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This assignment is due by Tuesday the 20th of January at noon.
Your solutions will be collected during Tuesday’s lecture or you can drop them
in the postbox 18 near F411.

1) Let ne N, n>1. For 0 # f € Rlxy,...,x,], let
Z(f):={(x1,...,zn) €ER™ : f(a1,...,2,) =0}

Prove that R™ \ Z(f) is dense in R"™.
Is it still true replacing R by any real closed field R?

2) Let A be a commutative ring with 1. We recall that :
e T C Ais a preordering of A if
1eT, T+TCT,VacA a> TCTandT-TCT.
e A preordering P is an ordering of A if

A=—-PUP and —P NP is a prime ideal of A.

Let A be the ring of continuous functions f : [0; 1] — R. Find a preordering
T and an ordering P of A such that the following conditions are satisfied:
a) ) A2CTCP

b) there are infinitely many preorderings T} such that Y. A2 C T; C T

c) there are infinitely many preorderings S; such that T C S; C P

3) Let n € N, K be a field and V' be an algebraic subset of K™.

a) Show that:
i) Z(V) is an ideal of K[z1,...,x,].
il) Z(Z(V)) =V.
iii) the map V — Z(V) is an injection from the set of algebraic subsets
of K™ into the set of ideals of K[z1,...,x,)].

b) i) Show that for any ideal I C K[xy,...,x,] the inclusion I C Z(Z(I))
is always true.
ii) Give an example of ideal I C KJz1,...,zy] such that I C Z(Z(1)).



4) Let A be a commutative ring with 1 and I C A an ideal. We recall that:

e [ is prime if I is proper and (ab€ I = a€lorbel),
e Iis radical if [ =VI:={a€ A:3ImeN st. a™ €I},
o lisrealif = YI:={a€c A:ImeN, o A% st. a®+o €I}

a) Show that any prime ideal is radical.

b) Give an example of an ideal I C K[z1,...,2,] (for some field K and
some n € N) which is radical but not prime.

c) Give an example of an ideal I C Klz1,...,z,] (for some field K and
some n € N) which is prime but not real.

Please, justify your answers!



