4.1

Chapter 4

Symmetric tensor algebras

As usual, we consider only vector spaces over the field K of real numbers or
of complex numbers. The aim of this section is to present a way to explicitly
construct an lmc algebra starting from the symmetric tensor algebra of a lc
TVS. For this purpose, we will preliminarily introduce the concept of tensor
product of vector spaces and then endow it with one of the many topologies
which can be defined when the starting space carries an lc structure.

Tensor product of vector spaces
Let us start with a notion which is central in the definition of tensor product.

Definition 4.1.1.

Let E,F, M be three vector spaces over K and ¢ : E x F' — M be a bilinear

map. E and F are said to be ¢p—linearly disjoint if:

(LD) For any r,s € N, x1,...,x, linearly independent in E and yi,...,ys
linearly independent in F', the set {¢(zi,y;) : i=1,...,r, j=1,...,s}
consists of linearly independent vectors in M.

or equivalently if:

(LD)’ Foranyr € N, any {z1,...,x,} finite subset of E and any {y1,...,yr}
finite subset of F s.t. Y.y ¢(xi,y5) = 0, we have that both the following
conditions hold:

o if x1,...,x, are linearly independent in E, thenyy =--- =y, =0
e if y1,...,y, are linearly independent in F', then x1 = --- =z, = 0.

Definition 4.1.2. A tensor product of two vector spaces E and F over K is
a pair (M, @) consisting of a vector space M over K and of a bilinear map
¢:ExF — M (canonical map) s.t. the following conditions are satisfied:
(TP1) The image of E X F spans the whole space M.

(TP2) E and F are ¢p—linearly disjoint.
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4. SYMMETRIC TENSOR ALGEBRAS

The following theorem guarantees that the tensor product of any two vec-
tor spaces always exists, satisfies the “universal property” and it is unique up
to isomorphisms. For this reason, the tensor product of £ and F' is usually
denoted by E ® F' and the canonical map by (z,y) — = ® y.

Theorem 4.1.3. Let E, F' be two vector spaces over K.

(a) There exists a tensor product of E and F'.

(b) Let (M, ¢) be a tensor product of E and F'. Let G be any vector space over
K, and b any bilinear mapping of E X F into G. There exists a unique
linear map b: M — G such that the diagram

ExF 5@

s

15 commutative.

(c) If (My, p1) and (Ma, ¢2) are two tensor products of E and F, then there
1$ a bijective linear map u such that the diagram

ExF -5

=

18 commutative.

Proof. (see [16, Theorem 4.1.4]) O

Examples 4.1.4.

1. Letnym € N, E =K" and F = K™. Then E® F = K" is a tensor

product of E and F whose canonical bilinear map ¢ is given by:

¢p: ExXF — K™
((xi)?zla(yj)gnzl) = (5Uiyj)1§ign,1gj§m-

2. Let X andY be two sets. For any functions f: X > Kandg:Y — K,

we define:

f®g: XxY — K
(,y) = [fl@)g9(y)

Let E (resp. F') be the linear space of all functions from X (resp. Y') to
K endowed with the pointwise addition and multiplication by scalars. We
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4.2. The m—topology on the tensor product of lc TVS

denote by M the linear subspace of the space of all functions from X XY
to K spanned by the elements of the form f®g for all f € E and g € F.
Then M 1is actually a tensor product of E and F', i.e. M = E® F.

Similarly to how we defined the tensor product of two vector spaces we
can define the tensor product of an arbitrary number of vector spaces.

Definition 4.1.5. Letn € N withn > 2 and E, ..., E, vector spaces over K.

A tensor product of En,...,Ey, is a pair (M,®) consisting of a vector space

M over K and of a multilinear map ¢ : Ey X -+ X E, — M (canonical map)

s.t. the following conditions are satisfied:

(TP1) The image of E1 X --- X E,, spans the whole space M.

(TP2) Er,...,E, are p—linearly disjoint, i.e. for anyry,...,r, € N and for
any xli . ,xﬁ)

7

{qﬁ(:cﬁ),xg:)) :j1:1,...,r1,...,jn:1,...,rn}

consists of linearly independent vectors in M.

linearly independent in E; (i =1,...,n), the set

Recall that a map is multilinear if it is linear in each of its variables. As
for the case n = 2 it is possible to show that:
(a) There always exists a tensor product of Ey,..., Ey,.
(b) The universal property holds for F1 ® --- ® E,,.
(¢) F1 ® -+ ® E,, is unique up to isomorphisms.

The m—topology on the tensor product of Ic TVS

Given two locally convex TVS E and F', there are various ways to construct
a topology on the tensor product E ® F' which makes the vector space £ ® F'
in a TVS. Indeed, starting from the topologies on E and F', one can define a
topology on F ® F' either relying directly on the seminorms on E and F', or
using an embedding of £ ® F' in some space related to £ and F' over which
a natural topology already exists. The first method leads to the so-called
m—topology. The second method may lead instead to a variety of topologies,
which we are not going to investigate in this course.

Definition 4.2.1 (7—topology).

Given two locally convex TVS E and F, we define the m—topology (or projec-
tive topology) on E® F' to be the finest locally convex topology on this vector
space for which the canonical mapping E x F — E ® F is continuous. The
space E® F equipped with the m—topology will be denoted by E Q, F.
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A basis of neighbourhoods of the origin in E ®, F is given by the family:
B := {convb(Ua X Vg) : Uy € B, Vg S BF},

where Bg (resp. Bp) is a basis of neighbourhoods of the origin in E (resp.
in F), Uy ® Vg := {tQ@ye EQF: x € Uy,y € V3}. In fact, on the one
hand, the w—topology is by definition locally convex and so it has a basis
B of convex balanced neighbourhoods of the origin in £ ® F'. Then, as the
canonical mapping ¢ is continuous w.r.t. the w—topology, we have that for
any C € B there exist U, € Bg and Vg € Bp st. Uy x Vg C ¢*1(C).
Hence, Uy, @ V3 = ¢(Us x V3) € C and so convy(Uy ® V) C convy(C) = C
which yields that the topology generated by B is finer than the m—topology.
On the other hand, the canonical map ¢ is continuous w.r.t. the topology
generated by By, because for any U, € Bp and V3 € Bp we have that
¢ L (convy(Uy @ V3)) 2 ¢ H(Ua ® Vi) = U, x Vi3 which is a neighbourhood of
the origin in E' x F. Hence, the topology generated by B, is coarser than the
m—topology.

The m—topology on ¥ ® F' can be described by means of the seminorms
defining the locally convex topologies on E and F.

Theorem 4.2.2. Let E and F be two locally convex TVS and let P (resp. Q)
be a family of seminorms generating the topology on E (resp. on F'). The
m—topology on E ® F is generated by the family of seminorms

{p®q: peP,qc Q},

where for any p € P,q € Q,0 € E® F we define:

(p®q)(0) == inf{ZP(%)Q(yk) (0= 2, Qyp, xx € B,y € Fyr € N} :
k=1 k=1

Proof. (see [16, Proposition 4.3.10 and Theorem 4.3.11]) O

The seminorm p® g on E ® F defined in the previous proposition is called
tensor product of the seminorms p and q (or projective cross seminorm,)

Proposition 4.2.3. Let E and F be two locally conver TVS. E Q@ F is
Hausdorff if and only if E and F are both Hausdorff.

In analogy with the algebraic case (see Theorem 4.1.3-b), we also have a
universal property for the space F @, F'.
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4.3. Tensor algebra and symmetric tensor algebra of a vs

Proposition 4.2.4.

Let E, F be locally convex spaces. The m—topology on E Q. F is the unique

locally convex topology on E ® F such that the following property holds:

(UP) For every locally convex space G, the algebraic isomorphism between
the space of bilinear mappings from E X F into G and the space of all
linear mappings from E® F into G (given by Theorem 4.1.3-b) induces
an algebraic isomorphism between B(E,F;G) and L(E ® F;G), where
B(E, F;G) denotes the space of all continuous bilinear mappings from
ExF into G and L(EQF; G) the space of all continuous linear mappings
from E® F into G.

Proof. Let 7 be a locally convex topology on ¥ ® F' such that the property
(UP) holds. Then (UP) holds in particular for G = (E ® F, 7). Therefore, by
Theorem 4.1.3-b) the identity id : F ® F — E ® F is the unique linear map
such that the diagram

ExF - Ex. F

g

E®; F

commutes. Hence, we get that ¢ : F x FF — E ®, F has to be continuous.
This implies that 7 C w by definition of m—topology. On the other hand,
(UP) also holds for G = (E ® F, ).

ExF -2 Ew. F

A

E®, F

Hence, since by definition of m—topology ¢ : E X ' — E ®, F' is continuous,
the id : F ®,; F — E ®, I has to be also continuous. This means that = C 7,
which completes the proof. ]

Tensor algebra and symmetric tensor algebra of a vs

Let V be a vector space over K. For any k € N, we define the k—th tensor

power of V' as
Vek Ve oV
N——

k-times
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and we take by convention V&Y := K. Then it is possible to show that there
exists the following algebraic isomorphism:

Vn,meN, VO gyem~yemtm) (4.1)
We can pack together all tensor powers of V' in a unique vector space:

o0

(V) :=PVver.

k=0

We define a multiplication over T'(V') which makes it into a unital K—algebra.

First of all, let us observe that for any k € Ny there is a natural embedding
ir : VO — T(V). For sake of notational convenience, in the following we will
identify each g € V®* with ix(g). Then every element f € T(V) can be
expressed as f = Zg:o fr for some N € Ny and fj, € V& for k =0,...,N.
Using the isomorphism given by (4.1), for any j,k € N we can define the
following bilinear operation:

YOk i N V@ k+3)
(@ Qu),(w @ Quwj)) = 1@ QUOW - @ wj.
(4.2)
Hence, we get a multiplication - : T(V) x T(V) — T(V) just by defining for
all f,g € T(V), say f = Zé\f:o fr and g = Zj]\/iogj for some N, M € Ny,
fk S V®k7 9gj € V®j7

N M
Frg=> 3 fr g
k=0 j=0
where fj, - g; is the one defined in (4.2). Then we easily see that:
a) - is bilinear on T(V) x T(V) as it is bilinear on each V&* x V7 for all
J,k € Np.
b) - is associative, i.e. Vf,g,h € T(V), (f-g)-h = f-(g-h). Indeed, if
f=iofes 9= Y5095 h = Xioh with N,M,S € No, fu € VEF,
g; € VI hy e Ve then

S N S

N M M
(f'g)'hZZZZ(fk-gj)'hlZZZka'(gj'hl)Zf'(g'h),

=0 =0 1=0 k=0 j=0 =0

where we have just used that VE*+7) @ &l o y@(htit) =~ 1@k ¢ yy@(+)
by (4.1).

c) 1 € K is the identity for the multiplication -, since K = V®? and for all
f=Y0tofs €T(V) we have 1- f =33 (1 fi) = Silo fr = [-



4.3. Tensor algebra and symmetric tensor algebra of a vs

Hence, (T'(V),-) is a unital K—algebra, which is usually called the tensor
algebra of V.

Remark 4.3.1. If {x;}icq is a basis of the vector space V', then each element
of VOF can be identified with a polynomial of degree k in the non-commuting
variables {x;}icq and with coefficients in K. Hence, T'(V') is identified with
the non-commutative polynomial ring K(z;,i € Q).

Proposition 4.3.2. Let V be a vector space over K. For any unital K—algebra
(A, %) and any linear map f:V — A, there exists a unique K—algebra homo-
morphism f : T(V) — A such that the following diagram commutes

V%A
el

where i1 is the natural embedding of V.= V® into T(V).

b
(V)

Proof.
For any k£ € N, we define

fk c Vx-ooxV o — A
—_—
k times
(vl,...,vk) — f(vl)**f(vk)
which is multilinear by the linearity of f. For kK = 0 we define

fo: K — A
r = rlg.

By the universal property of V&* we have that there exists a unique linear
map op : VO = Ast. op(v1 @ @ug) = fr(viy...,08) = f(v1) *---* f(uvg)
and for £ = 0 we have oo(r) = fo(r) = rla, Vr € K. Then, by the universal
property of the direct sum, we get that there exists a unique linear map
f:T(V) — Asuch that f(ip(v1 ®@ - @) = op(v1 @ - - @ vg)

Vx'--xV%A

|

vk

%

T(wv)
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In particular, for k£ =1 we obtain that fli1(v)) = o1(v) = f(v).
It remains to show that f is a K—algebra homomorphism from T'(V) to
A. By construction of f, we clearly have that f is linear and

Fry) = fio(1)) = oo(1) = fo(1) = 1a.

Let us prove now that for any =,y € T(V) we get f(z-y) = f(z) * f(y). As f
is linear, it is enough to show that for any n,m € N, any z1,...,2z, € V and
any yi,...,4Ym €V, we get

F@1® @zn) (@ Qym)) = f@210 - @an) * f(n @ @ ym). (4.3)

Indeed, by just applying the properties of f, we obtain that:

f@1® - @ap) =0n(01 @ @xp) = f(21) % * fzn)

and

Fr @ @ym) = om(yr @+ @ym) = flyr) - % f(Ym).
These together with the definition of multiplication in T'(V') give that:

J@1 @ @un)* f1 © - @ym) = fla1) x-- % fl@n) * fy1) * - f(ym)
= fl(t1®- - @) (N @~ @ Ym))-

O]

Consider now the ideal I in (T'(V'),-) generated by the elements v ® w —
w ® v, for all v,w € V. The tensor algebra T'(V') factored by this ideal I
is denoted by S(V) and called the symmetric (tensor) algebra of V. If we
denote by 7 the quotient map from T'(V) to S(V), then for any £ € Ny
and any element f = Y | f1 ® - ® fix € VE* (here n € N, f;; € V for
i=1,...,n,j7=1,...,k and n > 1) we have that

m (Zfil@"'@fik) :Zfil"'fik-
i=1 i=1

We define the k—th homogeneous component of S(V) to be the image of V&F
under 7 and we denoted it by S(V)g. Note that S(V)g =K and S(V); = V.

Hence, we have
o

S(V) =P sV

k=0

and so every element f € S(V') can expressed as f = Zgzo fx for some N € N,
fr € S(V) for k=0,...,N.
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4.4. An lmc topology on the symmetric algebra of a lc TVS

Remark 4.3.3. If {z;}icq is a basis of the vector space V', then each element
of S(V)i can be identified with a polynomial of degree k in the commuting
variables {x;}icq and with coefficients in K. Hence, S(V') is identified with
the commutative polynomial ring Klx; : i € Q.

The universal property of S(V') easily follows from the universal property
of T(V).

Proposition 4.3.4. Let V' be a vector space over K. For any unital commu-
tative K—algebra (A, *) and any linear map 1) : V. — A, there exists a unique
K—algebra homomorphism 1 : S(V) — A such that the following diagram
commutes

V—>A

i/

ie. Y [y=1.
Corollary 4.3.5. Let V be a vector space over K. The algebraic dual V* of
V' is algebraically isomorphic to Hom(S(V), K).

Proof. For any a € Hom(S(V),K) we clearly have a [y€ V*. On the
other hand, by Proposition 4.3.4, for any ¢ € V* there exists a unique £ €
Hom(S(V),K) such that ¢ [y= £. O

An Imc topology on the symmetric algebra of a Ic TVS

Let V be a vector space over K. In this section we are going to explain
how a locally convex topology 7 on V' can be naturally extended to a locally
convex topology 7 on the symmetric algebra S(V') (see [11]). Let us start by
considering the simplest possible case, i.e. when 7 is generated by a single
seminorm.

Suppose now that p is a seminorm on V. Starting from the seminorm p
on V', we are going to construct a seminorm p on S(V) in three steps:

1. For k € N, let us consider the projective tensor seminorm on V&* see

Theorem 4.2.2, i.e.

“(g) = (p® - ®@p)g)

ktimes

p

mf{ngu k(9ik) g—zgu@) " ® ik, 9ij €V, NEN}-
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2. Denote by 7 : VE* — S(V);, the quotient map 7 restricted to VE* and
define p;, to be the quotient seminorm on S(V);, induced by p®*, i.e.

Pe(f) :==inf{p®"(g) : g € VEF, mi(g) = f}

N N
:inf{ZpUﬂ)---p(m f=) furfufiy €V,N € N}-
i=1 =1

Define p, to be the usual absolute value on K.
3. Forany h € S(V),say h = ho+---+hy, fr € S(V)k, k=0,...,¢, define

4

p(f) = P fr)-

k=0
We refer to p as the projective extension of p to S(V).

Proposition 4.4.1. p is a seminorm on S(V') extending the seminorm p on
V and p is also submultiplicative i.e. p(f -g) < p(f)p(g), Vf,g € S(V)

To prove this result we need an essential lemma:

Lemma 4.4.2. Leti,j € N, f € S(V); and g € S(V);. If k =i+ j then
pr(fg9) < pi(f)P;(9)-

Proof.

Let us consider a generic representation of f € S(V); and g € S(V);, ie.
f= prpl---fpi with fpp € Vfor k =1,...,7and g = quql-o-gqj with
gu€Viorl=1,....5. Then f-g=>  for " fpigqr " ggj, and so

Pr(f-9) <> p(for) - plfpi)p(gqr) - P(9g5)

p.q

= (Z p(fp1)- "p(fpi)> (Z p(gq1) - "p(gqj)> -

Since this holds for any representation of f and g, we get p,(fg) < p;(f)p;(9)-
[

Proof. (of Proposition 4.4.1).
It is quite straightforward to show that p is a seminorm on S(V'). Indeed
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e Let k € Kand f € S(V). Consider any representation of f, say we take
f=>"ofj withn € Nand f; € S(V); for j = 0,...,n. Then using
the definition of » and the fact that p;, is a seminorm on S(V); we get:

plkf)=p Y _kfi | =D p;(kf;) = |k\2p] £i) = |klp(f).
j=0

e Let f,g € S(V). Consider any representation of f and g, say we take
f= Z ol 9 =209 withnmeN, fj e S(V); for j =0,...,n
and g; € S(V); for i = 0,...,m. Take N := max{n,m}. Then we can
rewrite f = Zévzofj and g = Zij\iogi, where f; =0for j=n+1,...,N
and g; =0 fori=m+1,..., N. Therefore, using the definition of p and
the fact that p;, is a seminorm on S(V)j, we have

N
pf+a9)=pD (fi+9) <Zp] (f) +ij (g5) =P(f) + p(g).

j=0
Also, p; = p, so p restricted to V' coincides with p. Let us finally show that

p is submultiplicative. Let f = >31" fi, 9 = >0 g;, fi € S(V)i, gj € S(V);
and set T := {0,...,m} x {0,...,n}. Then by using the definition of p, the
fact that pj, is a seminorm on S(V'); and Lemma 4.4.2 we obtain

m n m—+n m—+n
S kgl =p D) D L | =D m| D figs
=0 j=0 k=0 (z JET k=0 (i,5)€T
+5=k i+j=k
m—+n m—+n
<Zzpkf’bg] Zzpzfzpjgﬂ Zzplf“ojg]
=0 (i,j)eT k=0 (i,j)eT i=0 57=0
z+g:k i+j=k
m n
= (Zm(ﬂ)) > pilg) | =p(Hnlg)
=0 7=0

O

Let us now consider (S(V'), p) and any other submultiplicative seminormed
unital commutative K—algebra (A,0). If a: (S(V),p) = (A,0) is linear and
continuous, then clearly « [v: (V,p) — (A, o) is also continuous. However,
if 1 : (V,p) — (A, o) is linear and continuous, then the unique extension v
given by Proposition 4.3.4 need not be continuous . All one can say in general
is the following lemma.
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Lemma 4.4.3. If ¢ : (V,p) — (A,0) is linear and continuous, namely 3
C > 0 such that o(¢p(v)) < Cp(v) V v € V, then for any k € N we have
e S(V)

o(¥(9)) < C*pr(9) ¥V g

Proof.
Let K € N and g € S(V)g. Suppose g = Zf\il gi1 - gik with g;; € V for

j=1,...,N. Then E(g) = sz\i1 ¥(gi1) -+ - ¥ (gix), and so

N N
)) <o (Z ¢(9¢1) gzk > Z le (w(gzk))
=1 i=1

N
<> Cplgin) -+ Cplgi) = C* Zp git) -+~ plgir)-
As this holds for any representation of g, we get o(1(g)) < C*p.(g). O

Proposition 4.4.4. If ¢ : (V,p) — (A, o) has operator norm < 1, then the
induced algebra homomorphism v : (S(V),p) — (A,0) has operator norm
<o(1).

Recall that given a linear operator L between two seminormed spaces
(W1, q1) and (Wa, g2) we define the operator norm of L as follows:

ILI}:=" sup  ga(L(w)).

weWq
a1 (w)<1

Proof.

Suppose o #Z 0 on A (if this is the case then there is nothing to prove). Then
there exists a € A such that o(a) > 0. This together with the fact that o is a
submultiplicative seminorm gives that

o(1) > 1. (4.4)

Since [|¢|| < 1, we have that o(¢(v)) < p(v), Vv € V. Then we can apply
Lemma 4.4.3 and get that

VEeEN, g€ SV, o(¥(9)) < il9) (4.5)
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Now let f € S(V), i.e. f=> 1", fr with f € S(V)k for k =0,...,m. Then
_ U )
o) =0 ( Bfi ) Z B(h)) +Zpk 5
k= =
)+ 2 i) <o) + )il

(4.4) m m
—1—20 )Pk (fr) = o Z pie(fr) = a(1)p(f)-
=0

k=1
Hence, [|1] < o(1). O

Using the properties we have showed for the projective extension p of p
to S(V), we can easily pass to the case when V is endowed with a locally
convex topology 7 (generated by more than one seminorm) and to study how
to extend this topology to S(V) in a such a way that the latter becomes an
Imc TA.

Let 7 be any locally convex topology on a vector space V' over K and let
P be a directed family of seminorms generating 7. Denote by 7 the topology
on S(V') determined by the family of seminorms Q := {np: p € P, n € N}.

Proposition 4.4.5. 7 is an Imc topology on S(V) extending T and is the
finest Imc topology on S(V') having this property.

Proof. By definition of 7 and by Proposition 4.4.1, it is clear that Q is a di-
rected family of submultiplicative seminorms and so that 7 is an Imc topology
on S(V) extending 7.It remains to show that 7 is the finest lmc topology
with extending 7 to S(V). Let u an Imc topology on S(V) s.t. u [y= 7, i.e.
w extends 7 to S(V). Suppose that p is finer than 7. Let S be a directed
family of submultiplicative seminorms generating p and consider the identity
map id : (V,7) = (V,u [v). As by assumption p [y= 7, we have that id is
continuous and so by Theorem 4.6.3-TVS-I (applied for directed families of
seminorms) we get that:

VseS,IneN,IpeP: s(v) =s((id(v)) <np(v), Vve V.

Consider the embedding i : (V,np) — (S(V),q). Then ||i|| < 1 and so, by
Proposition 4.4.4, the unique extension i : (S(V),mp) — (S(V),s) of i is
continuous with [|7]| < ¢(1). This gives that

s(f) < s()np(f), V f € S(V).

Hence, all s € F are continuous w.r.t. 7 and so u must be coarser than 7. [J
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