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The space of (locally finite) configurations:

Γ := {γ ⊂ R
d : |γ ∩ Λ| < ∞, ∀ compact Λ ⊂ R

d}

Each γ ∈ Γ is identified with a Radon measure:

Γ ∋ γ 7→
∑

x∈γ

δx (configuration)
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The space of (locally finite) configurations:

Γ := {γ ⊂ R
d : |γ ∩ Λ| < ∞, ∀ compact Λ ⊂ R

d}

Each γ ∈ Γ is identified with a Radon measure:

Γ ∋ γ 7→
∑

x∈γ

δx (configuration)

Interpretation:

✔ Mathematical Physics: particles

✔ Ecology: individuals of a population

✔ Biology: cells

✔ Economics: agents
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The space of (locally finite) configurations:

Γ := {γ ⊂ R
d : |γ ∩ Λ| < ∞, ∀ compact Λ ⊂ R

d}

Each γ ∈ Γ is identified with a Radon measure:

Γ ∋ γ 7→
∑

x∈γ

δx (configuration)

Stochastic Dynamics - Randomly particles may...

✔ ... appear (or born)

✔ ... disappear (or die)

✔ ... move to a free site (continuously or hopping)
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(LF )(γ) =
∑

x∈γ

d(x, γ \ x)
(
F (γ \ x)− F (γ)

)
+

∫

Rd
b(x, γ)

(
F (γ ∪ x)− F (γ)

)
dx
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(LF )(γ) =
∑

x∈γ

d(x, γ \ x)
(
F (γ \ x)− F (γ)

)
+

∫

Rd
b(x, γ)

(
F (γ ∪ x)− F (γ)

)
dx

• Glauber dynamics:

d ≡ 1, b(x, γ) = z exp
(

−
∑

y∈γ

φ(x− y)
)
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(LF )(γ) =
∑

x∈γ

∫

Rd

c(x, y, γ) (F (γ \ x ∪ y)− F (γ)) dy,

• Kawasaki dynamics:

c(x, y, γ) = a(x− y) exp
(

−
∑

y∈γ

φ(x− y)
)



Stochastic Dynamics

General Framework

Stochastic Dynamics

Analiticity

Stochastic Dynamics
(cont.)

IWOTA 2019, July 22–26 5 / 14

• Kolmogorov equation:

d

dt
Ft = LFt
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• Kolmogorov equation:

d

dt
Ft = LFt

• Fokker-Planck equation:

d

dt
µt = L∗µt

(
d

dt

∫

Γ
F (γ) dµt(γ) =

∫

Γ
(LF )(γ)dµt(γ)

)
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Assume that for each t ≥ 0 there is a family

k
(n)
t : (Rd)

n
→ R

+
0 , n ∈ N

such that
∫

Γ

∑

{x1,...,xn}⊂γ

G(x1, . . . , xn) dµt(γ)

=
1

n!

∫

(Rd)n
G(x1, . . . , xn)k

(n)
t (x1, . . . , xn) dx1 . . . dxn

(Correlation functions or n-factorial moments of µt)
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Assume that for each t ≥ 0 there is a family

k
(n)
t : (Rd)

n
→ R

+
0 , n ∈ N

such that
∫

Γ

∑

{x1,...,xn}⊂γ

G(x1, . . . , xn) dµt(γ)

=
1

n!

∫

(Rd)n
G(x1, . . . , xn)k

(n)
t (x1, . . . , xn) dx1 . . . dxn

(Correlation functions or n-factorial moments of µt)

Case n = 1:
∫

Γ
|γ ∩ Λ| dµt(γ) =

∫

Γ

∑

x∈γ

11Λ(x) dµt(γ) =

∫

Λ
k
(1)
t (x) dx
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Now take G(x1, . . . , xn) = θ(x1) . . . θ(xn), n ∈ N, and sum n:

∫

Γ

∞∑

n=0

∑

{x1,...,xn}⊂γ

G(x1, . . . , xn)

︸ ︷︷ ︸
∏

x∈γ

(1 + θ(x))

dµt(γ)

=

∞∑

n=0

1

n!

∫

(Rd)n
k
(n)
t (x1, . . . , xn)θ(x1) . . . θ(xn) dx1 . . . dxn
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Now take G(x1, . . . , xn) = θ(x1) . . . θ(xn), n ∈ N, and sum n:

∫

Γ

∞∑

n=0

∑

{x1,...,xn}⊂γ

G(x1, . . . , xn)

︸ ︷︷ ︸
∏

x∈γ

(1 + θ(x))

dµt(γ)

=

∞∑

n=0

1

n!

∫

(Rd)n
k
(n)
t (x1, . . . , xn)θ(x1) . . . θ(xn) dx1 . . . dxn

Bogoliubov Generating Functional (corresponding to µ):

Bµ(θ) :=

∫

Γ

∏

x∈γ

(1 + θ(x))dµ(γ)
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✔ Assume that B is an entire functional on L1(σ) (σ = dx)

B(θ0 + θ) =

∞∑

n=0

1

n!
dnB(θ0; θ)

dnB(θ0; θ1, . . . , θn) :=
∂n

∂z1...∂zn
B

(

θ0 +

n∑

i=1

ziθi

)
∣
∣
∣ zi=0
1≤i≤n
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✔ Assume that B is an entire functional on L1(σ) (σ = dx)

B(θ0 + θ) =

∞∑

n=0

1

n!
dnB(θ0; θ)

dnB(θ0; θ1, . . . , θn) :=
∂n

∂z1...∂zn
B

(

θ0 +

n∑

i=1

ziθi

)
∣
∣
∣ zi=0
1≤i≤n

=

∫

(Rd)n

δnB(θ0)

δθ0(x1)...δθ0(xn)

n∏

i=1

θi(xi)dσ
⊗n(x1, .., xn)

(The n-th variational derivative of B at the point θ0)
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Bµ(θ) =

∫

Γ

∏

x∈γ

(1 + θ(x)) dµ(γ)

Assume that Bµ is entire on L1(σ). Then, kµ exists and for
θ0 = 0,

dnBµ(θ0; θ1, . . . , θn) :=
∂n

∂z1...∂zn
Bµ

(

θ0 +

n∑

i=1

ziθi

)
∣
∣
∣ zi=0
1≤i≤n

=

∫

(Rd)n

δnBµ(θ0)

δθ0(x1)...δθ0(xn)
︸ ︷︷ ︸

k
(n)
µ (x1,...,xn)

n∏

i=1

θi(xi)dσ
⊗n(x1, .., xn)
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∫

Γ

∑

{x1,...,xn}⊂γ

G(x1, . . . , xn) dµt(γ)

=
1

n!

∫

(Rd)n
G(x1, . . . , xn)k

(n)
t (x1, . . . , xn) dx1 . . . dxn

(Correlation functions or n-factorial moments of µt)
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Summing over n:

∫

Γ

∞∑

n=0

∑

{x1,...,xn}⊂γ

G(x1, . . . , xn)

︸ ︷︷ ︸

:=(KG)(γ)

dµt(γ)

=
∞∑

n=0

1

n!

∫

(Rd)n
G(x1, . . . , xn)k

(n)
t (x1, . . . , xn) dx1 . . . dxn
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Summing over n:

∫

Γ

∞∑

n=0

∑

{x1,...,xn}⊂γ

G(x1, . . . , xn)

︸ ︷︷ ︸

:=(KG)(γ)

dµt(γ)

=
∞∑

n=0

1

n!

∫

(Rd)n
G(x1, . . . , xn)k

(n)
t (x1, . . . , xn) dx1 . . . dxn

=

∫

Γ0

G(η)kt(η) dλ(η),

where

Γ0 :=
∞⊔

n=0

{γ ∈ Γ : |γ| = n}
︸ ︷︷ ︸

{x1,...,xn}

, λ :=
∞∑

n=0

1

n!
dx⊗n
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Summing over n:

∫

Γ

∞∑

n=0

∑

{x1,...,xn}⊂γ

G(x1, . . . , xn)

︸ ︷︷ ︸

:=(KG)(γ)

dµt(γ)

=
∞∑

n=0

1

n!

∫

(Rd)n
G(x1, . . . , xn)k

(n)
t (x1, . . . , xn) dx1 . . . dxn

=

∫

Γ0

G(η)kt(η) dλ(η).

As a result
∫

Γ
(KG)(γ) dµt(γ) =

∫

Γ0

G(η)kt(η)λ(η)
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d

dt

∫

Γ
F (γ) dµt(γ) =

∫

Γ
(LF )(γ) dµt(γ)
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d

dt

∫

Γ
F (γ)
︸ ︷︷ ︸

(KG)

dµt(γ) =

∫

Γ
(LF )(γ) dµt(γ)

⇓

d

dt

∫

Γ
(KG)(γ) dµt(γ) =

∫

Γ
(KK−1LKG)(γ) dµt(γ)
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d

dt

∫

Γ
F (γ)
︸ ︷︷ ︸

(KG)

dµt(γ) =

∫

Γ
(LF )(γ) dµt(γ)

⇓

d

dt

∫

Γ
(KG)(γ) dµt(γ)

︸ ︷︷ ︸
∫

Γ0

G(η)kt(η)λ(η)

=

∫

Γ
(KK−1LKG)(γ)dµt(γ)

︸ ︷︷ ︸
∫

Γ0

(K−1LKG)(η)kt(η)λ(η)

∫

Γ
(KG)(γ) dµt(γ) =

∫

Γ0

G(η)kt(η)λ(η)
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Consequences of

d

dt

∫

Γ
(KG)(γ) dµt(γ)

︸ ︷︷ ︸
∫

Γ0

G(η)kt(η)λ(η)

=

∫

Γ
(KK−1LKG)(γ)dµt(γ)

︸ ︷︷ ︸
∫

Γ0

(K−1LKG)(η)kt(η)λ(η)

For L̂ := K−1LK:

✔ Correlation functions ∂
∂t
kt = L̂∗kt
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Consequences of

d

dt

∫

Γ
(KG)(γ) dµt(γ)

︸ ︷︷ ︸
∫

Γ0

G(η)kt(η)λ(η)

=

∫

Γ
(KK−1LKG)(γ)dµt(γ)

︸ ︷︷ ︸
∫

Γ0

(K−1LKG)(η)kt(η)λ(η)

For L̂ := K−1LK:

✔ Correlation functions ∂
∂t
kt = L̂∗kt

✔ Bogoliubov functionals (G(η) =
∏

x∈η θ(x) =: eλ(θ, η))

∂

∂t
Bt(θ) =

∫

Γ0

(L̂eλ(θ))(η)kt(η) dλ(η) =: (L̃Bt)(θ)
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∂

∂t
Bt = L̃Bt

(L̃B)(θ) =−

∫

Rd

dx θ(x)

(
δB(θ)

δθ(x)
− zB((1 + θ)

(
e−φ(x−·) − 1

)
+ θ)

)
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