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2.3. Bounded subsets of special classes of t.v.s.

Bounded subsets of special classes of t.v.s.

In this section we are going to study bounded sets in some of the special classes
of t.v.s. which we have encountered so far. First of all, let us notice that any
ball in a normed space is a bounded set and thus that in normed spaces there
exist sets which are at the same time bounded and neighbourhoods of the
origin. This property is actually a characteristic of all normable Hausdorff
locally convex t.v.s.. Recall that a t.v.s. F is said to be normable if its
topology can be defined by a norm, i.e. if there exists a norm || - || on E such
that the collection {B, : r > 0} with B, := {z € E : ||z|| < r} is a basis of
neigbourhoods of the origin in E.

Proposition 2.3.1. Let E be a Hausdorff locally convex t.v.s.. If there is a
neighbourhood of the origin in E which is also bounded, then E is normable.

Proof. Let U be a bounded neighbourhood of the origin in E. As F is locally
convex, by Proposition 4.1.12 in TVS-I, we may always assume that U is
open and absolutely convex, i.e. convex and balanced. The boundedness of
U implies that for any balanced neigbourhood V of the origin in F there
exists A > 0 s.t. U C AV. Hence, U C nV for all n € N such that n > A,
ie. %U C V. Then the collection {%U}%N is a basis of neighbourhoods of
the origin o in E and, since E is a Hausdorff t.v.s., Corollary 2.2.4 in TVS-I
guarantees that

N ly- {o}. (2.2)

neN n
Since F is locally convex and U is an open absolutely convex neighbourhood
of the origin, there exists a generating seminorm p on E s.t. U = {x € E :
p(z) < 1} (see second part of proof of Theorem 4.2.9 in TVS-I). Then p must
be a norm, because p(z) = 0 implies x € %U for all n € N and so x = 0 by
(2.2). Hence, E is normable. O

An interesting consequence of this result is the following one.

Corollary 2.3.2. Let E be a locally convexr metrizable space. If E is not
normable, then E cannot have a countable basis of bounded sets in E.

Proof. (Sheet 6, Exercise 1) O
The notion of boundedness can be extended to linear maps between t.v.s..

Definition 2.3.3. Let E, F be two t.v.s. and [ a linear map of E into F. f
is said to be bounded if for every bounded subset B of E, f(B) is a bounded
subset of F'.
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We have already showed in Proposition 2.2.9 that any continuous linear
map between two t.v.s. is a bounded map. The converse is not true in general
but it holds for two special classes of t.v.s.: metrizable t.v.s. and LF-spaces.

Proposition 2.3.4. Let E be a metrizable t.v.s. and let f be a linear map of
FE into a t.v.s. F. If f is bounded, then f is continuous.

Proof. Let f : E — F be a bounded linear map. Suppose that f is not
continuous. Then there exists a neighbourhood V' of the origin in F whose
preimage f~!(V) is not a neighbourhood of the origin in £. W.Lo.g. we
can always assume that V is balanced. As F is metrizable, we can take a
countable basis {Uy, }nen of neighbourhood of the origin in F s.t. U, O Up4+1
for all n € N. Then for all m € N we have LU,, Z f~}(V) i.e.

VmeN, Iz, € iUm s.t. f(zm) ¢ V. (2.3)
m

As for all m € N we have mz,, € U,, we get that the sequence {max,, }men
converges to the origin o in E. In fact, for any neighbourhood U of the
origin o in F there exists n € N s.t. Up C U. Then for all n > n we have
xn € U, CUz CU, ie. {mxy}men converges to o.

Hence, Proposition 2.2.7 implies that {mxy, }men, is bounded in E and so,
since f is bounded, also {mf(xm)}men, is bounded in F. This means that
there exists p > 0 s.t. {mf(xm)}men, € pV. Then for all n € N with n > p
we have f(x,) € £V CV which contradicts (2.3).

O

To show that the previous proposition also hold for LF-spaces, we need to
introduce the following characterization of bounded sets in LF-spaces.

Proposition 2.3.5.

Let (E, Ting) be an LF-space with defining sequence {(En, Tn)}nen. A subset
B of E is bounded in E if and only if there exists n € N s.t. B is contained
in E, and B 1s bounded in E,,.

To prove this result we will need the following refined version of Lemma 1.3.3.

Lemma 2.3.6. Let Y be a locally convex space, Yy a closed linear subspace of
Y equipped with the subspace topology, U a convex neighbourhood of the origin
in Yo, and xg € Y with xy ¢ U. Then there exists a convex neighbourhood V
of the origin in'Y such that zo ¢ V and VNYy=U.
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By Lemma 1.3.3 we have that there exists a convex neighbourhood W of the
origin in Y such that W N Yy = U. Now we need to distinguish two cases:
-If g € Yp then necessarily o ¢ W since by assumption zg ¢ U. Hence, we
are done by taking V := W.

-If xo ¢ Yo, then let us consider the quotient Y/Yp and the canonical map
¢:Y = Y/Yy. AsYjis a closed linear subspace of Y and Y is locally convex,
we have that Y/Y) is Hausdorff and locally convex. Then, since ¢(xo) # o,
there exists a convex neighbourhood N of the origin o in Y/Yj such that
#(x9) ¢ N. Set Q := ¢~1(N). Then  is a convex neighbourhood of the origin
in Y such that zo ¢ Q and clearly Yy C Q (as ¢(Yy) = o € N). Therefore,
if we consider V := QN W then we have that: V is a convex neighbourhood
of the origih in Y, VNYy=QnNWnNYy=WnYy =U and 29 ¢ V since

Proof. of Proposition 2.3.5

Suppose first that B is contained and bounded in some F,. Let U be an
arbitrary neighbourhood of the origin in E. Then by Proposition 1.3.4 we
have that U,, := U N E, is a neighbourhood of the origin in F,. Since B is
bounded in E,,, there is a number A > 0 such that B C A\U,, C AU, i.e. B is
bounded in E.

Conversely, assume that B is bounded in E. Suppose that B is not con-
tained in any of the E,’s, i.e. Vn € N,Jx, € B s.t. x, ¢ E,. We will show
that the sequence {z, },en is not bounded in E and so a fortiori B cannot be
bounded in E.

Since z1 ¢ E; but 1 € B C E, given an arbitrary convex neighbourhood U
of the origin in E; we can apply Lemma 2.3.6 and get that there exists U}
convex neighbourhood of the origin in E s.t. x1 ¢ Uj and Uy N E; = Uy. As
Tind | E2 = T2, we have that Uy := Uj N Ej is a convex neighbourhood of the
origin in Fy s.t. 1 ¢ Uyand Us N Ey =U,NEyNEy = Uy N Ey = Uy

Since x1 ¢ Uy, we can apply once again Lemma 2.3.6 and proceed as above to
get that there exists V3 convex neighbourhood of the origin in E3 s.t. 1 ¢ V3
and V{ N Ey = Us. Since x9 ¢ FEy we also have %xg ¢ E5 and so %1’2 ¢ Us. By
applying again Lemma 2.3.6 and proceeding as above, we get that there exists
V3 convex neighbourhood of the origin in Fj s.t. %1‘2 ¢ Vs and V3N Ey = Us.
Taking Us := V3 N V4 we have that Uz N E> = Uy and 21, 332 ¢ Us.

By induction on n, we get a sequence {U, }nen such that for any n € N:

e U, is a convex neighbourhood of the origin in F,

o Uy=Up1NE,

® T, %ZL'Q, ey %:En ¢ Un+1.
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Note that:
Un == n+1mEn - n+20En+1ﬂEn == n+2ﬂE = = n-‘,—kﬂEna Vk‘ S N

Consider U := |J;2, Uj, then for each n € N we have

unU,=|(Juinu. |ul | UnU, :UnU<UUn+kﬂUn):Un,
Jj=1 j=n+1 k=1

i.e. U is a neighbourhood of the origin in (E, Tinq)-

Suppose that {z;};cn is bounded in E then it should be swallowed by
U. Take a balanced neighbourhood V' of the origin in F s.t. V C U. Then
there would exists A > 0 s.t. {z;}jeny € AV and so {z;}jen C nV for some
n € N with n > A. In particular, we would have x,, € nV which would
imply %xn € V C U; but this would contradict the third property of the U;’s
(i.e. % ¢ U2 Unyy = U211 Uj = U, since U; C Ujyq for any j € N).
Hence, {z;}en is not bounded in F and so B cannot be bounded in E. This
contradicts our assumption and so proves that B C F,, for some n € N.

It remains to show that B is bounded in F,,. Let W,, be a neighbourhood
of the origin in F,,. By Proposition 1.3.4, there exists a neighbourhood W of
the origin in F such that WNE,, = W,,. Since B is bounded in F, there exists
> 0s.t. BC uW and hence B = BNE, C uWNE, = u(WNE,) =W,. O

Corollary 2.3.7. A bounded linear map from an LF- space into an arbitrary
t.v.s. is always continuous.

Proof. (Sheet 5, Exercise 2) O
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Chapter 3

Topologies on the dual space of a t.v.s.

In this chapter we are going to describe a general method to construct a whole
class of topologies on the topological dual of a t.v.s. using the notion of polar
of a subset. Among these topologies, the so-called polar topologies, there
are: the weak topology, the topology of compact convergence and the strong
topology.
In this chapter we will denote by:
e F a t.v.s. over the field K of real or complex numbers.
e E* the algebraic dual of F, i.e. the vector space of all linear functionals
on FE.
e [ its topological dual of E, i.e. the vector space of all continuous linear
functionals on F.
Moreover, given x’ € E’, we denote by (2, x) its value at the point = of E, i.e.
(o', z) = 2/(z). The bracket (-,-) is often called pairing between E and E'.

The polar of a subset of a t.v.s.

Definition 3.1.1. Let A be a subset of E. We define the polar of A to be the
subset A° of E' given by:

A° = {x' € B :sup|(x,z)| < 1} :
x€A
Let us list some properties of polars:
a) The polar A° of a subset A of F is a convex balanced subset of E'.
b) If AC B C E, then B° C A°.
) (pA)° = (3)A°, Vp>0,YACE.
)
)

o

d) (AUB)°=A°NB°,VA,BCE.
e) If Aisaconein F, then A°={2’ € F': (2/,2) =0,V2z € A} and A° is a
linear subspace of E’. In particular, this property holds when A is a linear
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subspace of E and in this case the polar of A is called the orthogonal of
A, i.e. the set of all continuous linear forms on E which vanish identically
in A.

Proof. (Sheet 5, Exercise 3) O
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