
N-parabolic mixed order systems and free boundary value
problems

Mario Kaip

Universität Konstanz

Oberseminar Halle, 1.6.2011

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 1 / 39



Contents

1 Introduction and motivation

2 Bounded joint H∞-calculus of ∇+ = (∂t , ∂x1 , . . . , ∂xn)

3 Order functions, Newton polygon, N-parabolicity

4 Main result on mixed order systems

5 Applications (Two-phase Navier Stokes)

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 2 / 39



Contents

1 Introduction and motivation

2 Bounded joint H∞-calculus of ∇+ = (∂t , ∂x1 , . . . , ∂xn)

3 Order functions, Newton polygon, N-parabolicity

4 Main result on mixed order systems

5 Applications (Two-phase Navier Stokes)

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 3 / 39



What is a mixed order system?

Roughly speaking this is matrix valued function
(λ, ξ) ∈ C× Cn 7→ L (λ, ξ) ∈ Cm×m (also called symbol) which enables us to
define an operator of the form

L (∂t ,∇) :
m∏

k=1

Hk −→
m∏

k=1

Fk ,

(f1, . . . , fm)T 7→ L−1F−1L (λ, ξ)FL(f1, . . . , fm)T

where Hk and Fk are appropriate functions spaces as Hs
p(R+,H r

p(Rn)).

It is natural to consider the following questions:

Assumptions on L to plug in (∂t ,∇)?

How to find spaces such that L (∂t ,∇) ∈ L(
∏m

k=1 Hk ,
∏m

k=1 Fk)?

In which cases we have L (∂t ,∇) ∈ LIsom(
∏m

k=1 Hk ,
∏m

k=1 Fk)?

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 4 / 39



What is a mixed order system?

Roughly speaking this is matrix valued function
(λ, ξ) ∈ C× Cn 7→ L (λ, ξ) ∈ Cm×m (also called symbol) which enables us to
define an operator of the form

L (∂t ,∇) :
m∏

k=1

Hk −→
m∏

k=1

Fk ,

(f1, . . . , fm)T 7→ L−1F−1L (λ, ξ)FL(f1, . . . , fm)T

where Hk and Fk are appropriate functions spaces as Hs
p(R+,H r

p(Rn)).

It is natural to consider the following questions:

Assumptions on L to plug in (∂t ,∇)?

How to find spaces such that L (∂t ,∇) ∈ L(
∏m

k=1 Hk ,
∏m

k=1 Fk)?

In which cases we have L (∂t ,∇) ∈ LIsom(
∏m

k=1 Hk ,
∏m

k=1 Fk)?

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 4 / 39



What is a mixed order system?

Roughly speaking this is matrix valued function
(λ, ξ) ∈ C× Cn 7→ L (λ, ξ) ∈ Cm×m (also called symbol) which enables us to
define an operator of the form

L (∂t ,∇) :
m∏

k=1

Hk −→
m∏

k=1

Fk ,

(f1, . . . , fm)T 7→ L−1F−1L (λ, ξ)FL(f1, . . . , fm)T

where Hk and Fk are appropriate functions spaces as Hs
p(R+,H r

p(Rn)).

It is natural to consider the following questions:

Assumptions on L to plug in (∂t ,∇)?

How to find spaces such that L (∂t ,∇) ∈ L(
∏m

k=1 Hk ,
∏m

k=1 Fk)?

In which cases we have L (∂t ,∇) ∈ LIsom(
∏m

k=1 Hk ,
∏m

k=1 Fk)?

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 4 / 39



What is a mixed order system?

Roughly speaking this is matrix valued function
(λ, ξ) ∈ C× Cn 7→ L (λ, ξ) ∈ Cm×m (also called symbol) which enables us to
define an operator of the form

L (∂t ,∇) :
m∏

k=1

Hk −→
m∏

k=1

Fk ,

(f1, . . . , fm)T 7→ L−1F−1L (λ, ξ)FL(f1, . . . , fm)T

where Hk and Fk are appropriate functions spaces as Hs
p(R+,H r

p(Rn)).

It is natural to consider the following questions:

Assumptions on L to plug in (∂t ,∇)?

How to find spaces such that L (∂t ,∇) ∈ L(
∏m

k=1 Hk ,
∏m

k=1 Fk)?

In which cases we have L (∂t ,∇) ∈ LIsom(
∏m

k=1 Hk ,
∏m

k=1 Fk)?

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 4 / 39



What are mixed order systems good for?

Two basic examples:

1) The thermo-elastic plate equations on Ω = Rn:

(?)

 utt + a ·∆2u + b ·∆θ = f , (t, x) ∈ R+ × Rn

d · θt − g ·∆θ − b ·∆ut = g , (t, x) ∈ R+ × Rn

γ0u = 0, γ0ut = 0, γ0θ = 0

with a, b, d , g > 0.

We can also write this problem with an formal Laplace and
Fourier transform as

L−1F−1

(
λ2 + a|ξ|4 −b|ξ|2

bλ|ξ|2 dλ + g |ξ|2
)

FL
(

u
θ

)
=

(
f
g

)
.

In order to find spaces such that (?) is well-posed we can consider the mapping
properties of the associated mixed oder system.
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What are mixed order systems good for?

2) The Stokes problem on Ω = Rn:

(??)

 ∂tu −∆u +∇π = f , (t, x) ∈ R+ × Rn,
div u = g , (t, x) ∈ R+ × Rn,
γ0u = 0

(1)

Formal Laplace and Fourier transform yields

L−1F−1

(
λ + |ξ|2 iξ

iξT 0

)
FL

(
u
π

)
=

(
f
g

)
.

These examples are interesting because our method is alternative to the usual
semigroup approach.

Later we see more serious applications to free boundary value problems!
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How to define f (∂t ,∇)?

Outline: In the following we always assume f ∈ HP(Sθ × Σn
δ) i.e

f : Sθ × Σn
δ −→ C, θ ∈ (0, 2π), δ ∈ (0, π/2)

is holomorphic and polynomially bounded.

∇ = (∂x1 , . . . , ∂xn) is a tuple of bisectorial
operators.

∂t is a sectorial operator with angle
θ = π/2.

G. Dore and A. Venni (2005) introduced
the (joint) H∞-calculus for sectorial and
bisectorial operators

. . . and they proved that ∇ has a bounded
joint H∞-calculus on Lq(R+, Lp(Rn)).
 representation by Fourier multiplier

θ
Sθ

Σδ

δ
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How to define f (∂t ,∇)?

Lifting by isomorphisms and interpolation yields that ∇ also has a bounded
joint H∞-calculus on

W s,r
F,K(R+ × Rn) := 0F s(R+,Kr (Rn)), s ≥ 0, r ∈ R

with

F ∈

{
{Bp0,q0 , Hp0} , s > 0

{Hp0} , s = 0
, K ∈ {Bp1,q1 , Hp1}, pi , qi ∈ (1,∞).

It is known that ∂t even has an R-bounded H∞-calculus on W s,r
F,K(R+×Rn).

The Kalton-Weis Theorem (in a version of Dore and Venni (2005)) then
yields the bounded joint H∞-calculus of ∇+ := (∂t ,∇) on W s,r

F,K(R+ × Rn).

So we are able to define the operator

f (∇+) : D(f (∇+)) ⊆ W s,r
F,K(R+ × Rn) → W s,r

F,K(R+ × Rn).

for f ∈ HP(Sθ ×Σn
δ) with θ > π/2. If f ∈ H∞(Sθ ×Σn

δ) then f (∇+) is bounded.
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Disadvantage of the H∞-calculus

One disadvantage of the H∞-calculus is the nonpractical definition of the domain
D(f (∇+)).

Already in easy cases as

f (z) := −
n∑

k=1

z2, g(λ, z) := λ + f (z) (λ, z) ∈ Sθ × Σn
δ

one is not able to show D(f (∇)) = D(∆) = Lp(R+,H2
p (Rn)) resp.

D(g(∇+)) = 0H
1
p (R+, Lp(Rn)) ∩ Lp(R+,H2

p (Rn)) by the definition of D(f (∇))
resp. D(g(∇+)).

We can handle this difficulty with the concepts of the next section.
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Motivation for the definition of order functions and weight
functions
Which order has the symbol

P(λ, z) = z1zn + 2z1 +
√

λ|z |3/2 + λ3/4zn + λ3/4√z1 + λ3/4?

To answer this we have to weight the time covariable λ. For the weight γ > 0 we
define the γ-order

dγ(P) := max

{
2, 1,

3

2
+

1

2
γ, 1 +

3

4
γ,

1

2
+

3

4
γ,

3

4
γ

}
= max

{
2,

3

2
+ γ

1

2
, 1 +

3

4
γ

}
.

Note that dγ(P) depends on the representation!

One can show that

|P(λ, z)| ≤ C (1 + |z |2 + |λ|1/2|z |3/2 + |λ|3/4|z |+ |λ|3/4)

for all (λ, z) ∈ Sθ × Σn
δ.
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Definition of order functions and weight functions

Definition
A continuous function O : R+ → R is called increasing order function if there
exist M ∈ N, m`(O), b`(O) ≥ 0 with m`−1(O) ≤ m`(O), b`−1(O) ≥ b`(O),
(` = 1, . . . ,M) and

O(γ) = max
`=0,...,M

{b`(O) + γ ·m`(O)} , γ > 0.

Definition
Let O be an increasing order function then we define the associated weight
function by

ΞO(λ, z) :=
∑

(s,r)∈ν(O)

|λ|s |z |r , (λ, z) ∈ Sθ × Σn
δ

with ν(O) := {(m`(O), b`(O)) : ` = 0, . . . ,M}
∪{(0, 0), (max` m`(O), 0), (0,max` b`(O))}
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Definition

A function O′ is called decreasing order function if O := −O′ is an increasing
order function. The associated weight function is then defined by ΞO′ := Ξ−1

O .

Definition

Let O be an increasing or decreasing order function and Q ∈ HP(Sθ × Σn
δ). Then

O is called an upper (resp. lower) order function of Q if there exist C > 0 and
λ0 > 0 with

|Q(λ, z)| ≤ C · ΞO(λ, z), (λ, z) ∈ Sθ × Σn
δ, |λ| ≥ λ0

(resp. ΞO(λ, z) ≤ C · |Q(λ, z)|).

Definition

A symbol Q ∈ HP(Sθ × Σn
δ) is called N-parabolic if there exists an increasing

order function O(Q) which is an upper and lower order function of Q i.e.
|Q| ≈ ΞO(Q) .
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Example: The order function O(γ) := max{1, 1/2 · γ} is a lower and upper order

function of ω(λ, z) :=
√

λ−
∑n

k=1 z2.

|ω(λ, z)| ≈ |z |+ |λ|1/2 (by homogeneity)

⇒ |ω(λ, z)| ≈ 1 + |z |+ |λ|1/2 (due to |λ| ≥ λ0 > 0)

The next theorems show that these estimates by weight functions can help to
understand the mapping properties of the operator Q(∇+).
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Proposition (Mapping property I)

Let Q ∈ HP(Sθ × Σn
δ) be arbitrary with upper increasing order function O and

W := W s′,r ′

F,K (R+ × Rn) then we get for all µ ≥ λ0(Q,O)

D(Qµ(∇W+ )) ⊇ V :=
M⋂

`=0

W
s′+m`(O),r ′+b`(O)
F,K (R+ × Rn)

with Qµ := Q(µ + ·, ·). The restriction to V yields the bounded operator[
Qµ(∇W+ )

]
|V ∈ L(V,W).

Proposition (Mapping property II)

Let Q ∈ HP(Sθ × Σn
δ) be arbitrary with upper decreasing order function O and

W := W s′,r ′

F,K (R+ × Rn) then we get for all µ ≥ λ0(Q,O)

Qµ(∇W+ ) ∈ L(W,V), V :=
M⋂

`=0

W
s′−m`(O),r ′−b`(O)
F,K (R+ × Rn).
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Corollary

If P ∈ HP(Sθ × Σn
δ) is an N-parabolic symbol then we even get

Pµ(∇W+ ) ∈ LIsom

(
M⋂

`=0

W
s′+m`(O),r ′+b`(O)
F,K (R+ × Rn),W s′,r ′

F,K (R+ × Rn)

)

for all µ ≥ λ0(P,O).

Example: We have seen before that ω(λ, z) :=
√

λ−
∑n

k=1 z2 is N-parabolic

with order O(γ) := max{1, 1/2 · γ}. This yields

ωµ(∇+) ∈ LIsom(
0
Bs′+1/2

q (R+,H r ′

p (Rn)) ∩
0
Bs′

q (R+,H r ′+1
p (Rn)),

0B
s′

q (R+,H r ′

p (Rn)))

for all µ ≥ λ0(ω) and s ′ > 0, r ′ ∈ R.
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How to prove N-parabolicity of a symbol?

Let

P(λ, z) :=
M∑

k=1

ϕk(λ, z)λβk zαk , (λ, z) ∈ Sθ × Σ
n

δ, βk ≥ 0, αk ∈ Nn
0

where ϕk is ρ-homogeneous of order Nk , holomorphic, and non-vanishing
(⇒ |ϕk(λ, z)| ≈ |λ|Nk/ρ + |z |Nk ).

As before we define the γ-order

dγ(P) := max
k=1...,M

{γβk + dγ(ϕk) + |αk |}, dγ(ϕk) := max{Nk , γNk/ρ}, γ > 0.

With this we can define the γ-principal part

πγP(λ, z) =
∑

k∈I (γ)

πγϕk(λ, z)λβk zαk , πγϕk :=


ϕk(0, ·), γ < ρ

ϕk , γ = ρ

ϕk(·, 0), γ > ρ

with I (γ) := {j : γβj + dγ(ϕj) + |αj | = dγ(P)}.
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How to prove N-parabolicity of a symbol?

Theorem (K., 2009)

The (regular) symbol P(λ, z) =
∑M

k=1 ϕk(λ, z)λβk zαk is N-parabolic if and only if
P has non-vanishing principal parts i.e.

πγP(λ, z) 6= 0, (λ, z) ∈ (Sθ \ {0})× (Σ
n

δ \ {0}), γ > 0.

1992 this result was proved by S. Gindikin and L.R. Volevich for polynomials
i.e. ϕk ≡ 1.

2008 R. Denk, J. Saal and J. Seiler proved the result for n = 1 and ϕk = ωNk

with ω(λ, z) :=
√

λ− z2.

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 19 / 39



Principal parts and Newton polygon

To determine the principal parts of a symbol we use the Newton polygon which
is a useful tool to visualize the structure of inhomogeneous symbols.

P(λ, z) := ωλ2 − ωz2 − λz2 + λz + 1

1

2

3

1 2 3

|z |− :=
√
−z2 = ω(λ = 0, z)
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Douglis-Nirenberg system
Definition

The system L ∈ [HP(Sθ × Σn
δ)]

m×m is called a mixed order system in the
sense of Douglis-Nirenberg if there are order functions sj := Orow

j and

tk := Ocol
k (j , k = 1, . . . ,M) such that sj + tk is an increasing or decreasing upper

order function of Ljk for all j , k = 1, . . . ,M (i.e. the upper order structure of each
component splits into row and column part).

Motivation for this Definition: With the help of the last section one can show
that this property suffices to prove

[(Ljk)µ(∇+)]|Hk
∈ L(Hk , Fj), j , k = 1, . . . ,M

with

Hk :=
M⋂

`=0

W
s′+m`(tk ),r

′+b`(tk )
F,K (R+ × Rn),

Fj :=
M⋂

`=0

W
s′−m`(sj ),r

′−b`(sj )
F,K (R+ × Rn).
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N-parabolic mixed order system

Definition

Let L ∈ [HP(Sθ × Σn
δ)]

m×m be a mixed order system in the sense of
Douglis-Nirenberg. Then the system L is called an N-parabolic mixed order
system if

(i) det L is N-parabolic,

(ii) [O(det L )](γ) =
∑m

j=1(sj(γ) + tj(γ)) for all γ > 0.

Motivation for this Definition: To simplify the notion we only consider the
N-parabolic 2× 2-system

L =

(
L11 L12

L21 L22

)
∈ [HP(Sθ × Σn

δ)]
2×2

.

Hence we have

L −1 =

(
L22

L11L22−L12L21

−L12

L11L22−L12L21
−L21

L11L22−L12L21

L11

L11L22−L12L21

)
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−L12

L11L22−L12L21
−L21

L11L22−L12L21

L11

L11L22−L12L21

)

⇒ −(s1 + t1) is upper order function of (L −1)11 etc. . . .

Therefore we can prove mapping properties for L −1(∇+) if L is an N-parabolic
mixed order system.

N-parabolic mixed order systems can be found in works of R. Denk and L.R.
Volevich (2008) (only L2 but general weight functions)
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Theorem (K., 2010)

Let L ∈ [HP(Sθ × Σn
δ)]

m×m be an N-parabolic mixed order system. We define for
i , j = 1, . . . m the spaces

Hi :=
M⋂

`=0

W
s′`+m`(ti ),r

′
`+b`(ti )

F`,K`
(R+ × Rn), Fj :=

M⋂
`=0

W
s′`−m`(sj ),r

′
`−b`(sj )

F`,K`
(R+ × Rn)

with fixed constants s ′`, r
′
` ≥ 0 (` = 0, . . . ,M) such that

OHi (γ) := max
`
{[s ′` + m`(ti )]γ + r ′` + b`(ti )}, γ > 0, i , j = 1, . . . m

OFj (γ) := max
`
{[s ′` −m`(sj)]γ + r ′` − b`(sj)}, γ > 0, i , j = 1, . . . m

are increasing order functions. If certain “compatibility embeddings” hold then
there exists µ0 > 0 such that for all µ ≥ µ0

[Lµ(∇+)]|H ∈ LIsom(H, F), ([Lµ(∇+)]|H)−1 = [L −1
µ (∇+)]|F

with H :=
∏m

i=1 Hi and F :=
∏m

i=1 Fi .
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We can apply these results to the following problems
on Ω = Rn

The generalized Lp-Lq thermo-elastic plate equations
[R. Denk, R. Racke, 2006].

The generalized Lp-Lq Stokes problem [D. Bothe, J. Prüß, 2007].

on Ω = Rn
+

The Stefan problem with Gibbs-Thomson correction
[R. Denk, J. Saal, J. Seiler, 2008] [J. Escher, J. Prüß, G. Simonett, 2003].

The spin-coating process
[R. Denk, M. Geissert, M. Hieber, J. Saal, O. Sawada, 2011].
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[J. Prüß, G. Simonett, 2009-2010].

Two-phase Navier Stokes equation with Boussinesq-Scriven surface fluid
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Two-phase Navier Stokes equation with surface tension

We consider the following linearized problem for u = (v ,w), π, and h:

ρ∂tu − µ∆u +∇π = 0 in R+ × Ṙn+1

div u = 0 in R+ × Ṙn+1

−Jµ∂yvK− Jµ∇xwK = gv on R+ × Rn

−2Jµ∂ywK + JπK− σ∆h = gw on R+ × Rn

JuK = 0 on R+ × Rn

∂th − γ0w = gh on R+ × Rn

u(t = 0) = 0 in Ṙn+1

h(t = 0) = 0 in Rn

with (u, π, ρ, µ) = (u1, π1, ρ1, µ1)χRn+1
−

+ (u2, π2, ρ2, µ2)χRn+1
+

, σ > 0,

JφK := γ0φRn+1
+
− γ0φRn+1

−
.

After a formal application of the Laplace respectively Fourier transform we deduce
a system of ODEs for (û, π̂).
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Two-phase Navier Stokes equation with surface tension

Reduction to the boundary: We obtain

µjω
2
j ûj(λ, ξ, y)− µj∂

2
y ûj(λ, ξ, y) + (iξ, ∂y )

T π̂j(λ, ξ, y) = 0, (−1)jy > 0,

iξ · v̂j(λ, ξ, y) + ∂y ŵj(λ, ξ, y) = 0, (−1)jy > 0,

−Jµ∂y v̂K(λ, ξ)− iξJµŵK(λ, ξ) = ĝv (λ, ξ),

−2Jµ∂y ŵK(λ, ξ) + Jπ̂K(λ, ξ) + σ|ξ|2ĥ(λ, ξ) = ĝw (λ, ξ),

JûK(λ, ξ) = 0

λĥ(λ, ξ)− ŵ(λ, ξ, 0) = ĝh(λ, ξ),

for fixed (λ, ξ), ωj = ωj(λ, ξ) := µ
−1/2
j (ρjλ + µj |ξ|2)1/2.

Using Green’s functions and divu = 0 we get a solution of the ODE by . . .
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iξ · v̂j(λ, ξ, y) + ∂y ŵj(λ, ξ, y) = 0, (−1)jy > 0,

−Jµ∂y v̂K(λ, ξ)− iξJµŵK(λ, ξ) = ĝv (λ, ξ),
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Two-phase Navier Stokes equation with surface tension

π̂j(λ, ξ, y) = p̂j(λ, ξ) · exp(−(−1)j |ξ|y), (−1)jy > 0,

v̂j(λ, ξ, y) = −
∫ ∞

0

k
(j)
− (λ, ξ, s) · iξπ̂j(λ, ξ, s)ds + Φ̂(j)

v (λ, ξ) exp(−(−1)jωjy),

ŵj(λ, ξ, y) = −
∫ ∞

0

k
(j)
+ (λ, ξ, s) · ∂y π̂j(λ, ξ, s)ds + Φ̂(j)

w (λ, ξ) exp(−(−1)jωjy),

with unknown functions Φ̂
(j)
v , Φ̂

(j)
w , p̂j and the Green’s functions k

(j)
±

k
(1)
− (λ, ξ, y , s) :=

{
− eω1y

µ1ω1
sinh(ω1s), y ≤ s

− eω1s

µ1ω1
sinh(ω1y), y ≥ s

,

k
(1)
+ (λ, ξ, y , s) :=

{
eω1y

µ1ω1
cosh(ω1s), y ≤ s

eω1s

µ1ω1
cosh(ω1y), y ≥ s

,

and k
(2)
− = . . ., k

(2)
+ = . . . analogously.
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Two-phase Navier Stokes equation with surface tension

With this we derive

π̂j(λ, ξ, 0) = p̂j(λ, ξ),

v̂j(λ, ξ, 0) = Φ̂(j)
v (λ, ξ),

ŵj(λ, ξ, 0) =
(−1)j

µj
· |ξ|
ωjγ

+
j

p̂j(λ, ξ) + Φ̂(j)
w (λ, ξ),

∂y v̂j(λ, ξ, 0) = − (−1)j

µj

iξ

γ+
j

p̂j(λ, ξ)− (−1)jωj Φ̂
(j)
v (λ, ξ),

∂y ŵj(λ, ξ, 0) = −(−1)jωj Φ̂
(j)
w (λ, ξ).

Plugging in this into the boundary conditions we obtain a system of linear

equations for the unknowns Φ̂
(j)
v , Φ̂

(j)
w , p̂2, Jπ̂K, and ĥ.
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Two-phase Navier Stokes equation with surface tension



iξT −ω2 0 0 0 0
iξT 0 ω1 0 0 0
0 −1 0 λ 0 − 1

µ2ω2γ
+
2

0 1 −1 0 − |ξ|
µ1ω1γ

+
1

1
µ2ω2γ

+
2

+ 1
µ1ω1γ

+
1

0 2µ2ω2 2µ1ω1 σ|ξ|2 1 0

Ωidn −µ2iξ µ1iξ 0 −iξ
γ−1

ω′1γ
+
1

iξ
|ξ|

[
γ−2

ω2γ
+
2

+
γ−1

ω1γ
+
1

]





Φ̂
(2)
v

Φ̂
(2)
w

Φ̂
(1)
w

ĥ
Jπ̂K
|ξ|p̂2



=


0
0
ĝh

0
ĝw

ĝv

 , Ω := µ1ω1 + µ2ω2, γ±j := ωj ± |ξ|.

The Theorems on mixed order systems do not cover homogeneous spaces so we
have to eliminate the pressure p̂2.
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Two-phase Navier Stokes equation with surface tension

Solving JŵK = 0 we obtain the reduced system
iξT −ω2 0 0 0
iξT 0 ω1 0 0
0 −µ2ω2γ

+
2 Ω−1

+ −µ1ω1γ
+
1 Ω−1

+ λ −|ξ|Ω−1
+

0 2µ2ω2 2µ1ω1 σ|ξ|2 1
Ωidn −iξ(µ2 + κ) iξ(µ1 + κ) 0 iξ(µ2γ

−
2 − µ1γ

−
1 )Ω−1

+


︸ ︷︷ ︸

=:L


Φ̂

(2)
v

Φ̂
(2)
w

Φ̂
(1)
w

ĥ
Jπ̂K



=


0
0
ĝh

ĝw

ĝv

 , |ξ|p̂2 = −δΦ̂(2)
w + δΦ̂(1)

w +
1

µ1
· δ|ξ|
ω1γ

+
1

Jπ̂K

with Ω+ := µ1ω1γ
+
1 + µ2ω2γ

+
2 , δ :=

µ1µ2ω1ω2γ
+
1 γ+

2

Ω+

κ := µ1µ2

|ξ| · (ω1γ
+
1 γ−2 + ω2γ

+
2 γ−1 )Ω−1

+
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Two-phase Navier Stokes equation with surface tension
As determinant we obtain | det L | = |ω1ω2/Ω+| · |Ωn−1| · |P| with

P(λ, z) := (µ1ω
2
1 + µ2ω

2
2)(µ1ω1 + µ2ω2)λ

+
[
(µ1ω1 + µ2ω2)

2 + µ1µ2(ω1 + ω2)
2
]
λ|z |−

+
[
3(µ2

2ω2 + µ2
1ω1)− µ1µ2(ω1 + ω2)

]
λ|z |2−

−(µ1 − µ2)
2λ|z |3− + σ(µ1ω1 + µ2ω2)|z |3−

+µ̄σ|z |4−

µ̄ := µ1 + µ2, ρ̄ := ρ1 + ρ2, |z |− :=
(
−
∑n

k=1 z2
k

)1/2 ∈ Sδ

πγP(λ, z) =


2µ̄σ|z |4−, γ ∈ (0, 1)

2µ̄(2µ̄λ + σ|z |−)|z |3−, γ = 1

4µ̄2λ|z |3−, γ ∈ (1, 2)

ρ̄(
√

µ1ρ1 +
√

µ2ρ2)λ
5/2, γ > 2

πγ=2P(λ, z) = ρ̄(
√

µ1ω1 +
√

µ2ω2)λ + 4
√

µ1µ2ω1ω2|z |− + ρ̄µ̄λ|z |−
+4(µ

3/2
1 ω1 + µ

3/2
2 ω2)|z |2− + 4µ1µ2|z |3−.
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Two-phase Navier Stokes equation with surface tension

It is obvious that πγP(λ, z) 6= 0 for γ ∈ (1,∞) \ {2} and

(λ, z) ∈ (Sθ \ {0})× (Σ
n

δ \ {0}). One can easily prove that even πγ=2P(λ, z) 6= 0.
Hence P (respectively det L ) is N-parabolic with

[O(det L )](γ) = max{n + 3, γ + n + 2, [n + 4]/2γ}, γ > 0.

1

n+4
2

n + 2 n + 3

N(det L )

Therefore L is an N-parabolic mixed order system if we can find order functions
sj , tj such that sj + tk is an upper order function of Lj,k and
O(det L ) =

∑n
j=1(sj + tj).
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Two-phase Navier Stokes equation with surface tension

t1(γ) := . . . := tn+2(γ) := max{1, γ/2},
tn+3(γ) := max{2, γ + 1, 3/2γ},
tn+4(γ) := 0,

s1(γ) := s2(γ) := 0,

s3(γ) := −max{1, γ/2},
s4(γ) := . . . := sn+4(γ) := 0

=⇒ O(det L ) =
∑n

j=1(sj + tj)

L (λ, z) ≈


zT ω 0 0 0
zT 0 ω 0 0
0 1 1 λ −|z |−/ω2

0 ω ω |z |2− 1
ωidn ω ω 0 |z |−/ω


Hence L is a Douglis-Nirenberg system with the order functions defined above.
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Two-phase Navier Stokes equation with surface tension
So we can construct the spaces of maximal regularity with
(r ′0, s

′
0) := (r ′1, s

′
1) := (1− 1/p, 0), (r ′2, s

′
2) := (0, 1/2− 1/(2p)), and

(F0,K0) := (F1,K1) = (Hp,Bp), (F2,K2) = (Bp,Hp)

H1 = . . . = Hn+2 = ,

Hn+3 = ,

F1 = F2 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

F3 = 0B
1−1/(2p)
p (Lp) ∩ Lp(B

2−1/p
p ),

F4 = . . . = Fn+4 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

So we finally obtain Lµ(∇+) ∈ LIsom

(∏n+4
k=1 Hk ,

∏n+4
k=1 Fk

)

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 37 / 39



Two-phase Navier Stokes equation with surface tension
So we can construct the spaces of maximal regularity with
(r ′0, s

′
0) := (r ′1, s

′
1) := (1− 1/p, 0), (r ′2, s

′
2) := (0, 1/2− 1/(2p)), and

(F0,K0) := (F1,K1) = (Hp,Bp), (F2,K2) = (Bp,Hp)

t1(γ) := . . . := tn+2(γ) = max{1, 1/2 · γ},

H1 = . . . = Hn+2 = Lp(B
1−1/p+1
p ),

Hn+3 = ,

F1 = F2 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

F3 = 0B
1−1/(2p)
p (Lp) ∩ Lp(B

2−1/p
p ),

F4 = . . . = Fn+4 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

So we finally obtain Lµ(∇+) ∈ LIsom

(∏n+4
k=1 Hk ,

∏n+4
k=1 Fk

)

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 37 / 39



Two-phase Navier Stokes equation with surface tension
So we can construct the spaces of maximal regularity with
(r ′0, s

′
0) := (r ′1, s

′
1) := (1− 1/p, 0), (r ′2, s

′
2) := (0, 1/2− 1/(2p)), and

(F0,K0) := (F1,K1) = (Hp,Bp), (F2,K2) = (Bp,Hp)

t1(γ) := . . . := tn+2(γ) = max{1, 1/2 · γ},

H1 = . . . = Hn+2 = 0B
1/2−1/(2p)+1/2
p (Lp) ∩ Lp(B

2−1/p
p ),

Hn+3 = ,

F1 = F2 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

F3 = 0B
1−1/(2p)
p (Lp) ∩ Lp(B

2−1/p
p ),

F4 = . . . = Fn+4 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

So we finally obtain Lµ(∇+) ∈ LIsom

(∏n+4
k=1 Hk ,

∏n+4
k=1 Fk

)

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 37 / 39



Two-phase Navier Stokes equation with surface tension
So we can construct the spaces of maximal regularity with
(r ′0, s

′
0) := (r ′1, s

′
1) := (1− 1/p, 0), (r ′2, s

′
2) := (0, 1/2− 1/(2p)), and

(F0,K0) := (F1,K1) = (Hp,Bp), (F2,K2) = (Bp,Hp)

H1 = . . . = Hn+2 = 0B
1−1/(2p)
p (Lp) ∩ Lp(B

2−1/p
p ),

Hn+3 = ,

F1 = F2 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

F3 = 0B
1−1/(2p)
p (Lp) ∩ Lp(B

2−1/p
p ),

F4 = . . . = Fn+4 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

So we finally obtain Lµ(∇+) ∈ LIsom

(∏n+4
k=1 Hk ,

∏n+4
k=1 Fk

)

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 37 / 39



Two-phase Navier Stokes equation with surface tension
So we can construct the spaces of maximal regularity with
(r ′0, s

′
0) := (r ′1, s

′
1) := (1− 1/p, 0), (r ′2, s

′
2) := (0, 1/2− 1/(2p)), and

(F0,K0) := (F1,K1) = (Hp,Bp), (F2,K2) = (Bp,Hp)

tn+3(γ) := max{2, 1 · γ + 1, 3/2γ}.

H1 = . . . = Hn+2 = 0B
1−1/(2p)
p (Lp) ∩ Lp(B

2−1/p
p ),

Hn+3 = Lp(B
1−1/p+2
p ),

F1 = F2 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

F3 = 0B
1−1/(2p)
p (Lp) ∩ Lp(B

2−1/p
p ),

F4 = . . . = Fn+4 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

So we finally obtain Lµ(∇+) ∈ LIsom

(∏n+4
k=1 Hk ,

∏n+4
k=1 Fk

)

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 37 / 39



Two-phase Navier Stokes equation with surface tension
So we can construct the spaces of maximal regularity with
(r ′0, s

′
0) := (r ′1, s

′
1) := (1− 1/p, 0), (r ′2, s

′
2) := (0, 1/2− 1/(2p)), and

(F0,K0) := (F1,K1) = (Hp,Bp), (F2,K2) = (Bp,Hp)

tn+3(γ) := max{2, 1 · γ + 1, 3/2γ}.

H1 = . . . = Hn+2 = 0B
1−1/(2p)
p (Lp) ∩ Lp(B

2−1/p
p ),

Hn+3 = 0H
0+1
p (B1−1/p+1

p ) ∩ Lp(B
3−1/p
p ),

F1 = F2 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

F3 = 0B
1−1/(2p)
p (Lp) ∩ Lp(B

2−1/p
p ),

F4 = . . . = Fn+4 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

So we finally obtain Lµ(∇+) ∈ LIsom

(∏n+4
k=1 Hk ,

∏n+4
k=1 Fk

)

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 37 / 39



Two-phase Navier Stokes equation with surface tension
So we can construct the spaces of maximal regularity with
(r ′0, s

′
0) := (r ′1, s

′
1) := (1− 1/p, 0), (r ′2, s

′
2) := (0, 1/2− 1/(2p)), and

(F0,K0) := (F1,K1) = (Hp,Bp), (F2,K2) = (Bp,Hp)

tn+3(γ) := max{2, 1 · γ + 1, 3/2γ}.

H1 = . . . = Hn+2 = 0B
1−1/(2p)
p (Lp) ∩ Lp(B

2−1/p
p ),

Hn+3 = 0B
1/2−1/(2p)+3/2
p (Lp) ∩ 0H

1
p (B2−1/p

p ) ∩ Lp(B
3−1/p
p ),

F1 = F2 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

F3 = 0B
1−1/(2p)
p (Lp) ∩ Lp(B

2−1/p
p ),

F4 = . . . = Fn+4 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

So we finally obtain Lµ(∇+) ∈ LIsom

(∏n+4
k=1 Hk ,

∏n+4
k=1 Fk

)

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 37 / 39



Two-phase Navier Stokes equation with surface tension
So we can construct the spaces of maximal regularity with
(r ′0, s

′
0) := (r ′1, s

′
1) := (1− 1/p, 0), (r ′2, s

′
2) := (0, 1/2− 1/(2p)), and

(F0,K0) := (F1,K1) = (Hp,Bp), (F2,K2) = (Bp,Hp)

H1 = . . . = Hn+2 = 0B
1−1/(2p)
p (Lp) ∩ Lp(B

2−1/p
p ),

Hn+3 = 0B
2−1/(2p)
p (Lp) ∩ 0H

1
p (B2−1/p

p ) ∩ Lp(B
3−1/p
p ),

Hn+4 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

F1 = F2 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

F3 = 0B
1−1/(2p)
p (Lp) ∩ Lp(B

2−1/p
p ),

F4 = . . . = Fn+4 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

So we finally obtain Lµ(∇+) ∈ LIsom

(∏n+4
k=1 Hk ,

∏n+4
k=1 Fk

)

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 37 / 39



Two-phase Navier Stokes equation with surface tension
So we can construct the spaces of maximal regularity with
(r ′0, s

′
0) := (r ′1, s

′
1) := (1− 1/p, 0), (r ′2, s

′
2) := (0, 1/2− 1/(2p)), and

(F0,K0) := (F1,K1) = (Hp,Bp), (F2,K2) = (Bp,Hp)

H1 = . . . = Hn+2 = 0B
1−1/(2p)
p (Lp) ∩ Lp(B

2−1/p
p ),

Hn+3 = 0B
2−1/(2p)
p (Lp) ∩ 0H

1
p (B2−1/p

p ) ∩ Lp(B
3−1/p
p ),

Hn+4 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

F1 = F2 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

F3 = 0B
1−1/(2p)
p (Lp) ∩ Lp(B

2−1/p
p ),

F4 = . . . = Fn+4 = 0B
1/2−1/(2p)
p (Lp) ∩ Lp(B

1−1/p
p ),

So we finally obtain Lµ(∇+) ∈ LIsom

(∏n+4
k=1 Hk ,

∏n+4
k=1 Fk

)
Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 37 / 39



Other models with gravity or surface viscosity (Boussinesq-Scriven surface fluid)
can be handled in essentially the same way with only slight modifications.
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Advantages of this method:

Algorithmic approach

We don’t have to calculate the inverse matrix of the system.

We can substitute ’hard analysis’ by linear algebra.

It is easy to find spaces for maximal regularity.

Thank you for your attention.
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