Universitit Konstanz Tom-Lukas Kriel
Department of Mathematics and Statistics Maria Lépez Quijorna
Winter Term 2016/2017 Markus Schweighofer
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Exercise 1 (4P). We call a commutative ring A semireal if —1 ¢ Y A% Let R be a
real closed field and I C A := R[Xj, ..., X;;] be an ideal. Show that the following are
equivalent:

(a) A/Iis semireal.
(b) I C supp(P) for some P € sper(A)
(c) VR(I):={xeR"|Vfel:f(x)=0} #0

Exercise 2 (5P). Let A be a commutative ring. For every ideal I C A we define

\Z/TZI{EZGA’EISGZAZ:EIZ—FSGI}

V1= VI

(a) Show that {a € A | a® € I} is in general no ideal of A.

and inductively for k € IN

(b) Show that v/I is an ideal. We call it the square root ideal of I.
(c) Show that for all k € IN

Zk\[I:{aeAIHSGZAZ:azk—i—seI}.

(d) Show rrad(I) = Uen V1.

(e) Show that there is a k € N with rrad(I) = /T if A is Noetherian.

Exercise 3 (5P). Let A := C(][0,1]) be the commutative ring of continuous real-valued
functions on the interval [0,1] C R.

(a) Which of the following sets are prime cones of A?

={feA|Fe>0:f((0,¢) CR>o}
Qi={f € A 3(@)uen in f(Roo) : Jim a, = 0}



(b) Show that the maximal prime cones of C([0,1]) are not minimal.
(c) Let f,g € A with
Vx €[0,1]: (g(x) =0 = f(x) >0).

Show that

~

VP e sperA: (g(P) =0 = f(P) >0).
Conclude that there are s,t € A2 and u € A with (1+s)f =1+t + gu.

Exercise 4 (2P). Let R be a real closed field, C := R(1) its algebraic closure and I a
real radical ideal of R[X]. Consider Vgx(I) := {x € R" | Vf € I : f(x) = 0} and
Ve(I):={xeC"|Vfel: f(x)=0}. Prove:

(a) Vr(I) is Zariski-dense in V(I), i.e., if an arbitrary polynomial of C[X] vanishes
on Vg(I), then it vanishes also on V(I).

(b) Now let I be a prime ideal of R[X]. Show that also the ideal | generated by I in
C[X] is a prime ideal of C[X].
Hint:
(a) Apply 3.7.9.
(b) Takea,b,c,d € R[X] with (a+ib)(c+id) € ] and show b(d? + c?),a(c* +d?) € I.
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