1.4

1.4. Projective topologies and examples of projective limits

Projective topologies and examples of projective limits

Let {(Fa,Ta) : @ € A} be a family of locally convex t.v.s. over the field K of
real or complex numbers (A is an arbitrary index set). Let E be a vector space
over the same field K and, for each o € A, let f, : E — E, be alinear mapping.
The projective topology T7p,o; on E w.r.t. the family {(Eq, T, fa) : @ € A} is
the locally convex topology generated by the following basis of neighbourhoods
of the origin in E:

Byroj = { ﬂ Y (U,) : F C Afinite, U, basic nbhood of o in (Eq, 7,), Vo € F} .
acF

Hence, (E, Tproj) is a locally convex t.v.s.. Indeed, since all (Eq,7,) are lo-

cally convex t.v.s., we can always choose the U,’s to be convex, balanced and

absorbing and so, by the linearity of the f,’s, we get that the corresponding

Bproj is a collection of convex, balanced and absorbing subsets of E such that:

a) Y U,V € Bproj, UNV € Bppoj, because U = (\,cp fo'(Us) and V =
Nacc fa ' (Ua) for some F, G C A finite and some U, basic neighbourhoods
of the origin in (Eq, 7o) and so UNV = Nycpua fa - (Ua) € Bproj.

b) ¥V p>0,YU € Bproj, pPU € Byroj, since U = cp 1 (U,) for some F C A
finite and some U, basic neighbourhoods of the origin in (F,,7,) and so
PU = Naer foH (pUa) € Byproj-

Then Theorem 4.1.14 in TVS-I ensures that 7,.,; makes E into a l.c. t.v.s.
Note that 7,,,; is the coarsest topology on E for which all the mappings f.

(o € A) are continuous. Suppose there exists another topology 7 on E such

that all the f,’s are continuous and 7 C 7,,,j. Then for any neighbourhood U

of the origin in 7,,.,; there exists ' C A finite and for each o € I there exists

U, basic neighbourhood of the origin in (E,, 7o) such that (,cp fo ' (Ua) C U.

Since the 7-continuity of the f,’s ensures that each f;!(U,) is a neighbour-

hood of the origin in 7, we have that U is itself a neighbourhood of the origin

in 7. Hence, 7 = Tpyo;.

Proposition 1.4.1. Let E be a vector space over K endowed with the projec-
tive topology Tproj w.r.t. the family {(Eq, Ta, fa) : @ € A}, where each (Eq, Tya)
s a locally convex t.v.s. over K and each f., a linear mapping from E to E,.
Then Tproj 45 Hausdorff if and only if for each 0 # x € E, there exists an
a € A and a neighbourhood Uy, of the origin in (Ey, 7o) such that fo(x) ¢ U,.

Proof. Suppose that (E,Tpro;) is Hausdorff and let 0 # x € E. By Propo-
sition 2.2.3 in TVS-I, there exists a neighbourhood U of the origin in F not
containing x. Then, by definition of 7,,,; there exists a finite subset ' C A
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and, for any a € F, there exists U, neighbourhood of the origin in (E,, 7,)
S.t. Nper fo (Ua) CU. Hence, as x ¢ U, there exists a« € F s.t. z ¢ f3'(Ua)
ie. fo(z) ¢ U,. Conversely, suppose that there exists an a € A and a neigh-
bourhood of the origin in (E,, 7,) such that fo(z) ¢ U,. Then z ¢ f71(Uy),
which implies by Proposition 2.2.3 in TVS-I that 7,,,; is a Hausdorff topology,
as f;1(Uy,) is a neighbourhood of the origin in (E, Tpo;) not containing z. [

Proposition 1.4.2. Let E be a vector space over K endowed with the pro-
jective topology Tproj w.r.t. the family {(Eq,Ta, fa) @ o € A}, where each
(Eo,Ta) 18 a locally conver t.v.s. over K and each f,, a linear mapping from
E to E,. Let (F,7) be an arbitrary t.v.s. and u a linear mapping from F into
E. The mapping u : I — E is continuous if and only if, for each o € A,
faou: F — E, is continuous.

Proof. (Exercise Sheet 3) O

Example I: The product of locally convex t.v.s

Let {(Ea,Ta) : @ € A} be a family of locally convex t.v.s. The product
topology Tprod 00 E =[], c 4 Ea (see Definition 1.1.20 in TVS-I) is the coarsest
topology for which all the canonical projections p, : F — E, (defined by
Pa(z) == x4 for any @ = (zg)geca € E) are continuous. Hence, 7,,4q coincides
with the projective topology on E w.r.t. {(Ey, Ta,Pa) : @ € A}.

Let us consider now the case when we have a directed partially ordered
index set (A, <), a family {(Eq, 7o) : @ € A} of locally convex t.v.s. over K
and for any a < 8 a continuous linear mapping g.g : Eg — E,. Let E be
the subspace of [],c4 Fa whose elements £ = (z4)aca satisfy the relation
ZTo = gop(xs) whenever @ < . For any a € A, let f, be the canonical
projection p, : H,Be 4 Es — E, restricted to E. The space £ endowed with
the projective topology w.r.t. the family {(Fq, o, fo) : @ € A} is said to be
the projective limit of the family {(F,,7a) : @« € A} w.r.t. the mappings
{9ap 1,8 € A, < B} and {f, : @ € A}. If each f,(E) is dense in E, then
the projective limit is said to be reduced.

Remark 1.4.3. Given a family {(Eq,7a) @ @ € A} of locally convex t.v.s.
over K which is directed by topological embeddings (i.e. for any o, 8 € A there
existsy € A s.t. Ey, C E, and E, C Eg with continuous embeddings) and such
that the set E = ﬂaeA E, is dense in each E, we denote by i, the embedding
of E into E,. The directedness of the family induces a partial order on A
making A directed, i.e. o < B if and only if Eg C E,. For any o < B3, let us
denote by iqg the continuous embedding of Eg in E,. Then the set E endowed
with the projective topology Tproj w.r.t. the family {(Eq,Ta,ia) @ o € A}
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is the reduced projective limit of {(Eq, 7o) @ o € A} w.r.t. the mappings
{iap 1,8 € A,a < B} and {iq : a« € A}. For convenience, in such cases,
(E, Tproj) is called just reduced projective limit of {(Eq, Ta) : @ € A} (omitting
the maps as they are all natural embeddings).

Example Il: The space of test functions

Let QCR? be open in the euclidean topology. The space of test functions
C°(Q), i.e. the space of all the functions belonging to C*°(€2) which have a
compact support, can be constructed as a reduced projective limit of the kind
introduced in Remark 1.4.3. Consider the index set

T :={t:= (t1,t2) : t1 € Ny, t2 € C(Q) withts(xz) > 1, V2 € Q}

and for each t € T, let us introduce the following norm on C°(€2):

[olle := sup ta(x) Y (D) ()]

lor|<tq

For each t € T', let Z,(€2) be the completion of C2°(2) w.r.t. || - ||; and denote
by 7 the topology induced by the norm ||-||;. Then the family {(Z:(Q), 7, ;) :
t € T} is directed by topological embeddings, since for any t := (t1,t2),s :=
(s1,82) € T we always have that r := (t; + s1,t2 + s2) € T is such that
2,(Q) € 2:(Q) and Z2,(2) C Z5(2). Moreover, we have that as sets

c2(2) = ) Z(9).

teT

Hence, the space of test functions C2°(€2) endowed with the projective topology
Tproj W.r.t. the family {(Z;(2), 7¢,4¢) : t € T'}, where (for each t € T') i; denotes
the natural embedding of C2°(£2) into Z;(Q?) is the reduced projective limit of
the family {(2:(Q), ) : t € T'}.

Using Sobolev embeddings theorems, it can be showed that the space of
test functions C°(£2) can be actually written as projective limit of a fam-
ily of weighted Sobolev spaces which are Hilbert spaces (see [I, Chapter I,
Section 3.10]).

Open mapping theorem

In this section we are going to come back for a moment to the general theory of
metrizable t.v.s. to give one of the most celebrated theorems in this framework,
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the so-called open mapping theorem. Let us first try to motivate the question
on which such a theorem is based on.

Let X and Y be two t.v.s. over K and f : X — Y a linear map. Then
there exists a unique linear map f : X/Ker(f) — Im(f) making the following
diagram commutative, i.e.

X/Ker(f)

where ¢ is the natural injection of Im(f) into Y, i.e. the mapping which to
each element y of Im(f) assigns that same element y regarded as an element
of Y; ¢ is the canonical map of X onto its quotient X /Ker(f) (since we are
between t.v.s. ¢ is continuous and open).
Note that
o f is well-defined.
Indeed, if ¢p(x) = ¢(y), i.e. © —y € Ker(f), then f(x —y) = 0 that is
£() = £(y) and so f(9(x)) = F(6()).
e f is linear.
This is an immediate consequence of the linearity of f and of the linear
structure of X/Ker(f).
e fis a one-to-one map of X/Ker(f) onto Im(f).
The onto property is evident from the definition of Im(f) and of f.
As for the one-to-one property, note that f(¢(z)) = f(¢(y)) means by
definition that f(x) = f(y), i.e. f(z —y) = 0. This is equivalent, by
linearity of f, to say that z —y € Ker(f), which means that ¢(x) = ¢(y).

Proposition 1.5.1. Let f : X — Y a linear map between two t.v.s. X andY .
The map f is continuous if and only if the map f is continuous.

Proof. Suppose f continuous and let U be an open subset in Im(f) (endowed
with the subspace topology induced by the topology on Y). Then f~1(U)
is open in X. By definition of f, we have f~1(U) = ¢(f~*(U)). Since the
quotient map ¢ : X — X/Ker(f) is open, ¢(f~1(U)) is open in X/Ker(f).
Hence, f~1(U) is open in X/Ker(f) and so the map f is continuous. Viceversa,
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suppose that f is continuous. Since f = f o ¢ and ¢ is continuous, f is also
continuous as composition of continuous maps. [

In general, the inverse of f, which is well defined on Im(f) since f is
injective, is not continuous, i.e. f is not necessarily open. However, combining
the previous proposition with the definition of f, it is easy to see that

Proposition 1.5.2. Let f : X — Y a linear map between two t.v.s. X
and Y. The map f is a topological homomorphism (i.e. linear, continuous
and open) if and only if f is a topological isomorphism (i.e. bijective topological
homomorphism,).

Now if Y is additionally Hausdorff and Im(f) finite dimensional, then
whenever f is continuous we have that f is not only continuous but also open
(see Theorem 3.1.1-c in TVS-I and recall that in this case Ker(f) is closed and
so X/Ker(f) is a Hausdorff t.v.s..). Hence, any linear continuous map from a
t.v.s. into a Hausdorff t.v.s. whose image is finite dimensional is also open.
It is then natural to ask for which classes of t.v.s. any linear continuous map
is also open. Of course, we are really interested in loosening the restriction of
the finite dimensionality of Im(f) but we do expect that in doing so we shall
give up some of the generality on the domain X of f. The open mapping
theorem exactly provides an answer to this question.

Theorem 1.5.3. Let X and Y be two metrizable and complete t.v.s.. Fvery
continuous linear surjective map f: X — Y is open.

The proof consists of two rather distinct parts. In the first one, we make
use only of the fact that the mapping under consideration is onto and that
Y is metrizable and complete (and so Baire). In the second part, we take
advantage of the fact that both X and Y can be turned into metric spaces,
and that Y is also complete.

Proof. Since Y is metrizable and complete, it is a Baire t.v.s. by Proposi-
tion 1.1.9. This together with the fact that f : X — Y is linear, continuous,
onto map (and so Im(f) has non-empty interior) implies that the assumptions
of Lemma 1.5.4 below are satisfied and so we get that f(V') is a neighbour-
hood of the origin in Y whenever V is a neighbourhood of the origin in X.
This provides in particular that, for any r > 0 there exists p > 0 such that
B,(0) C f(Br(0)) since X and Y are both metrizable t.v.s.. Since the met-
rics employed can be always chosen to be translation invariant (see Proposi-
tion 1.1.3), we easily obtain that the assumption (1.14) in Lemma 1.5.5 below

holds.
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Let U be a neighbourhood of the origin in X. Then there exists s > 0 s.t.
Bs(o) C U and so f(Bs(o)) € f(U). By applying (1.14) for r = 3, we obtain
that 3 p:=ps >0 s.t. By(o) C f(Bs(0)) and so, by Lemma 1.5.5, we have

B,(o) € f(Bs(0)) € f(U) since s > 5. Hence, f(U) is a neighbourhood of the
origin in Y. O

Lemma 1.5.4. Let X be a t.v.s., Y a Baire t.v.s. and f: X — Y a continuous
linear map. If f(X) has non-empty interior, then f(V') is a neighbourhood of
the origin in 'Y whenever V is a neighbourhood of the origin in X.

Proof. (see Exercise Sheet 1) O

Lemma 1.5.5. Let X be a metrizable and complete t.v.s. andY a metrizable
(not necessarily complete) t.v.s.. If f: X — Y is a continuous linear map
such that

¥r>0,3p, >0 st B, (f(z)) C f(B.(2)),¥x € X, (1.14)

then for any a > r we have that B, (f(x)) C f(Ba(x)) for allx € X.
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