, is extreme and so = por n = v,
which imply v = u. Hence, p is (R™)—determinate. O

Proof. of Theorem 4.3.1
For any j € {1,...,n} and for any k € N we have that

mit = [ ) = [ ) )

_ (0,11+10,2k,0,...,0) o
= /n 4” dp(z) = Mo,...0,2k,0,...,0)"

Hence, the assumption that p fulfils (4.5) gives that each m;#u fulfils (4.1).
Therefore, Carleman’s Theorem 4.2.1 guarantees that each 7;#u is R—determinate
and so by Petersen’s Theorem 4.3.3 we obtain that p is (R")—determinate. [J
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