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Abstract

We consider binary market models based on the discrete Wick prod-
uct instead of the pathwise product and provide a sufficient criterion for
the existence of an arbitrage. This arbitrage is explicitly constructed
in the class of self-financing one-step buy-and-hold strategies, (i.e. the
investor holds shares of the stock only at one time step). Then a defi-
nition of a Wick self-financing portfolio, which is the discrete analogue
of the Wick-It6 integral based definition of a self-financing portfolio
in the fractional Brownian motion theory, is introduced. A sufficient
criterion for absence of arbitrage in the class of Wick self-financing
one-step buy-and-hold strategies is proven. The results are applied to
coefficients obtained from an approximation of a fractional Brownian
motion with Hurst parameter 1/2 < H < 1. Finally, we suggest that
there is no economic meaning in the notion of a Wick self-financing
portfolio.

Keywords: arbitrage, binary market models, discrete Wick products,
Wick self-financing portfolios

1 Introduction

A fractional Brownian motion B with Hurst parameter 1/2 < H < 1 in-
herits a long time memory, and its exponential has been considered as a
stock price model in recent years. However, a fractional Brownian motion
with Hurst parameter H # 1/2 is not a semimartingale and there are op-
portunities for an arbitrage in models in which the notion of a self-financing
portfolio is defined in terms of the pathwise integral, (see Rogers, 1997; Das-
gupta and Kallianpur, 2000). In contrast, using the Wick exponential of a
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fractional Brownian motion as model for the stock price and the Wick-It6
integral in the definition of a self-financing portfolio, it can be shown, that
there is no arbitrage, (see Hu and @ksendal, 2000; Elliott and van der Hoek,
2001; Bender, 2002). On the other hand, as was proven in Cheridito (2001),
there is an arbitrage with a linear combination of buy and hold strategies
in the Wick exponential model, if one uses the usual notion of self-financing
for linear combinations of buy-and-hold strategies, (which is a special case
of the pathwise integral based definition).
In this paper we study binary market models of the form:

Sn: n—1 © <1+Mn+zx(nal)€l) ; 80:‘95

=1

the circle indicating either the ordinary pathwise product or the discrete
Wick product. Here (§;) is a family of independent binary variables with
P& =1) = P(&§ = —1). All coefficients are supposed to be deterministic.
The scope of this paper is to derive results in the (rather simple) binary mod-
els similar to those in the continuous models based on fractional Brownian
motion mentioned above.

In section 2 we fix some terminology, including the notion of a one-step
buy-and-hold strategy. This is a portfolio in which shares of the stock are
held at only one time step. This definition is motivated by the following
intuition: Assume a discrete time market model has a long time memory.
Because of this memory the stock price should heuristically go up once more,
if it has increased for sufficiently many previous time steps. Hence, in this
situation it should be possible to construct an arbitrage by buying one stock
and selling it again after one time step.

In section 3 we recall a sufficient criterion for the existence of a self-
financing one-step buy-and-hold arbitrage in the model S based on the
pathwise product. Then we motivate the use of the discrete Wick prod-
uct in the model S in section 4.1. A sufficient criterion for the existence of
a self-financing one-step buy-and-hold arbitrage in a sequence of models S
based on the discrete Wick product is established in section 4.2.

In section 5 we introduce a notion of a Wick self-financing portfolio,
which is the discrete time analogue of the Wick-It6 integral definition of a
self-financing portfolio in fractional Brownian motion theory. A sufficient
criterion for the absence of arbitrage in the class of Wick self-financing,
one-step buy-and-hold strategies is provided for the model S based on the
discrete Wick product.

The results are applied to a sequence of coefficients obtained from an
approximation of a fractional Brownian motion with Hurst parameter 1/2 <
H < 1, derived by Sottinen (2001), in section 6. Theorem 6.2 can be
regarded as the discrete analogue of the results mentioned in the continuous
fractional Brownian motion models. Roughly speaking, the theorem implies



that an arbitrage free model cannot be obtained when using self-financing
portfolios, but it can when using Wick self-financing portfolios. However, as
we try to argue in section 7, the definition of a Wick self-financing portfolio
appears artificial and seems to have no economic meaning.

2 Preliminaries

Define, for N € N, Qn = {—1,1}¥, let Ay be the power set of Q and Py
be the uniform probability measure on Apy. Then

is a family of independent binary variables with Py (& = 1) = Py (& = —1).
By Holden et al. (1993) every random variable Y € L?(Qy, Py) has a unique
expansion of the form

vy= > (Y(A)H@«); Y(A) €R, (1)

Ac{1,..,N} icA

the so called Walsh decomposition.

A discounted (B, S) market on (Qy, An, Py) is a pair of L?(Qy, Py)-
valued random vectors (B, S) such that B, = 1 and S,, is F,,-measurable
for all 0 <n < N. Here F,, denotes the filtration generated by (&1, ...,&)-
B is a riskless asset, the bond, whereas the risky asset S is called the stock.
A portfolio is a pair of L?(2y, Py)-valued random vectors 7 = (F, G) such
that F,, and G, are F,,_i-measurable for all 0 <n < N. F,, and G,, are the
numbers of bonds, resp. stocks, that an investor holds at time n. Hence,
the wvalue of a portfolio 7 at time 0 < n < N is given by:

VI =F,+ GpSn. (2)

Definition 2.1. A portfolio 7 = (F, G) is called self-financing, if the corre-
sponding value process satisfies:

VI =V 4+ Gu(Sn — Sp1); 1<n<N. (3)

n

This means, that the only change in the wealth comes from the change
in the stock, (as the change in the bond is 0 by definition).

In this paper we investigate, whether or not an investor has an opportu-
nity for a riskless gain in the following sense:

Definition 2.2. A portfolio 7 = (F,G) is said to be an arbitrage if there
is a time step n, 1 < n < N, such that the corresponding value process
satisfies: V7 =0, V7 (w) > 0 for all w € Q and V;7(n) > 0 for at least one
n € Q.



We are going to consider models, in which the stock price S has a long
time memory. The intuition, why there should be an arbitrage in models
with a long time memory, is as follows: If the stock price goes up long
enough, it will go up once more due to the long time memory. For this
reason we consider one-step buy-and-hold strategies in this paper only:

Definition 2.3. We call a portfolio 7 = (F, G) one-step buy-and-hold strat-
egy, if there is a time step n, 0 < n < N, such that Gy = 0 for all k # n.

3 Binary Market Models with Memory Based on
Pathwise Products

Consider first the following usual binary market model based on the pathwise
product: We assume the stock is given by:

Sp = n71(1+ﬂn+Xn); So = s. (4)

Here the initial price s is a positive real, the function p: {1,...,N} — R is
usually interpreted as the drift of the stock, and the volatility is thought to
be given by X. In the following we assume X to be of the form:

n

X, = Zx(n,i)& (5)

i=1

with real numbers z(n,i), 1 < i < n < N. Moreover, we assume that

Xn+ pn > —1 for all 1 < n < N to ensure that the stock price stays
positive.
In this situation we have the following sufficient criterion for an arbitrage:

Theorem 3.1. Assume that there is a time step 1 < n < N such that

n—1
S le(n, )] > a(n, )] (6)
i=1

Then there is an arbitrage at time step n in the class of self-financing one-
step buy-and-hold-strategies in the model given by (4)—(5).

The proof is similar to the argument in Sottinen (2001, theorem 5). We
include it for the reader’s convenience.

Proof. Assume first, that u, > 0. Let
Ay = {sign(a(n, 1))} x - {sign(e(n,n — 1))} x {~1,1} x -+ x {~1,1},

(using the left continuous version of the sign function), and let w € A.
Then by (6)
Xp(W) + pn, >0



and hence, S, (w) > S,—1(w). A self-financing one-step buy-and-hold ar-
bitrage can now be constructed as follows: If w € A, borrow the amount
Sp—1(w) from the bank and buy one stock at time step n. Then sell the
stock at time stepn+ 1. f w € Ag do nothing.

In the case p, < 0 consider the set

A_ = {—sign(z(n,1))} x ---{=sign(x(n,n—1))} x {-1,1} x --- x {-1,1}

and proceed analogously by short selling a stock at time step n, if w €
A_. O

4 Binary Market Models with Memory Based on
Discrete Wick Products
4.1 Motivation

We shall now motivate, why the model (4)-(5) should be modified. To this
end let us calculate E[Ss]:

2
Sy (1 + pg + Z:c(u)g,-)]

=1

E[S) = E

= sk

2
(1+ 1 + (1, 1)&1) (1 +pz+ Y z(2 z‘)&)]
=1
= (L4 ) (1 + p2) + (L, )a(2, 1),

because f% = 1. This shows, that not only u, but also X contributes to the
drift, contrary to the usual interpretation, that y alone determines the drift
(e.g. Sottinen, 2001, p. 351). More general, the fact that £ = 1 has the
effect that over time more and more randomness fades out and contributes
to the drift. One might suspect that this is the reason for the existence of
an arbitrage.

The easiest way to get rid of this effect is to introduce the discrete Wick
product:

Definition 4.1. Let A, B C {1,..., N}. Then the discrete Wick product is

defined as - @
, - iceauB &> ifANB=
H gz © H fz = { 07

otherwise.
icA ieB

The discrete Wick product is then extended to X,Y € L?(Qy, Py) by
linearity using their Walsh decomposition (1). E.g. for constants a, b, ¢:

(a1 + b&2) o c&1 = ac[(£1€2) © 1] + be[éa © &1] = bebady



Note, that in particular for a constant a:

ao [[& = <aH£i)0H§i:a<H&0H£i> =a- ] &

i€B el i€B el i€B i€B
We should also mention the obvious fact, that for Y € L?*(Qy, Py) the
expectation is given in terms of its Walsh decomposition (1) by
E[Y]=Y(0).
A simple consequence is, that for X,Y € L?(Qy, Py):
E[X oY] = E[X] - E[Y]

For more details on the discrete Wick product the reader is referred to
Holden et al. (1993).
We can now modify the model in (4)-(5) by replacing (4) by

Sp=5Sn—10 (14 pn + Xy); So=s. (7)

As X,Y > 0 does not imply X ¢ Y > 0, we shall drop the assumption
tn + Xn > —1 and allow the stock price to be negative for the moment.

Remark 4.1. Suppose X,, = on(BHY — Bfff) with deterministic o and
BHN an approximation of a fractional Brownian motion BY with Hurst
parameter 1/2 < H < 1. Then (7) is the discrete analogue of the fractional
Doléans-Dade equation, (the stochastic integral in the fractional Wick-1t6

sense):
t t
St:s—i—/ U(S)SSdBf—i—/ (s)Ssds.
0 0

For appropriate coefficients its solution is given by

t 1 t
St = Sexp {/ ,u(s)ds — 5 ‘Mﬁ(l(()?t)U)’iz(R) +/ O'(S)st}I} 9
0 0

where M is, (up to a constant), a fractional integral operator of order
H —1/2, see Bender (2002, corollary 5.6). Exponentials of this kind have
been considered as models for stock prices in Hu and @ksendal (2000), Elliott
and van der Hoek (2001) and Bender (2002).

It is easy to verify that S, given by (7) allows a decomposition of the
form (1). To be more precise,

n
Su=>" > Sn{ins - ik})&iy - G- (8)
k=0 {i1,...,ip, }C{1,...,n}
Throughout this paper we do not need to calculate the coefficients of this
decomposition explicitly. But it is straightforward, that

n

S0 H(l +Un)' (9)

i=1

o
#~
I
&
=
I

Hence, the drift of the stock .S,, is now given by p only.



4.2 The Main Result on Arbitrage

We are now going to prove the existence of an arbitrage in a sequence of
models SV given by (7) and (5) under appropriate conditions on the coeffi-
cients:

Theorem 4.2. Let N € N, H € (0,1). Define a sequence of market models
SN n < N by (7) and (5) and assume the coefficients Y and xn(n,i) of

n ’

SN satisfy the following conditions:
(i) pN  {1,...,N} — R fulfills:

K
| <=3 1<n<N (10)

N

for a constant K independent of N.
(ii) There are y,(n,i) and y;(n,i) independent of N, such that for all N € N:

N~y (n,i) < |zn(n,9)| < N Hy,(n,i); 1<i<n<N  (11)

and
n—1

Zyl(nai) > yu(nan) (12)

=1
for somen € N,

Then there exists an arbitrage in the class of self-financing one-step buy-
and-hold strategies at time step n in the model SN for sufficiently large N.

Proof. Choose an n € N, that satisfies (12), let NV > n and consider the
decomposition (8) of S |, i.e.

n—1
Sai=) > Spia{in, ik} - Gy

k=0 {i1,...;ix}C{1,...n—1}
From (10) and (11) we may conclude, that for k& > 0:
5571({1‘1: ceyig}) = O(NfH)

Furthermore by (9) and (10):

n

SN 0) = s0 [ J(1+ pn) = so+ O(N ).

=1

Hence,
SN =so+0(NTH).



This implies:
Sy =Sy = S+ X oS

= Soln + /LnO(N_H) + S0 Z ."L‘N(TL, Z)fz
i=1

n

+(Sn_1 — 80) < Z xN(n, Z)&
=1
= soy_an(n,i)g +ON-1"2H), (13)

=1

since for £ > 1

(SN ({ins ik}, - & o [an (n, )&

ey, d)SN ({1, ik })&, - & &, if 0 # iy for all k
0, otherwise

= Oo(N~*)
and
(Sp1(0) = s0) © (en(n,0)&:) = (5371 () = s0) - an(n, )& = O(N 1),
Let
w € {sign(z(n,1))} x - {sign(z(n,n — 1))} x {-=1,1} x --- x {—1,1}.
Then we deduce from (13) and (12)

(S = Sl w)

n—1
= 5 Z 2N (n,1)] + 25 (1, n)En(w) + O(N~1A2H))
i=1
n—1
> N7 |0 Z yi(n,i) — soyu(n,n) + O(N—[(l—H)/\H])
i=1

> 0,

if N is sufficiently large, since 0 < H < 1. Thus, a self-financing one-step
buy-and-hold arbitrage at time step n can be constructed as in theorem 3.1
in the model SV, if N is sufficiently large. O



5 Discrete Wick Products and Self-financing Port-
folios

In the previous section we used the ordinary definition of a self-financing
portfolio (definition 2.1). Substituting (7) in (3) and summing we get:

Vii=Vy + Z GpSp_1p + Z Gr(Sk—1© Xg). (14)
k=1 k=1

Note that the second sum in (14) cannot be interpreted as a discrete version
of the fractional Wick-It6 integral. However, if X}, is chosen as an approx-
imation of the increments of a fractional Brownian motion, the discrete
version of the Wick-It6 integral would be:

n

> (GiSi-1) o Xy, (15)
k=1

Recalling the Wick-1t6 integral based definitions of a self-financing portfolio
in Hu and Oksendal (2000), Elliott and van der Hoek (2001) and Bender
(2002) this motivates the following definition:

Definition 5.1. A portfolio 7 = (F,G) is called Wick self-financing, if the
corresponding value process V," fulfills for all n, 1 <n < N

VT =V, + GaSnotfin + (GuSn_1) © Xan. (16)

We can now prove a sufficient criterion for absence of arbitrage in the
class of one-step buy-and-hold strategies using the notion of Wick self-
financing portfolios:

Theorem 5.2. Consider the stock price model S given by (7) and (5), and
assume that for all1 <n < N |z(n,n)| > |un|. Then there is no arbitrage
in the class of Wick self-financing one-step buy-and-hold strategies.

Proof. Let m = (F,G) be a Wick self-financing one-step buy-and-hold strat-
egy for time k with V7 = 0. By (16) V" =0 for all i < k and V;" = VT for
all © > k. Hence, it is sufficient to prove that 7 is not an arbitrage at time
step k. But since V}" ; = 0 and 7 is Wick self-financing we obtain

Vir = GpSi—1pk + (GpSk—1) o Xi
k
= GpSkoapk + Y w(k,0)(GrSk-1) o &
=1
= GpSk-1 [k + 2(k, k)&]
k-1

+Z$(k,i)(Gksk,1)Ofi. (17)

=1



Note, that the last identity holds, since GSi_1 is Fji_1-measurable and
hence Gksk,1 <>§k = GkSk,lfk.
Suppose first that there is an 7 € Q such that V7 () > 0 and

k-1
(Z z(k,)(GrSe-1) <>fz'> (n) <0.

=1

Let ' be the path that equals n but with 7 replaced by —ng. Then it
follows from the assumption on z(k, k) that

GrSk—1 [ + (k. k)& (') <0,

since

GrSk—1 [ux + x(k, k)] (n) > 0.

Consequently, V™ (') < 0.
Suppose now, that there is an 7 € Q such that V" (n) > 0 and

=1

k—1
<Z l‘(k,l)(GkSk_l) 05@) (77) > 0.

k—1

E

l‘(k, z)(GkSk,l) <& fZ] =0,
i=1
(recall that E[X oY] = EX - EY), there is an w € Q such that

k—1
(Z z(k,1)(GrSk—1) <>g,> (w) < 0.
=1

Now V7 (w) < 0 or V7 (w') <O0.
Hence, whenever there is a path n with V" () > 0, there is a path 7 such
that V() < 0. Consequently, 7 is not an arbitrage at time step k. O

Remark 5.1. Note, that there is obviously no Wick self-financing arbitrage
at all in the model (7), (5), if the drift u equals zero at all times.

6 An Example Based on Fractional Brownian Mo-
tion

Fix 1/2 < H < 1 and define for N € N, 1 <n < N:

bHN(n,i) = Cy(H — 1/2)N/AZ s~ (H=1/2) /N w12 (4 — $)H =32 quds,
N S

(18)

10



if i < n, and bV (n,4) = 0, if i > n, where the constant C'y is given by

2HT(3/2 — H) 1/2
Cn = (F(H F1/2)0(2— 2H)) ‘

Using a representation for fractional Brownian motion B¥ obtained in Nor-
ros et al. (1999) it is proven in Sottinen (2001), that the sequence of processes

n
—1
BN =3 W N )N 2y TS <t < L 1<n <N,
=1

n
N N’
(where (y;) is a family of independent identically distributed variables with
zero mean and variance 1), weakly converges to a fractional Brownian motion

B}, t €]0,1], in the Skorohod space.
This motivates our choice:

X =Y anm,i)6 = o®"N(n,i) = 0PN (n - 1,i)) N7V (19)
=1 =1

for some positive constant o that determines the intensity of the volatility.
Based on X* we shall consider the sequences of markets:

SN =S+ L+ XN S = (20)
and 3 3 .
Sfl\[:Sé\f_lo(l—{—%—i-Xév); SV =s. (21)

We assume s and, for sake of simplicity, also p to be positive constants.
We need the following estimates:

Lemma 6.1. Define for 1 <i<n e N:

|} Cuo [(n—l—l—i)H_l/Q_(n_i)H—l/Q]’ i <n
yl(n72> - Cgo .
H+1/2° 1=mn
and
H-1/2
pulni) = 4 TP () [(n+1—))TH2 — (n— ) TH2] i1

Cyo 2H—1 s
3/2-H" ) L=

Then for all1 <i<n < N:

N*Hyl(n,i) < ay(n,i) < N*Hyu(n, P).

11



Proof. Recall, that

xn(n,i)

= Cu(H—1/2)0 N1/2/

n—1
N

—(H-1/2) /N W12 — Y H32 0y s,
We first prove the lower bound for ¢ = n:

/N —(H-1/2) /N W12y — §)H=32quds

N
> / / s)= 32 duds
= —1/2) Y H 4 1/2)" ' NH-1/2
. The lower bound for ¢ < n directly follows from Sottinen (2001, formula

(9), p. 353).
The upper bound for i = 1 can be proven as follows:

1

/N §—(H=1/2) /N W12 — )32y s
0 s\/"771
H-1/2 [N n H-1/2
< (H_1/2 (™ o) (M
< (H-1/2) (N) /0 s (N 5) ds

1
2H-1 N
H-1/2) (2 / s~ H=1/2) g
(H-1/27 () 0
= (3/2—H) Y(H —1/2)" '\n2-IN—H=1/2,

IN

It remains to prove the upper bound for ¢ > 1:

/N s—(H—l/Q)/N WH12 (0 — o H312 gy

—1
N

H71/2 9
< <.N > - / / $)H32quds
7/7]. SVn 1
H-1/2 o4 Ho1/2
< (H-1/2)7 (2 o
< (H-1/2) <i—1> ﬁNl (N S) ds

n

H-1/2
= (H+1/2)°(H-1/2)"" (H> N2

X {(nJr 1— )12 _ (n — i)H'H/ﬂ :

12



We can now prove the following theorem, which can be regarded as the
discrete time analogue of the continuous time results in markets based on
(Wick-)geometric fractional Brownian motion:

Theorem 6.2. Let N € N be sufficiently large. Then:

(i) There is an arbitrage in the class of self-financing one-step buy-and-hold
strategies in the model SN .

(ii) There is an arbitrage in the class of self-financing one-step buy-and-hold
strategies in the model SN

(iii) There is no arbitrage in the class of Wick self-financing one-step buy-
and-hold strategies in the model SN .

Remark 6.1. Note, that (i) has been proven in Sottinen (2001, theorem 5).

Proof. Using the bounds from the previous lemma, we obtain, (since the
sum telescopes):

n—1 o1 INL /g \H-12
;yl(n,z)—yu(n,n)—CHa [n -1- <H+2> <n—1> ]

Thus, Z?;ll yi1(n,i) — yu(n,n) converges to +00. Consequently,

n—1
> yiln,i) = yu(n,n) >0 (22)
=1

for sufficiently large n € N. In combination with the previous lemma, we
see that theorem 4.2 applies. Hence, (ii) follows.

In view of (22) and the bounds from the previous lemma it is also obvious
that (6) is satisfied, if N is sufficiently large. This implies (i).

As H < 1 we obtain from the above lemma,

N*H CHU 1%

> a7 "
o (n,n)| = H+1/2 N

for sufficiently large N. Thus, theorem 5.2 implies (iii). O

7 Comparison between Self-financing and Wick
Self-financing Portfolios

From theorem 6.2 we see one has to use the notion of a Wick self-financing
portfolio in order to obtain an arbitrage free model. While the interpreta-
tion of a self-financing portfolio is straightforward, however, an economic
meaning of a Wick self-financing portfolio seems hard to find. We shall now
illustrate this problem:

13



Let us consider the model (7), (5). Moreover, assume there is a pair
II = (v,G), where v € R. As before, G is a L*(Qy, Py)-valued random
vector, such that G, is F,,—1 measurable for every 0 < n < N. We interpret
v as the initial wealth of an investor and G,, as the number of stocks held
by him at time n. Obviously, II defines a unique self-financing portfolio
7 = (F, G) with initial wealth V]’ = v, and also a unique Wick self-financing
portfolio 7 = (F,G) with initial wealth VJ7 = v. As the notion of a self-
financing portfolio is natural, we refer to the random vector V™ as the real
value of II. The random vector V7 is called the Wick value of II. Hence, the
problem of explaining the notion of Wick self-financing can be reformulated
as the problem of giving the difference V™ — V7 an economic meaning.

Let us assume that there is no drift in the stock price, i.e. pu, = 0
for all 0 < n < N and that Sy = 1. Moreover let xz(n,n) > 0 for all
0 <n < N corresponding to the intuition that &, = 1 is the up-state of S,.
We consider the pair I = (v, G) with v =0, Go = & and G,, = 0 for n # 2.
A straightforward calculation yields:

Vi =x(2,1) + z(1,1)x(2,2)& + ©(2,2)&1&2

and i
Vo =V =x(2,1) —z(1,1)x(2,1)&;.

It seems unlikely that V3" — V5¥ can be interpreted as a transaction cost,
because the sign of VJ7 — V5 depends on the sign of z:(2,1). Negative trans-
action costs are not plausible. Another possible interpretation is to introduce
costly information. Here the idea might be the better the investor uses the
information of the past, the more he has to pay for it. Following this idea
the term x(2,1) in VJ© — V;r is a ‘good’ term, because it is the expectation
of the real value of II at time step 2. However, the term x(1,1)x(2,1)&; is
rather strange, since no random term involving x(2,1) is part of the real
value of II at time step 2. The sign of z(2,1) would determine, whether the
investor does better, if & = 1 or & = —1. It seems, that this cannot be
justified, either.

In conclusion, it appears the notion of a Wick self-financing portfolio is
an artificial, mathematical construct with no economic meaning. Although
we discussed the meaning of a Wick self-financing portfolio only in this
simple, discrete model, our results should at least increase the scepticism
that there could be a good interpretation of the continuous time definition
of a Wick self-financing portfolio.
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