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What is a mixed order system?

Roughly speaking this is matrix valued function

(A& eCxC"— ZL(\E) e C"*™ (also called symbol) which enables us to
define an operator of the form

m

Z0eV): [[m — []F«
k=1

k=1
(s )T = LTEFLLNOFL(A, .. )]

where Hj and [F are appropriate functions spaces as H3(R ., Hj(R")).
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What is a mixed order system?

Roughly speaking this is matrix valued function

(A& eCxC"— ZL(\E) e C"*™ (also called symbol) which enables us to
define an operator of the form

m

20.V): [[Hm — J]F«
k=1

k=1
(A, f)T = LTYFLLNOFL(A,... )

where Hj and [F are appropriate functions spaces as H3(R ., Hj(R")).

It is natural to consider the following questions:

@ Assumptions on . to plug in (9¢, V)?
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where Hj and [F are appropriate functions spaces as H3(R ., Hj(R")).
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What is a mixed order system?

Roughly speaking this is matrix valued function

(A& eCxC"— ZL(\E) e C"*™ (also called symbol) which enables us to
define an operator of the form

m

20.V): [[Hm — J]F«
k=1

k=1
(A, f)T = LTYFLLNOFL(A,... )

where Hj and [F are appropriate functions spaces as H3(R ., Hj(R")).

It is natural to consider the following questions:
@ Assumptions on . to plug in (9¢, V)?
e How to find spaces such that £ (9, V) € L([ T, Hk, [Ti—; Fx)?
@ In which cases we have .2 (9, V) € Lisom([ 11— H, [To; F«)?
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How to define f(0;, V)?

Outline: In the following we always assume f € Hp(Sp x XJ) i.e
f:SyxX — C, 6 € (0,27),6 € (0,7/2)

is holomorphic and polynomially bounded.
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How to define f(0;, V)?

Outline: In the following we always assume f € Hp(Sp x XJ) i.e
f:SyxX — C, 6 € (0,27),6 € (0,7/2)

is holomorphic and polynomially bounded.

® V =(0y,...,0y,) is a tuple of bisectorial operators.
O is an R-sectorial operator with angle § = 7/2.
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How to define f(0;, V)?

Outline: In the following we always assume f € Hp(Sp x X}) i.e
f:SyxX — C, 6 € (0,27),6 € (0,7/2)

is holomorphic and polynomially bounded.
® V =(0y,...,0y,) is a tuple of bisectorial operators.
O is an R-sectorial operator with angle § = 7/2.
@ V, = (0, V) has a bounded joint H*-calculus on
Lg(Ry, Lp(R"))
~ representation by Fourier multiplier
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How to define f(0;, V)?

Outline: In the following we always assume f € Hp(Sp x X}) i.e
f:SyxX — C, 6 € (0,27),6 € (0,7/2)

is holomorphic and polynomially bounded.
® V =(0y,...,0y,) is a tuple of bisectorial operators.
O is an R-sectorial operator with angle § = 7/2.

@ V, = (0, V) has a bounded joint H*-calculus on
Lg(R+, Lp(R™))
~ representation by Fourier multiplier

@ V. has a bounded joint H*°-calculus on
W}'K = o F (R, K (R"), s>0,reR

with

{Bpo.go» Hpe} +5>0
Fe ’ , K €{Bp g5 Hp}s
{{HPD} ,5:0 { P1,4q1 pl}

pi, qi € (1, 00).
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Definition of order functions and weight functions

@ A function

O(v) = :fanM{be(O) +v-m(0)}, ~>0.

geeey

with mg(O), be(O) > 0 is called order function.
@ We also define the associated weight function by

Zo(M2) = > Pl (Mz) € Sy x ]
(s,r)ev(0O)

with v(0) = {(me(O), bs(0)) : £ =0,...,M}
U{(0,0), (max, me(O),0), (0, max, b,(O))}.

o O is called an upper (resp. lower) order function of Q if there exist C > 0
and Ao > 0 with

QL 2) < C-Zo(\2), (\z)eSoxTh A=A
(resp. EO(AaZ) <C- |Q()‘7Z)|)
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o A symbol Q € Hp(Sy x XJ) is called N-parabolic if there exists an order
function O(Q) which is an upper and lower order function of Q i.e.
1Ql ~ Zo(q)-
~ Useful characterization by non-vanishing principal parts (cf. S. Gindikin
and L.R. Volevich (1992), R. Denk, J. Saal and J. Seiler (2008), K. (2009))

o Example: The order function O(v) := max{1,1/2 -~} is a lower and upper
order function of w(\,z) := /A —Y_/_, z2 = w is N-parabolic.
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o A symbol Q € Hp(Sy x XJ) is called N-parabolic if there exists an order
function O(Q) which is an upper and lower order function of Q i.e.
1Ql ~ Zo(q)-
~ Useful characterization by non-vanishing principal parts (cf. S. Gindikin
and L.R. Volevich (1992), R. Denk, J. Saal and J. Seiler (2008), K. (2009))

o Example: The order function O(~) := max{1,1/2 -~} is a lower and upper
order function of w(\,z) := /A —Y_/_, z2 = w is N-parabolic.

o Estimates by weight functions can help to understand the mapping properties
of the operator Q(V.).

o Example: Let O(y) := max{3/2,1 + 1v, 2~} be upper order of Q
= QY e L(WE awg i aws o w)

W= W;,g Q= Q(+-,-), > po>0.
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o A symbol Q € Hp(Sy x XJ) is called N-parabolic if there exists an order
function O(Q) which is an upper and lower order function of Q i.e.
1Ql ~ Zo(q)-
~ Useful characterization by non-vanishing principal parts (cf. S. Gindikin
and L.R. Volevich (1992), R. Denk, J. Saal and J. Seiler (2008), K. (2009))

o Example: The order function O(~) := max{1,1/2 -~} is a lower and upper
order function of w(\,z) := /A —Y_/_, z2 = w is N-parabolic.

o Estimates by weight functions can help to understand the mapping properties
of the operator Q(V.).

o Example: Let O(y) := max{3/2,1 + 1v, 2~} be upper order of Q
= QY e L(WE awg i aws o w)
W= W;,g Q= Q(+-,-), > po>0.
If O(7) := max{3/2,1 + 1v,2v} is also a lower order function of Q (i.e. Q is

N-parabolic) then we even have

/’/+32 /17/1 /27/
Qu(VIY) € Lisom (Wi 2 AW o ws 27 W)
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Douglis-Nirenberg /N-parabolic system

Definition

The system .2 € [Hp(Sp x X§)]™*™ is called a mixed order system in the
sense of Douglis-Nirenberg if there are order functions s; := O}°" and

ty := OL (j,k=1,..., M) such that s; + tx is an upper order function of £ for
all jyk=1,..., M (i.e. the upper order structure of each component splits into
row and column part).
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Douglis-Nirenberg /N-parabolic system

Definition

The system .2 € [Hp(Sp x X§)]™*™ is called a mixed order system in the
sense of Douglis-Nirenberg if there are order functions s; := O}°" and

ty := OL (j,k=1,..., M) such that s; + tx is an upper order function of £ for
all jyk=1,..., M (i.e. the upper order structure of each component splits into
row and column part).

Definition
Let £ € [Hp(Sg x X§)]™*™ be a mixed order system in the sense of

Douglis-Nirenberg. Then the system . is called an N-parabolic mixed order
system if

(i) det.Z is N-parabolic,
(i) [O(det 2)](v) = ZjZ1(5i(7) + (7)) for all v > 0.
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Motivation for these Definitions: Consider the N-parabolic 2 x 2-system
% € [Hp(Sy x £2)]7*%. Hence we have

.,%2 —312
1 31133’—%312321 311323;1;?12321

1
LnLn—L0Ln  LnLon—LLn

N-parabolic mixed order systems can be found in works of R. Denk and L.R.
Volevich (2008) (only L, but general weight functions)
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Motivation for these Definitions: Consider the N-parabolic 2 x 2-system
% € [Hp(Sy x £2)]7*%. Hence we have

L AT

f*l — =2711=$22‘>?=$12=-"f21 31132§$12$21
11

LnLn—L0Ln  LuLn—LnLa

N-parabolic mixed order systems can be found in works of R. Denk and L.R.
Volevich (2008) (only L, but general weight functions)

Theorem (K., 2010)

Let Z € [Hp(Sp x XJ)]™*™ be an N-parabolic mixed order system and

/ — ﬂ W52+m2(t1 Jrytbe(ti) m W mg(sj rp—be(s;)

Fe,Ke J Fe,Ke

with fixed constants s;, r; > 0. If certain “compatibility embeddings” hold then

there exists pip > 0 such that for all p > o
Z(V4) € Lisom(H, F), (gu(v+))_1 = -iﬂu_l(v+)

with H := [["; H; and F := [, F;.

vy
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Applications

We can apply these results to the following problems
on Q =R"

on Q = R7 (respectively Q = R")
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Applications

We can apply these results to the following problems
on Q =R"

@ The generalized L,-L; thermo-elastic plate equations
[R. Denk, R. Racke, 2006].
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Applications

We can apply these results to the following problems
on Q =R"

@ The generalized L,-L, thermo-elastic plate equations
[R. Denk, R. Racke, 2006].
@ The generalized L,-L, Stokes problem [D. Bothe, J. Prii, 2007].
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Applications

We can apply these results to the following problems
on Q =R"

@ The generalized L,-L, thermo-elastic plate equations
[R. Denk, R. Racke, 2006].
@ The generalized L,-L, Stokes problem [D. Bothe, J. Prii, 2007].
on Q = R" (respectively Q = R")

@ The Stefan problem with Gibbs-Thomson correction
[R. Denk, J. Saal, J. Seiler, 2008] [J. Escher, J. PriiB, G. Simonett, 2003].
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@ The generalized L,-L, thermo-elastic plate equations
[R. Denk, R. Racke, 2006].
@ The generalized L,-L, Stokes problem [D. Bothe, J. Prii, 2007].
on Q = R" (respectively Q = R")

@ The Stefan problem with Gibbs-Thomson correction

[R. Denk, J. Saal, J. Seiler, 2008] [J. Escher, J. PriiB, G. Simonett, 2003].
@ The spin-coating process

[R. Denk, M. Geissert, M. Hieber, J. Saal, O. Sawada, 2011].
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Applications

We can apply these results to the following problems
on Q =R"

@ The generalized L,-L, thermo-elastic plate equations
[R. Denk, R. Racke, 2006].
@ The generalized L,-L, Stokes problem [D. Bothe, J. Prii, 2007].
on Q = R" (respectively Q = R")

@ The Stefan problem with Gibbs-Thomson correction

[R. Denk, J. Saal, J. Seiler, 2008] [J. Escher, J. PriiB, G. Simonett, 2003].
@ The spin-coating process

[R. Denk, M. Geissert, M. Hieber, J. Saal, O. Sawada, 2011].

@ Two-phase Navier Stokes equation with surface tension and gravity
[J. PriB, G. Simonett, 2009-2010].

Mario Kaip (Konstanz) Mixed order systems

Darmstadt, July 07, 2011 9/15



Applications

We can apply these results to the following problems
on Q =R"

@ The generalized L,-L, thermo-elastic plate equations
[R. Denk, R. Racke, 2006].

@ The generalized L,-L, Stokes problem [D. Bothe, J. Prii, 2007].
on Q = R" (respectively Q = R")

@ The Stefan problem with Gibbs-Thomson correction

[R. Denk, J. Saal, J. Seiler, 2008] [J. Escher, J. PriiB, G. Simonett, 2003].

@ The spin-coating process
[R. Denk, M. Geissert, M. Hieber, J. Saal, O. Sawada, 2011].

@ Two-phase Navier Stokes equation with surface tension and gravity
[J. PriB, G. Simonett, 2009-2010].

@ Two-phase Navier Stokes equation with Boussinesg-Scriven surface fluid
[J. PriiB, D. Bothe, 2010].

Mario Kaip (Konstanz) Mixed order systems Darmstadt, July 07, 2011

9/15



Applications

We can apply these results to the following problems
on Q =R"

@ The generalized L,-L, thermo-elastic plate equations
[R. Denk, R. Racke, 2006].
@ The generalized L,-L, Stokes problem [D. Bothe, J. Prii, 2007].

on Q = R" (respectively Q = R")

@ The Stefan problem with Gibbs-Thomson correction
[R. Denk, J. Saal, J. Seiler, 2008] [J. Escher, J. PriiB, G. Simonett, 2003].

@ The spin-coating process
[R. Denk, M. Geissert, M. Hieber, J. Saal, O. Sawada, 2011].

@ Two-phase Navier Stokes equation with surface tension and gravity
[J. PriB, G. Simonett, 2009-2010].

@ Two-phase Navier Stokes equation with Boussinesg-Scriven surface fluid
[J. PriiB, D. Bothe, 2010].

@ Two-phase Navier Stokes equation with surface viscosity and gravity.
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Two-phase Navier Stokes equation with surface tension

We consider the following linearized problem for u = (v, w), m, and h:

potu — uAu+ vV

divu

—[1dyv] = [uViwl
—2[poyw] + [r] —cAh
[u]

Oth — yow

u(t=0)

h(t=0)

0
0
8v
8w
0
8h
0
0

in R, x R
in R, x Rl
on Ry x R”
on Ry x R”
on Ry x R”
on Ry x R”
in Rnt+1
in R"

with (u,m, p, ) = (u1, 71, p1, f11) Xgos + (uz,ﬂ'g,pz,ug)xmﬂ, o >0,

[[¢]] = 'YO¢]R"++1 — ’)’o(ﬁanL
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Two-phase Navier Stokes equation with surface tension

We consider the following linearized problem for u = (v, w), m, and h:

pOiu — pAu+Vr = 0 in Ry x R
dvue = 0 inR, xR!
—[pdyv] = [uViw] = g onRy xR”
—2[poyw] + [r] —cAh = g, onR; xR"
[u] = 0 onRyxR”
Oth—yw = g, onRy xR”

u(t=0) = 0 in RM1

ht=0) = 0 in R

with (u77rap7 :LL) = (Ul,ﬂ'],pl,lul)Xanl + (u2a7T2ap27:u2)X]R:’fl' o> 0'
[¢] == ’70¢R1+1 - ’YO¢R"j1-

o Formal Laplace respectively Fourier transform yield ODEs for (i, 7).
@ Solve ODEs with Green's functions.
@ Determine free parameters by boundary conditions.

@ Solve [w] = 0 to eliminate pressure trace p.
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Two-phase Navier Stokes equation with surface tension

For the unknowns &>(vf>, &>£{), [#], and h we obtain the system

i’ —Ww2 0 0 0 @9)
I'§T 0 w1 0 0 d\)(vf)
0~ O e 0 A —lelez! i
0 2 w2 2uiw1 o'|£|2 1 2
Qid, —i€(uo+r)  i&(u+r) 0 i€(uevs — )t 0]
=%
0
0
5 5 1 9
| & |t = 06 56+ L. g
Bw M1 w1y
8v

. —1/2 Ty
with Wj(>\7£) =y / (Pj)\+ﬂj|f|2)l/2r ryj?t =wjE €], 6 := %
Qi = oy + powrys s &= B (g wang )
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Two-phase Navier Stokes equation with surface tension

As determinant we obtain |det .Z| = |wiwa/Qy| - Q"] - | P| with

P(AE) = (1w + pawd)(mawn + pawa)\
+ [(mawr + paw2)® + papia(wn + w2)?] Al
+ [B(psw2 + piwr) — papa(ws + w2)] AEJ?
—(m1 = )’ MEP + o(pwr + pows) €]
+il€[*

[i:= p1 + p2, p:= p1+ p2. One can easily prove with the characterization of
non-vanishing principal parts that det.% is N-parabolic with order function

[O(det £)](v) = max{n+3,y+n+2,[n+4]/2v}, ~>0.
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Two-phase Navier Stokes equation with surface tension

To obtain a Douglis-Nirenberg system we define

ti(y) = ... == tara(v) = max{1l,7/2},
thi3(y) = max{2,7+1,3/27},
tn+4(7) = 0,
si(7) = =((v) = 0,
s3(7) = —max{l,7/2},
sa(y) :=...:=snpa(y) = 0.

It is easy to show that s; + t is an upper order function of .Z x and
O(det.2) = X7, (5 + 1),
= % is an N-parabolic mixed order system
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Two-phase Navier Stokes equation with surface tension

So we can construct the spaces of maximal regularity with

(r5,%0) := (r1,51) := (1= 1/p,0), (r3,8) := (0,1/2 — 1/(2p)), and
(Fo, Ko) :== (F1,K1) = (Hp, Bp), (F2,K2) = (By, Hp)
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Two-phase Navier Stokes equation with surface tension

So we can construct the spaces of maximal regularity with
(r(S?s(I)) = (I’{,S{) = (1 - 1/p70)v (fé,Sé) = (Oa 1/2 - 1/(2p))' and
(Fo, Ko) == (F1,K1) = (Hp, Bp), (F2,K2) = (B, Hp)

Hy =...=Hao = 0By YRy, L(R") N Lp(Ry, BE /P(R")),
Hays = oB2 YCA(RL, Ly(R") NoHY(Ry, BZYP(R™) N Ly(Ry, BSHP(R™),
Hope = oBy/2 VPR, Ly(RM) N Ly(Ry, By ~H/P(R"),
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Two-phase Navier Stokes equation with surface tension
So we can construct the spaces of maximal regularity with

(r5:50) = (r1,81) :== (1 =1/p,0), (r3,3) := (0,1/2 — 1/(2p)), and
(Fo, Ko) :== (F1,K1) = (Hp, Bp), (F2,K2) = (By, Hp)

Hy =...=Hao = 0By YRy, L(R") N Lp(Ry, BE /P(R")),
Hoyz = 0By PRy, L(R") NoHy(Ry, B3~ V/P(R") N Ly(Ry, By M/P(R")),
Hpya = oBy/* VAR, Ly(R") N Ly(Ry, B7VP(R™),
Fi=F, = B> V(R L(R")N Ly(Ry, By /P(R")),
F3 = 0By VPR, Ly(R")) N Ly(Ry, By H/P(RM),
Fa=...=Fnps = oBy> V(R L,(R")NLy,(Ry, By HP(R")),
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Two-phase Navier Stokes equation with surface tension

So we can construct the spaces of maximal regularity with
(r0:50) == (r,s1) :== (1 —=1/p,0), (13, %) := (0,1/2—1/(2p)), and
(Fo, Ko) == (F1,K1) = (Hp, Bp), (F2,K2) = (B, Hp)

Hy =...=Hao = 0By YRy, L(R") N Lp(Ry, BE /P(R")),
Hoyz = 0By PRy, L(R") NoHy(Ry, B3~ V/P(R") N Ly(Ry, By M/P(R")),
Hpya = oBy/* VAR, Ly(R") N Ly(Ry, B7VP(R™),
Fi=F, = B> V(R L(R")N Ly(Ry, By /P(R")),
F3 = 0By VPR, Ly(R")) N Ly(Ry, By H/P(RM),
Fa=...=Fnps = oBy> V(R L,(R")NLy,(Ry, By HP(R")),

So we finally obtain Z,(V ) € Lisom (T34 Hle, TT74 Fi ).
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Advantages of this method:

@ Algorithmic approach

@ We don't need the explicit inverse matrix of the system.
@ We can substitute 'hard analysis’ by linear algebra.

@ It is easy to find spaces for maximal regularity.
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Advantages of this method:

@ Algorithmic approach

@ We don't need the explicit inverse matrix of the system.
@ We can substitute 'hard analysis’ by linear algebra.

@ It is easy to find spaces for maximal regularity.

Thank you for your attention. J
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