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What is a mixed order system?

Roughly speaking this is matrix valued function

(A& eCxC"— ZL(\E) e C"*™ (also called symbol) which enables us to
define an operator of the form

m

Z0eV): [[m — []F«
k=1

k=1
(s )T = LTEFLLNOFL(A, .. )]

where Hj and [F are appropriate functions spaces as H3(R ., Hj(R")).
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(A& eCxC"— ZL(\E) e C"*™ (also called symbol) which enables us to
define an operator of the form

m

20.V): [[Hm — J]F«
k=1

k=1
(A, f)T = LTYFLLNOFL(A,... )

where Hj and [F are appropriate functions spaces as H3(R ., Hj(R")).

It is natural to consider the following questions:

@ Assumptions on . to plug in (9¢, V)?
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where Hj and [F are appropriate functions spaces as H3(R ., Hj(R")).

It is natural to consider the following questions:
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What is a mixed order system?

Roughly speaking this is matrix valued function

(A& eCxC"— ZL(\E) e C"*™ (also called symbol) which enables us to
define an operator of the form

m

20.V): [[Hm — J]F«
k=1

k=1
(A, f)T = LTYFLLNOFL(A,... )

where Hj and [F are appropriate functions spaces as H3(R ., Hj(R")).

It is natural to consider the following questions:
@ Assumptions on . to plug in (9¢, V)?
e How to find spaces such that £ (9, V) € L([ T, Hk, [Ti—; Fx)?
@ In which cases we have .2 (9, V) € Lisom([ 11— H, [To; F«)?
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What are mixed order systems good for?

Two basic examples:
1) The thermo-elastic plate equations on Q = R":
Utt+a‘A2U+b'A6

) d-0,—g-D—b-Du
You = 0,70u: = 0,70 =0

fo,(t,x)eRy xR"
g 7(t,X)€R+XR"

with a, b,d, g > 0.
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What are mixed order systems good for?

Two basic examples:

1) The thermo-elastic plate equations on Q = R":

Ugp +a-D%u+b-A0 = f (t,x) ER, xR”
(*) d-0y—g-N0—b-Auy = g ,(t,x)eRy xR"
’)/QUZO,’}/Out 207700:0

with a, b,d,g > 0. We can also write this problem with an formal Laplace and
Fourier transform as

1o [ N2 Halet —blEP u f
Lttt ( FL = .
bAER dA+glé? 0 g
In order to find spaces such that (x) is well-posed we can consider the mapping
properties of the associated mixed oder system.
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What are mixed order systems good for?

2) The Stokes problem on Q = R™

ou—Au+Vr = f (t,x) e Ry xR",
(%) divu = g ,(t,x) e Ry xR", (1)
You = 0

Formal Laplace and Fourier transform yields

o NHER e u\ [ f
e (G §)e(2)-(0)
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What are mixed order systems good for?

2) The Stokes problem on Q = R™

ou—Au+Vr = f (t,x) e Ry xR",
(%) divu = g ,(t,x) e Ry xR", (1)
You = 0

Formal Laplace and Fourier transform yields

IR A R T L3 u\ [ f
o (5 §)e()-()

@ These examples are interesting because our method is alternative to the usual
semigroup approach.

@ Later we see more serious applications to free boundary value problems!
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How to define f(0;, V)?

Outline: In the following we always assume f € Hp(Sy x XJ) i.e
f:Syxxf — C, 6 € (0,27),6 € (0,7/2)

is holomorphic and polynomially bounded.

S
Y5 00
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Outline: In the following we always assume f € Hp(Sy x XJ) i.e
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is holomorphic and polynomially bounded.
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operators.
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f:Syxxf — C, 6 € (0,27),6 € (0,7/2)

is holomorphic and polynomially bounded.
@ V =(0x,.-.,0,) is a tuple of bisectorial
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@ O, is a sectorial operator with angle > Sy
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How to define f(0;, V)?

Outline: In the following we always assume f € Hp(Sp x XJ) i.e
f:Syxxf — C, 6 € (0,27),6 € (0,7/2)

is holomorphic and polynomially bounded.

® V =(0y,-..,0x,) is a tuple of bisectorial
operators. )

@ O, is a sectorial operator with angle > So
0=m/2. d 0

@ G. Dore and A. Venni (2005) introduced
the (joint) H*°-calculus for sectorial and
bisectorial operators

@ ... and they proved that V has a bounded
joint H*-calculus on Lg(R;, L,(R")).
~> representation by Fourier multiplier
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How to define f(0;, V)?

@ Lifting by isomorphisms and interpolation yields that V also has a bounded
joint H*°-calculus on

W3 (Rs x R") 1= oF*(Ry, K'(R"), s>0,reR

with

{Bm,qo s Hpo} ,5>0
fe{{Hz}qo Po 75:07 ’Ce{Bpl,Ch) le}a pl7qle(17oo)
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How to define f(0;, V)?

@ Lifting by isomorphisms and interpolation yields that V also has a bounded
joint H*°-calculus on

W3 (Rs x R") 1= oF*(Ry, K'(R"), s>0,reR

with

{Bpo.qo» Hpy} ,5>0
]:E{{Hz}qo Po 75207 ’Ce{Bpl,Ch) le}a pl7qle(17oo)

o It is known that d; even has an R-bounded H*-calculus on Wz (Ry x R").
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How to define f(0;, V)?

@ Lifting by isomorphisms and interpolation yields that V also has a bounded
joint H*°-calculus on

W (Ry x R") = oF* (R, K"(R")), s>0,r R

with

{Bpo.qo» Hpy} ,5>0
fe{{Hz}(lo Po 75207 ’Ce{Bpl,Ch) le}, Pi7Qi€(1700)-

o It is known that d; even has an R-bounded H*-calculus on Wz (Ry x R").

@ The Kalton-Weis Theorem (in a version of Dore and Venni (2005)) then
yields the bounded joint H>*-calculus of V1 := (9, V) on Wz'.(R, x R").
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How to define f(0;, V)?

@ Lifting by isomorphisms and interpolation yields that V also has a bounded
joint H*°-calculus on

W (Ry x R") = oF* (R, K"(R")), s>0,r R

with

{Bpo.qo» Hpy} ,5>0
.7:6{{/_/2;0 Po 75207 ’Ce{Bpl,Ch) le}, Pi7QiE(1yoo)-

o It is known that d; even has an R-bounded H*-calculus on Wz (Ry x R").

@ The Kalton-Weis Theorem (in a version of Dore and Venni (2005)) then
yields the bounded joint H>*-calculus of V1 := (9, V) on Wz'.(R, x R").

So we are able to define the operator
f(V+) . D(f(V_,.)) g W]S_J:;C(R_F X Rn) e W;,;C(R+ X Rn)
for f € Hp(Sp x X§) with 6 > /2. If f € H>(Sp x XJ) then (V) is bounded.
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Disadvantage of the H*°-calculus

One disadvantage of the H°-calculus is the nonpractical definition of the domain
D(f(V4)).

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 10 / 39



Disadvantage of the H*°-calculus

One disadvantage of the H*°-calculus is the nonpractical definition of the domain

D(f(V+))-
Already in easy cases as

flz):=-) 2% g\z)=A+f(z) (A\z)€SxX}
k=1

one is not able to show D(f(V)) = D(A) = Ly(R, H3(R")) resp.
D(g(Vy)) = OH;(R+, Lp(R™)) N Lp(Ry, Hg(R")) by the definition of D(f(V))
resp. D(g(V4))-

We can handle this difficulty with the concepts of the next section.
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Motivation for the definition of order functions and weight
functions
Which order has the symbol

P(\ z2) = 212y + 221 + VA|2|3/% + X342, 4+ N34 /2 + N3/%2
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Motivation for the definition of order functions and weight

functions
Which order has the symbol

P(\ z2) = 212y + 221 + VA|2|3/% + X342, 4+ N34 /2 + N3/%2

To answer this we have to weight the time covariable A. For the weight v > 0 we
define the ~-order

3 1 3 1 3 3
P) = 2,1, =4+ 29,14+ =
d,(P) max{,,2+2% +4%2+4%4}

=  max 23+ 11+3
= ) ’YQa 4’Y-

Note that d,(P) depends on the representation!
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Motivation for the definition of order functions and weight

functions
Which order has the symbol

P(\ z2) = 212y + 221 + VA|2|3/% + X342, 4+ N34 /2 + N3/%2

To answer this we have to weight the time covariable A. For the weight v > 0 we
define the ~-order

3 1 3 1 3 3
P) = 2,1, =4+ 29,14+ =
d,(P) max{,,2+2% +4%2+4%4}

= maxy?2 > + L 1+ 3
= ) ’YQa 47 .
Note that d,(P) depends on the representation!
One can show that
IP(X2)] < C(L+ [2 + [AM2[2[P2 + [AP/*|2] + [AP/4)

for all (X, z) € Sp x XJ.
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Definition of order functions and weight functions

Definition
A continuous function O : Ry — R is called increasing order function if there

exist M € N, mg(O), be(O) > 0 with mg_l(O) < mg(O), bg_l(O) > bg(O),
(4=1,...,M) and

o= e AGAO) 3 md O,y >0

Definition

Let O be an increasing order function then we define the associated weight
function by

Zo(hz2)i= > APlZ, (Az) € Sy x X}
(s,r)ev(0O)

with v(O) := {(m,(O), b(0)) : £=0,..., M}
U{(0,0), (max, mg(©),0), (0, max, bs(O))}
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Definition
A function O’ is called decreasing order function if O := —(©’ is an increasing

order function. The associated weight function is then defined by =/ := 5(7)1.
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Definition
A function O’ is called decreasing order function if O := —(©’ is an increasing
order function. The associated weight function is then defined by =/ := Eg)l.

/

Definition
Let O be an increasing or decreasing order function and Q € Hp(Sg x X7). Then
O is called an upper (resp. lower) order function of Q if there exist C > 0 and
Ao > 0 with

QN 2)| < C-Z0(Nz), (Nz)€SyxX§, |A=>X

(resp. Z0(A,2) < C-[Q(A, 2)]).
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Definition

A function O’ is called decreasing order function if O := —(©’ is an increasing
order function. The associated weight function is then defined by =/ := Eg)l.
Definition

Let O be an increasing or decreasing order function and Q € Hp(Sg x X7). Then
O is called an upper (resp. lower) order function of Q if there exist C > 0 and
Ao > 0 with

QN 2)| < C-Z0(Nz), (Nz)€SyxX§, |A=>X

(resp. Z0(A,2) < C-[Q(A, 2)]).

Definition

A symbol Q € Hp(Sp x XJ) is called N-parabolic if there exists an increasing
order function O(Q) which is an upper and lower order function of Q i.e.

QI ~ =Z0(q) -
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Example: The order function O(7) := max{1,1/2 -~} is a lower and upper order
function of w(\,z) == /A — > /_, 22
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Example: The order function O(7) := max{1,1/2 -~} is a lower and upper order
function of w(\,z) == /A — > /_, 22

lw(, 2)| & |z| + | A2 (by homogeneity)
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Example: The order function O(7) := max{1,1/2 -~} is a lower and upper order
function of w(\,z) == /A — > /_, 22

lw(, 2)| & |z| + | A2 (by homogeneity)
= Jw\2)|~ 1+ |z|+ [AMY?  (dueto |A| > Ao > 0)
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Example: The order function O(7) := max{1,1/2 -~} is a lower and upper order
function of w(\, z) := /A= >"}_; 22

lw(, 2)| & |z| + | A2 (by homogeneity)
= Jw\2)|~ 1+ |z|+ [AMY?  (dueto |A| > Ao > 0)

The next theorems show that these estimates by weight functions can help to
understand the mapping properties of the operator Q(V ).
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Proposition (Mapping property |)
Let Q@ € Hp(So x Xj) be arbitrary with upper increasing order function O and
W= Wz (Ry x R") then we get for all 1 > \o(Q, O)
M
D(Q.(V™)) ﬂ we +me(0) r'+be (O )(]R+ x R")

with Q,, := Q(p + -,-). The restriction to V yields the bounded operator

[QM(VKV)] v € LV, W).
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Proposition (Mapping property |)
Let Q@ € Hp(So x Xj) be arbitrary with upper increasing order function O and
W= Wz (Ry x R") then we get for all i1 > Mo(Q,O)

M
D(Q.(V™)) ﬂ we +me(0) r'+be(O )(]R+ x R")

with Q,, := Q(p + -,-). The restriction to V yields the bounded operator

[QM(VKV)] v € LV, W).

Proposition (Mapping property II)
Let Q € Hp(Sp x X7) be arbitrary with upper decreasing order function O and
W= W]S_-,,rcl (R4 x R™) then we get for all ;1 > Xo(Q, O)

M
Qu(V¥)eLWw,V), V= ﬂ W]S:’;me(o)yr _be(o)(R+ x R").
£=0

y

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011
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Corollary
If P € Hp(Sp x XJ) is an N-parabolic symbol then we even get

M
Pﬂ(vr}) € Liom (ﬂ W]s:_j-cmz((’)),r +be(0)(]R+ % Rn)’ W]S__’,’rC'(R+ >< Rn))
£=0

for all > Xo(P,O).

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 17 / 39



Corollary
If P € Hp(Sp x XJ) is an N-parabolic symbol then we even get

M
P;L(VKV) € Liom (m W;-‘jcml(O)J +be(0)(R+ < Rn)7 W;_—”,g(R+ >< Rn))
£=0

for all > Xo(P,O).

Example: We have seen before that w(\, z) :== /A — Y] _; z? is N-parabolic

with order O(7) := max{1,1/2 - ~v}. This yields

wu(V4) € Lisom(yBS TRy, HY (RM) N BE (R, Hy T (R™),
0B (R, Hy (R)))

for all 4> Ao(w) and s’ >0, r' € R.
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How to prove N-parabolicity of a symbol?

Let

<

PN z) =Y @\ 2Nz, (A z2)€Spx T, B >0,4 €N]
k=1

where @y is p-homogeneous of order Ny, holomorphic, and non-vanishing
(= lek(N\ 2)| = [XM/P |2 ™).
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How to prove N-parabolicity of a symbol?

Let

<

PN z) =Y @\ 2Nz, (A z2)€Spx T, B >0,4 €N]
k=1

where @y is p-homogeneous of order Ny, holomorphic, and non-vanishing
(= lok(N, 2)| = [A|Ne/P 4 |z|NK). As before we define the y-order

dy(P) := | max {70+ d (k) +lewlt,  dy(px) := max{ N, yNi/p}, 7> 0.
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How to prove N-parabolicity of a symbol?

Let

<

PN z) =Y @\ 2Nz, (A z2)€Spx T, B >0,4 €N]
k=1

where @y is p-homogeneous of order Ny, holomorphic, and non-vanishing
(= lok(N, 2)| = [A|Ne/P 4 |z|NK). As before we define the y-order

dy(P) := | max {70+ d (k) +lewlt,  dy(px) := max{ N, yNi/p}, 7> 0.
With this we can define the ~y-principal part

0k(0,4), v<p
FWP(/\’Z) = Z ﬂ-’Y@k(/\’z))‘ﬁkzak’ TyPk = § Pk, vT=p
kel() ok(-,0), v>p

with 1(y) := {j : v6; + d(¢;) + loj| = dy(P)}.
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How to prove N-parabolicity of a symbol?

Theorem (K., 2009)

The (regular) symbol P()\,z) = Zkle k(N 2)ABkz% js N-parabolic if and only if
P has non-vanishing principal parts i.e.

m,P(X2) #0, (Az) € (So\{0}) x (£5\{0}), ~>0.

@ 1992 this result was proved by S. Gindikin and L.R. Volevich for polynomials
i.e. px =1
@ 2008 R. Denk, J. Saal and J. Seiler proved the result for n = 1 and @) = w

with w(\, z) := VA — z2.
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Principal parts and Newton polygon

To determine the principal parts of a symbol we use the Newton polygon which
is a useful tool to visualize the structure of inhomogeneous symbols.

P\ z) = wh? —wz> = A2 + Az + 1
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Principal parts and Newton polygon

To determine the principal parts of a symbol we use the Newton polygon which
is a useful tool to visualize the structure of inhomogeneous symbols.

P\, 2) = wh? w7z’ — A2+ Az +1

lz| - ==vV=22=w(A=0,2)
N(P)

z|_ 2%, v€(0,1)
2 1
’y_
T, P(\ z) = v €(1,2)
v > 2
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is a useful tool to visualize the structure of inhomogeneous symbols.

P\, 2) = wh? w7z’ — A2+ Az +1

lz| - ==vV=22=w(A=0,2)
N(P)

z|_ 2%, v€(0,1)
2 —|z| 22 = A2+ |z|_N2, 4 =1
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Principal parts and Newton polygon

To determine the principal parts of a symbol we use the Newton polygon which
is a useful tool to visualize the structure of inhomogeneous symbols.

P\, 2) = wh? w7z’ — A2+ Az +1

lz| - ==vV=22=w(A=0,2)
N(P)

z|_ 2%, v€(0,1)
2 —|z| 22 = A2+ |z|_N2, 4 =1
T P(X,z) = Q |z| A%, v€(1,2)
1 v =2
v > 2
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Principal parts and Newton polygon

To determine the principal parts of a symbol we use the Newton polygon which
is a useful tool to visualize the structure of inhomogeneous symbols.

P\, z) :=wh?  wz" = A2+ Az +1

Izl =vV-22=w(A=0,2)
N(P)

z|_Z?, v €(0,1)
2 —|z| 22 = A2+ |z|_N2, 4 =1
T P(X,z) = Q |z| A%, v € (1,2)
1 w2, y=
v > 2
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Principal parts and Newton polygon

To determine the principal parts of a symbol we use the Newton polygon which
is a useful tool to visualize the structure of inhomogeneous symbols.

P\, z) :=wh?  wz" = A2+ Az +1

Izl =vV-22=w(A=0,2)
N(P)

z|_Z?, v €(0,1)
2 —|z| 22 = A2+ |z|_N2, 4 =1
T P(X,z) = Q |z| A%, v € (1,2)
1 w2, y=
\5/2, v >2
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Douglis-Nirenberg system

Definition

The system .2 € [Hp(Sp x X5)]™*™ is called a mixed order system in the
sense of Douglis-Nirenberg if there are order functions s; := O}°" and

ty = (9?' (,k=1,..., M) such that s; + ti is an increasing or decreasing upper
order function of Zj for all j,k =1,..., M (i.e. the upper order structure of each
component splits into row and column part).

v
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Douglis-Nirenberg system

Definition

The system .2 € [Hp(Sp x X5)]™*™ is called a mixed order system in the
sense of Douglis-Nirenberg if there are order functions s; := O}°" and

ty = O?' (,k=1,..., M) such that s; + ti is an increasing or decreasing upper
order function of Zj for all j,k =1,..., M (i.e. the upper order structure of each
component splits into row and column part).

v

Motivation for this Definition: With the help of the last section one can show
that this property suffices to prove

(L) (Vlm, € LEF),  jk=1,....M

with
M ’ ’
He = (Wi @, <Ry,
£=0
M ’ /
F, o= (Wi MO (R, R).
£=0
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N-parabolic mixed order system
Definition

Let .2 € [Hp(Sg x X§)]™*™ be a mixed order system in the sense of

Douglis-Nirenberg. Then the system .Z is called an N-parabolic mixed order
system if

(i) det.Z is N-parabolic,
(i) [O(det D)) = X7 (5(7) + (7)) for all 5 > 0.
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N-parabolic mixed order system
Definition

Let .2 € [Hp(Sg x X§)]™*™ be a mixed order system in the sense of

Douglis-Nirenberg. Then the system .Z is called an N-parabolic mixed order
system if

(i) det.Z is N-parabolic,
(i) [O(det D)) = X7 (5(7) + (7)) for all 5 > 0.

Motivation for this Definition: To simplify the notion we only consider the
N-parabolic 2 x 2-system

_ ([ % 2 12x2
7 - ( s ) € [Hp(So x T2

Hence we have

| mEmm wre e

-1 _ 1L —L120Ln 20— L1 L

L= *3)211 . 21
LnLn—LnLn  LuLn—LnLa
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N-parabolic mixed order system

Motivation for this Definition: To simplify the notion we only consider the
N-parabolic 2 x 2-system

(2 “ 12X 2
£ = ( Ly Lo > € [Hp(59 X 25)] .

Hence we have

_ [ mmimT At
K4 — 11 3’—%112 21 11 23?711 12221
LnLn—L0Ln  LnLn—LLn

= —(s1 + t1) is upper order function of (£ ~1)1; etc. ...

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 24 /39



N-parabolic mixed order system

Motivation for this Definition: To simplify the notion we only consider the
N-parabolic 2 x 2-system

(2 “ 12X 2
7 - ( s > € [Hp(Sy x EIP2.

Hence we have

fzz —-’?12
371 — 311320—?;%12321 31132?371;2712321
LnLn—L0Ln  LnLn—LLn
= —(s1 + t1) is upper order function of (£ ~1)1; etc. ...

Therefore we can prove mapping properties for £ ~1(V ) if . is an N-parabolic
mixed order system.

N-parabolic mixed order systems can be found in works of R. Denk and L.R.
Volevich (2008) (only L, but general weight functions)
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Theorem (K., 2010)

Let Z € [Hp(Sp x XJ)]™*™ be an N-parabolic mixed order system. We define for
i,j=1,...m the spaces

M
ﬂ WJS—'Z—F}?@Z (ti), ”e"’be(t:)(R < R" ) Fj = m W;__ee’—’g;e(sj)v’e—be(sj)(R+ % Rn)

=0
with fixed constants s;,r; >0 ({ =0,..., M) such that
Ou(v) = max{[s; + me(t)]y + o+ be(t)}, 7>0, ij=1,...m
Or,(v) = m;x{[sé —me(s))ly+r—be(s))}, >0, i,j=1,...m

are increasing order functions. If certain “compatibility embeddings” hold then
there exists po > 0 such that for all 1w > po

[ LVl € Liom(HF),  ((Zu(V)lw) ™ = [ (Volr

with H := [[2, H; and F := [[:2, F;.
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We can apply these results to the following problems

on Q =R]
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We can apply these results to the following problems
on Q =R"

@ The generalized L,-L, thermo-elastic plate equations
[R. Denk, R. Racke, 2006].
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We can apply these results to the following problems
on Q =R"

@ The generalized L,-L, thermo-elastic plate equations
[R. Denk, R. Racke, 2006].
@ The generalized L,-L, Stokes problem [D. Bothe, J. Prii, 2007].
on Q =R]
@ The Stefan problem with Gibbs-Thomson correction
[R. Denk, J. Saal, J. Seiler, 2008] [J. Escher, J. Prii, G. Simonett, 2003].

@ The spin-coating process
[R. Denk, M. Geissert, M. Hieber, J. Saal, O. Sawada, 2011].

@ Two-phase Navier Stokes equation with surface tension and gravity
[J. PriiB, G. Simonett, 2009-2010].

@ Two-phase Navier Stokes equation with Boussinesg-Scriven surface fluid
[J. PriiB, D. Bothe, 2010].

@ Two-phase Navier Stokes equation with surface viscosity and gravity?

@ [, — Ls-Theory for free boundary value problems?
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Two-phase Navier Stokes equation with surface tension

We consider the following linearized problem for u = (v, w), m, and h:

poru — pAu+ Vr

divu

—[pdyv] = [nViw]
—2[pdyw] + [r] — cAh
[u]

Oth — yow

u(t=0)

h(t=0)

0
0
8v
8w
0
8h
0
0

in R, x R
in Ry x R
on Ry x R”
on Ry xR”
on Ry x R”
on Ry x R”
in R+
in R”

with (U,7T, P, /J/) = (u17771ap17,u/1)X]R"_+1 + (u277T2ap27/J/2)X]RTr11 o> Ov

[4] :== 'YO¢R1+1 — ”)/oqun_ﬂ.
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Two-phase Navier Stokes equation with surface tension

We consider the following linearized problem for u = (v, w), m, and h:

potu — pAu+ VvV

divu

—[pdyv] = [1Viw]
—2[pdyw] + [r] — cAh
[u]

Oth — yow

u(t=0)

h(t=0)

0
0
8v
8w
0
8h
0
0

in R, x Rl
in Ry x R
on Ry x R”
on Ry xR”
on Ry x R”
on Ry x R”
in R7H1
in R”

with (U,7T, P, ,LL) = (ulaﬂ-laphlul)X]R"_*l + (u277T2ap27/J/2)XR’:rlr o> Ov

[¢] == 'YOQSRTI — ")/od)anL

After a formal application of the Laplace respectively Fourier transform we deduce

a system of ODEs for (&1, 7).
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Two-phase Navier Stokes equation with surface tension

Reduction to the boundary: We obtain

i BN & y) — oo (N &, y) + (i6,0,) /(M & y) = 0, (=1Yy >0,
i€ (N Ey)+ O W(NEy) = 0, (—=1)Yy >0,
—[1dy VI(N, ) — i€[nw] (N ) = &.(N.€6),
—2[ud, W(N, €) + [RI(N, ©) + ol¢Ph(N, &) = &u(N.9),
[a)(x¢) = o
AR(N,€) — W(N,€,0) = gn(N€),

for fixed (A,€),  w; =wj(A€) = p; 2(pp A+ pyl€[2)V/2.
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Two-phase Navier Stokes equation with surface tension

Reduction to the boundary: We obtain

i BN & y) — oo (N &, y) + (i6,0,) /(M & y) = 0, (=1Yy >0,
i€ (N Ey)+ O W(NEy) = 0, (—=1)Yy >0,
—[1dy VI(N, ) — i€[nw] (N ) = &.(N.€6),
—2[ud, W(N, €) + [RI(N, ©) + ol¢Ph(N, &) = &u(N.9),
[a)(x¢) = o
AR(N,€) — W(N,€,0) = gn(N€),

for fixed (X, €),  w; = wi(A €)= ;2 (pA + €)Y
Using Green's functions and divu = 0 we get a solution of the ODE by ...
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Two-phase Navier Stokes equation with surface tension

F(NEy) = Bi(AE) -exp(—(=1Y[¢ly), (—1Yy >0,

NEy) = — /0 KD €, s) - iei(N €, 5)ds + BD(N, €) exp(—(~1Ywyy),
WOEy) = = [ K069 406 5)ds + HPOE exp(—(-Dsy),

with unknown functions &>(Vj), @%), pj and the Green's functions kg)

e¥

k(_l)(/\, £y, S) = { K11

H1w1

Y sinh(wis), y<s

sinh(wiy), y>s’

k—(b—l)()‘;€7yas) . le COSh(w:lS) Y S ° )
o5, cosh(wiy), y=>s

and k) = = ... analogously.

.oy

K
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Two-phase Navier Stokes equation with surface tension

With this we derive

ﬁJ(Aaé-vO) = lsj()‘ug)v
%A €0 = DN,

ae0) = S Hpn0+600.0,
J1j
—1Y i S A
3,0\, €,0) = _{ ,y’—iﬁj(x,é)—(—1ij¢9>(x,£),
K
B, w;(X,€,0) = —(-1Yw;dD(),¢).

Plugging in this into the boundary conditions we obtain a system of linear

equations for the unknowns &9), &%’, P2, [#], and h.
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Two-phase Navier Stokes equation with surface tension

—w, 00 0 0 5@
0 w1 0 0 0 &)(2)
1 0 A 0 -1 S (1

H2w27Yy ¢( )

1 -1 o U L ; P
Hiw1y; pawayy | pawiyy h

2pwr 2wy ol€f? - B B [*

—p2i§ i€ 0 —i§ _wqu % [J;g JEA 6172

0

0

é’g’ . Q= pwr + powo, Vji = wj £ [§].

8w

g

The Theorems on mixed order systems do not cover homogeneous spaces so we

have to eliminate the pressure po.
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Two-phase Navier Stokes equation with surface tension

Solving [W] = 0 we obtain the reduced system

lfT —Ww? 0 0 0 C/]\)$/2)
1-§T 0 w1 0 0 a)(vf)
0 —powp Q7Y —pmwiyf Q71 A o o
0 24122 2u1w ol¢[? 1 :
Qid, —if(pa+r) (i +r) 0 i€(u2vy — myy )T 0
=z
0
0
N . R R 15 )
=| & |, [¢pa=—00Q + 50 + —. I’EI+ ]
AW H1 w171
8v
with Q, = ,Ulwl'}/fL + uzwyy;r, § = %
)= B (Wi s w2 )R
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Two-phase Navier Stokes equation with surface tension
As determinant we obtain |det.Z| = |wiwy /4| - |27 - |P| with
P(A,2) = (mwf + pow3)(pwr + paw2)
[(u1w1 + powa)? + papa(wy + w2)2] Az|—
+ [B(pdwa + piwr) — papa(wr +wa)] Alz|2
—(u1 = p2)’Az|2 + o (pawr + powr) |22
+jolz[*

_ _ 1/2
W= p1+ p2, pi= p1+ p2, |Z|—::( Zkl k) €55
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Two-phase Navier Stokes equation with surface tension
As determinant we obtain |det | = |wiwa/Q| - Q"] - | P| with
P(A,2) = (mwf + pow3)(pwr + paw2)
+ [(pawr + paw2)® + papia(wr + w2)?] Alz|-
+ [3(paw2 + piwr) — pape(ws + w2)] Alz|~
—(u1 = p2)’Az|2 + o (pawr + powr) |22
+jolz[*
=gtz p=ptn 2o = (-, 22) P e S
2jic|z|* , vy
202N+ olz| )|z, v
452 \|z|3 ¥
PPy + \/E2p2) %,

T=2P(\,2) = pypwr + Haw2) A + 4y/p1powiwa|z| - + piiA|z| -
+a(ud?

T P(\ z) =

w1 + 113 2wn) |22 + A oo 2.
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Two-phase Navier Stokes equation with surface tension
It is obvious that m.,P(\,z) # 0 for v € (1,00) \ {2} and

(A, z) € (So\ {0}) x (Z5 \ {0}). One can easily prove that even m,—2P(),z) # 0.
Hence P (respectively det.?) is N-parabolic with

[O(det 2)](7) = max{n+ 3,y +n+2,[n+4]/2y}, ~>0.

T
n+2 n+3

Therefore £ is an N-parabolic mixed order system if we can find order functions
s, tj such that s; + ti is an upper order function of % x and
O(det 2) = S0, (5 + 1),

J
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Two-phase Navier Stokes equation with surface tension

ti(v) = —fn+2(7) = max{l,7/2},
trt3(7) = max{2,y+1,3/27},
tn+4(7) = 0,
si(7) == s(y) = 0,
53(7) = —max{l,7/2},
sa(7) = +a(y) = 0

O(detZ) =371 (s5 + )
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Two-phase Navier Stokes equation with surface tension

ti(v) :

= tn+2(7)
tnr3()

tnia()
s1(7) == %2(7)
53(7)

+4(7)

sa(7) ==
= O(det2) =371 (5j + 1))

\g

w
0
1
w
w

wid,

ISERSEER SN )

max{1,v/2},

max{2,v + 1,3/2v},

0,

0,

- max{177/2}a

0

0 0

0 0

A =z fw?
|z|= 1

0 |z|- Jw

Hence .Z is a Douglis-Nirenberg system with the order functions defined above.
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Two-phase Navier Stokes equation with surface tension

So we can construct the spaces of maximal regularity with

(r0:50) = (r1,81) :== (L = 1/p,0), (r3,%) := (0,1/2 — 1/(2p)), and
(Fo, Ko) = (F1,K1) = (Hp, Bp), (F2,K2) = (Bp, Hp)

H]_:...:Hn+2

Hn+3 =
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Two-phase Navier Stokes equation with surface tension

So we can construct the spaces of maximal regularity with

(r5:50) = (r1,s1) == (L = 1/p,0), (r3,%) := (0,1/2 — 1/(2p)), and
(Fo, Ko) = (F1,K1) = (Hp, Bp), (F2,K2) = (Bp, Hp)

ti(y) == taa(y) = max{1,1/2-},
Hy=...=Hpo = Ly(By /7",
H,.; =

)
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Two-phase Navier Stokes equation with surface tension

So we can construct the spaces of maximal regularity with
(ro,%0) := (r1, s1) := (1 = 1/p,0), (r3,%5) := (0,1/2 —1/(2p)), and
(Fo, Ko) = (F1,K1) = (Hp, Bp), (F2,K2) = (Bp, Hp)

8(7) == tan(y) = max{1,1/2-7},
Hi=..=H,, = 053/2*1/(2")“/2(Lp) n Lp(Bf,_l/"),
Hn+3 =
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Two-phase Navier Stokes equation with surface tension

So we can construct the spaces of maximal regularity with

(r0:50) = (r1,81) :== (L = 1/p,0), (r3,%) := (0,1/2 — 1/(2p)), and
(Fo, Ko) = (F1,K1) = (Hp, Bp), (F2,K2) = (Bp, Hp)

Hy=...=Hayo = By Y@I(L)NL,(B2YP),
Hos =

)
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Two-phase Navier Stokes equation with surface tension

So we can construct the spaces of maximal regularity with

(r0.50) = (ri.s1) = (1=1/p,0), (r3,5) := (0,1/2 — 1/(2p)), and
(Fo, Ko) :== (F1,K1) = (Hp, Bp), (F2,K2) = (Bp, Hp)

tn+3(7) = max{2, 1-v+1, 3/27}.
Hy=...=H,, = OB;—l/(2p)(/_p) N Lp(Bg—l/p)’
H,3 = LP(B;—l/p+2)’
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Two-phase Navier Stokes equation with surface tension

So we can construct the spaces of maximal regularity with

(r0.50) = (ri.s1) = (1=1/p,0), (r3,5) := (0,1/2 — 1/(2p)), and
(Fo, Ko) :== (F1,K1) = (Hp, Bp), (F2,K2) = (Bp, Hp)

trrs(y) = max{2,1-v41,3/2y}.
B — 1-1/(2p) 2-1/p
Hy=...=Hpn2 = o5, (Lp) N Lp(B,~7/P),
Hos = oHpt'(By VP nLy(B3YP),
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Two-phase Navier Stokes equation with surface tension

So we can construct the spaces of maximal regularity with

(15, %0) := (r1,s1) := (1 = 1/p,0), (r3,55) == (0,1/2 — 1/(2p)), and
(Fo, Ko) :== (F1,K1) = (Hp, Bp), (F2,K2) = (Bp, Hp)

torz(7) = max{2,1-y+1,3/29}.
Hy=...=Hp, = OB;‘l/@P)(Lp) A LP(B§—1/,J)7
Hps = 033/2*1/(2")*3"’"2(Lp) n OH;(Bg—l/p) n Lp(Bg_l/p)’

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 37 /39



Two-phase Navier Stokes equation with surface tension

So we can construct the spaces of maximal regularity with
(r0:50) == (r,s1) :== (1 =1/p,0), (1, %) := (0,1/2 —1/(2p)), and
(Fo,Ko) == (F1,K1) = (Hp, Bp), (F2,K2) = (Bp, Hp)

Hi=..=H,p» = oB;_l/(ZP)(Lp) N Lp(Bg—l/p)7
Hpyz = 05371/(2”)(Lp) N OH;(Bgfl/P) N Lp(Bsq/p)’
Hopa = oBY2YE@I(L,)N L (B YP),
Fi=F, = oBy/> VC(L,)n L, (B3~ 1P),
F; = 05;—1/(2/3)(Lp) N Lp(Bi—l/p)7
Fo=...=Fp4 = 055/2*1/(2p)(Lp) n Lp(ng/p),
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Two-phase Navier Stokes equation with surface tension

So we can construct the spaces of maximal regularity with

(r5,%0) := (r1,s1) := (1= 1/p,0), (r3,8) := (0,1/2 = 1/(2p)), and
(Fo, Ko) :== (F1,K1) = (Hp, Bp), (F2,K2) = (By, Hp)

H1:-~:Hn+2 = ()Bl 1/( 2P)(L )ﬁ (82 l/p)
Hn+3 = 82 1/( 2P)( )ﬂ (B2 l/p) nL (B3 1/P)’
Hopa = oBY2YE@I(L,)N L (B YP),
]Fl = ]Fz = OB;/271/(2P)(LP) N Lp(Bgfl/P)’
F; = OB;—I/QP)(LP) ) LP(BE—I/p)7
Fp=...= Fn+4 = OB;/271/(2P)(LP) e Lp(Bgfl/p)’

So we finally obtain .Z,,(V4) € Lisom (Hk * H,, n+4 Fk)

Mario Kaip (Konstanz) Mixed order systems Oberseminar Halle, 1.6.2011 37 /39



Other models with gravity or surface viscosity (Boussinesq-Scriven surface fluid)
can be handled in essentially the same way with only slight modifications.
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Advantages of this method:

@ Algorithmic approach

@ We don't have to calculate the inverse matrix of the system.
@ We can substitute 'hard analysis’ by linear algebra.

@ It is easy to find spaces for maximal regularity.
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Advantages of this method:

@ Algorithmic approach

@ We don't have to calculate the inverse matrix of the system.
@ We can substitute 'hard analysis’ by linear algebra.

@ It is easy to find spaces for maximal regularity.

Thank you for your attention. J
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