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1.1

Chapter 1

Special classes of topological vector spaces

In these notes we consider vector spaces over the field K of real or complex
numbers given the usual euclidean topology defined by means of the modulus.

Metrizable topological vector spaces

Definition 1.1.1. A t.v.s. X is said to be metrizable if there exists a metric
d which defines the topology of X.

We recall that a metric d on a set X is a mapping d : X x X — R with
the following properties:

1. d(z,y) = 0 if and only if x = y (identity of indiscernibles);

2. d(z,y) = d(y,x) for all z,y € X (symmetry);

3. d(z,z) <d(x,y) +d(y,z) for all z,y,z € X (triangular inequality).

To say that the topology of a t.v.s. X is defined by a metric d means that
for any = € X the sets of all open (or equivalently closed) balls:

B.(x) ={ye X :d(z,y) <r}, VYr>0

forms a basis of neighbourhoods of z w.r.t. to the original topology on X.
There exists a completely general characterization of metrizable t.v.s..

Theorem 1.1.2. A t.v.s. X is metrizable if and only if X is Hausdorff and
has a countable basis of neighbourhoods of the origin.

Note that one direction is quite straightforward. Indeed, suppose that X
is a metrizable t.v.s. and that d is a metric defining the topology of X, then
the collection of all B1 (o) with n € N is a countable basis of neighbourhoods
of the origin o in X. Moreover, the intersection of all these balls is just the
singleton {o}, which proves that the t.v.s. X is also Hausdorff (see Corollary
2.2.4 in TVS-I)
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The other direction requires more work and we are not going to prove it
in full generality but only for locally convex (l.c.) t.v.s., since this class of
t.v.s. is anyway the most commonly used in applications. Before doing it, let
us make another general observation:

Proposition 1.1.3. In any metrizable t.v.s. X, there exists a translation
mwvariant metric which defines the topology of X.

Recall that a metric d on X is said to be translation invariant if
dlx+z,y+ 2) =d(z,y), Va,y,z € X.

It is important to highlight that the converse of Proposition 1.1.3 does
not hold in general. Indeed, the topology 7, defined on a vector space X by
a translation invariant metric d is a translation invariant topology and also
the addition is always continuous w.r.t. 74. However, the multiplication by
scalars might be not continuous w.r.t. 74 and so (X, 74) is not necessarily a
t.v.s.. For example, the discrete metric on any non-trivial vector space X is
translation invariant but the discrete topology on X is not compatible with
the multiplication by scalars (see Proposition 2.1.4 in TVS-I) .

Proof. (of Theorem 1.1.2 and Proposition 1.1.3 for l.c. t.v.s.)
Let X be a l.c. t.v.s.. Suppose that X is Hausdorff and has a countable basis
{Un,n € N} of neighbourhoods of the origin. Since X is a l.c. t.v.s., we can
assume that such a countable basis of neighbourhoods of the origin consists
of barrels, i.e. closed, convex, absorbing and balanced sets (see Proposition
4.1.13 in TVS-I) and that satisfies the following property (see Theorem 4.1.14
in TVS-I):

Vi eN,Vp>0,In e N: U, C pUj.
We may then take

Vo=Un---NU,, VYneN

as a basis of neighbourhoods of the origin in X. Each V,, is a still barrel,
Vha1 €V, for any n € N and:

Vi eN,Vp>0,In e N:V, C pVj. (1.1)

Moreover, we know that for any n € N there is a seminorm p,, on X whose
closed unit semiball is V,,, i.e. V,, = {z € X : p,(x) < 1}. Then clearly we
have that this is a countable family of seminorms generating the topology of
X and such that p, < ppy1 for all n € N.
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Let us now fix a sequence of real positive numbers {a;}jen such that
S j=1a;j < oo and define the mapping d on X x X as follows:

y)
, V,z,y € X.
Z ]1+pjl'_ Y) Y

We want to show that this is a metric which defines the topology of X.

Let us immediately observe that the positive homogeneity of the seminorms
pj gives that d is a symmetric function. Also, since X is a Hausdorff t.v.s.,
we get that {o} C NS, Ker(p,) C Ny, V, = {0}, i.e. NS, Ker(p,) = {o}
This provides that d(x,y) = 0 if and only if x = y . We must therefore check
the triangular inequality for d. This will follow by applying, for any fixed
j€Nand z,y,2 € X, Lemma 1.1.4 below to a := pj(z —y), b := p;(y — 2)
and ¢ := p;j(x — z). In fact, since each p; is a seminorm on X, we have
that the above defined a,b,c are all non-negative real numbers such that:
c=pjlx—z)=pjlr—y+y—2) <pjlx —y) +pj(y — 2) = a+ b. Hence, the
assumption of Lemma 1.1.4 are fulfilled for such a choice of a,b and ¢ and we
get that for each j € N:

piw=2) _ _ple-y | ply-2 ey X

14+pj(x—2) ~ 1+pjlx—y) 1+pjly—2)
Since the a;’s are all positive, this implies that d(z,z) < d(z,y) + d(y, 2),
Vz,y,z € X. We have then proved that d is indeed a metric and from its
definition it is clear that it is also translation invariant.

To complete the proof, we need to show that the topology defined by
this metric d coincides with the topology initially given on X. By Hausdorff
criterion (see Theorem 1.1.17 in TVS-I), we therefore need to prove that for
any x € X both the following hold:

1. Vr>0,3neN:z+V, C B,(x)
2.VneN,Ir >0: B.(z) Cax+V,

Because of the translation invariance of both topologies, we can consider just
the case x = o.

Let us fix r > 0. As 3777, a; < oo, we can find j(r) € N such that

o0

Y o< % (1.2)

J=i(r)+1
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Using that p, < ppy1 for all n € N and denoting by A the sum of the series
of the a;’s, we get:

3(r) J(r) o
pj(x)
g Tty =20 >§ 7 < Pin >Z:3 5= Apjey (@) (13)

Combining (1.2) and (1.3), we get that if x € 53V, i.e. if pjiy(7) < 57,
then:

J(r) 00

”
a; < A + =<
S $ B ]

This proves that 55Vj,) € Br(0). By (1.1), there always exists n € N s.t.

Vi, C 2AVJ(T) and so 1 holds.
In order to prove 2, let us fix j € N. Then clearly

i)
"1+ pj(z)

As the a;’s are all positive, the latter implies that:

< d(z,0), Vo e X.

pi(z) <a;'(14pj(x))d(z,0), Ve X.

2
gives pj(z) < 1. Hence, Ba; (0) C V; which proves 2. O
2

Therefore, if 2 € Ba, (0) then d(z,0) < % and so p;(z) < %, which
2

Let us show now the small lemma used in the proof above:

Lemma 1.1.4. Let a,b,c € RY such that ¢ < a+b then 1&; < 19 + 1L+b-

Proof. W.lo.g. we can assume ¢ > 0 and a +b > 0. (Indeed, if ¢ = 0 or
a + b = 0 then there is nothing to prove.)Then ¢ < a + b is equivalent to

~1
% §% This implies that (1+ 38 '< (1+ %%) which is equivalent to:
c a+b a b a b
< = + < + .
l+c~ " 14+a+b 14a+b 14+a+b~" 14a 140 =

We have therefore the following characterization of l.c. metrizable t.v.s.:

Proposition 1.1.5. A locally convex t.v.s. (X, T) is metrizable if and only if
T can be generated by a countable separating family of seminorms.
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Let us introduce now three general properties of all metrizable t.v.s. (not
necessarily l.c.), which are well-known in the theory of metric spaces.

Proposition 1.1.6. A metrizable t.v.s. X is complete if and only if X is
sequentially complete.

Proof. (Sheet 1, Exercise 2-a)) O

(For the definitions of completeness and sequentially completeness of a
t.v.s., see Definition 2.5.5 and Definition 2.5.6 in TVS-I. See also Proposition
2.5.7 and Example 2.5.9 n TVS-I for more details on the relation between
these two notions for general t.v.s..)

Proposition 1.1.7. Let X be a metrizable t.v.s. and Y be any t.v.s. (not
necessarily metrizable). A mapping f : X — Y (not necessarily linear) is
continuous if and only if it is sequentially continuous.

Proof. (Sheet 1, Exercise 2-b)) O

Recall that a mapping f from a topological space X into a topological
space Y is said to be sequentially continuous if for every sequence {zp }nen
convergent to a point x € X the sequence { f(zy)}nen converges to f(z) in Y.

The proof that continuity of f : X — Y always implies its sequentially
continuity is pretty straightforward and holds under the general assumption
that X and Y are topological spaces (see Proposition 1.1.38 in TVS-I). The
converse does not hold in general as the following example shows.

Example 1.1.8.

Let us consider the set C([0, 1]) of all real-valued continuous functions on [0, 1].
This is a vector space w.r.t. the pointwise addition and multiplication by real
scalars.  We endow C([0,1]) with two topologies which both make it into a
t.v.s.. The first topology o is the one give by the metric:

@)~ ()
dre)= [ pEE=E g e,

The second topology T is instead the topology generated by the family (Pw)xe[o,l}
of seminorms on C([0,1]), where

pm(f) = ’f($)|a Vfe C([Ov 1])

We will show that the identity map I : (C([0,1]),7) — (C([0,1]),0) is sequen-
tially continuous but not continuous.



1.

SPECIAL CLASSES OF TOPOLOGICAL VECTOR SPACES

o [ is sequentially continuous
Let (fn)nen be a sequence of elements in C([0,1]) which is T—convergent to
fe€cC(0,1]) as n — oo, i.e. |fo(z) — f(z)| = 0, Vz € [0,1] as n — oco. Set

_fn(@) = f(=)]
gn(z) = T+ @) = f@)] Vz € [0,1], Vn € N.

Then |gn(x)] < 1,Vx € [0,1], Vn € N and g,(z) — 0Vz € [0,1] as n — oo.
Hence, by the Lebesque dominated convergence theorem, we get fol gn(x)dzr —
0 as n — oo, that is, d(fn, f) = 0 as n — oo, i.e. the sequence (I(fy))nen is
o—convergent to f as n — oco.
e [ is not continuous
Suppose that I is continuous at o € C([0,1]) and fix ¢ € (0,1). Then there
exists a neighbourhood N of the origin in (C([0,1]),7) s.t. N C I"Y(B%(0)),
where B2(0) := {f € C([0,1]) : d(f,0) < e}. This means that there erist
neN, zy,...,2, €[0,1] and § > 0 s.t.

N30, © BXo), (1.4)
i=1
where Uy, :={f € C([0,1]) « [f(z:)] <1}
Take now fi(z) := k(x —z1)---(z — x,), Vk € N,Vz € [0,1]. Then fi €
C([0,1]) for all k € N and fr(x;) =0< 6 for alli=1,...,n. Hence,

fioe (F €C0,1)): f@)] < 6} = (80, C Blo), vkeN  (15)
i=1 =1
> i)

Then |hi(z)| < 1, Vz € [0,1], Yk € N and hi(z) — 1Vz € [0,1] \ {z1,..., 25}
as k — oco. Hence, by the Lebesque dominated convergence theorem, we get
fol hi(z)dx — fol ldz =1 as k — oo, that is, d(fg, f) — 1 as k — oo. This
together with (1.5) gives tha € > 1 which contradicts our assumption ¢ € (0, 1).

By Proposition 1.1.7, we then conclude that (C([0,1]), T) is not metrizable.

Proposition 1.1.9. A complete metrizable t.v.s. X is a Baire space, i.e. X
fulfills any of the following properties:

(B) the union of any countable family of closed sets, none of which has interior
points, has no interior points.

(B’) the intersection of any countable family of everywhere dense open sets is
an everywhere dense set.
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Note that the equivalence of (B) and (B’) is easily given by taking the
complements. Indeed, the complement of a closed set C' without interior
points is clearly open and we get: X \ (X \ C) = C = () which is equivalent
to X\ C = X, ie. X \C is everywhere dense.

Example 1.1.10. An example of Baire space is R with the euclidean topology.
Instead Q with the subset topology given by the euclidean topology on R is not
a Baire space. Indeed, for any q € Q the subset {q} is closed and has empty
interior in Q, but Ugeq{q} = Q which has interior points in Q (actually its
interior is the whole Q).

Before proving Proposition 1.1.9, let us observe that the converse of the
proposition does not hold because there exist Baire spaces which are not
metrizable. Moreover, the assumptions of Proposition 1.1.9 cannot be weak-
ened, because there exist complete non-metrizable t.v.s and metrizable non-
complete t.v.s which are not Baire spaces.

Proof. of Proposition 1.1.9

We are going to prove that Property (B’) holds in any complete metrizable
t.v.s.. Let {Q}ren be a sequence of dense open subsets of X and let us denote
by A their intersection. We need to show that A intersects every open subset
of X (this means indeed that A is dense, since every neighbourhood of every
point in X contains some open set and hence some point of A).

Let O be an arbitrary open subset of X. Since X is a metrizable t.v.s.,
there exists a countable basis {Uj }ren of neighbourhoods of the origin which
we may take all closed and s.t. Upy1 C Uy for all £ € N. As ; is open and
dense we have that O N € is open and non-empty. Therefore, there exists
1 € ONQq and ky € Ns.t. 21 + U, CONCQy. Let us call Gy the interior of
z1+ U ky-

As 9 is dense and G is a non-empty open set, we have that G N )y
is open and non-empty. Hence, there exists xo € G1 N Q9 and ky € N s.t.
22+ Uk, € G1NQs. Let us choose k2 > k1 and call G9 the interior of x9 + Uy, .
Proceeding in this way, we get a sequence of open sets G := {G;};cn with the
following properties for any [ € N:

. GGCoynoO

2. Giy1 € Gy

3. G; Cux +Ul~cl~
Note that the family G does not contain the empty set and Property 2 implies
that for any G, G € G the intersection G;j N G = Guax{jr) € Y. Hence, G
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is a basis of a filter F in X'. Moreover, Property 3 implies that
VieN, G — G C U, — Uy, (1.6)

which guarantees that F is a Cauchy filter in X. Indeed, for any neighbour-
hood U of the origin in X there exists a balanced neighbourhood of the origin
such that V — V C U and so there exists k£ € N such that U, C V. Hence,
there exists [ € N s.t. &k > [ and so Uy, C Uy. Then by (1.6) we have that
G -G CU, —U,, CV -V CU. Since G; € G and so in F, we have got
that F is a Cauchy filter.

As X is complete, the Cauchy filter F has a limit point x € X, i.e. the filter
of neighbourhoods of x is contained in the filter 7. This implies that z € G}
for all [ € N (If there would exists [ € N s.t. x ¢ G; then there would exists a
neighbourhood N of z s.t. NNG; = (. As G; € F and any neighbourhood
of x belongs to F, we get () € F which contradicts the definition of filter.)
Hence:

re(GCcon(u=0nA
leN leN

Fréchet spaces

Definition 1.2.1. A complete metrizable locally convex t.v.s. is called a
Fréchet space (or F-space)

Note that by Theorem 1.1.2 and Proposition 1.1.9, any Fréchet space is in
particular a Hausdorff Baire space. Combining the properties of metrizable
t.v.s. which we proved in Sheet 1 and the results about complete t.v.s. which
we have seen in TVS-I, we easily get the following properties:

e Any closed linear subspace of an F-space endowed with the induced

subspace topology is an F-space.

e The product of a countable family of F-spaces endowed with the product

topology is an F-space.

e The quotient of an F-space modulo a closed subspace endowed with the

quotient topology is an F-space.
Examples of F-spaces are: Hausdorff finite dimensional t.v.s., Hilbert spaces,
and Banach spaces. In the following we will present two examples of F-spaces
which do not belong to any of these categories.

'Recall that a basis of a filter on X is a family G of non-empty subsets of X s.t. VG1,G2 €
g,HGg €Gst. G3 C GiNGa.
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Let us first recall some standard notations. For any = = (x1,...,14) € R?
and a = (aq,...,a4) € N¢ one defines 2% := z{" - ay?. For any § € N¢, the
symbol DP denotes the partial derivative of order |3| where |8| := 2%, 4,
ie.

Db . olBl _ Hb B '
Ozt - &rgd ox! 8x§d

Example: C*(Q2) with  C R? open.

Let © C R? open in the euclidean topology. For any s € Ny, we denote by
C*(Q2) the set of all real valued s—times continuously differentiable functions
on €, i.e. all the derivatives of order < s exist (at every point of ) and are
continuous functions in €. Clearly, when s = 0 we get the set C(2) of all
real valued continuous functions on 2 and when s = co we get the so-called
set of all infinitely differentiable functions or smooth functions on €. For any
s € Ny, C*(2) (with pointwise addition and scalar multiplication) is a vector
space over R.

Let us consider the following family P of seminorms on C*(2):

Pm.i (f) := sup sup ‘(Dﬁf)(:c) , VK C Q compact,Vm € {0,1,...,s},

d
BENG zeK
1B1<m

(Note when s = oo we have m € Ny.) The topology 7p generated by P is
usually referred as C*-topology or topology of uniform convergence on compact

sets of the functions and their derivatives up to order s.

1) The C*-topology clearly turns C*(2) into a locally convex t.v.s., which is
evidently Hausdorff as the family P is separating (see Prop 4.3.3 in TVS-I).
Indeed, if pp, x(f) =0, Vm € {0,1,...,s} and VK compact subset of Q then
in particular pg ;1 (f) = |f(7)] = 0 Vz € Q, which implies f =0 on Q.

2) (C*(2), Tp) is metrizable.

By Proposition 1.1.5, this is equivalent to prove that the C*-topology can be
generated by a countable separating family of seminorms. In order to show

this, let us first observe that for any two non-negative integers m; < ms < s
and any two compact K1 C Ky C () we have:

Pmy, K, (f) < pmz,Kz(f)a Vf € CS(Q)

Then the family {p; x : K C Q compact} generates the C*—topology on C*(2).
Moreover, it is easy to show that there is a sequence of compact subsets
{Kj}jen of Q such that K; C Ky for all j € N and = UjenK;. Then
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for any K C 2 compact we have that there exists j € N s.t. K C K; and
80 ps, i (f) < psic; (f), Vf € C°(2). Hence, the countable family of seminorms
{ps,i; : j € N} generates the C°—topology on C*(§2) and it is separating. In-
deed, if ps k,(f) = 0 for all j € N then for every x € {2 we have x € K; for
some i € N and so 0 < |f(x)| < ps.k,(f) = 0, which implies |f(z)| = 0 for all
xr €, ie f=0on .

3) (C*(2), Tp) is complete.
By Proposition 1.1.6, it is enough to show that it is sequentially complete.
Let (f,)yen be a Cauchy sequence in C*(Q), i.e.

Vm < s,VK C §Q compact, Ve > 0,IN € Ns.t. Vi, v > N : pp g (fu—fu) <e.
(1.7)
In particular, for any x € Q by taking m = 0 and K = {z} we get that the
sequence (f,(z))yen is a Cauchy sequence in R. Hence, by the completeness
of R, it has a limit point in R which we denote by f(z). Obviously x — f(x) is
a function on 2, so we have just showed that the sequence (f,),en converges
to f pointwise in €2, i.e.
Vo € Q,Ve > 0,3M, € Ns.t. V> M, : |fu(x) — f(z)] <e. (1.8)

Then it is easy to see that (f,),en converges uniformly to f in every compact
subset K of 2. Indeed, we get it just passing to the pointwise limit for 4 — oo
in (1.7) for m = 0. 2

As (f,)ven converges uniformly to f in every compact subset K of €, by

taking this subset identical with a suitable neighbourhood of any point of €2,
we conclude by Lemma 1.2.2 that f is continuous in €.

e If s = 0, this completes the proof since we just showed f, — f in the
C%—topology and f € C(Q).

e If 0 < s < oo, then observe that since (f,),en is a Cauchy sequence
in C°(Q), for each j € {1,...,d} the sequence (%fy),,eN is a Cauchy
sequence in C*~!(). Then induction on s allows us to conclude that,
for each j € {1,...,d}, the (% fv)ven converges uniformly on every
compact subset of Q to a function ¢¥) € ¢*~1(Q) and by Lemma 1.2.3
we have that g\ = % f. Hence, we have showed that (f,),ecn converges
to f in the C*—topology with f € C*(9).

*Detailed proof: Let e > 0. By (1.7) for m = 0, 3N € Ns.t.Vu,v > N : |fo(z)— fu(z)] <
£,Vz € K. Now for each fixed z € K one can always choose a p. larger than both N and
the corresponding M, as in (1.8) so that |f,, (z) — f(z)| < §. Hence, for all v > N one gets
that |f,(z) = f(@)] < [fu (@) = fuo (@) + |fuo (2) = f(2)] <&, Ve € K
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e If s = 00, then we are also done by the definition of the C*°-topology. In-
deed, a Cauchy sequence (f,),en in C*°(Q2) it is in particular a Cauchy
sequence in the subspace topology given by C*(Q2) for any s € N and
hence, for what we have already showed, it converges to f € C*(2) in
the C*—topology for any s € N. This means exactly that (f,),en con-
verges to f € C*°(Q2) in the in C*°—topology.

Let us prove now the two lemmas which we have used in the previous proof:

Lemma 1.2.2. Let A C R? and (f,)ven in C(A). If (f,)ven converges to a
function f uniformly in A then f € C(A).

Proof.
Let zyp € A and € > 0. By the uniform convergence of (f,),en to f in A we
get that:

AN e Ns.t. Yo > N |fu(y) — f(y)| < =,Vy € A.

w| ™

Fix such a v. As f, is continuous on A then:

30 > 0 s.t. Vo € A with |z — 29| < 0 we have |f,(z) — fu(z0)] <

Wl m

Therefore, we obtain that Vo € A with |z — 2| < :
[f (@) = f(xo)| < |f(2) = fo(@)| + [fo(2) = fu(zo)| + | fu(20) = flzo)| < e

O

Lemma 1.2.3. Let A C R? and (f,)yen in CH(A). If (f.)ven converges to a
function f uniformly in A and for each j € {1,...,d} the sequence (%fl,)yeN

converges to a function g9 uniformly in A, then

- 0
G — 2 ; 1
g axjf,VJG{a---ad}-

This means in particular that f € C*(A).

Proof. (for d =1, A = [a,b])
By the fundamental theorem of calculus, we have that for any = € A

R = 10 = [ S putode (1.9

11
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By the uniform convergence of the first derivatives to ¢(!) and by the Lebesgue
dominated convergence theorem, we also have

/ gtf,,(t)dtﬁ/ gD (t)dt, as v — cc. (1.10)

Using (1.9) and (1.10) together with the assumption that f, — f unformly in
A, we obtain that:

Example: The Schwarz space S(R?).

The Schwartz space or space of rapidly decreasing functions on R is defined
as the set S(R?) of all real-valued functions which are defined and infinitely
differentiable on R? and which have the additional property (regulating their
growth at infinity) that all their derivatives tend to zero at infinity faster than
any inverse power of x, i.e.

S(RY) := {f € C®°(RY) : sup |z*(DPf)(x)| < o0, Vo, € Ng}.
z€R4
(For example, any smooth function f with compact support in R? is in S(R9),
since any derivative of f is continuous and supported on a compact subset of
RY, so 2*(D? f(z)) has a maximum in R? by the extreme value theorem.)
The Schwartz space S(R?) is a vector space over R and we equip it with
the topology 7o given by the family Q of seminorms on S(R?):

G () i= sup sup (14 [z} [(D?) f(@)|, Y.k € No.
BeNg zeR4
181<m

Note that f € S(R?) if and only if Vm, k € No, g x(f) < oo.
The space S(R?) is a linear subspace of C*°(R?), but 7¢ is finer than the
subspace topology induced on it by 7p where P is the family of seminorms
defined on C*®(RY) as in the above example. Indeed, it is clear that for any
f € S(RY), any m € Ny and any K C R? compact we have p,, i (f) < gm.o(f)
which gives the desired inclusion of topologies.
1) (S(R%),7g) is a locally convex t.v.s. which is also evidently Hausdorff since
the family Q is separating. Indeed, if ¢, x(f) = 0, Vm,k € Ny then in
particular goo(f) = sup,era | ()| = 0, which implies f = 0 on R
2) (S(R%), 7o) is a metrizable, as Q is countable and separating (see Propo-
sition 1.1.5).
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3) (S(RY),7g) is a complete. By Proposition 1.1.6, it is enough to show that
it is sequentially complete. Let (f,),en be a Cauchy sequence S(R?) then a
fortiori we get that (f,),en is a Cauchy sequence in C*°(R?) endowed with the
C>—topology. Since such a space is complete, then there exists f € C°(R?)
s.t. (fu)ven converges to f in the the C*°—topology. From this we also know
that:

VB e Nd, vz e RY, (DPf,)(x) = (DPf)(z) as v — o0 (1.11)

We are going to prove at once that (f,),ecn is converging to f in the 7o
topology (not only in the C*—topology) and that f € S(R?).

Let m,k € Ng and let € > 0. As (f,)yen is a Cauchy sequence in S(R?),
there exists a constant M s.t. Vv, > M we have: gp (f, — fu) < . Then
fixing 8 € N with |3 < m and = € R? we get

(14 [2])* |(DP£) (&) = (D7 f) (@) <,
Passing to the limit for ;1 — oo in the latter relation and using (1.11), we get
(1+ [2])* [(D? ) (@) = (D ) ()| < .

Hence, for all v > M we have that ¢, x(f, — f) < € as desired. Then by the
triangular inequality it easily follows that

Vm, k € No, gmi(f) < 00, ie. f€SR?.

13
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Inductive topologies and LF-spaces

Let {(Eu,Ta) : @ € A} be a family of locally convex Hausdorff t.v.s. over the
field K of real or complex numbers (A is an arbitrary index set). Let E be
a vector space over the same field K and, for each € A, let g4 : En — E
be a linear mapping. The inductive topology T;,q on E w.r.t. the family
{(Fa,Tasga) : a € A} is the topology generated by the following basis of
neighbourhoods of the origin in E:

Bina: = {U C Econvex, balanced, absorbing : Vo € A, g, (U) is
a neighbourhood of the origin in (E,, 74)}.

Then it easily follows that the space (F, 7;,q4) is a l.c. t.v.s. (c.f. Theorem 4.1.14
in TVS-I). Note that 7,4 is the finest locally convex topology on E for which
all the mappings g, (o € A) are continuous. Suppose there exists a locally
convex topology 7 on E s.t. all the g,’s are continuous and 7,4 C 7. As (E,T)
is locally convex, there always exists a basis of neighbourhood of the origin
consisting of convex, balanced, absorbing subsets of E. Then for any such a
neighbourhood U of the origin in (E,7) we have, by continuity, that g, (U)
is a neighbourhood of the origin in (E,, 7,). Hence, U € B;,q and 80 7 = Typ4.

It is also worth to underline that (E,7;,4) is not necessarily a Hausdorff
t.v.s., although all the spaces (E,, 7,) are Hausdorff t.v.s..

Proposition 1.3.1. Let {(Ey,7,) : a € A} be a family of locally convex
Hausdorff t.v.s. over the field K and, for any a € A, let go : Eo — E be a
linear mapping. Let E be a vector space over K endowed with the inductive
topology Ting w.r.t. the family {(Eqy, T, ga) : @ € A}, (F,7) an arbitrary locally
convez t.v.s., and u a linear mapping from E into F'. The mappingu : E — F
s continuous if and only if uo go : Eo — F' is continuous for all a € A.

Proof. Suppose u is continuous and fix o« € A. Since g, is also continuous, we

have that u o g, is continuous as composition of continuous mappings. >
Conversely, suppose that for each o € A the mapping u o g, is continuous.

As (F, ) is locally convex, there always exists a basis of neighbourhoods of

3 Alternatively: Let W be a neighbourhood of the origin in (F, 7).

Suppose u is continuous, then we have that 4~ (W) is a neighbourhood of the origin in
(E, Tind). Therefore, there exists U € Bina s.t. U Cu~ (W) and so

921 (U) Cga'(u™ (W) = (uoga) (W), VaceA (1.12)

As by definition of Bin4, each g5 '(U) is a neighbourhood of the origin in (E,,7a), 50 is
(wo ga) (W) by (1.12). Hence, all u o g, are continuous.
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the origin consisting of convex, balanced, absorbing subsets of F. Let W be
such a neighbourhood. Then, by the linearity of u, we get that u=!(W) is a
convex, balanced and absorbing subset of E. Moreover, the continuity of all
u o g, guarantees that each (u o g,)~'(W) is a neighbourhood of the origin in
(Ea,Ta), ie. g5t (u™t(W)) is a neighbourhood of the origin in (E,, 7,). Then
u~1 (W), being also convex, balanced and absorbing, must be in Bj,q and so
it is a neighbourhood of the origin in (E, 7;,4). Hence, u is continuous. ]

Let us consider now the case when we have a total order on the index
set A and {E, : @ € A} is a family of linear subspaces of a vector space F
over K which is directed under inclusions, i.e. E, C Eg whenever o < 3,
and s.t. F = UgecaF,. For each a € A, let i, be the canonical embedding of
E, in E and 7, a topology on E, s.t. (E4,7s) is a locally convex Hausdorff
t.v.s. and, whenever a < (3, the topology induced by 73 on FE, is coarser
than 7,. The space E equipped with the inductive topology 7;,q w.r.t. the
family {(Eq, Ta,ia) : @ € A} is said to be the inductive limit of the family
of linear subspaces {(Eq, 7o) : o € A}.

An inductive limit of a family of linear subspaces {(Fq, 7o) : a € A} is
said to be a strict inductive limit if, whenever o < 3, the topology induced
by 74 on E, coincide with 7.

There are even more general constructions of inductive limits of a family
of locally convex t.v.s. but in the following we will focus on a more concrete
family of inductive limits which are more common in applications. Namely,
we are going to consider the so-called LF-spaces, i.e. countable strict induc-
tive limits of increasing sequences of Fréchet spaces. For convenience, let us
explicitly write down the definition of an LF-space.

Definition 1.3.2. Let {E,, : n € N} be an increasing sequence of linear
subspaces of a vector space E over K, i.e. E, C Eny1 for alln € N, such that
E = UpenE,. For each n € N let (E,,1,) be a Fréchet space such that the
natural embedding in, of E, into E,41 is a topological isomorphism, i.e. the
topology induced by Tn4+1 on E, coincides with 1,. The space E equipped with
the inductive topology Ting w.r.t. the family {(E,, Tn,i,) : n € N} is said to be
the LF-space with defining sequence {(E,,1,) : n € N}.

A basis of neighbourhoods of the origin in the LF-space (F,T;,q) with
defining sequence {(E,,7,) : n € N} is given by:
{U C E convex, balanced, abs. : ¥n € N, UNE,, is a nbhood of o in (E,,7,)}.

Note that from the construction of the LF-space (E,7;,q) with defining
sequence {(E,, 7,) : n € N} we know that each E,, is isomorphically embedded

15
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in the subsequent ones, but a priori we do not know if F, is isomorphically
embedded in E, i.e. if the topology induced by 7;,q on E, is identical to
the topology 7, initially given on FE,,. This is indeed true and it will be a
consequence of the following lemma.

Lemma 1.3.3. Let X be a locally convex t.v.s., Xg a linear subspace of X
equipped with the subspace topology, and U a convex neighbourhood of the
origin in Xg. Then there exists a convex neighbourhood V' of the origin in X
such that VN Xy =U.

Proof.

As X carries the subspace topology induced by X, there exists a neighbour-
hood W of the origin in X such that U = W N Xj. Since X is a locally convex
t.v.s., there exists a convex neighbourhood Wy of the origin in X such that
Wo C W. Let V be the convex hull of U UWj. Then by construction we have
that V is a convex neighbourhood of the origin in X and that U C V which
implies U = U N Xy C VN Xy. We claim that actually V N Xg = U. Indeed,
let x € VNXy; asxz €V and as U and Wy are both convex, we may write
r=ty+(1—t)zwithyeUzecWyandte€[0,1]. If t=1,thenz =y e U
and we are done. If 0 < ¢ < 1, then z = (1 — t)~!(x — ty) belongs to X, and
soz € WonNXg C Wn Xy = U. This implies, by the convexity of U, that
x € U. Hence, VN Xy CU. ]

Proposition 1.3.4.
Let (E, Tinq) be an LF-space with defining sequence {(E,, 1) : n € N}. Then

Tind | En = ™, Yn € N.

Proof.

(C) Let U be a neighbourhood of the origin in (E, 7;,,4). Then, by definition
of Tina, there exists V' convex, balanced and absorbing neighbourhood of the
origin in (F, Tjnq) s.t. V C U and, for each n € N, V N E,, is a neighbourhood
of the origin in (E,, 7,). Hence, Ting [ En C 7, Vn € N.

(2) Given n € N, let U,, be a convex, balanced, absorbing neighbourhood
of the origin in (E,, 7,). Since E,, is a linear subspace of E,, 11, we can apply
Lemma 1.3.3 (for X = E,11, Xo = E, and U = U,) which ensures the
existence of a convex neighbourhood U, 1 of the origin in (F,41, Tyt1) such
that U,4+1 N Ep, = U,. Then, by induction, we get that for any £k € N there
exists a convex neighbourhood U, of the origin in (F, 1k, Th1x) such that
Upnik N Epik—1 = Unik_1. Hence, for any k € N, we get U,y N E, = U,. If
we consider now U := |J{2; Up4g, then U N E,, = U,. Furthermore, U is a
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neighbourhood of the origin in (E, 7,4) since UNE,, is a neighbourhood of the
origin in (E,,, 7,) for all m € N. We can then conclude that 7, C g | En,
Vn € N. ]

From the previous proposition we can easily deduce that any LF-space is
not only a locally convex t.v.s. but also Hausdorff. Indeed, if (E, 7;,4) is the
LF-space with defining sequence {(E,,T,) : n € N} and we denote by F(o)
[resp. Fpn(0)] the filter of neighbourhoods of the origin in (F, 7;pq) [resp. in
(Ey, )], then:

nv- ﬂVm<U > J Nwos=U N o=

VeF(o) VeF neN neNVeF(o neN U, eFy, (o)

which implies that (F, 7,4) is Hausdorff by Corollary 2.2.4 in TVS-L.
As a particular case of Proposition 1.3.1 we get that:

Proposition 1.3.5.
Let (E,Ting) be an LF-space with defining sequence {(E,,m,) : n € N} and
(F,7) an arbitrary locally convex t.v.s..
1. A linear mapping u from E into F is continuous if and only if, for each
n € N, the restriction u | E, of u to E, is continuous.
2. A linear form on E is continuous if and only if its restrictions to each
FE,, are continuous.

Note that Propositions 1.3.4 and 1.3.5 hold for any countable strict induc-
tive limit of an increasing sequences of locally convex Hausdorff t.v.s. (even
when they are not Fréchet).

The following result is instead typical of LF-spaces as it heavily relies on
the completeness of the t.v.s. of the defining sequence. Before introducing it,
let us introduce the concept of accumulation point for a filter of a topological
space together with some basic useful properties.

Definition 1.3.6. Let F be a filter of a topological space X. A point x € X is
called an accumulation point of a filter F if x belongs to the closure of every
set which belongs to F, i.e. x € M, VM € F.

Proposition 1.3.7. If a filter F of a topological space X converges to a point
x, then x is an accumulation point of F.

Proof. Suppose that = were not an accumulation point of F. Then there
would be a set M € F such that x ¢ M. Hence, X \ M is open in X and so
it is a neighbourhood of . Then X \ M € F as F — z by assumption. But
F is a filter and so M N (X \ M) € F and so M N (X \ M) # 0, which is a
contradiction. O

17
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Proposition 1.3.8. If a Cauchy filter F of a t.v.s. X has an accumulation
point x, then F converges to x.

Proof. (Christmas assignment, Exercise 6-a) O

Theorem 1.3.9. Any LF-space is complete.

Proof.

Let (E, Ting) be an LF-space with defining sequence {(E,, 7,) : n € N}. Let F
be a Cauchy filter on (F, Tjnq). Denote by Fg(o) the filter of neighbourhoods
of the origin in (F, 7;,4) and consider

G={ACE: ADM+YV forsome M € F,V € Fg(o)}.

1) G is a filter on E.

Indeed, it is clear from its definition that G does not contain the empty set
and that any subset of E' containing a set in G has to belong to G. Moreover,
for any A;, Ay € G there exist My, My € F, V1, V5 € Fg(o) s.t. M1+ Vi C A
and My + V5 C Ay; and therefore

AlﬁAQQ(M1+V1)Q(M2+V2)2(M1QM2)+(V1QV2).

The latter proves that A; N As € G since F and Fg(o) are both filters and so
MiNnMyeFand ViNV, € .FE(O)

2) GC F.
In fact, for any A € G there exist M € F and V € Fg(o) s.t.

ADM+VOM+{0}=M
which implies that A € F since F is a filter.

3) G is a Cauchy filter on E.

Let U € Fg(o). Then there always exists V € Fg(o) balanced such that
V+V -V CU. As F is a Cauchy filter on (E, 7;,,4), there exists M € F such
that M — M C V. Then

(M+V)=(M+V)C(M-M)+(V-V)CV+V-VCU

which proves that G is a Cauchy filter since M 4+ V € G.
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It is possible to show (and we do it later on) that:
dpeN:VAeG, ANE,#0 (1.13)
This property ensures that the family
G, ={ANE,: AcgG}

is a filter on E,. Moreover, since G is a Cauchy filter on (E, 7;,4) and since
by Proposition 1.3.4 we have 7,4 [ E, = 7, G, is a Cauchy filter on (E,, 7p).
Hence, the completeness of I, guarantees that there exists x € E, s.t. G, — @
which implies in turn that = is an accumulation point for G, by Proposition
1.3.7. In particular, this gives that for any A € G we have x € AN EpT” -
AN Ep”"dzﬂ'"d, i.e. x is an accumulation point for the Cauchy filter G. Then,
by Proposition 1.3.8, we get that G — x, and so Fg(o) C G C F which gives
F = O

Proof. of (1.13)
Suppose that (1.13) is false, i.e. Vn € N, 34, € G s.t. A, N E, = 0. By the
definition of G, this means that

VneN, IM, € F, V, € Fg(o), s.t. (M, + V) N E, = 0. (1.14)

Since F is a locally convex t.v.s., we may assume that each V,, is balanced
and convex, and that V41 C V), for all n € N. Consider

n—1
W, := conv (Vn U U (Vi.N Ek)) )

k=1

then
(Wn+ M,)NE, =0,Yn € N.

Indeed, if there exists h € (W, +M,,)NE,, then h € E,, and h € (W,,+M,,). We
may then write: h =z +ty+ (1 —1t)z withx € M,,,y € V,,, z € ViNE,_; and
t € [0,1]. Hence, x+ty = h—(1—t)z € E,. But we also have x+ty € M, +V,,
since V,, is balanced and so ty € V,,. Therefore, x +ty € (M,,+ V,) N E,, which
contradicts (1.14).

Now let us define

o0

W = conv ( (V&N Ek)> .

k=1
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As W is convex and as W N Ej contains Vi, N Ej, for all Kk € N, W is a
neighbourhood of the origin in (E, 7,4). Moreover, as (V;,)nen is decreasing,
we have that for all n € N

n—1 [e'e) n—1
W = conv (U VinEy) U VN Ek)> C conv <U (Vi N Ey) U Vn> = W,.

k=1 k=n k=1

Since F is a Cauchy filter on (E, 7;,4), there exists B € F such that B—B C W
and so B— B C W,,,Vn € N. On the other hand we have BN M,, # 0,Vn € N,
as both B and M, belong to F. Hence, for all n € N we get

B— (BNM,)C B—BCW,,

which implies
BCW,+ (BNM,) CW,+ M,

and so

BN E, C (W, + M) nE, "2 ¢,
Therefore, we have got that BN E,, = () for all n € N and so that B = (),
which is impossible as B € F. Hence, (1.13) must hold true. O

Example I: The space of polynomials

Let n € N and x := (z1,...,%,). Denote by R[x] the space of polynomials in
the n variables z1,...,x, with real coefficients. A canonical algebraic basis
for R[x] is given by all the monomials

%

x* =zt apt, Ya=(aq,...,0p) € Nj.

For any d € Ny, let R4[x] be the linear subpace of R[x] spanned by all
monomials x* with |a] := " | a; < d, i.e.

Ra[x] := {f € R[x]|deg f < d}.

Since there are exactly (”:lrd) monomials x* with |a| < d, we have that
: (d+mn)!
dZm(Rd[X]) = W,

and so that Ry4[x] is a finite dimensional vector space. Hence, by Tychonoff
Theorem (see Corollary 3.1.4 in TVS-I) there is a unique topology Ted that
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makes Ry[x] into a Hausdorff t.v.s. which is also complete and so Fréchet (as it

topologically isomorphic to R4 Ralzl) equipped with the euclidean topology).
As R[x] := [J;2, Rq[x], we can then endow it with the inductive topol-

0gY Ting W.r.t. the family of F-spaces {(Rd[x], ) . d ¢ No}; thus (R[x], Tinag)

is a LF-space and the following properties hold (proof as Sheet 3, Exercise 1):

a) Ting 1S the finest locally convex topology on R[x],

b) every linear map f from (R[x], 7;,4) into any t.v.s. is continuous.

Example II: The space of test functions

Let QCR? be open in the euclidean topology. For any integer 0 < s < oo, we
have defined in Section 1.2 the set C*(12) of all real valued s—times continuously
differentiable functions on §2, which is a real vector space w.r.t. pointwise
addition and scalar multiplication. We have equipped this space with the
C*-topology (i.e. the topology of uniform convergence on compact sets of the
functions and their derivatives up to order s) and showed that this turns C*(€2)
into a Fréchet space.

Let K be a compact subset of €2, which means that it is bounded and
closed in R? and that its closure is contained in . For any integer 0 < s < 00,
consider the subset C¥(K) of C*(Q2) consisting of all the functions f € C*(f)
whose support lies in K, i.e.

Co(K) = {f € C*(Q) : supp(f) € K},

where supp(f) denotes the support of the function f on (2, that is the closure
in 2 of the subset {x € Q: f(x) # 0}.

For any integer 0 < s < oo, C{(K) is always a closed linear subspace
of C*(Q2). Indeed, for any f,g € Ci(K) and any A € R, we clearly have
f+g€C() and \f € C5(2) but also supp(f + g) C supp(f) Usupp(g) € K
and supp(Af) = supp(f) € K, which gives f + g,Af € C}(K). To show
that C(K) is closed in C*(12), it suffices to prove that it is sequentially closed
as C*(Q2) is a F-space. Consider a sequence (f;)jen of functions in C;(K)
converging to f in the C*—topology. Then clearly f € C*(f2) and since all the
fj vanish in the open set 2\ K, obviously their limit f must also vanish in
2\ K. Thus, regarded as a subspace of C*(f2), C(K) is also complete (see
Proposition 2.5.8 in TVS-I) and so it is itself an F-space.

Let us now denote by C2(€2) the union of the subspaces C3(K) as K varies
in all possible ways over the family of compact subsets of 2, i.e. C3(€) is linear
subspace of C*(2) consisting of all the functions belonging to C*(2) which have
a compact support (this is what is actually encoded in the subscript c¢). In
particular, the space C°(€2) (smooth functions with compact support in )
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is called space of test functions and plays an essential role in the theory of
distributions.

We will not endow C2(Q2) with the subspace topology induced by C*(£2),
but we will consider a finer one, which will turn C2(€2) into an LF-space. Let us
consider a sequence (K;);cn of compact subsets of Q s.t. K; C K;44,Vj € N
and Uj’;l K; = Q. (Sometimes is even more advantageous to choose the
Kj’s to be relatively compact i.e. the closures of open subsets of {2 such that
K; C Kj41,V¥j € Nand U2, K; = Q)

Then C3(Q) = UjZ, C3(Kj;), as an arbitrary compact subset K of Q is
contained in K; for some sufficiently large j. Because of our way of defining the
F-spaces C2(Kj), we have that CJ(K;) C C3(Kj+1) and C:(K;4+1) induces on
the subset CJ(K;) the same topology as the one originally given on it, i.e. the
subspace topology induced on CZ(K;) by C*(€2). Thus we can equip C;(€2) with
the inductive topology Ti,q¢ w.r.t. the sequence of F-spaces {C;(Kj), j € N},
which makes CZ(€2) an LF-space. It is easy to check that 7,4 does not depend
on the choice of the sequence of compact sets K;’s provided they fill €2.

Note that (C2(2), Tina) is not metrizable (see Sheet 3, Exercise 2).

Proposition 1.3.10. For any integer 0 < s < oo, consider C:(€2) endowed
with the LE-topology Ting described above. Then we have the following contin-
uous injections:
C(Q) = C5(Q) = 1), V0<s< oo

Proof. Let us just prove the first inclusion ¢ : C2°(2) — C2(€2) as the others
follows in the same way. As C°(Q2) = (2, C2°(K;) is the inductive limit
of the sequence of F-spaces (CZ°(Kj));cy, where (Kj)jen is a sequence of
compact subsets of €} such that K; C K;1,Vj € N and U;’il K; = Q, by
Proposition 1.3.5 we know that ¢ is continuous if and only if, for any j € N,
ej = i [ CX(Kj) is continuous. But from the definition we gave of the
topology on each CJ(K;) and C°(Kj), it is clear that both the inclusions
ij 1 C(K;) — CI(K;) and s; : CJ(K;) — CZ(€2) are continuous. Hence, for
each j € N, e; = s 04, is indeed continuous. O

Projective topologies and examples of projective limits

Let {(Eq, 7o) : @ € A} be a family of locally convex t.v.s. over the field K of
real or complex numbers (A is an arbitrary index set). Let F be a vector space
over the same field K and, for each a € A, let f, : E — E, be a linear mapping.
The projective topology T,ro; on E w.r.t. the family {(Eq, 7o, fa) : v € A}
is the coarsest topology on E for which all the mappings f, (o € A) are
continuous.
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A basis of neighbourhoods of a point z € E is given by:

Bproj(x) = { ﬂ N (Uy) : F C Afinite, U, nbhood of f,(z) in(FEy,7a), Va € F}
acl

Since the f, are linear mappings and the (F,,7,) are locally convex t.v.s.,
Tproj 0N I/ has a basis of convex, balanced and absorbing neighbourhoods of
the origin satisfying conditions (a) and (b) of Theorem 4.1.14 in TVS-I; hence
(E, Tproj) is a locally convex t.v.s..

Proposition 1.4.1. Let E be a vector space over K endowed with the projec-
tive topology Tproj w.r.t. the family {(Ea, Ta, fa) : @ € A}, where each (Eq,Ta)
is a locally convex t.v.s. over K and each f, a linear mapping from E to E,,.
Then Tproj s Hausdorff if and only if for each 0 # x € E, there exists an
a € A and a neighbourhood Uy, of the origin in (Ey, 7o) such that fo(x) ¢ Us,.

Proof. Suppose that (E, Tpro;) is Hausdorff and let 0 # « € E. By Propo-
sition 2.2.3 in TVS-I, there exists a neighbourhood U of the origin in E not
containing x. Then, by definition of 7,.,; there exists a finite subset I C A
and, for any a € F, there exists U, neighbourhood of the origin in (Eq, 7o)
st. Naer fa'(Us) CU. Hence, as x ¢ U, there exists a € F s.t. x ¢ [ (Ua)
ie. fa(x) ¢ U,. Conversely, suppose that there exists an o € A and a neigh-
bourhood of the origin in (E,, 7,) such that f,(z) ¢ U,. Then x ¢ f71(U,),
which implies by Proposition 2.2.3 in TVS-I that 7,,,; is a Hausdorff topology,
as fy1(Uy) is a neighbourhood of the origin in (E, Tpro;) not containing z. O

Proposition 1.4.2. Let E be a vector space over K endowed with the pro-
jective topology Tproj w.r.t. the family {(Ea,Ta, fa) @ « € A}, where each
(Ea,Ta) is a locally convex t.v.s. over K and each fo a linear mapping from
E to E,. Let (F,T) be an arbitrary t.v.s. and u a linear mapping from F into
E. The mapping u : F — E is continuous if and only if, for each o € A,
faou: F — E, is continuous.

Proof. (Sheet 3, Exercise 3) O

Example |I: The product of locally convex t.v.s

Let {(Eqn, 7o) : @ € A} be a family of locally convex t.v.s. The product topol-
08Y Tprod o0 E = [[,ca Fo (see Definition 1.1.18 in TVS-I) is the coarsest
topology for which all the canonical projections p, : E — E, (defined by
Pa(z) 1=z, for any = (2g)gca € E) are continuous. Hence, 7,4 coincides
with the projective topology on E w.r.t. {(Eu, Ta,Pa) : @ € A}.
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Let us consider now the case when we have a total order on the index
set A, {(Eq,Ta) : @ € A} is a family of locally convex t.v.s. over K and for
any a < 3 we have a continuous linear mapping g.g : £g — E,. Let E be
the subspace of Hae 4 Eo whose elements © = (24)aca satisfy the relation
To = gop(xg) whenever a o < 5. For any a € A, let f, be the canonical
projection po : [[ocq Fa — Eq restricted to E. The space E endowed with
the projective topology w.r.t. the family {(Eq, 7o, fo) : @ € A} is said to be
the projective limit of the family {(E,,7) : @« € A} w.r.t. the mappings
{9ap 1,8 € A, < B}. If each fo(F) is dense in E, then the projective limit
is said to be reduced.

Remark 1.4.3. There are even more general constructions of projective limits
of a family of locally convex t.v.s. (even when the index set is not ordered)
but in the following we will focus on a particular kind of reduced projective
limits. Namely, given an index set A, and a family {(Eq,7a) : o € A} of
locally convex t.v.s. over K which is directed by topological embeddings (i.e.
for any o, B € A there exists v € A s.t. E, C E, and E, C Eg) and such
that the set B := ﬂaeA E,, is dense in each E,, we will consider the reduced
projective limit (E, Tproj). Here, Tproj is the projective topology w.r.t. the
family {(Eq, Ta, i) : @ € A}, where each i, is the embedding of E into E,.

Example II: The space of test functions
Let QCR? be open in the euclidean topology. The space of test functions
C°(Q2), i.e. the space of all the functions belonging to C*°(2) which have a
compact support, can be constructed as reduced projective limit of the kind
introduced in Remark 1.4.3.

Consider the index set

T .= {t = (tl,tQ) 1t €Np, to € COO(Q) Withtg(iv) >1, Vx e Q}

and for each ¢t € T', let us introduce the following norm on C°(2):

lille := sup [ ta(2) Y (DY) ()|

e la|<t1

For each t € T, let 2,(2) be the completion of C°(2) w.r.t. || - |l;. Then as
sets

(@) = () ().

teT
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Consider on the space of test functions C2°(€2) the projective topology Tpro;
w.r.t. the family {(Z2:(Q),7,4) : t € T}, where (for each t € T') 7 denotes
the topology induced by the norm || - ||; and ¢; denotes the natural embedding
of C°(€2) into Z;(£2). Then (C°(2), Tproj) is the reduced projective limit of
the family {(Z2:(Q), 7¢,4) : t € T'}.

Using Sobolev embeddings theorems, it can be showed that the space of
test functions C2°(£2) can be actually written as projective limit of a fam-
ily of weighted Sobolev spaces which are Hilbert spaces (see [I, Chapter I,
Section 3.10]).

Approximation procedures in spaces of functions

When are forced to deal with “bad” functions, it is a standard strategy trying
to approximate them with “nice” ones, studying the latter ones and proving
that some of the properties in which we are interested, if valid for the approxi-
mating nice functions, would carry over to their limit. Usually we consider the
smooth functions to be “nice” approximating functions and often (especially
when we aim to compute integrals) it is convenient to look for approximating
functions which also have compact support or certain growth properties at
infinity. This is indeed one reason for which in this section we are going to
focus on approximation by C° functions.

Another reason to the usefulness of approximation techniques is that often
the objects needed are extracted from t.v.s. which are spaces of functions
or duals of spaces of functions. Therefore, it becomes extremely useful to
understand how certain spaces of functions can be embedded in the topological
duals of other spaces of functions. It is then important to know when inclusions
of the kind E' C F’ hold (here E’, F’ are respectively the topological dual of
the t.v.s. E and F') and what relation between E and F' is connected to such
an inclusion. A very much used criterion is the following one:

Proposition 1.5.1.
Given two t.v.s.(E,7g) and (F,7r). The topological dual E' of E is a linear
subspace of the topological dual F' of F if:

1. F is a linear subspace of E;

2. F is dense in E;

3. TF is at least as fine as the one induced by E on F, i.e. Tp 2 (1) |-

Proof.

We want to show that there exists an embedding of the vector space E’ into
F'. By (1) and (3), any continuous linear form on E restricted to F is a
continuous linear form on F'. Moreover, if any two continuous linear forms on
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E define the same form on F', then they coincide on F' which is by (2) a dense
subset of E' and, hence, they coincide everywhere in E (see TVS-I Sheet 4, Ex
3). In conclusion, we have showed that to every continuous linear form L on
FE corresponds one and only one continuous linear form L [g on F, i.e. the
map E' — F', L — L | is an embedding of vector spaces. O

Proving (1) and (3) is usually easy once we are given F and F' with their
respective topological structures (e.g. we know that C>(2) C C*(2) for any
integer 0 < k < oo and that the C*-topology is finer than the C*-topology
restricted to C*°(2)). Instead showing (2) can be much harder and for this we
need to use approximation techniques (e.g. we will prove that C*°(Q2) is dense
in C*(Q) for 0 < k < 0o endowed with the C*-topology).

Remark 1.5.2. Remind that saying that the t.v.s. F' is dense in the t.v.s. B
means that every element of E is the limit of a filter on I, not necessarily of
a sequence of elements in F.

We will focus now on approximation of C* functions by C> functions with
compact support. First of all, let us give an example of such a function on
R?, which will be particularly useful in the rest of this section.

Example of a C°-function on R¢
Consider for any = € R%:

o(z) = aexp (—71%11'2) for |z] < 1 (1.15)
0 for |z| > 1
where
) -1
a:= / exp (—2> dx .
{yeR%:|y|<1} 1— ||
Note that

/ plx) de =1 (1.16)
Rd

and supp(p) := {x € R?: |z| < 1} which is compact in RY.

Let us now check that p is a C* function on R?. Note that the function p
is an analytic function about every point in the open ball {z € R : |z| < 1}
(i.e. its Taylor’s expansion about any such a point has a nonzero radius of
convergence) and p is obviously smooth in {z € R? : |z| > 1}, so the only
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question is to check what happens for |z| = 1. As p is rotation-invariant, it
suffices to check if the function of one real variable:

{ exp (—ﬁ) for [t| <1

0 for [t| > 1

is C*° at the points t = 1 and ¢t = —1. Since

e )

we actually need to only check that the function of one variable:

exp (—%) for s >0
0 fors<0 ’

is C*°, which is a well-known fact! Hence, p € C°(R?).

Let us introduce now some notations which will be useful in the following.
For any € > 0, we define

pe(z) ;=" (g) , Vo € R%,

From the properties of p showed above, it easily follows that p. € C°(R?)
with supp(pe) := {x € R?: |z| < &} and that:

/ pe(x) do = 1. (1.17)
Rd

T

Indeed, by simply using the change of variables y = £ and (1.16) we get

/deg(x) dx:/Rfdp (g) dﬂf:/de(y) dy = 1.

Given a subset S of R? and a point z € R?, we denote by d(z, S) the Euclidean
distance from x to S, i.e.

d(x,S) = ;22’1‘ -y

and, for any € > 0, we denote by N.(S) the neighbourhood of order ¢ of S or
e—neighbourhood of S i.e. the set

N.(S) :={z e RY: d(x,S) < €}.

27



1.

SPECIAL CLASSES OF TOPOLOGICAL VECTOR SPACES

28

Lemma 1.5.3. Let f € C.(R%) and for any e > 0 let us define the following
function on R%:

fela) = [ pola =)0}y

Then the following hold.
a) f- € Cgo(Rd)'
b) The support of f- is contained in the neighbourhood of order ¢ of the support

of f, i.e. supp(f:) € Nz (supp(f)).
c) When e — 0, f- — f uniformly in R

Proof.
As all the derivatives w.r.t. to x of p.(z —y) f(y) exist and the latter function
is continuous as product of continuous functions, we can apply Leibniz’ rule
and differentiate f. w.r.t. x by passing the derivative under the integral sign.
Hence, as p. € C*°(R?), we have f. € C*°(RY). Moreover, the integral express-
ing f. is actually performed over the set of points y € R? such that y € supp(f)
and that © —y € supp(pc), ie. |[v —y| < e If x ¢ N (supp(f)) then there
would not exist such points and the integral would be just zero, which means
that = ¢ supp(f:). Indeed, if © ¢ N. (supp(f)) then we would have for any
y € supp(f) that |z — y| > d(x,supp(f)) > ¢, i.e.  —1y ¢ supp(p:), which
gives f-(x) = 0 and so (2). The latter also guarantees that f. has compact
support and so we can conclude that f. € C°(R9), i.e. (1) holds.

It remains to show that (3) holds.

As f is a continuous function which is identically zero outside a compact
set, f is uniformly continuous on R%, i.e. V7 > 0, 32 > 0 s.t. Va,y € R?

|z —y| <& implies [f(z)— f(y)| <. (1.18)

Moreover, for any £ > 0 and any = € R?, by using (1.17) we easily get that:
/ pe(x —y)dy :/ pe(—2)dz :/ pe(z)dz = 1. (1.19)
Rd Rd Rd
Therefore, for all z € R? we can write:
fla) = £.@) = [ pela = )(5(a) = Flo)dy

which together with (1.19) gives that:

f@-L@I< | s 1@ =10l | [ =iy < sw @)=

yeRrd yeRrd
|z—y|<e |lz—y|<e
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Hence, using the latter together with (1.18), we get that Vn > 0, 32 > 0 s.t.
Ve e R, Ve <7

|f(z) = fe(@)| < sup |f(z) = fy)l < sup [f(z) = f(y)| <n,

y€Rd yeRrd
lz—yl<e lz—y|<&
i.e. f. — f uniformly on R¢ when ¢ — 0. O

Corollary 1.5.4. Let f € C¥(R?) with 0 < k < oo integer and for any & > 0
let us define f. as in Lemma 1.5.3. Then, for any p = (p1,...,pq) € Ng such
that |p| < k, DPf. — DPf uniformly on R? when & — 0.

Proof. (Christmas assignment, Exercise 2) O

Before proving our approximation theorem by C2° functions, let us recall
that a sequence of subsets S; of R? converges to a subset S of R? if:

Ve>0,3J. >0 s.t. Vj>J., S5 C NS) and S C N.(S)).

Theorem 1.5.5. Let 0 < k < oo be an integer and Q be an open set of R%.
Any function f € CF(Q) is the limit of a sequence (fj)jen of functions in
C°(82) such that, for each compact subset K of 2, the set K N supp(f;) con-
verges to K N supp(f).

Proof.
Let (£25)jen, be a sequence of open subsets whose union is equal to € and
such that, for each j > 1, Q;_; is compact and contained in €);. Define

dj == d(Qj_l,Qj), where Qf denotes the complement of €2, then we have

d; > 0 for all j € N. We can therefore construct for each j € N a function
g; € C(2) with the following properties:

. c 3 ] . d.
gj(z) =1 if d(z,Q5) > Zdj’ and g;(z) = 0 if d(z,Q5) < §J

Note that supp(g;) C Q; and so g; € Cc(£2). Define ¢; := % and consider the
function:

@) = [ ey = )asta) o
If v € Q1 and x — y € supp(pe,), i.e. |z —y| < %, then we have:

d.
ngdj
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which implies g;(y) = 1 and so hj(z) = [pa pe,(x —y) dy = 1 in view of (1.19).
Hence, hj =1 on ;_;.

Since g; € C.(f2), we can apply Lemma 1.5.3 to the functions h; and get
that h; € C°(Q). Moreover, as h; = 1 on Q;_1, it is clear that h; — 1 in
C>(Q) when j — oo.

Given any function f € C*((2), we have that h;f € C¥(Q) as it is product
of a C* function with a C* function and supp(h;f) C supp(h;) N supp(f) C
supp(h;) which is compact. Also, since h; — 1 in C*°({2) as j — oo, we have
that h;f — fin CF(Q) as j — oo.

Note that if K is an arbitrary compact subset of €2, then there exists j € N
large enough that K C Q;_; and so s.t. hj(x) =1 for all z € K, which implies

supp(h; f) N K = supp(f) N K. (1.20)

So far we have approximated f € C*(Q) by functions in C¥(£2), namely the
functions h; f, but we want to approximate f by functions C2°(€2).

Suppose that 0 < k < co. By applying Lemma 1.5.3 and Corollary 1.5.4
to each hjf € CF¥(Q) we can construct a function f; € C°(f2) such that
supp(f;) € N1(supp(h;f)) and for any p = (p1,...,pa) € N& with [p| < k we
have that ’

37 € N:Vj > 57, sup |DP (f(x) = hj(x) f(z))] <

S|

Hence, we have

. . . 1
3j1 € N:Vj > j1, sup sup |D? (f;j(z) — hj(x)f(x))| < —.
|p| <k z€Q J

As we also know that h;f — f as j — oo in the Ck—topology, it is easy to see
that f; — f as j — oo in the C*-topology.

Let K be a compact subset of ©, then there exists j € N large enough
that K C €5 ;. Hence, for any j > j we have that (1.20) holds and also that
supp(fj) € N1(supp(h;f)). These properties jointly imply that

J

K N supp(f;) C N1 (K N supp(h;f)) = Ni(K N supp(f)), Vj>j.

J

Therefore, for any € > 0 we can take Js(l) := max{J, é} and so for any j > JE(I)
we get K N supp(f;) € N(K N supp(f)).
Also for any & > 0 there exists ¢ > 0 such that

Knsupp(f) C{x e K :|f(z)]| >c}+{zeQ:|z| <e}. (1.21)
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If we choose now Jg(Q) € N large enough that both K C Q

JE(2)_1 Je(2) )
then (by the uniform convergence of f; to f) for any € K and any j > JE(Q)

we have that |f;(x) — f(x)] < % < § and so that
{re K:[f(x)] = c} C KN supp(f;). (1.22)

Indeed, if for any « € K such that |f(x)| > ¢ we had f;(z) = 0, then we would
get ¢ <|f(x)| = |fj(z) — f(x)| < § which is a contradiction.
Then, by (1.21) and (1.22), we have that:

K Nsupp(f) € (K Nsupp(f;)) +{xeQ:|z|<e} = A

and it is easy to show that A; is actually contained in N (K N supp(f;)). In
fact, if x € A; then z = z + w for some z € K N supp(f;) and w € Q s.t.
|lw| < &; thus we have

d(x, KNsupp(f;)) = inf z4w—y| < inf z—y|+|w| = |w| < e.
( Ui)) yGKﬂsupp(fj)‘ | yGKﬁsupp(fj)| ol =

Hence, for all 7 > maX{Jg(l),Jg(m} we have both K N supp(f;) € No(K N

supp(f)) and K N supp(f) € N:(K N supp(f;)).
It is easy to work out the analogous proof in the case when k = oo (do it
as an additional exercise). O

We therefore have the following two corollaries.
Corollary 1.5.6. Let 0 < k < oo be an integer and @ be an open set of RY.
C*(Q) is sequentially dense in CF(Q).
Corollary 1.5.7. Let 0 < k < oo be an integer and @ be an open set of RY.
C*(Q) is dense in CF(Q).

With a quite similar proof scheme to the one used in Theorem 1.5.5 (for

all the details see the first part of [5, Chapter 15]) is possible to show that:

Proposition 1.5.8. Let 0 < k < oo be an integer and ) be an open set
of R, Every function in CE(Q) is the limit in the C*-topology of a sequence
of polynomials in d—variables.

Hence, by combining this result with Corollary 1.5.6, we get that

Corollary 1.5.9. Let 0 < k < oo be an integer and @ be an open set of RY.
Polynomials with d variables in € form a sequentially dense linear subspace

of CF(Q).
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Chapter 2

Bounded subsets of topological vector spaces

In this chapter we will study the notion of bounded set in any t.v.s. and
analyzing some properties which will be useful in the following and especially
in relation with duality theory. Since compactness plays an important role in
the theory of bounded sets, we will start this chapter by recalling some basic
definitions and properties of compact subsets of a t.v.s..

Preliminaries on compactness

Let us recall some basic definitions of compact subset of a topological space
(not necessarily a t.v.s.)

Definition 2.1.1. A topological space X is said to be compact if X is Haus-
dorff and if every open covering {Q;}icr of X contains a finite subcovering,
i.e. for any collection {Q;}icr of open subsets of X s.t. U;c; Qi = X there
exists a finite subset J C I s.t. |J;c ;9 = X.

By going to the complements, we obtain the following equivalent definition
of compactness.

Definition 2.1.2. A topological space X is said to be compact if X is Haus-
dorff and if every family of closed sets {F;};c; whose intersection is empty
contains a finite subfamily whose intersection is empty, i.e. for any collection
{Fi}ticr of closed subsets of X s.t. (\,c; Fi = 0 there exists a finite subset
JQI s.t. njeJFj 2@

Definition 2.1.3. A subset K of a topological space X is said to be compact if
K endowed with the topology induced by X is Hausdorff and for any collection
{Qi}ticr of open subsets of X s.t. |J;c; 4 2 K there exists a finite subset
JCI st Uje, 2 K.

Let us state without proof a few well-known properties of compact spaces.
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Proposition 2.1.4.

1. A closed subset of a compact space is compact.

2. Finite unions of compact sets are compact.

3. Arbitrary intersections of compact subsets of a Hausdorff topological
space are compact.

4. Let f be a continuous mapping of a compact space X into a Hausdorff
topological space Y. Then f(X) is a compact subset of Y.

5. Let f be a one-to-one-continuous mapping of a compact space X onto a
compact space Y. Then f is a homeomorphism.

6. Let 11, 7o be two Hausdorff topologies on a set X. If 11 C 1o and (X, T2)
s compact then T = To.

In the following we will almost always be concerned with compact subsets
of a Hausdorff t.v.s. E carrying the topology induced by E, and so which
are themselves Hausdorff t.v.s.. Therefore, we are now introducing a useful
characterization of compactness in Hausdorff topological spaces.

Theorem 2.1.5. Let X be a Hausdorff topological space. X is compact if and
only if every filter on X has at least one accumulation point.

Proof.

Suppose that X is compact. Let F be afilteron X and C := {M : M € F}. As
F is a filter, no finite intersection of elements in C can be empty. Therefore, by
compactness, the intersection of all elements in C cannot be empty. Then there
exists at least a point € M for all M € F, i.e. x is an accumulation point of
F. Conversely, suppose that every filter on X has at least one accumulation
point. Let ¢ be a family of closed sets whose total intersection is empty. To
show that X is compact, we need to show that there exists a finite subfamily
of ¢ whose intersection is empty. Suppose by contradiction that no finite
subfamily of ¢ has empty intersection. Then the family ¢’ of all the finite
intersections of subsets belonging to ¢ forms a basis of a filter F on X. By
our initial assumption, F has an accumulation point, say . Thus, x belongs to
the closure of any subset belonging to F and in particular to any set belonging
to ¢’ (as the elements in ¢’ are themselves closed). This means that = belongs
to the intersection of all the sets belonging to ¢’ , which is the same as the
intersection of all the sets belonging to ¢. But we had assumed the latter to
be empty and so we have a contradiction. O

Corollary 2.1.6. A compact subset K of a Hausdorff topological space X is
closed.
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Proof.

Let K be a compact subset of a Hausdorff topological space X and let z € K.
Denote by F(z) [ K the filter generated by all the sets UNK where U € F(x)
(i.e. U is a neighbourhood of z in X). By Theorem 2.1.5, F(z) | K has an
accumulation point z; € K. We claim that 1 = x, which implies K = K and
so K closed. In fact, if z; # x then there would exist U € F(x) s.t. X \ U is
a neighbourhood of z1 and thus z1 # U N K, which would contradict the fact
that 7 is an accumulation point F(x) | K. O

Last but not least let us recall the following two definitions.

Definition 2.1.7. A subset A of a topological space X is said to be relatively
compact if the closure A of A is compact in X.

Definition 2.1.8. A subset A of a Hausdorff t.v.s. E is said to be precompact
if A is relatively compact when viewed as a subset of the completion E of E.

Bounded subsets: definition and general properties

Definition 2.2.1. A subset B of a t.v.s. E is said to be bounded if for every
U neighbourhood of the origin in E there exists A > 0 such that B C \U.

In rough words this means that a subset B of F is bounded if B can be
swallowed by any neighbourhood of the origin.

Proposition 2.2.2.

1. If any element in some basis of neighbourhoods of the origin of a t.v.s.
swallows a subset, then such a subset is bounded.

2. The closure of a bounded set is bounded.

3. Finite unions of bounded sets are bounded sets.

4. Any subset of a bounded set is a bounded set.

Proof. Let E be at.v.s. and B C E.

1. Suppose that N is a basis of neighbourhoods of the origin o in E such
that for every N € N there exists Ay > 0 with B C AyN. Then, by
definition of basis of neighbourhoods of o, for every U neighbourhood of
o in E there exists M € N s.t. M C U. Hence, there exists A\y; > 0 s.t.
B C Ay M C AU, ie. B is bounded.

2. Suppose that B is bounded in E. Then, as there always exists a basis C of
neighbourhoods of the origin in E consisting of closed sets (see Corollary
2.1.14-a) in TVS-I), we have that for any C € C there exists A > 0 s.t.
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B C A\C and thus B C A\C = AC = AC. By Proposition 2.2.2-1, this is
enough to conclude that B is bounded in E.

3. Let n € N and By,..., B, bounded subsets of E. As there always
exists a basis B of balanced neighbourhoods of the origin in E (see
Corollary 2.1.14-b) in TVS-I), we have that for any V € B there exist
Mooy Ap > 0st. B € NV forall i =1,...,n. Then U], B; C
Uiy AV C | max A; )V, which implies the boundedness of (J;* ; B;

i=1,....,n
by Proposition 2.2.2-1.
4. Let B be bounded in E and let A be a subset of B. The boundedness

of B guarantees that for any neighbourhood U of the origin in E there
exists A > 0 s.t. AU contains B and so A. Hence, A is bounded.
O

The properties in Proposition 2.2.2 lead to the following definition which
is dually corresponding to the notion of basis of neighbourhoods.

Definition 2.2.3. Let E be a t.v.s. A family {Ba}acr of bounded subsets
of E is called a basis of bounded subsets of E if for every bounded subset B
of E there isa € I s.t. B C B,,.

This duality between neighbourhoods and bounded subsets will play an
important role in the study of the strong topology on the dual of a t.v.s.

Which sets do we know to be bounded in any t.v.s.?
e Singletons are bounded in any t.v.s., as every neighbourhood of the
origin is absorbing.
e Finite subsets in any t.v.s. are bounded as finite union of singletons.
Proposition 2.2.4. Compact subsets of a t.v.s. are bounded.

Proof. Let E be a t.v.s. and K be a compact subset of E. For any neigh-
bourhood U of the origin in ' we can always find an open and balanced
neighbourhood V of the origin s.t. V' C U. Then we have

KQE:GnV.

n=0
From the compactness of K, it follows that there exist finitely many integers
ni,...,ny € Ny s.t.

K C Univg <‘H11ax nl) V C (‘max nl> U.

i—1 i=1,.. i=1,...,r

Hence, K is bounded in F. O
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This together with Corollary 2.1.6 gives that in any Hausdorff t.v.s. a
compact subset is always bounded and closed. In finite dimensional Hausdorff
t.v.s. we know that also the converse holds (because of Theorem 3.1.1 in
TVS-I) and thus the Heine-Borel property always holds, i.e.

K compact < K bounded and closed.

This is not true, in general, in infinite dimensional t.v.s.

Example 2.2.5.

Let E be an infinite dimensional normed space. If every bounded and closed
subset in B were compact, then in particular all the balls centered at the origin
would be compact. Then the space E would be locally compact and so finite
dimensional as proved in Theorem 3.2.1 in TVS-I, which gives a contradiction.

There is however an important class of infinite dimensional t.v.s., the so-
called Montel spaces, in which the Heine-Borel property holds. Note that
C®(R%),C(RY), S(RY) are all Montel spaces.

Proposition 2.2.4 provides some further interesting classes of bounded sub-
sets in a Hausdorff t.v.s..

Corollary 2.2.6. Precompact subsets of a Hausdorff t.v.s. are bounded.

Proof.

Let K be a precompact subset of /. By Definition 2.1.8, this means that
the closure K of K in in the completion F of E is compact. Let U be any
neighbourhood of the origin in E. Since the injection £ — Eisa topological
monomorphism, there is a neighbourhood U of the origin in E such that
U =UnNE. Then, by Proposition 2.2.4, there is a number A > 0 such that
K C\U. Hence, we get

KCKNECANINE=NINAE=XUNE)=\U. O

Corollary 2.2.7. Let E be a Hausdorff t.v.s.. The union of a converging
sequence in E and of its limit is a compact and so bounded closed subset in E.

Proof. (Christmas assignment, Exercise 6-c)) O

Corollary 2.2.8. Let E be a Hausdorff t.v.s. Any Cauchy sequence in E is
bounded.

Proof. By using Corollary 2.2.7, one can show that any Cauchy sequence S in
E is a precompact subset of E. Then it follows by Corollary 2.2.6 that S is
bounded in E. ]
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Note that a Cauchy sequence S in a Hausdorff t.v.s. E is not necessarily
relatively compact in E. Indeed, if this were the case, then its closure in
E would be compact and so, by Theorem 2.1.5, the filter associated to S
would have an accumulation point x € E. Hence, by Proposition 1.3.8 and
Proposition 1.1.30 in TVS-I, we get S — x € E which is not necessarily true
unless F is complete.

Proposition 2.2.9. The image of a bounded set under a continuous linear
map between t.v.s. is a bounded set.

Proof. Let ¥ and F be two t.v.s., f : E — F be linear and continuous, and
B C E be bounded. Then for any neighbourhood V of the origin in F, f~(V)
is a neighbourhood of the origin in E. By the boundedness of B in F, if follows
that there exists A > 0 s.t. B C A\f~1(V) and thus, f(B) C A\V. Hence, f(B)
is a bounded subset of F. O

Corollary 2.2.10. Let L be a continuous linear functional on a t.v.s. E. If

B is a bounded subset of E, then sup |L(z)| < co.
z€EB

Let us now introduce a general characterization of bounded sets in terms
of sequences.

Proposition 2.2.11. Let E be any t.v.s.. A subset B of E is bounded if and
only if every sequence contained in B is bounded in E.

Proof. The necessity of the condition is obvious from Proposition 2.2.2-4. Let
us prove its sufficiency. Suppose that B is unbounded and let us show that it
contains a sequence of points which is also unbounded. As B is unbounded,
there exists a neighbourhood U of the origin in E s.t. for all A > 0 we have
B Z AU. W.l.o.g. we can assume U balanced. Then

VneN, Iz, € B s.t. x, ¢ nU. (2.1)
The sequence {z;,}n,en cannot be bounded. In fact, if it was bounded then

there would exist 1 > 0 s.t. {zp}neny € pU C mU for some m € N with
m > p and in particular z,, € mU, which contradicts (2.1). O
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2.3. Bounded subsets of special classes of t.v.s.

Bounded subsets of special classes of t.v.s.

In this section we are going to study bounded sets in some of the special classes
of t.v.s. which we have encountered so far. First of all, let us notice that any
ball in a normed space is a bounded set and thus that in normed spaces there
exist sets which are at the same time bounded and neighbourhoods of the
origin. This property is actually a characteristic of all normable Hausdorff
locally convex t.v.s.. Recall that a t.v.s. F is said to be normable if its
topology can be defined by a norm, i.e. if there exists a norm || - || on E such
that the collection {B, : r > 0} with B, := {z € E : ||z|| < r} is a basis of
neigbourhoods of the origin in E.

Proposition 2.3.1. Let E be a Hausdorff locally convex t.v.s.. If there is a
neighbourhood of the origin in E which is also bounded, then E is normable.

Proof. Let U be a bounded neighbourhood of the origin in E. As F is locally
convex, by Proposition 4.1.12 in TVS-I, we may always assume that U is
open and absolutely convex, i.e. convex and balanced. The boundedness of
U implies that for any balanced neighourhood V of the origin in F there
exists A > 0 s.t. U C AV. Hence, U C nV for all n € N such that n > A,
ie. %U C V. Then the collection {%U}%N is a basis of neighbourhoods of
the origin o in E and, since E is a Hausdorff t.v.s., Corollary 2.2.4 in TVS-I
guarantees that

N ly- {o}. (2.2)

neN n
Since E is locally convex and U is an open absolutely convex neighbourhood
of the origin, there exists a generating seminorm p on E s.t. U = {x € E :
p(z) < 1} (see second part of proof of Theorem 4.2.9 in TVS-I). Then p must
be a norm, because p(z) = 0 implies x € %U for all n € N and so z = 0 by
(2.2). Hence, E is normable. O

An interesting consequence of this result is the following one.

Corollary 2.3.2. Let E be a locally convexr metrizable space. If E is not
normable, then E cannot have a countable basis of bounded sets in E.

Proof. (Sheet 6, Exercise 1) O
The notion of boundedness can be extended to linear maps between t.v.s..

Definition 2.3.3. Let E, F be two t.v.s. and [ a linear map of E into F. f
is said to be bounded if for every bounded subset B of E, f(B) is a bounded
subset of F'.
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We have already showed in Proposition 2.2.9 that any continuous linear
map between two t.v.s. is a bounded map. The converse is not true in general
but it holds for two special classes of t.v.s.: metrizable t.v.s. and LF-spaces.

Proposition 2.3.4. Let E be a metrizable t.v.s. and let f be a linear map of
FE into a t.v.s. F. If f is bounded, then f is continuous.

Proof. Let f : E — F be a bounded linear map. Suppose that f is not
continuous. Then there exists a neighbourhood V' of the origin in F whose
preimage f~!(V) is not a neighbourhood of the origin in £. W.Lo.g. we
can always assume that V is balanced. As F is metrizable, we can take a
countable basis {Uy, }nen of neighbourhood of the origin in F s.t. U, O Up4+1
for all n € N. Then for all m € N we have LU,, Z f~}(V) i.e.

VmeN, Iz, € iUm s.t. f(zm) ¢ V. (2.3)
m

As for all m € N we have mz,, € U,, we get that the sequence {ma,, }men
converges to the origin o in E. In fact, for any neighbourhood U of the
origin o in F there exists n € N s.t. Up C U. Then for all n > n we have
xn € U, CU;z CU, ie. {mxy}tmen converges to o.

Hence, Proposition 2.2.7 implies that {mxy, }men, is bounded in E and so,
since f is bounded, also {mf(xm)}men, is bounded in F. This means that
there exists p > 0 s.t. {mf(zm)}men, € pV. Then for all n € N with n > p
we have f(x,) € £V CV which contradicts (2.3).

O

To show that the previous proposition also hold for LF-spaces, we need to
introduce the following characterization of bounded sets in LF-spaces.

Proposition 2.3.5.

Let (E, Ting) be an LF-space with defining sequence {(En, Tn)}nen. A subset
B of E is bounded in E if and only if there exists n € N s.t. B is contained
in E, and B 1s bounded in E,,.

To prove this result we will need the following refined version of Lemma 1.3.3.

Lemma 2.3.6. Let Y be a locally convex space, Yy a closed linear subspace of
Y equipped with the subspace topology, U a convex neighbourhood of the origin
in Yo, and xg € Y with xy ¢ U. Then there exists a convex neighbourhood V
of the origin in'Y such that zo ¢ V and VNYy=U.



2.3. Bounded subsets of special classes of t.v.s.

Proof.

By Lemma 1.3.3 we have that there exists a convex neighbourhood W of the
origin in Y such that W NYy =U. Now we need to distinguish two cases:
-If 9 € Yp then necessarily o ¢ W since by assumption zo ¢ U. Hence, we
are done by taking V := W.

-If xo ¢ Yo, then let us consider the quotient Y/Yp and the canonical map
¢:Y > Y/Yy. AsYjis a closed linear subspace of Y and Y is locally convex,
we have that Y/Y) is Hausdorff and locally convex. Then, since ¢(x¢) # o,
there exists a convex neighbourhood N of the origin o in Y/Yj such that
#(x0) ¢ N. Set Q := ¢~1(N). Then Q is a convex neighbourhood of the origin
in Y such that zo ¢ Q and clearly Yy C Q (as ¢(Yy) = o € N). Therefore,
if we consider V := QN W then we have that: V is a convex neighbourhood
of the origih in Y, VNYy=QnNWnNYy=WnYy =U and z¢p ¢ V since

Proof. of Proposition 2.3.5

Suppose first that B is contained and bounded in some F,. Let U be an
arbitrary neighbourhood of the origin in E. Then by Proposition 1.3.4 we
have that U,, := U N E, is a neighbourhood of the origin in F,. Since B is
bounded in E,,, there is a number A > 0 such that B C A\U,, C AU, i.e. B is
bounded in E.

Conversely, assume that B is bounded in E. Suppose that B is not con-
tained in any of the E,’s, i.e. Vn € N,Jx, € B s.t. x, ¢ E,. We will show
that the sequence {z, }nen is not bounded in E and so a fortiori B cannot be
bounded in E.

Since z1 ¢ E7 but 1 € B C E, given an arbitrary convex neighbourhood U
of the origin in E; we can apply Lemma 2.3.6 and get that there exists U}
convex neighbourhood of the origin in E s.t. x1 ¢ Uj and Uy N E; = Uy. As
Tind | E2 = T2, we have that Uy := Uj N Ey is a convex neighbourhood of the
origin in Fy s.t. 21 ¢ Uyand Us N Ey =U,NEyNEy = Uy N Ey = Uy

Since x1 ¢ U, we can apply once again Lemma 2.3.6 and proceed as above to
get that there exists V3 convex neighbourhood of the origin in E3 s.t. 1 ¢ V3
and V{ N Ey = Us. Since x9 ¢ FEy we also have %xg ¢ E5 and so %1’2 ¢ Us. By
applying again Lemma 2.3.6 and proceeding as above, we get that there exists
V3 convex neighbourhood of the origin in Fj s.t. %1‘2 ¢ Vs and V3N Ey = Us.
Taking Us := V3 N V4 we have that Uz N E> = Uy and 21, 332 ¢ Us.

By induction on n, we get a sequence {U, }nen such that for any n € N:

e U, is a convex neighbourhood of the origin in F,

o Uy=Up1NE,

® T, %ZL'Q, ey %:En ¢ Un+1.
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Note that:
Un == n+1mEn - n+20En+1ﬂEn == n+2ﬂE = = n-‘,—kﬂEna Vk’ S N

Consider U := |J;2, Uj, then for each n € N we have

vnU,=(Juinu. |ul |J Uinu, :UnU<UUn+kﬂUn):Un,
Jj=1 j=n+1 k=1

i.e. U is a neighbourhood of the origin in (E, Tjnq)-

Suppose that {z;};cn is bounded in E then it should be swallowed by
U. Take a balanced neighbourhood V' of the origin in F s.t. V C U. Then
there would exists A > 0 s.t. {z;}jeny € AV and so {z;}jen C nV for some
n € N with n > A. In particular, we would have x,, € nV which would
imply %xn € V C U; but this would contradict the third property of the U;’s
(i.e. % ¢ U2 Unyy = U211 Uj = U, since U; C Ujyq for any j € N).
Hence, {z;}jen is not bounded in F and so B cannot be bounded in E. This
contradicts our assumption and so proves that B C F,, for some n € N.

It remains to show that B is bounded in F,,. Let W,, be a neighbourhood
of the origin in F,,. By Proposition 1.3.4, there exists a neighbourhood W of
the origin in F such that WNE,, = W,,. Since B is bounded in F, there exists
> 0s.t. BC uW and hence B = BNE, C uWNE, = u(WNE,) =W,. O

Corollary 2.3.7. A bounded linear map from an LF- space into an arbitrary
t.v.s. is always continuous.

Proof. (Sheet 5, Exercise 2) O
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Chapter 3

Topologies on the dual space of a t.v.s.

In this chapter we are going to describe a general method to construct a whole
class of topologies on the topological dual of a t.v.s. using the notion of polar
of a subset. Among these topologies, the so-called polar topologies, there
are: the weak topology, the topology of compact convergence and the strong
topology.
In this chapter we will denote by:
e F a t.v.s. over the field K of real or complex numbers.
e E* the algebraic dual of F, i.e. the vector space of all linear functionals
on FE.
e [ its topological dual of E, i.e. the vector space of all continuous linear
functionals on F.
Moreover, given 2’ € E’, we denote by (2, x) its value at the point = of E, i.e.
(o', z) = 2/(xz). The bracket (-,-) is often called pairing between E and E'.

The polar of a subset of a t.v.s.

Definition 3.1.1. Let A be a subset of E. We define the polar of A to be the
subset A° of E' given by:

A° = {x' € E :sup (2, z)| < 1} :
x€A
Let us list some properties of polars:
a) The polar A° of a subset A of F is a convex balanced subset of E’.
b) If AC B C E, then B° C A°.
) (pA)° = (3)A°, Vp>0,YACE.
)
)

¢}

d) (AUB)°=A°NB°, VA, BCE.
e) If Aisaconein F, then A°={2’ € F': (2/,2) =0,V2z € A} and A° is a
linear subspace of E’. In particular, this property holds when A is a linear
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subspace of E and in this case the polar of A is called the orthogonal of
A, i.e. the set of all continuous linear forms on E which vanish identically
in A.
Proof. (Sheet 5, Exercise 3) O
Proposition 3.1.2. Let E be a t.v.s.. If B is a bounded subset of E, then the
polar B° of B is an absorbing subset of E'.
Proof.
Let 2/ € E'. As B is bounded in E, Corollary 2.2.10 guarantees that any
continuous linear functional 2’ on E is bounded on B, i.e. there exists a
constant M (z") > 0 such that sup,cp[(z’, )| < M(z’). This implies that for
any A € K with [\ < W we have Az’ € B°, since
/ / 1 /
sup [(Az", z)| = [A| sup [(z', )| < mo M) =1
z€B z€B (')
O
3.2 Polar topologies on the topological dual of a t.v.s.

44

We are ready to define an entire class of topologies on the dual E' of E,
called polar topologies. Consider a family X of bounded subsets of E with the
following two properties:

(P1) If A,Be X, then 3C € ¥s.t. AUBCC.

(P2) If Ac ¥ and A € K, then 3B € ¥ s.t. AMAC B.

Let us denote by 3° the family of the polars of the sets belonging to ¥, i.e.
Y :={A%: AeX}.

Claim: X° is a basis of neighbourhoods of the origin for a locally convex
topology on E’ compatible with the linear structure.

Proof. of Claim.
By Property a) of polars and by Proposition 3.1.2, all elements of ¥° are
convex balanced absorbing susbsets of E’. Also:
1. VA°, B° € X° 3C° € ¥°st. C°C A°N B°.
Indeed, if A° and B° in X° are respectively the polars of A and B in 3,
then by (P1) there exists C' € ¥ s.t. AU B C C and so, by properties
b) and d) of polars, we get: C° C (AU B)° = A° N B°.
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2.V A°€¥°,¥p>0, 3B° € s.t. B°C pA°.
Indeed, if A° in 3° is the polar of A, then by (P2) there exists B € ¥
s.t. %A C B and so, by properties b) and ¢) of polars, we get that

B° C (%A) Y
By Theorem 4.1.14 in TVS-I, there exists a unique locally convex topology on

E’ compatible with the linear structure and having X° as a basis of neighbor-
hoods of the origin. O

Definition 3.2.1. Given a family ¥ of bounded subsets of a t.v.s. E s.t. (P1)
and (P2) hold, we call X—topology on E’ the locally convex topology defined
by taking, as a basis of neighborhoods of the origin in E', the family X° of the
polars of the subsets that belong to . We denote by EY, the space E' endowed
with the X-topology.

It is easy to see from the definition that (Sheet 6, Exercise 1):
e The X —topology on E’ is generated by the following family of semi-
norms:

{pa: A€ X}, where py(z') := sgg |(z',z)|,V2' € E. (3.1)

e Define for any A € ¥ and € > 0 the following subset of E’:

W.(A) := {x' € E :sup|(x,z)| < 8} .
x€A
The family B := {W.(A) : A € X,¢ > 0} is a basis of neighbourhoods of
the origin for the X —topology on E’.

Proposition 3.2.2. A filter F' on E' converges to an element ' € E’ in the
Y -topology on E' if and only if F' converges uniformly to ' on each subset A
belonging to %, i.e. the following holds:

Ve > 0,IM' € F's.t. sup|(z',z) — (v, z)| <e,Vy € M. (3.2)
z€A
This proposition explain why the Y —topology on E’ is often referred as
topology of the uniform converge over the sets of X.

Proof.

Suppose that (3.2) holds and let U be a neighbourhood of the origin in
the Y —topology on E’. Then there exists ¢ > 0 and A € ¥ s.t. W.(A) CU
and so

'+ W.(A) Ca' +U. (3.3)
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On the other hand, since we have that

'+ W.(A) = {x' +y € E': sup|(y,x)| < 5}
€A
= {Z’GE': sup (2 — 2/, z)] <5}, (3.4)
€A

the condition (3.2) together with (3.3) gives that
IM" € Flst.M' C 2’ +W.(A) Ca' +U.

The latter implies that 2’ + U € F’ since F’ is a filter and so the family of all
neighbourhoods of 2" in the ¥ —topology on E’ is contained in F’, i.e. F' — z'.
Conversely, if 7/ — 2/, then for any neighbourhood V of 2’ in the X —topology
on E’ we have V € F'. In particular, for all A € ¥ and for all £ > 0 we have
'+ W.(A) € F'. Then by taking M’ := 2’ + W.(A) and using (3.4), we easily
get (3.2). O

The weak topology on FE’
The weak topology on E’ is the ¥ —topology corresponding to the family 3 of
all finite subsets of F and it is usually denoted by o(FE’, E) (this topology is
often also referred with the name of weak*-topology or weak dual topology).
We denote by E! the space E' endowed with the topology o(F’, E).

A basis of neighborhoods of o(E’, F) is given by the family

B, = {W(x1,...,2;): r€N,zy,...,2, € E,;e >0}

where
We(ze,...,zp) ={a' € B : |(a/,aj)| <e,j=1,...,r}. (3.5)

Note that a sequence {z/,},en of elements in E’ converges to the origin
in the weak topology if and only if at each point z € F the sequence of their
values {(z7,,7)},cy converges to zero in K (see Sheet 6, Exercise 2). In other
words, the weak topology on E’ is nothing else but the topology of pointwise
convergence in F/; when we look at continuous linear functionals on E simply
as functions on F.

The topology of compact convergence on E’

The topology of compact convergence on E’ is the Y—topology corresponding
to the family ¥ of all compact subsets of £ and it is usually denoted by
¢(E', E). We denote by E! the space E' endowed with the topology c¢(F’, E).
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The strong topology on FE’

The strong topology on E' is the X —topology corresponding to the family ¥ of
all bounded subsets of E and it is usually denoted by b(E’, E). As a filter in
E'’ converges to the origin in the strong topology if and only if it converges to
the origin uniformly on every bounded subset of E (see Proposition 3.2.2), the
strong topology on E’ is sometimes also referred as the topology of bounded
convergence. When E’ carries the strong topology, it is usually called the
strong dual of E and denoted by Ej.

In general we can compare two polar topologies by using the following
criterion: If 31 and Xo are two families of bounded subsets of a t.v.s. E such
that (P1) and (P2) hold and X1 D 3, then the Xi-topology is finer than
the Ygo-topology. In particular, this gives the following comparison relations
between the three polar topologies on E’ introduced above:

o(E',E) C ¢(E',E) C b(E,E).

Proposition 3.2.3. Let X be a family of bounded subsets of a t.v.s. E s.t.
(P1) and (P2) hold. If the union of all subsets in ¥ is dense in E, then EX;
is Hausdorff.

Proof. Assume that the union of all subsets in Y is dense in E. As the
Y. —topology is locally convex, to show that EY, is Hausdorfl is enough to check
that the family of seminorms in (3.1) is separating (see Proposition 4.3.3 in
TVS-I). Suppose that pa(z’) =0 for all A € ¥, then

sup [(2/,2)] =0,VA € X

z€e A
which gives

(2',z) =0, Vx € U A.

Aex

As the continuous functional 2’ is zero on a dense subset of E, it has to be
identically zero on the whole E. Hence, the family {p4 : A € X} is a separating
family of seminorms which generates the ¥ —topology on E’. O

Corollary 3.2.4. The topology of compact convergence, the weak and the
strong topologies on E' are all Hausdorff.

Let us consider now for any x € E the linear functional v, on E’ which
associates to each element of the dual £’ its “value at the point x7, i.e.
v B — K

= (2 x).
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Clearly, each v, € (E')* but when can we say that v, € (E%)'? Can we find
conditions on Y which guarantee the continuity of v, w.r.t. the X—topology?

Fixed an arbitrary « € E, v, is continuous on EY; if and only if for any
e > 0, v;1(B:(0)) is a neighbourhood of the origin in E’ w.r.t. the S—topology
(B:(0) denotes the closed ball of radius ¢ and center 0 in K). This means that

Ve>0,3AcY: A° Cou (B.(0) = {2/ € E': |(a/,x)| <&}

i.e.

1
Ve>0,3Aex: [(o/,-2)| <1,Va' € A°. (3.6)
5

Then it is easy to see that the following holds:

Proposition 3.2.5. Let X be a family of bounded subsets of a t.v.s. E s.t.
(P1) and (P2) hold. If ¥ covers E then for every x € E the value at x is a
continuous linear functional on EY, i.e. vy € (E%).

Proof. If E C |Jycx, A then for any » € £ and any € > 0 we have % € A for
some A € ¥ and so [(z/,1z)] < 1 for all 2/ € A°. This means that (3.6) is

fulfilled, which is equivalent to v, being continuous w.r.t. the ¥ —topology on
E'. O

The previous proposition is useful to get the following characterization of
the weak topology on E’, which is often taken as a definition for this topology.

Proposition 3.2.6. Let E be a t.v.s.. The weak topology on E' is the coarsest
topology on E’ such that, for all x € E, v, is continuous.

Proof. (Sheet 6, Exercise 3) O

Proposition 3.2.5 means that, if > covers £ then the image of E under the
canonical map
p: B — (B
T = vy

is contained in the topological dual of EY, i.e. p(E) C (E%). In general, the
canonical map ¢ : E — (EX%)’ is neither injective or surjective. However, when
we restrict our attention to locally convex Hausdorff t.v.s., the following con-
sequence of Hahn-Banach theorem guarantees the injectivity of the canonical
map.

Proposition 3.2.7. If E is a locally conver Hausdorff t.v.s with E # {o},
then for every o # xog € E there exists ' € E' s.t. (¢/,x0) #0, i.e. E' # {o}.
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Proof.

Let 0 # x9 € E. Since (F, ) is a locally convex Hausdorff t.v.s, Proposition
4.3.3 in TVS-I ensures that 7 is generated by a separating family P of semi-
norms on E and so there exists p € P s.t. p(zg) # 0. Take M := span{zo}
and define the ¢ : M — K by ¢(axg) := ap(xp) for all @ € K. The functional
£ is clearly linear and continuous on M. Then by the Hahn-Banach theorem
(see Theorem 5.1.1 in TVS-I) we have that there exists a linear functional
2’ : E — K such that 2/(m) = £(m) for all m € M and |2/(z)| < p(z) for all
x € E. Hence, 2’ € E' and (2/, z¢) = ¢(x¢) = p(zg) # 0. O

Corollary 3.2.8. Let E be a non-trivial locally convex Hausdorff t.v.s and X
a family of bounded subsets of E s.t. (P1) and (P2) hold and ¥ covers E.
Then the canonical map ¢ : E — (E%) is injective.

Proof. Let o # x9g € E. By Proposition 3.2.7, we know that there exists
x' € E' s.t. vy(2') # 0 which proves that v, is not identically zero on E’ and
so that Ker(yp) = {o}. Hence, ¢ is injective. O

In the particular case of the weak topology on E’ the canonical map ¢ :
E — (E.) is also surjective, and so E can be regarded as the dual of its weak
dual E!. To show this result we will need to use the following consequence of
Hahn-Banach theorem:

Lemma 3.2.9. Let Y be a closed linear subspace of a locally convex t.v.s. X.
If Y # X, then there exists f € X' s.t. f is not identically zero on X but
identically vanishes on Y .

Proposition 3.2.10. Let E be a locally conver Hausdorff t.v.s. Then the
canonical map ¢ : E — (EL) is an isomorphism.

Proof. Let L € (E.). By the definition of o(E’, E) and Proposition 4.6.1 in
TVS-1, we have that there exist FF C E with |F| < co and C' > 0 s.t.

|L(z")| < Cpr(a') = Ci‘ég (2, ). (3.7)

Take M := span(F) and d := dim(M). Consider an algebraic basis B :=
{e1,...,eq} of M and for each j € {1,...,d} apply Lemma 3.2.9 to YV :=
span{B\ {e;}} and X := M. Then for each j € {1,...,d} there exists f; :
M — K linear and continuous such that (f;,ex) = 0 if k£ # j and (f;,e;) # 0.

W.lo.g. we can assume (fj,e;) = 1. By applying Hanh-Banach theorem (see
Theorem 5.1.1 in TVS-I), we get that for each j € {1,...,d} there exists e; :
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E — K linear and continuous such that e v= fj, in particular (e ex) =0
for k # j and (e}, e;) = 1.

Let M’ := span{é},..., e} C E', xp := 2?21 L(e})e; € M and for any
2’ € E' define p(z') := Z?Zl<x’,ej>€;- € M’'. Then for any 2’ € E' we get

that:
d

(2, xp) ZL (2’ e;) = L(p(z")) (3.8)
j=1

and also
d
(@ —p(a), ex) = (@ ex) = D (2 e5) (e}, en) = (@, ex) — (2, ex)len, ex) = 0
j=1

which gives
(' — p(a’),m) =0,Vm € M. (3.9)

Then for all ' € E’ we have:

(3.7)
LG —p()] < Csup |(a’ ~pla’), ) 9
TE

which give that L(z') = L(p(z')) 38 (@',x1) = vy, (2'). Hence, we have
proved that for every L € (E.)" there exists x;, € E s.t. ¢(zr) = vy, = L,
ie. ¢: E — (E.) is surjective. Then we are done because the injectivity of
¢ : E — (E.) follows by applying Corollary 3.2.8 to this special case. O

Remark 3.2.11. The previous result suggests that it is indeed more conve-
nient to restrict our attention to locally convex Hausdorff t.v.s. when dealing
with weak duals. Moreover, as showed in Proposition 3.2.7, considering locally
conver Hausdorff t.v.s has the advantage of avoiding the pathological situation
in which the topological dual of a non-trivial t.v.s. is reduced to the only zero
functional (for an example of a t.v.s. on which there are no continuous linear
functional than the trivial one, see Ezxercise J in Sheet 6).

The polar of a neighbourhood in a locally convex t.v.s.

Let us come back now to the study of the weak topology and prove one of
the milestones of the t.v.s. theory: the Banach-Alaoglu-Bourbaki theorem. To
prove this important result we need to look for a moment at the algebraic
dual E* of a t.v.s. E. In analogy to what we did in the previous section, we
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can define the weak topology on the algebraic dual E* (which we will denote
by o(E*,E)) as the coarsest topology such that for any x € E the linear
functional w, is continuous, where

wy: E* — K
¥ = (x¥ ) = a¥(x).

(3.10)
(Note that w, | E' = v;). Equivalently, the weak topology on the algebraic
dual E* is the locally convex topology on E* generated by the family {gqp :
F C E, |F| < oo} of seminorms gp(x*) := sup,cp [(z*, z)| on E*. It is then
easy to see that o(E',E) = o(E*,E) | E'.

An interesting property of the weak topology on the algebraic dual of a
t.v.s. is the following one:

Proposition 3.3.1. If E is a t.v.s. over K, then its algebraic dual E* endowed
with the weak topology o(E*, E) is topologically isomorphic to the product of
dim(E) copies of the field K endowed with the product topology.

Proof.

Let {e;}icr be an algebraic basis of F, i.e. Vo € E, 3{x;}ics € Kdm(E) g 4,
T = Zie[ x;e;. For any linear functions L : F — K and any z € E we then
have L(x) = 3,y x;L(e;). Hence, L is completely determined by the sequence
{L(e;) }iere K%™(E)  Conversely, every element u:={u; };c; € K¥™(E) uniquely
defines the linear functional L, on E via L,(e;) := u; for all i € I. This
completes the proof that E* is algebraically isomorphic to K%m(E)  Moreover,
the collection {W.(e;,,...,€i,): € >0,r €N, i1,...,4, € I}, where

Weleiy, .. ei) ={z" € E*: [(x%,¢e;,)| <¢, forj=1,...,7},

is a basis of neighbourhoods of the origin in (E*,o(E*, E)). Via the isomor-
phism described above, we have that for any € > 0, r € N, and 41,...,4, € I:

Weleinsovei) ~ {{uibier € KPP Jug | < e forj=1,...,r}

j=1 IN{i1,..viv}
and so We(e;,...,e;) is a neighbourhood of the product topology 7proq on
Kdim(E) (recall that we always consider the euclidean topology on K). There-
fore, (E*,0(E*, E)) is topological isomorphic to (Kdim(E), Tpmd). O
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Let us now focus our attention on the polar of a neighbourhood U of the
origin in a non-trivial locally convex Hausdorff t.v.s. E. We are considering
here only non-trivial locally convex Hausdorff t.v.s. in order to be sure to
have non-trivial continuous linear functionals (see Remark 3.2.11) and so to
make a meaningful analysis on the topological dual.

First of all let us observe that:

{z* € E*: sup|[(z*,2)| <1} =U°:={a' € E': sup|(z/,z)| <1}. (3.11)
zcU xcU
Indeed, since E' C E*, we clearly have U°® C {2* € E* : sup,¢y |[(z*, )| < 1}.
Moreover, any linear functional 2* € E* s.t. sup,¢ 4 |[(z*, x)| < 1 is continuous
on F and it is therefore an element of E'.
It is then quite straightforward to show that:

Proposition 3.3.2. The polar of a neighbourhood U of the origin in FE is
closed w.r.t. o(E*, E).

Proof. By (3.11) and (3.10), it is clear that U° = [,c4w; '([~1,1]). On
the other hand, by definition of o(E*, E') we have that w, is continuous on
(E*,0(E*, E)) forallz € E and so each w, *([—1,1]) is closed in (E*, o(E*, E)).
Hence, U° is closed in (E*,0(E*, E)) as the intersection of closed subsets of
(E*,0(E*,E)). O

We are ready now to prove the famous Banach-Alaoglu-Bourbaki Theorem

Theorem 3.3.3 (Banach-Alaoglu-Bourbaki Theorem).
The polar of a neighbourhood U of the origin in a locally conver Hausdorff
tv.s. E # {o} is compact in E..

Proof.

Since U is a neighbourhood of the origin in F, U is absorbing in F, i.e.
Vo e E, AM, > 0s.t. M,z € U. Hence, for all z € E and all 2’ € U° we have
|(x’, Myx)| <1, which is equivalent to:

1

Vx e E, Vl’/ € U07 ‘<I‘/,$>| < E

(3.12)

For any x € F, the subset

D, = K: < —
{ae |a|_M}
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is compact in K w.r.t. to the euclidean topology and so by Tychnoff’s theorem!

the subset P := [[ . D, is compact in (Kdim(E), Tpmd).
Using the isomorphism introduced in Proposition 3.3.1 and (3.11), we get
that
U° ~{((z"*,2))zep : 2" € U°}

and so by (3.12) we have that U° C P. Since Corollary 3.3.2 and Proposition
3.3.1 ensure that U° is closed in (Kdim(E),Tprod), we get that U° is a closed
subset of P. Hence, by Proposition 2.1.4-1, U° is compact (Kdim(E),Tprod)
and so in (E*,0(E*,E)). As U° = E' N U° we easily see that U° is compact
in (E',0(E'",E)). O

We briefly introduce now a nice consequence of Banach-Alaoglu-Bourbaki
theorem. Let us start by introducing a norm on the topological dual space E’
of a seminormed space (E, p):

Ja) = sup ()]
z€E:p(z)<1

p' is usually called the operator norm on E’.

Corollary 3.3.4. Let (E,p) be a normed space. The closed unit ball in E’
w.r.t. the operator norm p' is compact in E. .

Proof. First of all, let us note that a normed space it is indeed a locally convex
Hausdorff t.v.s.. Then, by applying Banach-Alaoglu-Borubaki theorem to
the closed unit ball B1(0) in (E,p), we get that (Bl(o))o is compact in E/.
The conclusion then easily follow by the observation that (Bl(o))o actually
coincides with the closed unit ball in (E', p'):

(Bi(0))° = {#'€F: sup |(z',2)| <1}
z€B1(0)
— WeE: swp |l <1)
zeE p(x)<1

= {d el pE)<1}.

!Tychnoff’s theorem: The product of an arbitrary family of compact spaces endowed
with the product topology is also compact.
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Chapter 4

Tensor products of t.v.s.

Tensor product of vector spaces

As usual, we consider only vector spaces over the field K of real numbers or
of complex numbers.

Definition 4.1.1.

Let E,F, M be three vector spaces over K and ¢ : E x ' — M be a bilinear

map. B and F are said to be ¢-linearly disjoint if:

(LD) Foranyr e N, any {z1,...,x,} finite subset of E and any {y1,...,yr}
finite subset of F s.t. Y.y ¢(xi,y5) = 0, we have that both the following
conditions hold:

e if x1,...,x, are linearly independent in E, thenyy =--- =y, =0
e if y1,...,y, are linearly independent in F', then x1 =---=x, =0

Recall that, given three vector spaces over K, a map ¢ : E X F — M is
said to be bilinear if:

Vg e B, ¢p: F — M is linear
y — é(xo,y)
and
Vy €F, ¢yo: E — M is linear.

z = ¢z, )

Let us give a useful characterization of ¢—linear disjointness.
Proposition 4.1.2. Let E, F, M be three vector spaces, and ¢ : E X FF — M
be a bilinear map. Then E and F are ¢p—linearly disjoint if and only if:
(LD’) For any r,s € N, x1,...,x, linearly independent in E and y1,...,Ys

linearly independent in F', the set {¢(zs,y;) :i=1,...,r, j=1,...,s}
consists of linearly independent vectors in M.
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Proof.

(=) Let z1,...,x, be linearly independent in E and yi,...,ys be linearly
independent in F'. Suppose that > ;_; > 7_; Aijd(2,y;) = 0 for some A;; € K.
Then, using the bilinearity of ¢ and setting z; := ijl Nijyj, we easily get
Soi_1 ¢(x4,2i) = 0. As the z;’s are linearly independent in E, we derive from
(LD) that all z;’s have to be zero. This means that for each i € {1,...,r} we
have Z;Zl Aijy; = 0, which implies by the linearly independence of the y;’s
that A;j =0forallie {1,...,r} and all j € {1,...,s}.

(<) Let r € N, {x1,...,2,} € E and {y1,...,y-} € F be such that
Yoi_q é(xi,yi) = 0. Suppose that the x;s are linearly independent and let
{z1,...,2s} be a basis of span{yi,...,y,}. Then for each i € {1,...,r} there
exist \j; € Ks.t. y; = Z;:l Aijz; and so by the bilinearity of ¢ we get:

T T S

0= Zgzﬁ(a:i,yj) = ZZ)\ij(b(xi,Zj). (4.1)
i=1 i=1 j=1

By applying (LD’) to the z;’s and zé-s, we get that all ¢(x;, z;)’s are linearly

independent. Therefore, (4.1) gives that A;j; = 0 for all i € {1,...,7} and all

je{l,...,s}andsoy; =0forall i € {1,...,7}. Exchanging the roles of the

x;’s and the y;’s we get that (LD) holds. O

Definition 4.1.3. A tensor product of two vector spaces E and F over K is
a pair (M, @) consisting of a vector space M over K and of a bilinear map

¢: ExF — M (canonical map) s.t. the following conditions are satisfied:
(TP1) The image of E x F spans the whole space M.
(TP2) E and F are ¢p—linearly disjoint.

We now show that the tensor product of any two vector spaces always
exists, satisfies the “universal property” and it is unique up to isomorphisms.
For this reason, the tensor product of £ and F' is usually denoted by £ ® F
and the canonical map by (z,y) — x ® y.

Theorem 4.1.4. Let E, F be two vector spaces over K.
(a) There exists a tensor product of E and F'.
(b) Let (M, ) be a tensor product of E and F'. Let G be any vector space over

K, and b any bilinear mapping of E X F' into G. There exists a unique
linear map b : M — G such that the following diagram is commutative.

ExF—,@

b A

M
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(c) If (M1, ¢1) and (Ma, p2) are two tensor products of E and F', then there is
a bijective linear map u such that the following diagram is commutative.

ExF—"4 M,

<

My

Proof.

(a) Let H be the vector space of all functions from F x F' into K which vanish
outside a finite set (#H is often called the free space of E' x F'). For any

(z,y) € E x F, let us define the function e, : E x F' — K as follows:

_ | 1 if(z,w) = (z,y)
Clay) (2, w) = { 0 otherwise

Then By := {¢ (x,y) € E x F} forms a basis of H, i.e.

zy)

VheH, My €Kih=> > Apyery.
zeE yeF

Let us consider now the following linear subspace of H:

n m
N :=spani e,/ . . — ZZaibje(%yj) :n,m € N,a;,b; €K, (2;,y;) € EXF
<'21 airi,zl bj?/j) i=1 j=1
= =

We then denote by M the quotient vector space H/N, by 7 the quotient
map from H onto M and by

¢p: ExXF — M
(x,y) — o(z,y) 32”(6(06,1/))'

It is easy to see that the map ¢ is bilinear. Let us just show the linearity
in the first variable as the proof in the second variable is just symmetric.
Fixed y € F, for any a,b € K and any x1,z9 € E, we get that:

¢laxt +bra,y) — ad(a1,y) = bp(r2,y) = T (€(azy +hasy) = 9T (€(a1y)) — 0T (€any))
= 7 (C(azrtbrsy) ~ (e1y) ~ D(ary))
= 0,

where the last equality holds since €4z 4-bas,y) — @€(z,,y) — 0€(zyy) € V.
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We aim to show that (M, ¢) is a tensor product of E and F'. It is clear
from the definition of ¢ that

span(p(E x F)) = span(n(By)) = n(H) = M,

i.e. (TP1) holds. It remains to prove that F and F are ¢—linearly dis-
joint. Let r € N, {z1,...,z,} C FE and {y1,...,y.} € F be such that
>oi_q é(xi,yi) = 0. Suppose that the y;’s are linearly independent. For
any ¢ € E*, let us define the linear mapping Ay : H — I by setting
Ap(€(ay)) = go(gc)y. Then it is easy to check that A, vanishes on N, so it
induces a map A, : M — F s.t. Ay(n(f)) = A(f), V f € H. Hence, since
>oi_1 @(wi,yi) = 0 can be rewritten as 7 (37, €(4,4)) = 0, we get that

0= A%’ (W <Z e@n?ﬁ))) =4, <Z 6(11‘,7%)) = ZALP(e(Iivyi)) = Z(p(‘rl)yl
i=1 i=1 i=1

i=1

This together with the linear independence of the y;’s implies p(z;) = 0
for all i € {1,...,r}. Since the latter holds for all ¢ € E*, we have that
x; =0 for all i € {1,...,r}. Exchanging the roles of the z;’s and the y;’s
we get that (LD) holds, and so does (TP2) .

Let (M, ) be a tensor product of E and F, G a vector space and b :
E x F — G a bilinear map. Consider {z,}aca and {ys}sep bases of E
and F, respectively. We know that {¢(za,y3) : o € A, € B} forms a
basis of M, as span(¢(E x F')) = M and, by Proposition 4.1.2, (LD’) holds
so the ¢(xq,yp)’s for all @ € A and all B € B are linearly independent.
The linear mapping b will therefore be the unique linear map of M into
G such that

Vae A, VB e B, b(¢(2a,ys)) = b(Ta,ys)-

Hence, the diagram in (b) commutes.

Let (M, ¢1) and (Ma, ¢2) be two tensor products of E and F. Then using
twice the universal property (b) we get that there exist unique linear maps
u: My — Ms and v : My — M such that the following diagrams both

commute:

ExF-"43M ExF-—""4M

I

M,y Mo
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Then combining u o ¢1 = ¢9 with v o ¢o = ¢1, we get that u and v are
one the inverse of the other. Hence, there is an algebraic isomorphism
between M7 and M. O

It is now natural to introduce the concept of tensor product of linear maps.

Proposition 4.1.5. Let E, F, E, | be four vector spaces over K, and let
u:E — Fy andv: F — Fi be linear mappings. There is a unique linear map
of EQ F into E1 ® Fy , called the tensor product of u and v and denoted by
u Q@ v, such that

(uv)(r®y) =ulr)®v(y), VreE VyeF.

Proof.
Let us define the mapping

b: ExF — E®F
(z,y) — blz,y) :=u(x)@v(y),

which is clearly bilinear because of the linearity of u and v and the bilinearity
of the canonical map of the tensor product £y ® Fj. Then by the universal
property there is a unique linear map b: E ® F — E; ® Fy s.t. the following
diagram commutes:

ExF LS EBonR

L+

E®F

ie. bz ®y) = b(x,y), V(z,y) € E x F. Hence, using the definition of b, we
get that b =u ® v. O

Examples 4.1.6.
1. Let nnm € N, E =K" and FF = K™. Then E® F = K" is a tensor
product of EE and F whose canonical bilinear map ¢ is given by:
¢: ExXF — K

<($i)?:1v(yj);‘n:1> = (TiYj)hi<i<ni<j<m-
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2. Let X andY be two sets. For any functions f: X > Kandg:Y — K,
we define:
f®g: XxY — K
(z,y) = fla)gy)

Let E (resp. F') be the linear space of all functions from X (resp. Y')
to K endowed with the usual addition and multiplication by scalars. We
denote by E ® F' the linear subspace of the space of all functions from
X XY to K spanned by the elements of the form f® g for all f € E
and g € F. Then E® F is actually a tensor product of E and F (see
Sheet 7, Exercise 1).

Given X and Y open subsets of R™ and R™ respectively, we can use the
definitions in Example 2 above to construct the tensors C*(X) ® C!(Y) for any
1 < k,l < oco. The approximation results in Section 1.5 imply:

Theorem 4.1.7. Let X and Y open subsets of R™ and R™ respectively. Then
CX(X)®CX(Y) is sequentially dense in C°(X x Y).
Proof. (see Sheet 7, Exercise 2).

Topologies on the tensor product of locally convex t.v.s.

Given two locally convex t.v.s. E and F, there various ways to construct a
topology on the tensor product F ® F' which makes the vector space £ ® F
in a t.v.s.. Indeed, starting from the topologies on F and F', one can define a
topology on E ® F' either relying directly on the seminorms on E and F', or
using an embedding of F ® F' in some space related to E and F' over which
a natural topology already exists. The first method leads to the so-called
m—topology. The second method may lead instead to a variety of topologies,
the most important of which is the so-called e—topology that is based on the
isomorphism between E @ F' and B(E., F)) (see Proposition 4.2.9).

m—topology

Let us define the first main topology on £ ® F which we will see can be
directly characterized by mean of the seminorms generating the topologies on
the starting locally convex t.v.s. E and F'.

Definition 4.2.1 (7—topology).

Given two locally convex t.v.s. E and F, we define the m—topology (or pro-
jective topology) on E ® F to be the strongest locally convex topology on this
vector space for which the canonical mapping E X F'— E ® F is continuous.
The space E ® F' equipped with the m—topology will be denoted by E ®, F'.
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A basis of neighbourhoods of the origin in £ ®, F is given by the family:
B := {convy(Uy ® V3) : Uy € B, Vg € Br},

where Bg (resp. Bp) is a basis of neighbourhoods of the origin in E (resp.
in F),Us @ Vg :={z @y EQF : x € Uy,y € Vg} and convy(Uy ® V3) de-
notes the smallest convex balanced subset of F ® F' containing U, ® V3. In
fact, on the one hand, the m—topology is by definition locally convex and so it
has a basis B of convex balanced neighbourhoods of the origin in E® F'. Then,
as the canonical mapping ¢ is continuous w.r.t. the m—topology, we have that
for any C' € B there exist U, € Bg and Vg € Bp st. U, x Vg C ¢~ 1(0).
Hence, U, ® Vg = ¢(Uq x V) C C and so convy(Uy ® V3) C convy(C) = C
which yields that the topology generated by B is finer than the m—topology.
On the other hand, the canonical map ¢ is continuous w.r.t. the topology
generated by By, because for any U, € Bg and Vg € Bp we have that
¢ (convy(Uy @ V3)) 2 ¢ 1 (Usy ® V) = U, x V3 which is a neighbourhood of
the origin in £ x F. Hence, the topology generated by B, is coarser than the
m—topology.

The m—topology on F ® F' can be described by means of the seminorms
defining the locally convex topologies on E and F'. Indeed, we have the fol-
lowing characterization of the m—topology.

Proposition 4.2.2. Let E and F be two locally convexr t.v.s. and let P
(resp. Q) be a family of seminorms generating the topology on E (resp.on F).
The m—topology on E ® F' is generated by the family of seminorms

{p®q: peP,qe Q},
where for any p € P,q € Q,0 € E® F we define:

(p®@q)(0) :=inf{p>0: 0 e pW}
with
W = convy(Up@Vy),Up :={x € E:p(x) <1}, and Vy:={y € F:q(y) < 1}.

Proof. (Sheet 7, Exercise 3) O

The seminorm p® g on E ® F' defined in the previous proposition is called
tensor product of the seminorms p and q (or projective cross seminorm) and
it can be represented in a more practical way that shows even more directly
its relation to the seminorms defining the topologies on F and F.
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Theorem 4.2.3.
a) Forany 0 € E® F, we have:

(p®q)(6) := inf {ZP(%)Q(%) 0= Tk @y ax €E,yp € Fir € N} :
=1 k=1

b) Forallx € E andy € F, (p®q)(x®@y) = p(x)q(y).
Proof.
a) As above, we set Uy, :={z € E:p(z) <1}, V,:={y € F : q(y) <1} and

W = convp(Up, ® V). Let § € E® F. Let us preliminarily observe that the
condition “f € pW for some p > 0” is equivalent to:

N N

0 => tewr @y, with Y |tel < p, p(zx) < 1,q(y) <1,k € {1,...,N}.
k=1 k=1

If we set & := tpxr and n == yg, then
N N

0=> & @newith Y p(&)a(n) < p.
k=1 k=1

Then inf {}°,_; p(xr)q(yr) : 0= 11 Tk @y, ;21 € E,yp € F,r e N} < p
and since this is true for any p > 0 s.t. 6 € pW then we get:

inf {ZP(%)Q(%) 0= 2 Qy;, ,mi€Ey €Fre N} < (p®q)().

=1 i=1

Conversely, let us consider an arbitrary representation of 6, i.e.

N
0=> & @ with & € E, ng € F,
k=1
and let p > 0 s.t. Zivzl p(&k)q(nk) < p. Let € > 0. Define
o [ := {k‘ S {1,,N} :p(gk)q@?k) 7’é 0}
o Iry:={ke{l,...,N}:p(&) # 0 and q¢(nx) = 0}
o Is:={ke{l,...,N}:p(&) =0 andq(nx) # 0}
o Iy:={ke{l,...,N}:p(&) =0 andq(n) = 0}

and set
o Vk € I,y = oo, yp = o g = p(&k)a ()
o Vk eIy, ) := pfélw Yp = :

o Vk € I3, wp i= Zq(m)&ks Yk = gy T =

=
|
o
g
—~~
A
-
~—
=
T
~
=
I

N
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o Vk €Iy, xp =N, yp =i, tr = 5
<

Then Vk € {1,..., N} we have that p(x) < 1 and ¢q(yi) < 1. Also we get:

N
_ €k Mk e & N
;thk Quyp = ];p(gk)Q<77k)p(§k) ® oy k;b Nt © P(E)K

e N Nk e N
+ Zﬁ;q(ﬁk)fk@@ )+Z N 2 Sk O

kels a0m) i
N
= > G =0
k=1
and
al £
ol = D opEalm)+ Y. N
k=1 kel ke(I2UIsUly)
€
= Z p(&k)a(nk) + [12 U I3 U 14\N

kel
n
< D pl&)alm) +e<pte
k=1

Hence, by our preliminary observation we get that 8 € (p+¢)W. As this holds
for any € > 0, we have 6 € pW. Therefore, we obtain that (p ® ¢)(0) < p
which yields

N N
(p®¢q)(0) < inf {ZP(&)Q(%) 0= & @, € EmqeFNe N} :

k=1 k=1
b) Let x € F and y € F. By using a), we immediately get that
(P ®@q)(zr®y) < plr)q(y).

Conversely, consider M := span{z} and define L : M — K as L(Az) := A\p(z)
for all A € K. Then clearly L is a linear functional on M and for any m € M,
ie. m = Az for some A € K, we have |L(m)| = |A|p(z) = p(Ax) = p(m).
Therefore, Hahn-Banach theorem can be applied and provides that:

d2' € E' st.(2/,2) = p(x) and |(2/,21)| < p(z1), V21 € E. (4.2)
Repeating this reasoning for y we get that:

3y e F' st.(y,y) = q(y) and (v, 41)] < q(y1), Vy1 € F. (4.3)
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Let us consider now any representation of x ® y, namely x @y = Zi\[zl T Q Yk
with zx € F, yp € F and N € N. Then using the second part of (4.2) and
(4.3) we obtain:

Mz

(@' @y, 2 ®y)| Z x| Y k)|
k=1 k=1

Since this is true for any representation of x ® y, we deduce by a) that:

(2’ @y, z0y)| < (pq)(z0y).

The latter together with the first part of (4.2) and (4.3) gives:

p(2)q(y) = p(@)|-la@)| = (&', @) |- |(V, 9)| = | (@' @y, 2 @ y)| < (p@q)(z®Y).

O]

Proposition 4.2.4. Let E and F be two locally convex t.v.s.. E ®; F 1is
Hausdorff if and only if E and F are both Hausdorff.

Proof. (Sheet 7, Exercise 4) O

Corollary 4.2.5. Let (E,p) and (F,q) be seminormed spaces. Then p ® q is
a norm on E® F if and only if p and q are both norms.

Proof.

Under our assumptions, the m—topology on E ® F' is generated by the single
seminorm p ® g. Then, recalling that a seminormed space is normed iff it is
Hausdorff and using Proposition 4.2.4, we get: (F ® F,p ® q) is normed <
E ®, F is Hausdorff & E and F' are both Hausdorff < (E,p) and (F, q) are
both normed. O

Definition 4.2.6. Let (E,p) and (F,q) be normed spaces. The normed space
(E® F,p®q) is called the projective tensor product of E and F and p® q is
said to be the corresponding projective tensor norm.

In analogy with the algebraic case (see Theorem 4.1.4-b), we also have a
universal property for the space F ®;, F.

Proposition 4.2.7.
Let E, F be locally convex spaces. The m—topology on E Q, F is the unique
locally convex topology on EE® F such that the following property holds:



4.2.2

4.2. Topologies on the tensor product of locally convex t.v.s.

(UP) For every locally convex space G, the algebraic isomorphism between
the space of bilinear mappings from E X F into G and the space of all
linear mappings from E® F into G (given by Theorem 4.1./-b) induces
an algebraic isomorphism between B(E, F;G) and L(E ® F;G), where
B(E, F;G) denotes the space of all continuous bilinear mappings from
ExF into G and L(E®QF; G) the space of all continuous linear mappings
from E® F into G.

Proof. Let 7 be alocally convex topology on EQF such that the property (UP)
holds. Then (UP) holds in particular for G = (E' ® F, 7). Therefore, since in
the algebraic isomorphism given by Theorem 4.1.4-b) in this case the canonical
mapping ¢ : E x F' — E® F corresponds to the identity id : FQF — EQ F,
we get that ¢ : E X F' — E ®; F has to be continuous.

ExF—" 3 E® F

l

E®; F

This implies that 7 C 7 by definition of m—topology. On the other hand, (UP)
also holds for G = (E® F, 7).

ExF—2 yEw, F

l

E®: F

Hence, since by definition of m—topology ¢ : E x F' — E ®, F' is continuous,
the id : F ®, F — E ®,; F has to be also continuous. This means that = C 7,
which completes the proof. O

Corollary 4.2.8. (E®, F)' = B(E,F).
Proof. By taking G = K in Proposition 4.2.7, we get the conclusion. O

Tensor product t.v.s. and bilinear forms

Before introducing the e—topology, let us present the above mentioned al-
gebraic isomorphism between the tensor product of two locally convex t.v.s.
and the spaces of bilinear forms on the product of their weak duals. Since
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we are going to deal with topological duals of t.v.s., in this section we will
always assume that E and F' are two non-trivial locally convex t.v.s. over
the same field K with non-trivial topological duals. Let G be another t.v.s.
over K and ¢ : £ x F' — (G a bilinear map. The bilinear map ¢ is said to be
separately continuous if for all xg € F and for all yg € F the following two
linear mappings are continuous:

Gug: F — G and Oy E — G
y — é(z0,y) r = ¢(z,y0).

We denote by B(FE, F, G) the linear space of all separately continuous bilinear
maps from E x F into G and by B(FE, F, G) its linear subspace of all continuous
bilinear maps from E x F into G. When G = K we write B(E, F') and B(E, F),
respectively. Note that B(E, F,G) C B(E, F,G), i.e. any continuous bilinear
map is separately continuous but the converse does not hold in general.

The following proposition describes an important relation existing between
tensor products and bilinear forms.

Proposition 4.2.9. Let E and F be non-trivial locally convex t.v.s. over K
with non-trivial topological duals. The space B(E., F.) is a tensor product of
E and F.

Recall that E/ (resp. F.) denotes the topological dual E' of E (resp. F’
of F') endowed with the weak topology defined in Section 3.2.

Proof.
Let us consider the bilinear mapping:

¢: ExF — B(E/F.)
(z,y) =  olzy): EgxF, — K (4.4)
@y) = @)y, y).
We first show that £ and F' are ¢-linearly disjoint. Let r,s € N, z1,...,z,

be linearly independent in F and y1,...,ys be linearly independent in F'. In
their correspondence, select! z/,..., 2. € E and 9}, ...,y € F’ such that

(@, x5) = Oy, Ym,j € {1,...,r} and (Y, yx) =0V, k € {1,...,5}.
Then we have that:

1 if m=jand n=k%

0 otherwise. (4.5)

O3, 9) @ vl) = (20 (s i) = {

!This can be done using Lemma 3.2.9 together with the assumption that E’ and F’ are
not trivial.
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This implies that the set {¢(xj,yx) : j = 1,...,r, k = 1,...,s} consists of
linearly independent elements. Indeed, if there exists A\ € K s.t.

DY kb, yp) =0

j=1 k=1

then for all m € {1,...,r} and all n € {1,...,r} we have that:

ST M@ g (@ ) = 0

j=1k=1

and so by using (4.5) that all \,,,, = 0.
We have therefore showed that (LD’) holds and so, by Proposition 4.1.2,
E and F are ¢-linearly disjoint. Let us briefly sketch the main steps of the
proof that span(¢p(E x F)) = B(E., F.).
a) Take any ¢ € B(E!, F.). By the continuity of ¢, it follows that there exist
finite subsets A C E and B C F s.t. |o(2/,y')| <1, V2’ € A°, Vy' € B°.
b) Set E4 := span(A) and Fp := span(B). Since E4 and Ep are finite
dimensional, their orthogonals (E4)° and (Fp)° have finite codimension
and so

E'xF' = (M/@(EA)O)X(N/@(FB)O) = (M/XN/)GB((EA)OXF’)EB(E/X(FB)O),

where M’ and N’ finite dimensional subspaces of E' and F’, respectively.
c) Using a) and b) one can prove that ¢ vanishes on the direct sum ((E4)° x
F'Y& (E' x (Fp)°) and so that ¢ is completely determined by its restriction
to a finite dimensional subspace M’ x N’ of E/ x F".
d) Let r := dim(E4) and s := dim(Fpg). Then there exist x1,...,2, € E4
and y1,...,ys € Fp s.t. the restriction of ¢ to M’ x N’ is given by

(@) = DD @ w) (W v)-
i=1 j=1

Hence, by c), we can conclude that ¢ € span(¢(E x F)).
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c—topology

In order to define the e—topology on ¥ ® F, we need to introduce the so-
called topology of bi-equicontinuous convergence on the space B(E!, F!). To
this aim we first need to study a bit the notion of equicontinuous sets of
mappings between t.v.s..

Definition 4.2.10. Let X and Y be two t.v.s.. A set S of linear mappings
of X into Y is said to be equicontinuous if for any neighbourhood V of the
origin in Y there exists a neighbourhood U of the origin in X such that

VeSS, zelU = f(x) eV

iie. VFES fUYCV (or UCf (V).

The equicontinuity condition can be also rewritten as follows: S is equicon-
tinuous if for any neighbourhood V of the origin in Y there exists a neighbour-
hood U of the origin in X such that UfeS f(U) C V or, equivalently, if for any
neighbourhood V' of the origin in Y the set ﬂfes f~Y(V) is a neighbourhood
of the origin in X.

Note that if S is equicontinuous then each mapping f € S is continuous
but clearly the converse does not hold.

A first property of equicontinuous sets which is clear from the definition
is that any subset of an equicontinuous set is itself equicontinuous. We are
going now to introduce now few more properties of equicontinuous sets of
linear functionals on a t.v.s. which will be useful in the following.

Proposition 4.2.11. A set of continuous linear functionals on a t.v.s. X is
equicontinuous if and only if it is contained in the polar of some neighbourhood
of the origin in X.

Proof.

For any p > 0, let us denote by D, := {k € K : |k| < p}. Let H be an
equicontinuous set of linear forms on X. Then there exists a neighbourhood
U of the origin in X s.t. Usepy f(U) € Dy, Le. Vf € H, [(f,z)| <1,V €U,
which means exactly that H C U°.

Conversely, let U be an arbitrary neighbourhood of the origin in X and
let us consider the polar U° := {f € X' : sup,cr/ |(f,z)| < 1}. Then for any
p>0

VIeUs, f,yl <p, VyepU,

which is equivalent to
U rv) < b,

feue
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This means that U° is equicontinuous and so any subset H of U° is also
equicontinuous, which yields the conclusion. O

Proposition 4.2.12. Let X be a locally convex Hausdorff t.v.s.. Any equicon-
tinuous subset of X' is bounded in X.

Proof. Let H be an equicontinuous subset of X’. Then, by Proposition 4.2.11,
we get that there exists a neighbourhood U of the origin in X such that
H C U°. By Banach-Alaoglu theorem (see Theorem 3.3.3), we know that U®is
compact in X/ and so bounded by Proposition 2.2.4. Hence, by Proposition
2.2.2-4, H is also bounded in X/ . O

It is also possible to show, but we are not going to prove this here, that
the following holds.

Proposition 4.2.13. Let X be a locally convex Hausdorff t.v.s.. The union
of all equicontinuous subsets of X' is dense in X .

Let us now turn our attention to the space B(X,Y;Z) of continuous bi-
linear mappings from X x Y to Z, when X, Y and Z are three locally convex
t.v.s.. There is a natural way of introducing a topology on this space which is a
kind of generalization to what we have done when we defined polar topologies
in Chapter 3.

Consider a family ¥ (resp. I') of bounded subsets of X (resp. Y') satisfying
the following properties:

(P].) If Aj, Ay € X, then A3 € ¥ s.t. A1 U Ay C Ag.

(P2) If Ay € ¥ and A € K| then 3 A3 € ¥ s.t. AA; C As.

(resp. satisfying (P1) and (P2) replacing ¥ by I'). The X-T-topology on
B(X,Y;Z), or topology of uniform convergence on subsets of the form A x B
with A € ¥ and B € T, is defined by taking as a basis of neighbourhoods of
the origin in B(X,Y; Z) the following family:

U:={UA,B;W): Ae X, Bel,W € Bz(o)}

where

UA,B; W) ={peB(X,Y;Z): p(A,B) C W}

and Bz(o) is a basis of neighbourhoods of the origin in Z. It is not difficult

to verify that (c.f. [5, Chapter 32]):

a) each U(A, B;W) is an absorbing, convex, balanced subset of B(X,Y; Z);

b) the X-TI-topology makes B(X,Y; Z) into a locally convex t.v.s. (by Theo-
rem 4.1.14 of TVS-I);
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¢) If Z is Hausdorff, the union of all subsets in ¥ is dense in X and the of
all subsets in I' is dense in Y, then the X-I'-topology on B(X,Y;Z) is
Hausdorff.
In particular, given two locally convex Hausdorff t.v.s. E and F', we call bi-
equicontinuous topology on B(E!, F!) the ¥-I'-topology when ¥ is the family
of all equicontinuous subsets of £’ and I" is the family of all equicontinuous
subsets of F’. Note that we can make this choice of ¥ and I', because by
Proposition 4.2.12 all equicontinuous subsets of E’ (resp. F’) are bounded
in E! (resp. F!) and satisfy the properties (P1) and (P2). A basis for the
bi-equicontinuous topology B(E., F.) is then given by:

U:={U(A,B;e): Ae X, BeTl,e>0}
where

U(A,Bse) = {pe€B(E,, F,): (A B)C D}
= {p€B(E, F.): o, y) <e V' € AVy € B}

and D, := {k € K: |k|] <e}. By using a) and b), we get that B(E!, F.) en-
dowed with the bi-equicontinuous topology is a locally convex t.v.s.. Also, by
using Proposition 4.2.13 together with ¢), we can prove that the bi-equicontinuous
topology on B(E!, F!) is Hausdorff (as F and F are both assumed to be Haus-
dorff).

We can then use the isomorphism between £ ® F and B(E!, F.) provided
by Proposition 4.2.92 to carry the bi-equicontinuous topology on B(E’, F")
over £ ®. F.

Definition 4.2.14 (s—topology).

Given two locally convex Hausdorff t.v.s. E and F', we define the e—topology
on E® F to the topology carried over (from B(E!,F.) endowed with the bi-
equicontinuous topology, i.e. topology of uniform convergence on the products
of an equicontinuous subset of E' and an equicontinuous subset of F'. The
space E Q@ F equipped with the e—topology will be denoted by £ ®. F'.

It is clear then F ®. F is a locally convex Hausdorff t.v.s.. Moreover, we
have that:

Proposition 4.2.15. Given two locally convex Hausdorff t.v.s. E and F,
the canonical mapping from E X F into E ®. F is continuous. Hence, the
m—topology is finer than the e—topology on E ® F'.

2Recall that non-trivial locally convex Hausdorff t.v.s. have non-trivial topological dual
by Proposition 3.2.7
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Proof.

By definition of e—topology, it is enough to show that the canonical map-
ping ¢ from E x F into B(E!, F.) defined in (4.4) is continuous w.r.t. the
bi-equicontinuous topology on B(E.,F.). Let ¢ > 0, A any equicontinuous
subset of E’ and B any equicontinuous subset of F”, then by Proposition 4.2.11
we get that there exist a neighbourhood N4 of the origin in £ and a neigh-
bourhood Np of the origin in F' s.t. A C (N4)° and B C (Np)°. Hence, we
obtain that

¢ (U(A, Bie)) = {(x,y) € EXF:¢(z,y) €U(A, Bie)}
= {(z,y) € EXF :|¢(z,y)(2,y)| <e,Va' € AVy € B}
{( y) € Ex F:|(z/,2){y,y)| <e,Va' € A VY € B}
{(m,y) EEXF:|(x, )y, y)| <e,Va' € (Na)°,Vy € (NB)O}

€NA><NB,

T
= T

Y

2
2

which proves the continuity of ¢ as e N4 x Np is a neighbourhood of the origin
in Ex F. O
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