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HYPONORMALITY AND SUBNORMALITY

L(H): algebra of operators on a Hilbert space H
TeL(H)is

@ normal if T*T =TT*
@ quasinormal if T commutes with T*T

@ subnormal if T = N|y, where N is normal and NH C H
o hyponormal if T*T > TT*

normal = quasinormal = subnormal = hyponormal
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For S, T € B(H), [S, T] :=ST — TS.
@ An n-tuple T = (T, ..., T,) is (jointly) hyponormal if

(T4, Tl (T3, Ta] -+ (75, Tl

[T*,T] — [Tikv.T2] [T2*a.T2] [T:3T2]

(T3, Tal (T3, Tal -+ T3, Tl
o For k > 1, an operator T is k-hyponormal if (T, ..., TX) is (jointly)
hyponormal, i.e.,
[T, 7] - [T T]
: Ry : >0
[T*, TK] ... [T* T¥
o (Bram-Halmos):

T subnormal < T is k-hyponormal for all k > 1. J
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UNILATERAL WEIGHTED SHIFTS

a={ax}ly € l(Zy), ax >0 (all k>0)

W, : 02(Zy) — (2(Z.y)

Waek = Oy (k > 0)

@ When ay =1 (all k >0), W, = U, the (unweighted) unilateral shift

In general, W, = U;D,  (polar decomposition)

[[Wa | = supy o
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WEIGHTED SHIFTS AND BERGER’S THEOREM

Given a bounded sequence of positive numbers (weights)

a = ag, a1, ay, ..., the unilateral weighted shift on £2(Z,) associated with
ais

Woek = akekt1 (k> 0).

The moments of « are given as
(@) 1 if k=0
Yk = YK\ ) ‘= .
7 a%-..uaifl if k>0

o W, is never normal

o W, is hyponormal < a) < axs1 (all kK > 0)
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BERGER MEASURES

o (Berger; Gellar-Wallen) W, is subnormal if and only if there exists a

positive Borel measure & on [0, | W,||?] such that

Vi = /tk dé(t) (all k > 0).

£ is the Berger measure of W,,.

@ The Berger measure of U, is 0;.

For 0 < a <1 welet S; :=shift(a, 1,1,...).

The Berger measure of S, is (1 — a%)dg + a°01.

@ The Berger measure of B (the Bergman shift) is Lebesgue measure

on the interval [0, 1]; the weights of B, are a, := Zi; (n>0).
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MULTIVARIABLE WEIGHTED SHIFTS

ak, Bk € L°(Z2), k= (ki, ko) €73 =74 X Ly
(23) = (24) Q) P(Z4).
We define the 2-variable weighted shift T = (T3, T») by
Tiex := akekte;  To6k = Prekes,
where 1 := (1,0) and &5 := (0,1). Clearly,

TiTo = To Ty <= Prge, 0k = ke, 0k (all k).

Akq,ko+1

(kl,kz-i-l) (kl—l—l,kg-i-l)

6k1+1,k2
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(0,3)

T2 {(0,2)

(0,1)

(0,0)

0, UNIv.
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Bo1 811 1821
Qo1 11 Q21
1800 510 820
Qo 10 a0
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We now recall the notion of moment of order k for a commuting pair
(a, 8). Given k € Z2, the moment of («, 3) of order k is y = W(c, B)
1 ifk=0
_ O‘%O,o) e a%lq—l,o) if ik >1and ko =0
ifk1:Oand kQZ].

ﬁ(zo,O) T 5(207@—1)
a%o’o) N a%ero) -ﬁ(2kho) e 5(2k1,k271) if ki >1and kp > 1.

By commutativity, 7 can be computed using any nondecreasing path from

(0,0) to (k1, k2).
(1, k2)
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o (Jewell-Lubin)

ki—1 ko—1
W, is subnormal < H Oé(,o H ﬂ (ki—1.)

= /t{‘lté‘z du(ty, t2) (all k > 0).

Thus, the study of subnormality for multivariable weighted shifts is

intimately connected to multivariable real moment problems.
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THE SUBNORMAL COMPLETION PROBLEM

Consider the following completion problem: Given

e be = af (commutativity)

Vb NF
va_ | e

FIGURE: The initial family of weights

we wish to add infinitely many weights and generate a subnormal
2-variable weighted shift, whose Berger measure interpolates the initial

family of weights.



Strategy: The initial family needs to satisfy an obvious necessary

condition, that is,

Y00 Yol 710 1 a b
M) =] y1 72 1 a ac be | >0

Y10 Y01 Y20 b be bd

We use tools and techniques from the theory of TMP to solve SCP in the
foundational case of six prescribed initial weights; these weights give rise
to the linear and quadratic moments. For €21, the natural necessary

conditions for the existence of a subnormal completion are also sufficient.



To calculate explicitly the associated Berger measure, we compute the
algebraic variety of the associated truncated moment problem; it turns out
that this algebraic variety is precisely the support of the Berger measure of
the subnormal completion.

In this case, solving the SCP consists of finding a probability measure p

supported on Ri such that

/ y'x! du(x,y) =5 (i,j 2 0, i+ <2).
R
To ensure that the support of i remains in R%r we will use the localizing
matrices M(2) and M ,(2); each of these matrices will need to be

appropriately defined and positive semidefinite.



DEFINITION
Given m > 0 and a finite family of positive numbers Q,, = {(ax, Bk) } jk|<m:

we say that a 2-variable weighted shift T = (T3, T2) with weight

sequences a;(r and ,B;(r is a subnormal completion of Q,, if

(i) T is subnormal, and

(i) (o, B8) = (o, B)

whenever |k| < m.

Given m > 0 and Q, = {(ax, Bk) }jk|<m, We say that

Qi1 = {(dk,ﬁAk)}|k|§m+1 is an extension of Qpm, if (8x, fx) = (o, Bx)

whenever |k| < m. When m = 1, we say that Q; is quadratic.




Recall that a commuting pair ( Ty, T2) is 2-hyponormal if the 5-tuple
(T1, T2, T2, T1 T2, T3) is (jointly) hyponormal. For 2-variable weighted

shifts and m = 2, this is equivalent to the condition

Mu(z) = (7u+(m,n)+(p,q))0§p+q§270§m+n§2 >0 ( allue Zi),

that is,

Yu Yu+(0,1)  Yut+(1,0) Yu+(0,2) Yut(1,1) Yut(2,0)

Yu+(0,1) Yu4(0,2) Yu+(1,1) Yu+(0,3) Tut(1,2) Tur(2,1)
Yu+(1,00 Yu+(1,1) Yu+(2,0) YTu+(1,2) Tu+(2,1)  Tu(3,0) >0
0,3) Tu+(1,2) Tut+(0,4) Tut(1,3) Tut(2,2) ;

Yu+(1,1 1,2) Tu+(2,1) Tu+(1,3) Tuk(2,2) Tu(3,1)

)
) )
) )
Yu+(0,2)  Yu+ )
) )
Yu+(2,0) )

Yu+(2,1) Tu+(3,0) Tu+(2,2) Yut+(3,1) Yut(4,0)

(all u € Z2). My(2) detects the 2-hyponormality of ( Ty, ).




Recall the initial weight diagram:

Ve be = af (commutativity)

Vb |VF
va_ | Ve

FIGURE: The initial family of weights Q;

with its associated moment matrix
1 a b

M(Q1):=1| a ac be
b be bd



NOTATION
We also need the notion of localizing matrix; in this case, these are

M, (2) and M, (2).

Giving a 6 x 6 moment matrix M(2), with rows and columns labeled 1, X,
Y, X2, XY and Y?, the localizing matrix M,(2) is a 3 x 3 matrix
obtained from M(2) by selecting the three columns X, X? and XY and

the top three rows. Similarly, the localizing matrix M, (2) consists of the

columns Y, XY and Y? and the top three rows.




THEOREM
(RC, S.H. Lee and J. Yoon; 2010) Let Q be a quadratic, commutative,

initial set of positive weights, and assume M(S1) > 0. Then there exists

a quartic commutative extension {23 of Q1 such that M(s) is a flat
extension of M(Q1), and M, (€3) >0 and M, (3) >0. Asa

consequence, 21 admits a subnormal completion LI




Sketch of Proof.

o Six new weights, &20,,320, &11,311, (o and Bog can be chosen in
such a way that M,(Q3) > 0 and M, (Q3) > 0.

@ Once this is done, the next step is to employ techniques from
truncated moment problems to establish the existence of a flat
extension M({23) of M().

@ Using the Flat Extension Theorem, there exists a representing

measure 1 for M(1), and the positivity of the localizing matrices
M,(2) and M, (2) means that supp u C R?.

@ Thus, p will be the Berger measure of a subnormal 2-variable
weighted shift Tq__, which will be the desired subnormal completion
of Ql.



Let us build M(2).

b
Since M(1) = M(Q1) > 0, it follows that det ac e >0, ie,
be bd
acd > be®.
By the commutativity of 21, we have

af = be,

and therefore
cd > ef.

A straightforward calculation shows that
det M(1) = acbd — b*e* — a®bd + 2ab*e — b*ac

and that
det M(1) >0 = cd —ef > 0.



WLOG, ¢ > e. We also assume that a < c, since otherwise a trivial
solution exists.

To build M(2), we first need six new weights (the quadratic weights).
Since the extension Q3 will also be commutative, two of these weights will
be expressible in terms of other weights.

We thus denote G20 by \/p, 411 by \/q, do2 by /r, and Boz by NG (320
and f11 can be written in terms of the other four new weights). It follows

that
1 a b ac be bd

a ac be acp beq bdr
be bd beq bdr bds

M(2) =
@) ac acp beq
be beq bdr
bd bdr bds

(with the lower right-hand 3 x 3 corner yet undetermined).



We now focus on the top three rows of M(2):

1 X Y X2 Xy Y2
1 a b ac be bd
a ac be acp beq bdr
b be bd beq bdr bds
from which we get:
X X2 Xy
M, (2) = a ac be
ac acp beq
be beq bdr
XY Y2
b be bd
My(z):
be beq bdr



\/;
Vd
Ve Va
Vb Vi
V3 G VP

FI1GURE: The family of weights Qs



Since the zero-th row of a subnormal completion of €2; will be a subnormal
completion of the zero-th row of Q1, which is given by the weights a < c,
we let p := c. By L-shaped propagation, having a19 = Gpg immediately
implies that &11 = +/c, thatis, g := c. Thus,

a ac be
My(2) =| ac ac® bce
be bce bdr

By Choleski's Algorithm (or its generalization, proved by J.L. Smul’jan in
1959), M,(2) > 0 if and only if bdr > @, so that we need r > %j.

a
Thus, provided we take r > %j, the positivity of My(2) is guaranteed. It

remains to show that we can choose s in such a way that s > d and
M, (2) = M,(2)(s) > 0. This can certainly be done:

a’cd? — 2abde? + b2e3

°T a%d(c —e)




To complete the proof, we need to define the 3 x 3 lower right-hand corner
of M(2), and then show that M(2) is a flat extension of M(1), and
therefore M(2) > 0. This is done by examining the rank of M(1).

Case 1: e =c. We have d > f, so we can take r := ¢ and guarantee
that M,(2) > 0. We also let s := d. We then have

b bc bd
M,(2)=| bc bc?> bcd
bd bcd bd?

It follows at once that rank M, (2) = 1, and therefore M, (2) > 0 (and of
course s > d).

Case 2: e < c. We define r by this extremal value, i.e., r := %f. This
immediately implies that BAH :=+/f, and by propagation, Blj =/f (all
J > 2) in any subnormal completion. The resulting weight diagram is

shown below.



Vb VF VF
Va Ve Ve

FIGURE: The family £; augmented with the inclusion of the quadratic weights



Of significant importance is the calculation of the associated algebraic
variety, which arises from the column relations in M(1), particularly the
column relation

b(c—e).1+f—b
c—a c—a

Y = X.




It is actually possible to provide a concrete description of the Berger

measure for the subnormal completion in terms of the initial data.

Flat extensions may not exist for bigger families of initial weights. That

is, one can build an example of a quartic family of initial weights Q5 for
which the associated moment matrix M(2) admits a representing

measure, but such that M(2) has no flat extension M(3).




Here's a concrete example:

Y00 =1 Yoo =1

Yo1r=1 70=1 Jor=4  Huo=5
Y2=2 7m1=0 720 =3 Joo =17 A1 =19
703=4 72=0 121=0 730=9 Y3 =76  H2 =177

Y4 =9 713=0 722=0 731 =0 ~v0=28  Jos =354 #13=331
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REMARK
The SCP in the previous Example does admit a solution, and the

subnormal completion has a 6-atomic Berger measure. It turns out that
M(2) has rank 5, and admits an extension M(3) of rank 6, and this M(3)
admits a flat extension M(4).

o D. Kimsey (2014) has a very nice paper in IEOT, in which he
describes generalizations of these results:

The cubic complex moment problem, IEOT 80(2014), 353-378.

o Similarly, K. Idrissi and E.H. Zerouali extend the notion of recursively
generated weighted shift and discuss an alternative approach to the
SCP:

K. Idrissi and E.H. Zerouali, Multivariable recursively generated
weighted shifts and the 2-variable subnormal completion problem,
Kyungpook Math. J. 58(2018), 711-732.
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ONE-STEP EXTENSIONS OF SUBNORMAL 2-VARIABLE

WEIGHTED SHIFTS

Consider the following reconstruction-of-the-measure problem:

Given two probability measures g1 and o on ]R%r, find necessary and
sufficient conditions for the existence of a probability measure p on R%r
with suppp Z (R4 x 0) U (0 x Ry) such that

s du(s,t)
['sdu(s,t)

This readily implies that

t du(s,t)

=d t d ———
(s, t) an [tduls,t)

- d:u2(57 t)'

tdpa(s, t) = Asdpa(s, t)

for some A > 0; this condition, while clearly necessary for the existence of

4, is by no means sufficient.




PROBLEM
Assume that W, g)|m and W, gy|n are subnormal with Berger measures

um and pys, respectively. Find necessary and sufficient conditions on

pm, pn- and Boo for the subnormality of Wi, gy




MAON

(0,1)

(0,0)

(1,0)

(2,0)

(3,0)



The following result provides a concrete solution in terms of g, par and
Boo-

THEOREM

Assume that W, g)|m and W, gy|n are subnormal with Berger measures

2
pa and pun, respectively, and let ¢ := jfst Z’;x = Z—% Then W, gy is

subnormal if and only if the following four conditions hold:

(i) 1 €L (um)i

(ii) 5 € L pn):

(iii) B0 |5 HLl (un) =

(iv) ﬂoo{||%HLW(uM>ext+cH§HLl(ma ()X} < o,




To state the following result, recall that when the core of a 2-variable
weighted shift W, g) is of tensor form, it follows that the Berger measure
of the restriction of W(, g) to M NN splits as a Cartesian product of two

1-variable measures. As a special case, we now have:

THEOREM

(W(a,8) has a core of tensor form.) Assume that Wi, gylm and Wi, gy|n
are subnormal with Berger measures paq and pys, respectively, and let

p = uﬂ, i.e., p is the Berger measure of shift(co1, @11, -+ ). Also assume
that pupnn = & X n for some 1-variable probability measures & and 7).
Then W\, gy is subnormal if and only if the following three conditions hold:
(i) € LMum)

(ii) B ll ¢l ixgupgy <1

(i) (B0 1l xgy) 2= (B30 1230 2 < o




MNN

1Bo2
T2 ~ T e
(T1, T2) | Mirw = € < 1,
Bo1 |
Qo1
Boo B10 18320
«
0.0 00 Q10 Q20 0
(1,0) (2,0) 3 '
: ,0)

Tl’N"O'



AN APPLICATION

We will now see that one-step extensions may not exist, even under very
favorable assumptions of subnormality for the restriction of W, g) to
MV N. For instance, both W, 3)|m and W, g)lar can be unitarily
equivalent, and yet for no Byg is W(aﬁ) subnormal. To see this, let us
assume that W, gy|lm and Wi, 3)|a are subnormal with the Berger
measures paq and ppas, respectively. Assume also that Y = X. Let
urm = ppr be a diagonal measure € on X x X, that is,

supp e C {(s,t) € X x X : s = t}; we loosely describe this by

de(s,t) = de(s,s) = de(t, t).



Then by the techniques of disintegration of measures, we can see that

|

1

S

1

S

LY ()

LY (ppr) L1(eX) t L1(eY)
and

X
(MM)@E& = (E)ext = €X'



Thus, in the Theorem we have ¢ = 1 and therefore

B30 |51 11y 1= B0 I3l 1oy <1

(bn) —

and

58 {1125y A0+ 112 1y d0() — 242 < aio(s)

<:>BOO{H HLl &+ HLl evy %0 — }<50



We can summarize these calculations as follows.

PROPOSITION
Let Wi, gy be the 2-variable weighted shift given above. Then W, g) is

subnormal if and only if
(i) Boo H%HLl(eX) S
(ii) B {H%HU(J) X+ [[#ll 11ery o = 6?} < do.




We now present a concrete example.

EXAMPLE
Let paq = puar be the 2-variable probability measure on [0, 1]? with

: 1 -
moments Yk k) = %k TT (ki, ko > 0). It is easy to see that
pam = s = € is a diagonal measure on [0, 1]2; specifically, ¢ is normalized

Lebesgue measure on the diagonal of [0, 1]2. It follows that X = €Y is

the Lebesgue measure on [0,1]. Therefore, we have: W, gy is never
subnormal for any choice of fgo. For, 2 ¢ L1(eX), which is a necessary

S]

condition for subnormality.




Muito obrigado pela sua atencao!
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