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AbERTA

General Framework

Stochastic Dynamics
Analiticity
Stochastic Dynamics
(cont.)

The space of (locally finite) configurations:
I':={yCR%: |[yNA| < o0,V compact A C R}
Each v € I' is identified with a Radon measure:

'3y Z 0, (configuration)
rey
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Stochastic Dynamics
Analiticity
Stochastic Dynamics
(cont.)

The space of (locally finite) configurations:
I':={yCR%: |[yNA| < o0,V compact A C R}
Each v € I' is identified with a Radon measure:

'3y Z 0, (configuration)
rey
Interpretation:

[0 Mathematical Physics: particles
[0 Ecology: individuals of a population
[1 Biology: cells

[J Economics: agents
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AbERTA

General Framework

Stochastic Dynamics
Analiticity
Stochastic Dynamics
(cont.)

The space of (locally finite) configurations:
I':={yCR%: |[yNA| < o0,V compact A C R}
Each v € I' is identified with a Radon measure:

'3y Z 0, (configuration)
rey

Stochastic Dynamics - Randomly particles may...
0 ... appear (or born)
O ... disappear (or die)

0 ... move to a free site (continuously or hopping)
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AbERTA

General Framework

Stochastic Dynamics

Analiticity
Stochastic Dynamics
(cont.)

Example:

(LE)(y

Birth-and-Death models

=) d(z

ey

A\ @) (F(y\ @) —

F(v)) + /]Rd b(z,v)(F(yUz) — F(y)) dx




AbERTA

General Framework

Stochastic Dynamics
Analiticity
Stochastic Dynamics
(cont.)

Example: Birth-and-Death models

(LF)Y) = 3 diay\ o) (PO \a) = FO) + [ 4w, 2) (FGU @) = P() da

ey

e Glauber dynamics:

d=1, b(x,) —zexp( Z¢:E— )

yey




- Example: Hopping particle systems (Conservative
A Models)

Stochastic Dynamics Z/ c(x,y,"y (fy \ x U y) _ F(fy)) dy7

Analiticity
Stochastic Dynamics rey
(cont.)

e Kawasaki dynamics:

c(z,y,7) = a(z —y) exp( > dlw—y )

yey
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General Framework

Stochastic Dynamics

Analiticity
Stochastic Dynamics
(cont.)

Stochastic Dynamics

e Kolmogorov equation:

—Fy = LF,
TR t
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General Framework

Stochastic Dynamics

Analiticity
Stochastic Dynamics
(cont.)

Stochastic Dynamics

e Kolmogorov equation:

d
—F, = LF
s t

e Fokker-Planck equation:
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General Framework

Stochastic Dynamics

Analiticity
Stochastic Dynamics
(cont.)

An alternative approach

Assume that for each t > 0 there is a family

Y (RY" S RE, neN

such that
[ X Gl dut)
I {x1,0eyxn Ty
1 n
- — G(ajl,...,xn)k,g )(xl,...,azn)d:vl...dxn
n! (Rd)”

(Correlation functions or n-factorial moments of ;)



AbERTA

An alternative approach

nea'faewor Assume that for each ¢t > 0 there is a family
Analiticity
Stochastic Dynamics (n) . d\™ +
(;cont.) e kt . (R ) — RO ) n e N
such that
[ X Gl dut)
I {1, xn Ty
1
=~ G(ajl,...,xn)kgn)(xl,...,azn)dxl...dxn
n. (Rd)”

(Correlation functions or n-factorial moments of ;)

Case n = 1:

[0 du) = [ 3 1a@ du) = [ K da

ey




ABERTA Stochastic Dynamics

General Framework Now take G(x1,...,z,) =0(z1)...0(xy),n € N, and sum n:

Stochastic Dynamics

Analiticity
Stochastic Dynamics

(cont.) /F Z Z G(x1,...,Tn) dug(y)

n=0{xq,...,.xn }Cv

A\ 7/

N

[ +6()

ey

00 1 ;
:Z—'/ kg )(xl,...,:vn)@(ajl)...H(xn)dl’l...dmn
=0 n. (R)™

7/ 14



AbERTA

General Framework

Stochastic Dynamics

Analiticity
Stochastic Dynamics
(cont.)

Stochastic Dynamics

Now take G(x1,...,z,) =0(z1)...0(xy),n € N, and sum n:

/I‘Z Z G(x1,...,xpn) du(y)

n=0{xq,...,.xn }Cv

A\ 7/
V

[ +6()

ey

00 1 ;
:Z—'/ kg )(xl,...,xn)ﬁ(ajl)...H(xn)dml...dxn
=0 n. (R)™

Bogoliubov Generating Functional (corresponding to 1):

B,,(0) = /F TT(1+6())du(~)

rey
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General Framework

Stochastic Dynamics 0 Assume that B is an entire functional on L(¢) (o = dx)

Stochastic Dynamics
(cont.)

[©.@)

B(6o+6)=>_ —d” B(6g;0)
n— 0

or
d"B(00; 01, . ..,0n) S <90+2zz )‘ .o

1§z§n
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General Framework
Stochastic Dynamics
Stochastic Dynamics
(cont.)

0 Assume that B is an entire functional on L(¢) (o = dx)

0

B(fo+0)= )" —d” B(6o; 6)
n= O

o"
d"B(0o;01,...,0y) := (9 s <90+Zzl ) ) <=0 =

5”B((9()) A ® (o
/aw 500 (r1)- 590<xn>H9 o (01, w0)

(The n-th variational derivative of B at the point 6)
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General Framework

Stochastic Dynamics

Stochastic Dynamics
(cont.)

B,.(0) = / 11+ 0(2)) du()

ey

Assume that B, is entire on L'(c). Then, k,, exists and for
0o = 0,

z; =0

o -
d"Bu(00;01,...,0n) := (‘9,21—823“ <90 ‘|‘Zzi0i> )
e i=1 1<i<n

0" B (6o) n
0;(x;)do®" (z1, .., Tn
/(Rd)n 000(x1)...000(xy) 1:1_[1 (x;)do®" (21, .., Tn)

aV

kgn) (1,---yTn)
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General Framework

Stochastic Dynamics
Analiticity

Stochastic Dynamics
(cont.)

Stochastic Dynamics

{Jil, ,.CUn}C"}/
1 (n)
== G(x1,...,xn)ky (21, ..., 2p)dzy ... day
n. (Rd)”

(Correlation functions or n-factorial moments of ;)




AbERTA

General Framework
Stochastic Dynamics
Analiticity
Stochastic Dynamics
(cont.)

Stochastic Dynamics

Summing over n:

/Z Z G(x1,...,Tn) dug(y)

n= 0{331, LUn}C")/

J/

==(KG)(7)

=1
=0 . (Rd)n

(n)

t

(:Ul,...

, Tp) dxy ..

.dx,



ABERTA Stochastic Dynamics

General Framework Summing over n:

Stochastic Dynamics

Analiticity
Stochastic Dynamics

(cont.) /F Z Z G(x1,...,Tn) dug(y)

n=0{x1,...,.xn }Cv

o J/

=(KG)()

1 n
=Y [ G a K o) doy . da,
=0 n. (Rd)n

= [ G(n)ki(n) d\(n),
I'o
where
o0 ©.@) 1
= |_| :{7 cl: |yl = n};, A= ﬁda:@m’
n=0 (a1 Va: ! n=0
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ABERTA Stochastic Dynamics

General Framework Summing over n:

Stochastic Dynamics

Analiticity
Stochastic Dynamics

(cont.) /F Z Z G(x1,...,Tn) dug(y)

n=0{x1,...,.xn }Cv

o J/

=(KG)()

1 n
=Y [ G a K o) doy . da,
=0 n. (Rd)n

= G(n)ke(n) dA(n).

As a result

/ (KG)(7) dus(y) = / G () ke () A(n)
r I'o
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AbERTA

General Framework
Stochastic Dynamics

Analiticity
Stochastic Dynamics
(cont.)

Stochastic Dynamics

d

dt

I

F(v) dp(y) = /

(LEF) () dpe(7)
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General Framework
Stochastic Dynamics
Analiticity
Stochastic Dynamics
(cont.)

Stochastic Dynamics

& [ E0) dut) = [ @R )
(KG)

(KK 'LEG)(v) du()

Q.
-—
=
Q
=
Zf

'1
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General Framework

Stochastic Dynamics

Analiticity
Stochastic Dynamics
(cont.)

Stochastic Dynamics

% Fﬂ@ dp(v) = A(LF)(V) dpi ()
(KG)
U
i/(KG)(”Y) dpe(v) = | (KKT'LEKG)(y)dpe()
dt Jr L

J/

N

/ G (ke () A(n) / (K" LEG) (n)k:(n) A(n)
I'o I
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Stochastic Dynamics

General Framework Consequences Of

Stochastic Dynamics

Analiticity

Stochastic Dynamics 1

(cont.) e / KG d,LLt KK LKG ( )d,LLt ("}/)
F

J/

/FOG( A() / K LLKG) () M)

For [ = K 'LK:

[0 Correlation functions %k’t — fl*k:t
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Stochastic Dynamics

General Framework Consequences Of

Stochastic Dynamics

Analiticity

Stochastic Dynamics 1

(cont.) e / KG d,LLt KK LKG ( )d,LLt ("}/)
F

J/

/FOG( A() / K LLKG) () M)

For [ = K 'LK:

[0 Correlation functions %k’t — fl*k:t

0 Bogoliubov functionals (G(n) = ern 0(x) =:ex(0,7m))

9 Bi(6) = / (Lea(8))(ka() dA(n) =: (LB)®)
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General Framework

Stochastic Dynamics

Analiticity
Stochastic Dynamics
(cont.)

Example: Glauber Dynamics

~

— DBy = LBy

ot

(LB)(6) =-

/R dr6(a) (?99 ((5))

—2B((1460) (e ?=) — 1) + 9))
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General Framework

Stochastic Dynamics
Analiticity
Stochastic Dynamics
(cont.)
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