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Introduction and motivation

In this work we want to present a theory for mixed order systems which are realized on spaces of mixed
scales of Sobolev and Besov spaces. For an example of a mixed order system we introduce the Stokes
problem on Rn which reads as

∂tu−∆u +∇π = f, (t, x) ∈ R+ × Rn,

div u = g, (t, x) ∈ R+ × Rn,

u|t=0 = 0

(1)

for the unknown functions u : Rn → Rn and π : Rn → R. After a formal Fourier/Laplace transform and a
complex extension to (bi)sectors we obtain(

(∂t −∆)idn ∇
∇T 0

)
!

(
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idn 0
0 |z|−
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·
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·
(

idn 0
0 |z|−
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with (λ, z) ∈ Sθ × Σn
δ , |z|− :=

√
−
∑n

k=1 z2
k. Due to the fact that the symbols in L do not represent

differential operators we first have to provide a suitable functional calculus. After an analysis of the order
structure of L we can give spaces such that L (∇+) acts as an isomorphism between them.
Mixed order systems also occur at the treatment of parabolic boundary value problems when it is
reduced to the boundary. Due to this reduction we have to consider mixed order systems on trace
spaces where mixed scales as 0B

s
p(R+, Hr

p(Rn)) and 0H
s
p(R+, Br

p(Rn)) naturally appear.

Holomorphic functional calculus for (bi)sectorial operators

Let T := (T1, . . . , TN ) be a tuple of sectorial or bisectorial operators (i.e. σ(Tk) ⊆ Sθ or σ(Tk) ⊆ Σδ plus
resolvent estimate) on the Banach space X. For an open set Ω :=

∏N
k=1 Ωk ⊂ CN (Ωk sector or bisector)

we define the sets of holomorphic functions

H∞
0 (Ω) :=

f ∈ H(Ω, X) : ∃C, s > 0∀z ∈ Ω : ‖f (z)‖Y ≤ C
N∏

k=1

min{|zk|s, |zk|−s}

 ,

HP (Ω) :=

f ∈ H(Ω, X) : ∃C > 0, s ∈ R∀z ∈ Ω : ‖f (z)‖Y ≤ C
N∏

k=1

max{|zk|s, |zk|−s}

 ,

and H∞(Ω) the set of holomorphic and bounded functions. At first we define the operator

f (T) :=
1

(2πi)N

∫
Γ

f (z)

N∏
k=1

(zk − Tk)−1dz[L(X)] ∈ L(X), f ∈ H∞
0 (Ω)

for a suitable path Γ. This calculus can then be extended to f ∈ HP (Ω) by

f (T)x := Ψ(T)−m(Ψmf )(T)x, x ∈ D(f (T)) := {x ∈ X : (Ψmf )(T)x ∈ R(Ψ(T)m)}

where Ψ is a certain shift function such that there exists m ∈ N with Ψmf ∈ H∞
0 (Ω). The tuple T admits

a bounded joint H∞-calculus if there exists C > 0 such that

‖f (T)‖L(X) ≤ C‖f‖∞ for all f ∈ H∞(Ω).

For more details we refer to [5].

Joint functional calculus for ∇+ := (∂t, ∂1, . . . , ∂n)

We consider realizations of the derivative operators (∂t, ∂1, . . . , ∂n) on spaces of mixed scales. For W :=

0Fs(R+,Kr(Rn)) with s, r ≥ 0, p0, p1, q0, q1 ∈ (0,∞), F ∈ {Hp0, Bp0q0}, and K ∈ {Hp1, Bp1q1} the operators

∂Wk : D
(
∂Wk

)
⊂ W →W , u 7→ ∂ku, D

(
∂Wk

)
:= 0Fs(R+,Kr+1(Rn)), k = 1, . . . , n

∂Wt : D
(
∂Wt
)
⊂ W →W , u 7→ ∂tu, D

(
∂Wk

)
:= 0Fs+1(R+,Kr(Rn))

are bisectorial, respectively sectorial. The authors of [4] showed that (∂1, . . . , ∂n) admits a joint H∞-
calculus on Lp(Rn

+) with

f (∂1, . . . , ∂n) = F−1f (i·)F ∈ L(Lp(Rn
+)), f ∈ H∞(Ω).

Using common results for isomorphisms and real interpolation this result can be generalized to the
ground space W. Due to the fact that ∂t even admits an R-bounded H∞-calculus we can apply the
Kalton-Weis Theorem in a version of G. Dore and A. Venni (c.f. [5]) for tuples of bisectorial operators
and obtain that ∇W+ := (∂Wt , ∂W1 , . . . , ∂Wn ) admits a bounded joint H∞-calculus which also can be
represented by means of the Fourier transform.

Order structure, Newton polygon, and N-parabolicity

One problem of the holomorphic functional calculus from above is the definition of the domain of
f (∂1, . . . , ∂n) which is very unconstructive. For the moment we can not argue that Λ(∂1, . . . , ∂n) = ∆
(with Λ(z) :=

∑n
k=1 z2

k) which especially involves D(Λ(∂1, . . . , ∂n)) = W 2
p (Rn). To derive more informa-

tion about the domain D(f (∇+)) it is convenient to ask for estimates by weight functions related to a
Newton polygon N = conv(Nc) with Nc := {(0, 0)} ∪ {(b`, m`) : ` = 0, . . . , J} i.e.

N

(b0, m0)

(bJ+1, mJ+1)

(0, 0)

(b1, m1)

(b2, m2)

(bJ−1, mJ−1)

(bJ , mJ)|f (λ, z)| ≤ C ·
∑

(α,β)∈Nc

|z|α|λ|β. (2)

If f has this ’upper order structure’ we can already conclude⋂
(α,β)∈Nc

0Fs+β(R+,Kr+α(Rn)) ⊆ D(f (∇W+ )).

For the handling of quotients of holomorphic functions we some-
times need the converse estimate∑

(α,β)∈Nc

|z|α|λ|β ≤ C · |f (λ, z)|. (3)

The function f is called N-parabolic if it has this ’lower order structure’. For an equivalent character-
ization of N -parabolic symbols we continued the work of L.R. Volevich, S. Gindikin, R. Denk, J. Saal,
and J. Seiler ([2], [3], [6]) about non-vanishing γ-principal parts. A function O(γ) := max`{γ ·m` + b`}
(γ > 0) such that {(b`, m`)}` are the corners of a Newton polygon is called upper/lower order function
for f ∈ HP (Ω) if estimate (2) resp. (3) holds.

Main Theorem for mixed order systems

We consider a totally non-degenerated Douglis-Nirenberg system L ∈ [HP (Ω)]m×m (i.e. there are
order functions sj(γ) = max`{γ ·m`(sj) + b`(sj)}, ti(γ) = max`{γ ·m`(ti) + b`(ti)} such that sj + ti is an
upper order function for Lji and

∑m
j=1(sj + tj) is a lower and upper order function of det L ).

Theorem. Let s′` ≥ maxj{m`(sj)}, r′` ≥ 0, and F` ∈ {Hp0, Bp0q0}, K` ∈ {Hp1, Bp1q1}. If certain embeddings
hold then there exists %0 > 0 such that for all % ≥ %0

[L%(∇+)]|H ∈ LIsom(H, F), ([L%(∇+)]|H)−1 = [L−1
% (∇+)]|F

with L%(λ, z) := L (% + λ, z), H :=
∏m

i=1 Hi, F :=
∏m

i=1 Fi, and

Hi :=

J⋂
`=0

0F
s′`+m`(ti)
`

(
R+,Kr′`+b`(ti)

` (Rn)
)

, Fj :=

J⋂
`=0

0F
s′`−m`(sj)
`

(
R+,Kr′`−b`(sj)

` (Rn)
)

.

Remark.
(I) The %-shift of the system can be removed by the implementation of exponential weights in the time
variable.
(II) This result can be generalized to negative order functions. This is necessary for the handling of the
Lp-Lq Stokes problem on Rn.
(III) For the embeddings mentioned in the assumption we need a kind of ’compatibility’ for the used scale
(F`,K`)`. The scale (F`,K`) ∈ {(Bp0, Hp1), (Hp0, Bp1p0)} is tame in this context for example.

Applications

(I) Maximal Lp-Lq-regularity for the Stokes system on Rn: Using the notation as in the introduction
our results yield [L (∇+)]|H ∈ LIsom(H, F) for

H :=
[
0H

1
p,%(R+, Lq(Rn)) ∩ Lp,%(R+, H2

q (Rn))
]n
× Lp,%(R+, Lq(Rn))

F :=
[
Lp,%(R+, Lq(Rn))

]n × (0H
1
p,%(R+, Lq(Rn)) ∩ Lp,%(R+, H2

q (Rn))
)

,

and % ≥ %0. Due to the fact that |z|− shifts into homogenous Sobolev spaces we already obtain(
(∂t −∆)idn ∇

∇T 0

)
∈ LIsom

( [
0H

1
p,%(R+, Lq(Rn)) ∩ Lp,%(R+, H2

q (Rn))
]n
× Lp,%(R+, Ḣ1

q (Rn)),[
Lp,%(R+, Lq(Rn))

]n × (0H
1
p,%(R+, Ḣ−1

q (Rn)) ∩ Lp,%(R+, H1
q (Rn))

))
.

(II) N-Parabolic boundary value problems : After a formal Laplace/Fourier transform in the time/space
variables (i.e. (t, x′)  (λ, ξ′)) the boundary value problem reduces to an ODE in the xn-variable.
Using the remainders of the symbols of the boundary operators after a certain modulo operation we
derive the Lopatinskii-matrix L. This matrix is the connection between the original problem and the
associated Dirichlet problem. Indeed after plugging in ∇+ := (∂t, ∂1, . . . , ∂n) the operator L(∇+) acts
as a generalized Dirichlet to Neumann operator.
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