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Then for all 2’ € E’ we have:

(3.7)
L' —p(a)] < Csup (2’ ~pla’), ) 9
xre

which give that L(z') = L(p(z')) 25 (' xr) = vy, (2'). Hence, we have
proved that for every L € (E.)’ there exists z1 € E s.t. p(xr) = vy, = L,
ie. p: E — (E.) is surjective. Then we are done because the injectivity of
¢ : E — (E.) follows by applying Corollary 3.2.9 to this special case. O

Remark 3.2.12. The previous result suggests that it is indeed more conve-
nient to restrict our attention to locally convex Hausdorff t.v.s. when dealing
with weak duals. Moreover, as showed in Proposition 3.2.8, considering locally
convex Hausdorff t.v.s has the advantage of avoiding the pathological situation
in which the topological dual of a non-trivial t.v.s. is reduced to the only zero
functional (for an example of a t.v.s. on which there are no continuous linear
functional than the trivial one, see Exercise Sheet 6).

The polar of a neighbourhood in a locally convex t.v.s.

Let us come back now to the study of the weak topology and prove one of
the milestones of the t.v.s. theory: the Banach-Alaoglu-Bourbaki theorem. To
prove this important result we need to look for a moment at the algebraic
dual E* of a t.v.s. E. In analogy to what we did in the previous section, we
can define the weak topology on the algebraic dual E* (which we will denote
by o(E*,E)) as the coarsest topology such that for any x € E the linear
functional w, is continuous, where

wy: E* — K
¥ = (x¥z) =¥ (x). (3.10)
(Note that w, | E' = v,;). Equivalently, the weak topology on the algebraic
dual E* is the locally convex topology on E* generated by the family {gqp :
F C E, |F| < oo} of seminorms qp(x*) := sup,cp [(z*, z)| on E*. It is then
easy to see that o(E', E) = o(E*,E) | E'.

An interesting property of the weak topology on the algebraic dual of a
t.v.s. is the following one:

Proposition 3.3.1. If E is a t.v.s. over K, then its algebraic dual E* endowed
with the weak topology o(E*, E) is topologically isomorphic to the product of
dim(E) copies of the field K endowed with the product topology.
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Proof.

Let {e;}icr be an algebraic basis of F, i.e. Vo € E, 3{z;}icr € K4m(E) g,
T = Zie[ xie;. For any linear functions L : F — K and any x € E we then
have L(z) = > ,c; ziL(e;). Hence, L is completely determined by the sequence
{L(e;) }ier€ K4™(E)  Conversely, every element u:={u; };c; € K¥™E) uniquely
defines the linear functional L, on E via L,(e;) := u; for all ¢ € I. This
completes the proof that E* is algebraically isomorphic to K4m(E)  Moreover,
the collection {Wc(e;,,...,€;.): e>0,r €N iy,...,i € I}, where

We(eiy,---,ei,) =={2" € B : [(z%,¢;;)| < ¢, forj=1,...,r},

is a basis of neighbourhoods of the origin in (E*,o(E*, E)). Via the isomor-
phism described above, we have that for any € > 0, r € N, and 41,...,4, € I:

W€(6i17"‘76’i7‘) ~ {{Ui}z’el € Kdzm(E) : |Uw| <eg, fOI'j = 17"'7T}

= ﬁBa(O)x II K
j=1

IN{i1,.ir}
and so W(e;,,...,e;.) is a neighbourhood of the product topology Tproq on
K#m(E) (recall that we always consider the euclidean topology on K). There-
fore, (E*,o(E*, E)) is topological isomorphic to (Kdim(E),Tpmd). O

Let us now focus our attention on the polar of a neighbourhood U of the
origin in a non-trivial locally convex Hausdorff t.v.s. E. We are considering
here only non-trivial locally convex Hausdorff t.v.s. in order to be sure to
have non-trivial continuous linear functionals (see Remark 3.2.12) and so to
make a meaningful analysis on the topological dual.

First of all let us observe that:

{z* € E*: sup|(z*,2)| <1} =U°:= {2’ € E' : sup |[(z/,2)] < 1}. (3.11)
zelU zelU

Indeed, since E/ C E*, we clearly have U°® C {z* € E* : sup,c; |(z*, z)| < 1}.
Moreover, any linear functional z* € E* s.t. sup,¢; |(2*, )| < 1 is continuous

on F and it is therefore an element of E’.
It is then quite straightforward to show that:

Proposition 3.3.2. The polar of a neighbourhood U of the origin in E is
closed w.r.t. o(E*, E).



3.3. The polar of a neighbourhood in a locally convex t.v.s.

Proof. By (3.11) and (3.10), it is clear that U° = [,y w;'([~1,1]). On
the other hand, by definition of o(E*, E) we have that w, is continuous on

(E*,0(E*, E)) forall x € E and so each w, 1 ([-1,1]) is closed in (E*,o(E*, E)).

Hence, U® is closed in (E*,0(E*, E)) as the intersection of closed subsets of
(E*,0(E", E)). O

We are ready now to prove the famous Banach-Alaoglu-Bourbaki Theorem

Theorem 3.3.3 (Banach-Alaoglu-Bourbaki Theorem).
The polar of a neighbourhood U of the origin in a locally convex Hausdorff
t.v.s. E # {o} is compact in E/.

Proof.

Since U is a neighbourhood of the origin in E, U is absorbing in FE, i.e.
Vo€ E, AM, > 0s.t. M,z € U. Hence, for all z € E and all 2’ € U° we have
|(z', Myx)| <1, which is equivalent to:

1

Vee E,Va' e U°, |(z/,x)| < T

(3.12)

Moreover, for any = € E, the subset

1
Dg;i:{OKEK: |OZ§M}

xT

is compact in K w.r.t. to the euclidean topology.

Consider an algebraic basis B of E, then by Tychnoff’s theorem? the subset
P :=[],cp Dz is compact in (Kdim(E),Tpmd).

Using the isomorphism introduced in Proposition 3.3.1 and (3.11), we get
that

U° ~ {(<m*7‘r>)x€8 AN UO}

and so by (3.12) we have that U° C P. Since Corollary 3.3.2 and Proposi-
tion 3.3.1 ensure that U° is closed in (Kdim(E) , Tpmd), we get that U° is a closed
subset of P. Hence, by Proposition 2.1.4-1, U° is compact (Kdim(E),Tpmd)
and so in (E*,0(E*, E)). As U° = E' N U° we easily see that U° is compact
in (F',0(E'",E)). O

2Tychnoff’s theorem: The product of an arbitrary family of compact spaces endowed
with the product topology is also compact.
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We briefly introduce now a nice consequence of Banach-Alaoglu-Bourbaki
theorem. Let us start by introducing a norm on the topological dual space E’
of a seminormed space (E, p):

P):= sup (@, )
zE€E:p(x)<1

P is usually called the operator norm on E'.

Corollary 3.3.4. Let (E,p) be a non-trivial normed space. The closed unit
ball in E" w.r.t. the operator norm p' is compact in E..

Proof. First of all, let us note that a normed space it is indeed a locally convex
Hausdorff t.v.s.. Then, by applying Banach-Alaoglu-Borubaki theorem to
the closed unit ball By (o) in (E, p), we get that (B1(0))° is compact in E.
The conclusion then easily follow by the observation that (Bl(o))o actually
coincides with the closed unit ball in (E’, p):

(Bi(0))” = {2/ e F': sup [(z',z)| <1}
z€B1(0)
= {d el sup (2, 2)| < 1}
zEE! p(z)<1

= {d el p@E) <1}



4.1

Chapter 4

Tensor products of t.v.s.

Tensor product of vector spaces

As usual, we consider only vector spaces over the field K of real numbers or
of complex numbers.

Definition 4.1.1.

Let E,F, M be three vector spaces over K and ¢ : E X ' — M be a bilinear

map. E and F are said to be ¢-linearly disjoint if:

(LD) Foranyr e N, any {z1,...,x,} finite subset of E and any {y1,...,yr}
finite subset of F s.t. Y.y ¢(xi,y5) = 0, we have that both the following
conditions hold:

e if x1,...,x, are linearly independent in E, thenyy =--- =y, =0
e if y1,...,y, are linearly independent in F', thenx1 =---=x, =0

Recall that, given three vector spaces over K, a map ¢ : E X F — M is
said to be bilinear if:

Vg e E, ¢ F — M is linear
y — é(xo,y)
and
Vy €F, ¢yo: E — M is linear.

z = oz, )

Let us give a useful characterization of ¢—linear disjointness.
Proposition 4.1.2. Let E, F, M be three vector spaces, and ¢ : E X FF — M
be a bilinear map. Then E and F are ¢p—linearly disjoint if and only if:
(LD’) For any r,s € N, x1,...,x, linearly independent in E and y1,...,Ys

linearly independent in F', the set {¢(zs,y;) :i=1,...,r, j=1,...,s}
consists of linearly independent vectors in M.
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Proof.

(=) Let z1,...,x, be linearly independent in E and yi,...,ys be linearly
independent in F'. Suppose that 3 ;_; > °7_; Aijd(2i,y;) = 0 for some A;; € K.
Then, using the bilinearity of ¢ and setting z; := ijl Xijyj, we easily get
Soi_1 ¢(x4,2;) = 0. As the z;’s are linearly independent in E, we derive from
(LD) that all z;’s have to be zero. This means that for each i € {1,...,r} we
have Z;Zl Aijy; = 0, which implies by the linearly independence of the y;’s
that A;j =0forallie {1,...,r} and all j € {1,...,s}.

(<) Let r € N, {x1,...,2,} € FE and {y1,...,y-} C F be such that
Yoi_y é(xi,yi) = 0. Suppose that the x;s are linearly independent and let
{z1,...,2s} be a basis of span{yi,...,y,}. Then for each i € {1,...,r} there
exist \j; € Ks.t. y; = Z;:l Aijz; and so by the bilinearity of ¢ we get:

T T S

0= Zgzﬁ(a:i,yj) = ZZ)\ij(b(xi,Zj). (4.1)
i=1 i=1 j=1

By applying (LD’) to the z;’s and zé-s, we get that all ¢(x;, z;)’s are linearly

independent. Therefore, (4.1) gives that A;; = 0 for all i € {1,...,7} and all

jed{l,...,s}andsoy; =0forall i € {1,...,7}. Exchanging the roles of the

x;’s and the y;’s we get that (LD) holds. O

Definition 4.1.3. A tensor product of two vector spaces E and F over K is
a pair (M, @) consisting of a vector space M over K and of a bilinear map

¢: ExF — M (canonical map) s.t. the following conditions are satisfied:
(TP1) The image of E x F spans the whole space M.
(TP2) E and F are ¢p—linearly disjoint.

We now show that the tensor product of any two vector spaces always
exists, satisfies the “universal property” and it is unique up to isomorphisms.
For this reason, the tensor product of £ and F' is usually denoted by £ ® F
and the canonical map by (z,y) — x ® y.

Theorem 4.1.4. Let E, F be two vector spaces over K.
(a) There exists a tensor product of E and F'.
(b) Let (M, ¢) be a tensor product of E and F. Let G be any vector space over

K, and b any bilinear mapping of E X F' into G. There exists a unique
linear map b : M — G such that the following diagram is commutative.

ExF—,@

b A

M



4.1. Tensor product of vector spaces

(c) If (M1, ¢1) and (Ma, ¢2) are two tensor products of E and F', then there is
a bijective linear map u such that the following diagram is commutative.

ExF -2 M,

<

M,y
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