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Abstract We undertake a systematic model and valuation theoretic

study of the class of ordered �elds which are dense in their real closure.

We apply this study to determine de�nable henselian valuations on or-

dered �elds, in the language of ordered rings. In light of our results, we

re-examine recent conjectures in the context of strongly NIP ordered

�elds.

Preliminaries

Log = f+; 0; <g � language of ordered groups

Lor = f+;�; �; 0; 1; <g � language of ordered rings

We abbreviate the Lor-structure of an ordered �eld (K;+;�; �; 0; 1; <) by K
and the Log-structure of an ordered group (G;+; 0; <) by G. All topological
notions are meant with respect to the order topology. We say that a valuation
v is Lor-de�nable in an ordered �eld K if its valuation ring is an Lor-de�nable
subset of K.

Fact. [1, Proposition 6.5] Let K be an ordered �eld. Then at least one of the
following holds:
(1) K is dense in its real closure.
(2) K admits a non-trivial Lor-de�nable convex valuation.

Density in de�nable closure

For an ordered abelian group G, we denote its divisible hull by Gdiv. For an
ordered �eld K, we denote its real closure by Krc.

Theorem. Let L be a language expanding Log, let T � Tdoag be a complete
L-theory which admits quanti�er elimination and let � � T be a theory ex-
tending the theory of ordered abelian groups. Then there is a theory �0 � �
such that for any M0 j= T and any M�M0 with dcl(M;M0) = M 0 we have
that M j= �0 if and only if M j= � and M is dense in M 0. Moreover, if � and
T are recursive, then we can also choose �0 to be recursive.

Corollary. (1) The class of ordered abelian groups which are dense in their
divisible hull is recursively axiomatisable.
(2) The class of ordered �elds which are dense in their real closure is recur-

sively axiomatisable.

Proposition. Let G be a densely ordered abelian group. Then the following
are equivalent:
(1) G is dense in Gdiv.
(2) G has an archimedean model.
(3) G does not admit a proper non-trivial Log-de�nable convex subgroup.

Proposition. (1) Any ordered �eld K which has an archimedean model is
dense in Krc.
(2) There exists an ordered �eld K which is dense in Krc but has no

archimedean model.
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Dense transcendence bases

For an ordered �eld K, we denote its transcendence degree over Q by td(K).

Proposition. Let K be an ordered �eld with td(K) � @0. Then K admits a
dense transcendence basis.

Corollary. Let K be an ordered �eld with td(K) � @0. Then there exists a
dense sub�eld F � K such that Q is relatively algebraically closed in F .

Corollary. Let K be an ordered �eld with td(K) � @0. Then K is dense in
Krc if and only if K admits a transcendence basis which is dense in Krc.

Lor-de�nable henselian valuations

Theorem. Let K be an ordered �eld and let v be a henselian valuation on
K. Suppose that at least one of the following holds.
(1) The ordered value group vK is discretely ordered.
(2) The ordered value group vK has a limit point in vKdiv n vK.
(3) The ordered residue �eld Kv has a limit point in Kv rc nKv .

Then v is Lor-de�nable in K. Moreover, in the cases (1) and (2), v is de�nable
by an Lor-formula with one parameter.

Note that, in particular, condition (2) holds if vK is dense in vKdiv, and that
(3) holds if Kv is dense in Kv rc.

De�nable valuations and strongly NIP ordered �elds

Conjecture. Any strongly NIP ordered �eld is either real closed or admits a
non-trivial Lor-de�nable henselian valuation.

Theorem. [3, Section 5] The following are equivalent to the above conjec-
ture:
(1) Any strongly NIP ordered �eld K admits a henselian valuation v such that

Kv is real closed.
(2) For any strongly NIP ordered �eld K, the natural valuation on K (i.e. the

�nest convex valuation on K) is henselian.
(3) For any strongly NIP ordered valued �eld (K;v), whenever v is convex it

is already henselian.

Open problems

1. Is there an ordered �eld K which is dense in Krc but still admits a non-trivial
Lor-de�nable convex valuation?

2. Is there an ordered henselian valued �eld (K;v) such that v is de�nable in
the language of ordered rings f+;�; �; 0; 1; <g but not in the language of
rings f+;�; �; 0; 1g?

3. Let K = Q(t)rc ordered by t > N. Is there a dense sub�eld F � K such
that Q is relatively algebraically closed in F ?

4. Is any strongly NIP ordered �eld which is dense in its real closure already
real closed? In particular, is any strongly NIP archimedean ordered �eld real
closed?
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