MIXED VOLUME PRESERVING CURVATURE FLOWS IN
HYPERBOLIC SPACE

MATTHIAS MAKOWSKI

ABsTRACT. We consider curvature flows in hyperbolic space with a curva-
ture function F'; which is monotone, symmetric, homogeneous of degree
1 and either convex or concave and inverse concave, and a mixed vol-
ume preserving term. For initial hypersurfaces, which are compact and
strictly convex by horospheres, we prove long time existence and expo-
nential convergence to a geodesic sphere of the same mixed volume as the
initial hypersurface.
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1. INTRODUCTION

Let n € N, n > 2. We fix b € R* and set a := 4/|b|. Let N, be a
(n + 1)-dimensional, connected, simply connected Riemannian manifold of con-
stant sectional curvature b, i.e. N, is isometric to H’j+17 the hyperbolic space

of radius %,
n n 1
(1.1) Hi = {p e L™ : {p,p) = ——.p" > 0}.
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Here (L™*2 (., .)) denotes the (n+2)-dimensional Lorentz-Minkowski space. We
want to consider a curvature flow in Ny, which is then equivalent to consider a
curvature flow in H"?

We show the longa time existence and the exponential convergence to a geo-
desic sphere of the following curvature flow in H} ™

]J:(f—F)l/,

(1.2) 2(0) = 1o,

where g : S — ]HIT'1 is the immersion of an initial, compact, connected,

smooth hypersurface ?\Z[O := 20(S™) which is furthermore required to be strictly
convex by horospheres (this property will be explained further below). v is the
corresponding outer normal, F' is a smooth curvature function evaluated at the
principal curvatures of the flow hypersurfaces M;, z(t) denotes the embedding
of M; and f is a volume preserving global term, f = fj, see the definition below.
We need to provide the definition of convexity by horospheres. However, we
only give a rather analytic definition, for more geometric interpretations of this
property we refer the reader to the papers [4], [5], [6] and [7].

Definition 1.1. A hypersurface M in HZH is called (strictly) convex by horo-

spheres, (strictly) h-convex for short, if its principal curvatures are (strictly)
bounded from below by a at each point. A domain £ with smooth boundary
M is called (strictly) h-convex, if its boundary is (strictly) h-convex.

Depending on which type of mixed volume has to be preserved, we define
the global term similar as in [22], however, we have to modify it for & > 1 due
to the curvature of H7 ™

Jar, (kHy, +a®(n — k +2)Hy o) F dpy
 Ja, (RH a2 (n =k + 2)Hy—2) dpae
Here Hy, k = 0,...,n, denotes the k-th elementary symmetric polynomial,

(1.4) Hp(k1, - ,kn) = Z Kiy K, k= (k;) €ER", 1<k <n,
i1 < <dg

(1.3) Jr(®)

Hy = 1 and dyy is the volume element of M;. For k& < 1 we use the same
definition as in [22]:

HiyFd
(1.5) fet) = M
I} M, Hy dps
We remind the reader of the definition of mixed volumes: For k € {0,...,n}

and a strictly convex hypersurface M in H’frl represented by a graph u over a

geodesic sphere, i.e. M = graph ugn, we have:

Jon ou(x) a~"sinh"(as) dsdoy(z), k=0

(1.6) Vor1-x(M) = S0
((k—l)) fM Hp—y dp, k=1,...,n,
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where do,, is the volume element of the sphere.
The possible curvature functions are divided into two classes:

Assumption 1.2. Let « € [0, 1]. Suppose F is a smooth, symmetric function
defined on I, where I is the positive cone I'y := {k = (k;) € R" : k; > 0 Vi €
{1,...,n}}. Set Ty :={rx = (ki) € R" : k; > a Vi € {1,...,n}}. Let
No : T'a = Ty, K= kK — e, where e = (1,...,1). Then we define the curvature
functions by F := F o 1. Furthermore we need the following assumptions for
the curvature function F':

) l? is positiYely homogeneous of degree 1, i.e. Vk € I'y, VX € Ry
F(Ak) = AF (k).

e I is strictly increasing in each argument: Vi € {1,...,n}, Ve € 'y
there holds Fj(k) — g,i (k) > 0.
e F is positive, F|p+ > 0, and F' is normalized, F(l, L) =1
e Kither:
(i) F is convex.
(i) F is concave and inverse concave, i.e. F_i(k;) := —F(k; ') is
concave.

Remark 1.3. Note that for a € [0, 1] the curvature functions F in Assumption
1.2 are homogeneous of degree 1 in x; — v, hence we have F% hij = F+0¢Fijgij.

The most important examples of convex curvature functions F fulfilling
these assumptions (apart from the normalization) are the mean curvature
H = Y | k;, the length of the second fundamental form |A] = />, 7

1

and the completely symmetric functions v, = (szk fiﬁ)E, 1 <k <n,

where 3 is a multiindex, 8 € N*, and ° = H’fl . H§2 ...~ kP For a proof that
these curvature functions are convex see [23, p. 105]. Examples of curvature
functions F' from the second class, namely the ones being concave and inverse

1
= 1
concave, are (%’;) ,n>k>12>0,or the power means (Y ., x})" for

|r] < 1. We refer to [3, Section 2] for a proof of this fact and for an account of

the theory of this class of curvature functions.
Now we can state the main theorem:

Theorem 1.4. Let x( be stated as earlier and suppose F is a function satisfying
the conditions in Assumption 1.2. Then the flow (1.2) with f = fx, k €
{0,...,n}, has a unique, smooth solution x ezisting for all times 0 < t <
oo, the flow hypersurfaces My remain strictly convexr by horospheres and the
volume V41— 1s preserved during the flow. Furthermore the flow converges
exponentially for t — oo to a geodesic sphere of the same volume V11— as
My.

McCoy considered mixed volume preserving curvature flows in Euclidean
space, i.e. the flow (1.2) with the global term (1.5) for k € {0,...,n}. He
showed that the k-th mixed volume is preserved under this curvature flow
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and the flow converges to a sphere for ¢ — oco. Since in Euclidean space the
quermassintegrals coincide with the mixed volumes, he obtains a new proof
of the Minkowski inequalities by using the flow (1.2) with special curvature
functions.

Following his approach, we were able to transfer the results to the case of
mixed volume preserving curvature flows in hyperbolic space.

Recently, Wang and Xia, see [27], showed that the curvature flow (1.2) with
the global term (1.5) for k € {0,...,n} preserves the quermassintegral Wy, in
hyperbolic space. For a definition of the quermassintegrals in hyperbolic space
and the relation between quermassintegrals and mixed volumes see [25].

Wang and Xia show that one can use a constant rank theorem to allow initial
h-convex (instead of strictly h-convex) hypersurfaces for the flow, since then
the flow is strictly h-convex for all positive times.

Our proofs of the long time existence and the convergence of the flow can
also be used in the case of quermassintegral-preserving curvature flows. No
modifications are necessary, apart from the fact, that one needs to use the
monotonicity of the quermassintegrals instead of the monotonicity of the mixed
volumes (see Lemma A.3) in the proof of Corollary 5.3. Hence the results in
Theorem 1.4 are also true in the case of quermassintegral-preserving curvature
flows.

From this observation, Wang and Xia deduce the following hyperbolic Alexan-
drov-Fenchel type inequalities, see [27, Theorem 1.1], by using special curvature
functions as in [22]:

Theorem 1.5. Let Q be a bounded, h-convex domain in H*!. For0<i<mn
we define the strictly monotone increasing functions

(17) fz : [0,00) — RJra T Wk(Br)a

where B, C H""! is a geodesic ball of radius v. Denote by fi_1 the inverse
function to f;. Let 0 <1 < k <n. Then there holds the inequality

(1.8) Wi(Q) > fu o f (W),
and equality holds if and only if ) is a geodesic ball.

Finally, we want to name some of the works about volume preserving cur-
vature flows in different ambient manifolds and discuss shortly the results ob-
tained in this work.

Volume preserving curvature flows have been considered for various curva-
ture functions in different settings. Roughly speaking, if one assumes a certain
convexity assumption or pinching condition on the initial hypersurface and
shows that this condition is preserved during the flow, then after proving a pri-
ori estimates the existence of the flow for all times ¢ € [0, 00) can be deduced.
If the exponential convergence of a suitable quantity can be shown, then by
using interpolation inequalities, the exponential convergence of the flow to a
sphere or a geodesic sphere in the C*°-topology can be inferred.

In the case the ambient manifold is R®*!, volume preserving mean curvature
flows have been previously considered by Gage for n = 1 in [10] and by Huisken
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for n > 2 in [16]. In a series of papers, McCoy considered first the area
preserving mean curvature flow in [20], then the mixed volume preserving mean
curvature flow in [21] and later on extended the results to very general curvature
functions in [22].

In 2007 Cabezas-Rivas and Miquel proved similar results for a volume pre-
serving mean curvature flow in hyperbolic space by assuming that the initial
hypersurface is horosphere-convex, see [8]. Recently, Gerhardt has considered
in [14] inverse curvature flows of compact, starshaped hypersurfaces in hyper-
bolic space and has obtained the convergence of these flows to a geodesic sphere
after an appropriate rescaling.

There are few results on curvature flows of compact hypersurfaces in more
general Riemannian manifolds: In [15], Huisken has considered the mean cur-
vature flow in Riemannian manifolds of bounded curvature, i.e. Riemannian
manifolds with bounds on the Riemannian curvature tensor and the covariant
derivatives of the Riemann curvature tensor. Andrews proved a similar result
in Riemannian manifolds of bounded curvature, but he could drop the assump-
tion, that the covariant derivatives of the Riemannian curvature tensor need
to be bounded. However, he did not consider the mean curvature flow, but
flows by particular curvature functions. In our notation, he essentially allowed
for F being the harmonic mean curvature function and o = a. Lately, Xu has
considered in [28] the harmonic mean curvature flow in Hadamard manifolds.
Furthermore there are works by Gerhardt, see [12, Chapter 3], where forced
curvature flows in ambient manifolds of non-positive or constant curvatures
are considered, and the convergence of the flow is shown on the assumption
that suitable barriers exist. As for the volume preserving mean curvature flow,
there is a paper by Alikakos and Freire, see [1]. They assume that the scalar
curvature of the ambient space has nondegenerate critical points and the initial
hypersurface of the flow is close enough to a geodesic sphere and prove the long
time existence and convergence of the flow to a hypersurface of constant mean
curvature.

Our work is mainly motivated by the approaches in the papers [8] and [22],
especially many results from [22] can be transferred from Euclidean to hyper-
bolic space. A sketch of our proof goes as follows:

Short time existence of the flow has been shown in [22]. For a detailed
account of the short time existence and also for a proof of the uniqueness of
the flow we refer to our work in [19]. Hence we can suppose the flow exists in
a maximal time interval [0, T*) for some T™* > 0 and is smooth. Our approach
is as follows:

First we show that, under the assumption that convexity by horospheres
is preserved, an initial pinching condition for the principal curvatures of the
evolving hypersurfaces is preserved as well. This result is new even for the
mean curvature flow in the hyperbolic space, where only the preservation of
h-convexity has been shown. Although the method of proof is similar as in the
Euclidean case, there is also an important difference. We do not estimate a
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Kn

quantity like {=, where k, denotes the biggest and £, the smallest principal
curvature at a point, instead we have to consider the quantity %

The pinching allows us to show that there exists € > 0 such that the following
holds: Let 0 < ¢ty < T* — ¢ and let p;, be the center of an inball of M;, (an
inball of My, is a ball contained in the interior of M;, with maximal radius).
Now let us represent M, as a graph over the geodesic sphere with center py,.
Then for ¢ € [tg, to + €) the hypersurface M; can still be represented as a graph
over this sphere, which is a consequence of the pinching estimate. With this
result we can use a well known approach from Tso, see [26], to estimate the
curvature function F' from above. An application of the Harnack inequality
yields the boundedness of F' from below. These estimates yield the existence
for all times. Next, we use a new argument to show that the pinching of the
principal curvatures improves at an exponential rate. This allows us to use
an argument from Schulze in [24] to obtain the exponential convergence of the
flow to a geodesic sphere.

The paper is organized as follows. In Section 2, we introduce the notation
which is used throughout the paper and some results and inequalities concern-
ing the curvature functions are stated. In Section 3, we provide some facts
about graphs over geodesic spheres in hyperbolic space and list the evolution
equations of several important quantities. In Section 4, we show that the mixed
volume V,, 11 and an initial pinching of the principal curvatures of the hyper-
surfaces are preserved during the flow (1.2) with f = fx. In Section 5, we show
that a graph representation is valid for a short but fixed time interval and prove
the uniform boundedness of F'. Section 6 treats the lower bound for F', which
we infer from the parabolic Harnack inequality. The estimates obtained so far
will then allow us to conclude, that the flow exists for all times. In Section 7
we prove that the flow converges exponentially to a geodesic sphere. Finally,
Section 8 gives an example of how the flow can be used to deduce volume
inequalities. In the Appendix, we state some known results about h-convex
hypersurfaces in hyperbolic space, as well as a tensor maximum principle and
a parabolic Harnack inequality, which are used throughout the paper.

2. NOTATION AND CURVATURE FUNCTIONS

The main objective of this section is to formulate the governing equations of
a hypersurface in HZH and to provide some results about curvature functions.

For more detailed definitions about curvature functions, we refer the reader to
[12, Chapter 2.1, 2.2]. Unless stated otherwise, the summation convention is
used throughout the paper.

We will denote geometric quantities in the ambient space HZH by Greek in-

dices with range from 0 to n and usually with a bar on top of thaem, for example
the metric and the Riemannian curvature tensor in H} ™" will be denoted by

(Gap) and (Rapys) respectively, etc., and geometric quantities of a hypersurface
M by Latin indices ranging from 1 to n, i.e. the induced metric and the Rie-
mannian curvature tensor on M are denoted by (g;;) and (R;;xi) respectively.
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Ordinary partial differentiation will be denoted by a comma whereas covariant
differentiation will be indicated by indices or in case of possible ambiguity they
will be preceded by a semicolon, i.e. for a function u in H? %', (u,) denotes

the gradient and (uqpg) the Hessian, but e.g. the covariant derivative of the

curvature tensor will be denoted by (Ragys:e)-
The induced metric of the hypersurface will be denoted by g;;, i.e.

(2.1) 9ij = (@i, ;) = Gapaf'al,

(¢") denotes the inverse of (g;;), the second fundamental form will be denoted
by (h;j). The outer normal is denoted by v, i.e. if M is a starshaped hypersur-
face represented as a graph in geodesic polar coordinates around a sphere with
center in the interior of M, then we choose the normal v such that there holds

(2.2) %, by > 0.

The geometric quantities of the hypersurface M are connected through the
Gauf$ formula, which can be considered as the definition of the second funda-
mental form,

(23) Ti5 = —hijl/.

Note that here and in the sequel a covariant derivative is always a full tensor,
i.e.

k _

(2.4) o = 2%, — Thagy + T4 )],
where f%»y and Ffj denote the Christoffel-symbols of the ambient space and
hypersurface respectively.

The second equation is the Weingarten equation:

(2.5) vi = hfzy, = g"hijay.
Finally, we have the Codazzi equation
(2.6) Rijie = ik + Ralg»ﬂ;l/al‘i x;xi = hik:j4,
as well as the Gaufl equation
Rijri = {hikhji — hahji} + Rawzf‘x?x}lx?
= Vikljr — il a"19i195k — Gikdjls-
{hirhji — hahji} + a*{ }
Now we want to give some facts about the curvature functions. Firstly,

we provide the definition of these functions and mention some identifications,
which will be used in the sequel without explicitly stating them again.

(2.7)

Definition 2.1. Let I' C R™ be an open, convex, symmetric cone, i.e.
(2.8) (ki) €T = (kni) €T V7 € Py,

where P, is the set of all permutations of order n. Let f € C"™#(T"), m € N,
0 < B <1, be symmetric, i.e.,

(2.9) f(ki) = f(Kni) Y7 EPy.
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Then f is said to be a curvature function of class C™#. For simplicity we will
also refer to the pair (f,T’) as a curvature function.

Now denote by S the symmetric endomorphisms of R™ and by Sr the sym-
metric endomorphisms with eigenvalues belonging to I', an open subset of S.
If (f,T) is a smooth curvature function, we can define a mapping

F:Sr — R,

(2.10) Ao F(mD)

where the k; denote the eigenvalues of A. For the relation between these differ-
ent notions, especially the differentiability properties and the relation between
their derivatives, see [12, Chapter 2.1]. Since the differentiability properties are
the same for f as for F in our setting, see [12, Theorem 2.1.20], we do not dis-
tinguish between these notions and write always F' for the curvature function.
Hence at a point z of a hypersurface we can consider a curvature function F
as a function defined on a cone I' C R™, F' = F(x;) for (k;) € T (represent-
ing the principal curvatures at the point x of the hypersurface), as a function
depending on (hf), F = F(hf) or as a function depending on (h;;) and (g;;),
F=F (hij, gij). However, we distinguish between the derivatives with respect

to I' or S. We summarize briefly our notation and important properties:
For a smooth curvature function ' we denote by F/ = aahlj - a contravariant
tensor of order 2, and FZJ = gfi, a mixed tensor, contravariant with respect
j
to the index j and covariant with respect to i. We also distinguish the partial

derivative F; = g,f and the covariant derivative F); = F klhkl;i. Furthermore

Fii is diagonal if h;; is diagonal and in such a coordinate system there holds

Fii = %' For a relation between the second derivatives see [12, Lemma 2.1.14].
Finally, if F € C?(T') is concave (convex), then F is also concave (convex) as a
curvature function depending on (h;;).

For « € [0,1] and n, as in the assumption 1.2 we can treat the derivatives
of F = F o1, essentially as above by using the chain rule.

With these definitions we can turn to special classes of curvature functions.

We note some important and well-known properties of the elementary sym-
metric polynomials:

Lemma 2.2. Let 1 <k <n be fizred. Let Hyy1 := 0.

(i) We define the convex cone

(211) I'y = {(Kjl) e R": Hl(lii) > O,HQ(KJZ‘) >0,... ,Hk(lii) > 0}
Then Hy, is strictly monotone on 'y, and 'y is exactly the connected com-
ponent of

(2.12) {(ki) € R" : Hi(k;) > 0}

containing the positive cone.
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(i) For fixed i, no summation over i, there holds

O0H 0H,
_ ki1 OH

(2.13) Hy,

Bm ' 8/@- '
Proof. The convexity of the cone T'y and (i) follows from [17, Section 2| and
(ii) follows directly from the definition of the Hy. O

O
As a consequence we obtain, see [13, Lemma 5.8]:

Lemma 2.3. Let N be a semi-Riemannian space of constant curvature, then
for the symmetric polynomials F = Hy,, 1 < k < n, the tensor F¥ evaluated at
M, where M is an arbitrary admissible hypersurface, thus a hypersurface with
principal curvatures k = (k;) € Ty, is divergence free. In case k = 2 it suffices
to assume that N is an FEinstein manifold.

Now we state some well-known facts for general curvature functions:

Lemma 2.4. Let 0~§ a<landletn, : Ty = T4, k= Kk — ae,~where
e=(1,...,1). Let F € C*(T'}) be a curvature function and let F := F o,
Then there holds:

(i) Let F be concave (convex), homogeneous of degree 1 with F(1,...,1) > 0,
then

F(,...,1)
n

(2.14) F<(>) Horn,.
(i) Let F be strictly monotone, concave (convex), positively homogeneous of
degree 1, then for all k € T, there holds
i=1
(iii) If F is convex (concave) in Ty, then F is convex (concave) in T and at
all k € Ty we have for all i # j
F,— F;
(2.16) —2 > (g)0.
Ri — Kj
Proof. See [12, Lemma 2.2.20, Lemma 2.2.19] for the proof of (2.14) and (2.15).
Note that (2.16) can be viewed as valid in any point, regardless if x; = x; or
ki # Kj for i # j, see the proof of this inequality in [12, Lemma 2.1.14]. The
modifications due to the composition of F' with 7, are trivial. (]

3. GRAPH REPRESENTATION, EVOLUTION EQUATIONS

First of all, we cite Hadamard’s theorem in hyperbolic space, for a proof see
[12, Theorem 10.3.1]. Since the proof can be easily adjusted to the hyperbolic
space of radius a~', we only state the result:
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Theorem 3.1. Let M be a compact, connected, n-dimensional manifold and
(3.1) x: M — HH

a strictly convex immersion of class C?, i.e., the second fundamental form
with respect to any normal is always (locally) invertible. Then the immersion
is actually an embedding and M = x(M) is a strictly convex hypersurface that
bounds a strictly convex body Q C H" 1. M and M are moreover diffeomorphic
to S™ and orientable.

The fact that such a hypersurface bounds a strictly convex body makes it
possible to represent it as a graph over a geodesic sphere. Hence let M be a
strictly convex hypersurface in H? ™, let p € int M and consider geodesic polar

coordinates centered at p. Then the metric can be expressed as

(3.2) ds® = dr® + gi;dz'da?
where o;; is the canonical metric of S™ and
(3.3) Gij = a~ 2 sinh®(ar)oy;

is the induced metric of S,.(p), the geodesic spheres with center p and radius
r. A simple calculation using h;; = %gm yields
(34) }_Lij = acoth(ar)gij,
where h;; denotes the second fundamental form of S, (p).

Let M = graph ug. = {(2%,2) : 2° = u(z),2 € S"}, then the induced
metric has the form

(3.5) Gij = Uitj + Gijs

where g;; is evaluated at (u,x) and its inverse (¢%/) = (g;;) ! can be expressed
as

(3.6) g9 =g — vl

where u? = g%y, with (%) = (gir) ! and

(3.7 v? =1+ guu; =1+ |Dul?.

The outward normal has the following representation in these coordinates
(3.8) (™) = v (1, —ub).

Looking at the component a = 0 in the Gauft formula yields the equation
(3.9) v hiy = —ui — TQqusuj — TOuy — fgjuj - f?j,

where the covariant derivatives are taken with respect to the induced metric of
M and

(3.10) —IY; = hyj, Ty =T¢, =T¢; =0.
From now on we fix k, 0 < k < n, and consider the flow (1.2) with f = f. As

already mentioned in the introduction, short-time existence has been proved
for this flow, so we can assert the flow exists in the class C*° in the time
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interval [0, 7%*) for some T > 0. Hence we can state the evolution equations of
the quantities to be used in the sequel, where we note that all derivatives are
covariant derivatives taken with respect to the induced metric of M and the
time derivatives are total derivatives, i.e. covariant derivatives of tensor fields
defined over the curve z(t).

Let g := det(g;;) and note that Hn~! = acosh(au)(sinh(au))~!. Further-
more, for a function ¢ € C°°(M) we define Ly := ¢ — F* .1, with a similar
definition for tensors.

Lemma 3.2. (Evolution equations)

) Gij = —2(F = fhi,

) Vi=—(F-Hg,

) a=-—vHF-f)

) = ur- )

) Lu=(aF9gy+ flot + (=F9g;; + F7uuj)Hn ™",

) Lx = —F9hihgx —2x 'FOxix; + (2F + aF gy — f)Hn ™ oy,

here y = ———
where x sinh(au)’

(3.17)  LF = (FYhkhy; — a>Fg;;)(F — f),
(318) A} = (F = f)] + (F = f)hfh), — (F — f)a®6]
(3.19)  Lhi = (F¥hyehi + a®F¥g)hl — (aF ™ gy + f)RE Ry,
— a®(2F + aF gy — [)68 + F* " by b,
(3.20)  Lhij = (F*hyphy + a?F* g hi; — (aF* g + f)hEhy;
+ FM 8 hgihys; — a° (2F + aF " gy — f)gi; — 2(F — )i hi;.
Proof. For a proof see [12, Chapter 2]. Note that the curvature functions are

homogeneous of degree 1 in ; — o, hence we have F¥h;; = F + aF%g;;. This
has to be taken into account for a derivation of the evolution equations. O

4. PRESERVED QUANTITIES

In this section we show which quantities are preserved during the flow.
First of all we show that the mixed volume V,,1_y is preserved:

Lemma 4.1. The mized volume V,i11_ is preserved during the flow, i.e.
Vit1-k(My) = Viup1-x(My) for all t € [0,T%).

Proof. (i) k= 0: First we observe that for z € S™ we have

(4.1) g(u(x),z) = vy/det(gi; (u(x), z)).
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Taking this into account, we have for £ = 0 in view of (3.14):

d Vi1 = du /g(u(z),z) dow (x)

dt s Ot \Jo(2)

- [ = ¥ i =0

in view of the definition of f;. Hence the enclosed volume is preserved by
the flow.
(ii) k= 1: We have in view of (3.12)

d

(4.3) N

d
t M,
(iii) 1 < k < n: Now we exploit Lemma 2.3 and the identity (2.13). We get
from (3.18) and (3.12)

d

7 Hy_1dpg :/ (F*fk)(Hk—l)éhihfdﬂt
t M, My

(4.4) ~a [P pH D [ (= foH Haw
:—/ (F—fk) {ka+a2(n—k—|—2)Hk_2} duy = 0.
M

One can also derive this using [17, Proposition 2.2].
O

Next, we want to prove that a pinching of the principal curvatures of the
initial hypersurface is preserved during the flow. The two Theorems from the
appendix allow us to prove the pinching estimate for our flow:

Lemma 4.2. Let € > 0 be a constant such that we have k1 —a > é(H —na) for
all z € My in the case of curvature functions, which are concave and inverse
concave, and k1 —a > €(F — (a — «)) for all x € My in the case of convex
curvature functions, where k1 denotes the smallest principal curvature of My
at ©. Let us assume that the hypersurfaces M; remain strictly h-convex for
t€[0,T%). Let €= £. Then for everyt € [0,T*) and x € M; there holds

(
(

where k1 denotes the smallest principal curvature of My at x.

4.5) k1 —a > e(F —(a—a)),
4.6) k1 —a > é(H —na),
Proof. We need to distinguish between convex and concave curvature functions:

a) Firstly, we assume F' to be a convex curvature function.
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Let Sij = hijj — (a+€(F — (e — @)))g;j. Then we obtain from (3.20) and
(3.11)

Sij — Fleij;kl = (Fklh};hrl + aszlgkl)hij — (f + OéFklgkl)hzhrj
(4.7) —a®>(2F + aFM gy — )gij + F*" hygihes.
— e(FM Ry — a®FF i) (F — f)gi; — 2(F — f)hFSy;.

Denote the right hand side by IV;;. Let 0 <ty < T™ and z¢ € M;, be such
that at x¢ there holds S;; > 0 and there exists a normalized null eigenvector
v for (S;5), i.e. Sijv? =0 and |v|?> = 1. We introduce Riemannian normal
coordinates at xy such that the principal curvatures at £y are monotonically
ordered, k1 < ko < ... < K,. Note that we have k1 = hijvivj. At zq there
holds due to the convexity and homogeneity of F', see remark 1.3,

4.8
E\fiji)ﬁvj > Fklhz.h”(hijvivj —€eF) + aszlgkl(hijvivj +eF) — ad’F*gy
—24%F — aFklgkm% + f (—I{% +a®+ e(Fkthh,al - a2Fklgkl)))
= (a—e(a — ))F*" iy + a®?FF gy (a + 2¢F — e(a — ) — 2a*F* hy,
+ cv(a2 - /{%)Fklgkl + f [a2 - nf + e(Fkthhrl - a2Fklgkl)]

The part in the square brackets is non-negative:

n
R S
=1

n

(4‘9) = 7€(F* (a*a))(a+’fl)+€(a+’11)2fi(lii*a+afa)
=e(a+ k1) <—F—|—a—a—|—F—zn:fi(a—a)) >0,

since we have >, f; < 1in view of inequality (2.15). A short computation
also yields

(4.10) a® — k3 = —2ea(F — (a — a)) — €(F — (a — )2
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Since f > a — «a, we obtain by reordering the terms in (4.8)

(4.11)

Nl]vvj> a—ela—a me 72a22fm1+a (a4 2eF —e(a — a)) Zfl

+ (a* — K?) (a—a-ﬁ-aZfi) —&—e(a—a)Zfi(mf—aZ)

i=1

= aifm? _2a2ifif€i+a3ifi
— p P

+ (a® — K}) (aa<12fz)>+206 —(a=a)_ fi
i=1

:aZfi(ni—a)2—62(F—(a—a))2 <a—a (1—2]2))
—2ceala — a)(F — (a — ) (1—2]‘1).

With
(4.12)
> filki—a)* = filki — k1) +2Zfz ki — K1) (k1 — a) +Zfz (k1 —a)?
i=1 i=1

and

n

Zfz(m —k1)(k1 —a) = (k1 —a) (F — (k1 — a)Z]"})

=1

(4.13) =€e(F — (a— ) ( a—a (1—2]“,)
+1—-e)(F—(a—a))+e(F —(a—a) (1—2]2)),

where we used the homogeneity of F' in k; — a again, see remark 1.3, we
derive

(4.14) Nijv'v? > 2ae(1 — €)(F — (a — ))? > 0.

An application of Theorem B.1 implies the inequality (4.5) and from (2.14)
we then obtain the inequality (4.6).
b) Next, we assume F' to be concave and inverse concave.

Let Sij = hij - ((1 + g(H - an))gw
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Then S;; satisfies the following evolution equation:

(4.15)
Sij = F¥ S = (F*heph + a® F* i) (hij — €H i)
+ (f + aF " gr) € AP gis — hihig) + 7 Birphesq (0767 — €67 gi5)
— a®(2F + aFMgy — [)(1 = én)gij — 2(F — f)hi Si;.
We denote the right hand side of this equation by IV;;. Now we want to use
Theorem B.1 to obtain (4.6).

Let 0 < tg < T* and zg € My, be such that at zo there holds S;; > 0
and there exists a normalized null eigenvector v for (S;;), i.e. S;;v7 =0 and
|v]? = 1. We introduce Riemannian normal coordinates at zo such that the
principal curvatures at xy are monotonically ordered, k1 < Ky < ... < K.

Note that we have k1 = hijvivj. Using Theorem B.2 we only need to show
that the remaining terms in IV;;v'v7 are non-negative:

(FMh,hl 4 a*F*gp) (hijv'v? — EH) — a®(2F + aF*gy) (1 — én)
+aF g (E AP — k1) + fE AP — wT +a®(1 - én))
(4.16)  —2(F — f)hFSy0'07
> (FMhophy + a?F* gy — 2a F¥' hyy) a (1 — én)
+ (f + aFMgu)(EA? — (1 — én)a + €H)? + a®(1 — én)).
Since the hypersurface is strictly convex at xg, we have |A[? > HTZ Now

the terms involving (f + aF*gy,) are positive as can be seen by using the
binomial inequality to obtain the estimate

1 —
(4.17) 26(1 — en)aH < eH*~— " 4 2&a?n(1 — én),
n

such that the terms in the brackets after (f +aF*!g.;) can be estimated as
follows:

ElA]? —@2H? — 2¢a(1 — én)H — a*(1 — én)? + a*(1 — én)
(4.18)

1 1—eén
251—12(—5— )+a2(1—€n)(1—(1—€n)—€n):O.
n
The remaining terms are positive, since they can be expressed as

a(l —én) Z fi(k2 + a® — 2ak;) = a(1 — én) Z fi (ki —a)?
i=1 i

(4.19) .
> a(l —én)é(H — an)? Z fi>0.
i=1
Hence we obtain

(4.20) Nijv'v? > (1 — én)a(H — an)? Z fi > 0.
i=1
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We can infer the inequality (4.6). This inequality together with the inequal-
ity (2.14) implies (4.5), finishing the proof.
O

Curvature pinching has an important consequence, which follows from the
fact that our curvature functions are homogeneous of degree 1 and hence the
derivative of the curvature function is homogeneous of degree 0:

Corollary 4.3. There exists a constant cyg > 0 depending only on n, My and
the curvature function, such that for every t € [0, T*) and x € My there holds

(4.21) ¢y 195 < Fj((h)(w)) < cod;
holds as long as the hypersurfaces M; are strictly h-convex.

Proof. We can argue exactly as in [2, Corollary 4.6], only we define \; := k; —«
forie {1,...,n} and A = (\;). O

5. ESTIMATES OF THE PRINCIPAL CURVATURES

Throughout this section we will assume that the hypersurfaces remain strictly
h-convex as long as the flow exists. We will justify this assumption in the next
section.

We will see that we can bound F' uniformly from above, if we have an upper
bound on x. Hence our goal is to estimate y from above for some small but
fixed interval [0, €], only depending on bounded quantities.

Firstly, we note the following:

Lemma 5.1. Let tg € [0,T%) be fized and let My, be a graph over the geodesic
sphere with center equal to the center of the inball of My,, My, = graph usn.
Choose B > 0 such that ef < infas,, cosh(au).

Let t1 := min{to + 5—o—, T*}, where ¢q is the constant from Corollary 4.3.

2a2cy’

Then for t € [to,t1) the graph representation is still valid for My and we have
the estimate

g
5.1 > —.
(5-1) v= 2a
Furthermore we also get an upper estimate for x:
1 1
(5.2) sup sup x(z) < sup sup — < .
te(to,t1) TEM, telto,t) veM, Sinh(aw)(x) ~ gny (g)

Proof. Define ¢ := e <(t=t0) cogh(au). Let 0 < T < T*. Let zg = 2o (to), with
0 <ty <T, be a point in My, such that

. i inf  inf ¢ - < T4 = (o).
(5.3) hr}f(p>mf{1l\r/}fg0 0<t_T} ¢(wo)

In view of the maximum principle we obtain from (3.15) the following inequality
at zg:

(5.4) 0> ¢ Hp—Fip,;) > a*cy — Fg;;a* > 0.
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Hence

(5.5) IJ\I},f cosh(au) > ¢4’ eo(t=to) 1&5 cosh(au),
which implies

(5.6) u>a'(B—a’co(t—1tg)).

This proves the first part of the claims.

Let t € [to,t1) be arbitrary and let zg € M; be given such that x(¢) assumes
its supremum at xg. Then we have x; = 0 fori € {1,...n}, which is tantamount
to

V; H
5.7 0= —v U
(5.7) sinh(au) nsinh(au) *
If we take into account, that v; = fvzhfuk + v3l_z¢kuk, see the derivation of

equation [11, (5.28)], we obtain at

Koy a2
hiugv

(5.8) 0=~ nte

Since (h;) is positive definite, this implies Du = 0. Hence v = 1 and we obtain
inequality (5.2). O

Next, we want to establish uniform bounds on the outer radius and the
inradius of M; for ¢ € [0,7*). The following Lemma follows essentially from
Theorem A.2.

Lemma 5.2. Let Q) be a compact, h-convexr domain in HZH. Let p denote

the inradius of Q0 and let R denote the outer radius of €. Then there ezists a
constant ¢ = c(a) > 0 such that

(5.9) R<c(p+p?).

Proof. Let 7 := tanh(a%) and let p be the center of an inball. To prove (5.9)

we note R < maxd(p,9Q2) and obtain from inequality (A.2)
(5.10) et <er (1+2v7)".

If & > i, then (1 + 2y/7)* < 3% < (6ap)® < e with some constant ¢ = c(a).
This implies R < ¢p.

On the other hand, if % < i, then by using e? —e™® = e %(e?* — 1) <
132;1: <4z for z < %, we obtain from the Bernoulli inequality

(5.11) (14 2v7)* < (1 +4y/ap)* < e*aVer,
This implies (5.9) with ¢ = 1 + 4a?. 0

As a consequence of Lemma 5.2 and the monotonicity of mixed volumes we
obtain by the same proof as in the Euclidean case, see [22, Corollary 3.6]:
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Corollary 5.3. Denote by p; the inradius and by R; the outer radius of the
hypersurfaces My. Then there exists a constant 0 < ¢; = c¢1(a, Vir1-1(Mp))
such that fort € [0,T*) we have

(5.12) et <pr <R <cy.
This also implies for t € [0,T*) and p,q € Q4
(5.13) dist(p, q) < 2¢;.

Proof. This follows from Theorem 5.2 by noting that for the flow (1.2) with
f=f&, k€{0,...,n}, the mixed volume V,,11_j is preserved. We show only
the lower bound in (5.12), the upper bound follows analogously.

Let r = r(V,41-k(My)) be such that V41— (By) = Viy1-x(My), where B,
denotes a geodesic ball of radius . Due to Lemma A.3 we obtain r < R; for
all t € [0,7*). Assume p; < 1, for otherwise the lower estimate on p; is trivial.
Inequality (5.9) implies

Rt 2 T 2 —1
. >l=] >2(=) = .
(5.14) pr = (20) - (20) ‘1
O

Now we have everything we need to get a uniform bound for the curvature
function. We use a well known method going back to Tso, see [26].

Theorem 5.4. There exists ca = ca(n,a?, My) > 0 such that

(5.15) sup sup F(z) < co.

te[0,T*) x€M;
Proof. Let tg € [0,T%), and let My, be represented as a graph in geodesic
polar coordinates centered at the center of an inball of M;,, M;, = graph
ujgn. Corollary 5.3 implies ¢; > u(to) > cl_l. Hence from Lemma 5.1 we
confer that for small § > 0 we can choose § := log cosh - such that the graph

representation is valid for ¢ € [tg, min{tg + ﬁ, T* —4}] and

=ty
B
(5.16) % < u(t) < 2¢;.

Let v := %sinhg and define 7 := ﬁ, then for ¢ € [tg, 1] we obtain

<n(t) < =

(5.17) :

sinh(2cia) —

in view of (5.2).
We also obtain the following evolution equation for Fn:

L(Fn) = —F9hf iy Py — fnF 9 Rl by + a®n(f — F)F4g;;

(5.18) ) 1 5 .
+2FY (Fn)inin~ " + (2F + aF" g;; — f)acosh(au) Fn~.
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Let ¢ € [to,t1] and z¢ € M; be given such that
(5.19) sup sup (F'n)(z) = (F'n)(zo).

t€(to,t1] TEM;

We introduce Riemannian normal coordinates at zy such that the principal

curvatures are monotonically ordered, k1 < ko < ... < K,. Then we use the
maximum principle and infer
(5.20)
d 5 3 g
0= @(FW) — FY(Fn).; = _F”h?hkanQV - anz]hfhkj

+ a277(f — F)Fijgij + 2Fij(F77)i& + (2F + aFM g, — fa cosh(au)Fn2.
n

Now (4.6) yields

(5.21) Fiprhy; > Fry > eF2.

We infer the inequality

(5.22) 0 < —eyF3n? + (2F + aF*g.) Fn?a cosh(2ac; ),

which implies

3 h(2
Bacosh(Zact) o sup(F) b
ey My,

(5.23) (Fn)(xo) < max {

The estimate (5.15) then follows from (5.17), taking the limit 6 — 0 and the
fact that tg can be chosen arbitrarily in [0, 7). O

The boundedness of F implies the boundedness of |A|? due to the curvature
pinching, as we will show in the following

Corollary 5.5. There exists ¢z = c3(n, ca, ) > 0, such that
(5.24) |A| < 3.

Proof. We distinguish two cases:
Firstly, assume F is a convex curvature function. Using (2.14) and the
convexity of the hypersurfaces we obtain

- 1 1 1
(5.25) F=Fon>—-Hon=-H—-a> —k, —a.
n n n

The boundedness of |A| now follows from the boundedness of F.
Now assume F' is a concave curvature function. Then we infer from the
curvature pinching (4.6) and from (2.15)
1

(5.26) kn —a < (k1 —a) <
€

Again the boundedness of |A| follows from the boundedness of F. O

(F — (a—a)).

| =
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6. LONG TIME EXISTENCE OF THE FLOW

It remains to show that we have a uniform lower bound on the curvature
function to infer the long time existence of the flow. The following Lemma to-
gether with Lemma 4.2 justifies the assumption of strict h-convexity during the
flow. Note that for small times strict h-convexity holds due to the smoothness
of the flow and the strict h-convexity of the initial hypersurface.

The parabolic Harnack inequality, see Proposition B.3, will allow us to obtain
a uniform lower bound on (F — (a — «)). We use a method, which was used
by Andrews in [2, Section 7] to obtain a lower bound on F' in the Euclidean
setting.

Lemma 6.1. There exists a constant 0 < ¢5 = ¢5(cq, co, ¢3,€) such that for all
tel0,T%)

(6.1) F—(a—a)>cs.

Proof. Let 0 < T < T* be the maximal time such that the hypersurfaces M;
remain strictly h-convex up to time T'. For ¢ € [0,T) let z; € M; be a point in
contact with an enclosing sphere of radius i < p < 2c¢y. This implies

(6.2) sup F'(z) > F(x¢) > acoth(ap) > acoth(i).
reM; 261

Next we note that F' — (a — «) satisfies the evolution equation
(6.3) L(F —(a—a) = (F — f) (FYhfhygj — a®F g;;) .

In view of Corollary 4.3 and the boundedness of the principal curvatures, there
exists a constant ¢ > 0 such that

n
(6.4) 0< > filki —a®) < c(H — na).
i=1
In the case of a convex curvature function we use (2.14) and in the case of a
concave curvature function we use (2.15) to obtain

(6.5) 0< ) filki —a®) < e(F - (a—a)).

i=1
Since L is uniformly parabolic in view of Corollary 4.3, we can apply Proposi-
tion B.3 together with (6.2) to obtain the desired lower bound for F' — (a — «)
up to time T'. This also implies 7' = T™ in view of the pinching estimate. [

Hence we know that as long as the hypersurfaces are strictly h-convex,
Lemma 4.2 and Lemma 6.1 are valid. This implies that the hypersurfaces
remain uniformly strictly h-convex up to t = T*.

Finally, we want to establish the higher order estimates to obtain the long
time existence of the flow. Suppose the flow exists only in a time interval
[0,T*) with T* < oco. Since the inradius is bounded from below, we can choose
a tgp € [0,7*) and obtain a function w, such that M; = graph w(t,-) for all

t € [to,T*) and such that inf u(t,x) > ¢ > 0, see Lemma 5.1. The
te(to,T*),zeS™
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pinching estimates and the uniform bound of F — (a — «) from below and
above imply the uniform ellipticity of the operator F/ and the boundedness of
u, x and the principal curvatures implies C2-Estimates for the graph. Hence
to obtain higher order estimates, uniformly in time, we can follow the same
procedure as in [22, Section 8] and [9, Section 6], see also [19, Section 8] for a
more detailed account of this procedure. This shows the long time existence of
the flow. The uniform bounds we obtained for a graph representation, which
holds locally in time and space around an arbitrary fixed point, imply uniform
bounds in space and time for the embedding x.

7. CONVERGENCE TO A GEODESIC SPHERE

To prove the convergence of the flow to a geodesic sphere, firstly we will show
that the pinching of the principal curvatures is improving at an exponential
rate. Then we will use the argument from [24, Theorem 3.5] to obtain the
exponential convergence of the flow to a geodesic sphere.

Proposition 7.1. There exists A > 0 and tog > 0 such that we have for all
t € [to,00) at points x € M,

1
(7.1) ki —a>—(1—e ) (H —na),
n
where we denote by k1 the smallest principal curvature of My at x.

Proof. Firstly, we assume F' to be a convex curvature function. We define
Sij =hij — (a+ (1 —e M) (F - (a — a)))gij, where X > 0 is a small number
yet to be chosen. We use Theorem B.1, however we start at the time ¢q := %
instead of ty = 0, where ¢ > 0 is a constant chosen such that ¢ > 1 — e~¢
and € is chosen as in Lemma 4.2. As in the proof of Lemma 4.2 (we also use

analogous notation as in that Lemma), we obtain with € := 1 — e~
(7.2) Nijo'v? > 2eae ™ (F — (a — a))* = Xe ™ (F — (a — ) >0,

if we choose A > 0 small enough depending on ¢5. Hence we obtain the desired
inequality in view of inequality (2.14).

Now we assume F' to be a concave and inverse concave curvature function.
Let A > 0 be a small number depending only on ¢5. Let S;; = hy; — (a+&(H —
an))g;; with € := 2(1 — e~*). Again we obtain

(7.3) Nyjviv! > E e Ma(H — an)? Z fi— %e*)‘t(H —an).
i=1

Since H —an > n(F — (a — «)) in view of (2.14) and Fg;; > 1 in view of
(2.15) we obtain the inequality (7.1) from Theorem B.1 (again starting at time

to := % with A small enough and ¢ as above). ([

From the preceding Proposition we can conclude with the same arguments as
in [24, Theorem 3.5] that the flow converges exponentially in C* to a geodesic
sphere:
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Corollary 7.2. There exists tg > 0 and positive constants C, rg, 0;, C; for
i € Ny such that for all t € [tg,00) the hypersurfaces My can be written as
graphs over a geodesic sphere, My = graphig»u, and there holds

(7.4) |A]? - H% < Cpe %t
(7.5) V@A < Cre™t,
(7.6) |F — f| < Ce™™!
(7.7) lu —ro| < Ce %t

Hence the flow converges exponentially in C*° to a geodesic sphere of radius
r0, which is determined by V41— (Mo).

Proof. The estimate (7.4) follows directly from (7.1). By interpolation we ob-
tain the estimates (7.5) (see the proof of [24, Theorem 3.5]) for ¢ € N;. The
estimate (7.6) follows from (7.5) for ¢ = 1 and the boundedness of p; (which
implies the boundedness of diam(M;)). Now since |F' — f| is integrable over
time and p; > cfl we know there exists tg € [0, 00), such that M; can be rep-
resented as graph u for ¢ € [tg,00). The last estimate (7.7) then follows from
(7.6) and (3.13). O

8. VOLUME INEQUALITIES IN HYPERBOLIC SPACE

In this section we note, that we can use an idea from [22, Section 10| to prove
volume inequalities in hyperbolic space for strictly h-convex hypersurfaces. We
only give the easiest example of how to use the volume preserving curvature
flows to obtain such inequalities.

Corollary 8.1. Let My be a strictly h-convex hypersurface in hyperbolic space.
Let Ry > 0 be such that a geodesic sphere of radius Ry satisfies Vi, 11(My) =
Vit1(Br,). Then there holds

Vn+1 (MO) < Vn+1 (BRO)

(8.1) <
|M0| |BR0‘

Proof. We use the volume preserving curvature flow with /' = H and obtain
that

(8.2) 41My| <0,

in view of the Holder inequality. Since M; converges to a geodesic sphere of
radius Ry, we obtain |My| > | Bg,|, showing the claimed inequality. O

Unfortunately, we were not able to prove all Minkowski inequalities (only
some further special cases), due to the fact, that the volume preserving term
has a different structure than in the Euclidean case.
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APPENDIX A. RESULTS ON hA-CONVEX DOMAINS

Definition A.1. Let Q C H"*! be a domain. Then an inball of 2 is a geodesic
ball in H™*! contained in © with maximum radius, the inradius of Q. An outer
ball of §) is a geodesic ball in H"*! containing € with minimum radius, the
outer radius of €.

The proof of the following result can be found in [6, Theorem 3.1].

Theorem A.2. Let € be a compact, h-convexr domain in HT'l and denote the
center of an inball by p and its radius by p. Furthermore let 7= tanh(a%).
We define

(A1) maxd(p, 9Q) := sup{dist(p, q) : ¢ € 00Q}.

Then we have the inequality
1 2
(A.2) maxd(p,9Q) — p < alog % < alog2.
T

We will also need the following monotonicity of mixed volumes, which has
been shown by Solanes in [25, Corollary 9].

Lemma A.3. Let A C B C HY™ be compact, convex domains. Then there
holds for all k € {1,...,n+1}

(A.3) Vi(A) < Vi(B).

APPENDIX B. MAXIMUM PRINCIPLES

The following maximum principle is a modification of Hamilton’s maximum
principle for tensors by Andrews, see [3, Theorem 3.2|:

Theorem B.1. Let S;; be a smooth time-varying symmetric tensor field on a
compact manifold M (possibly with boundary), satisfying

(B.1) Sij = Sy + uF Sijn + Nij,

where a*' and u* are smooth and the covariant derivatives are taken with respect

to a smooth, possibly time-dependent, symmetric connection and a** is positive
definite everywhere. Suppose that

(B.2) Nijvio? + s%p Zakl(QFisip;wi —TI7T1S,) >0,

whenever S;; > 0 and S;jv7 = 0. If S;; is positive definite everywhere on M at
time t =0 and on OM for 0 <t < T, then it is positive definite on M x [0,T].

In the paper cited above, roughly said, Andrews uses this maximum principle
to derive that a certain curvature pinching for closed hypersurfaces in R**! is
preserved for curvature functions that are both concave and inverse concave
(and satisfy the other conditions of assumption 1.2 apart from the convexity).
To do so, he needs another important Theorem, which holds for such curvature
functions, namely [3, Theorem 4.1]. We need a slightly generalized version of
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this Theorem to apply Theorem B.1 to obtain the preservation of a curvature
pinching in our situation. The proof is identical to the one of [3, Theorem 4.1],
we only need a minor observation at the beginning of the proof.

Theorem B.2. Let o € Ry. Let F be a smooth, symmetric, monotone, con-
cave and inverse-concave curvature function defined on T'y,. Let A be a symmet-
ric 2-Tensor with eigenvalues in 'y, and v an eigenvector of A corresponding
to the smallest eigenvalue of A. Let A := A — oI, where I is the identity ma-

triz, gn‘d let e”:: '?*;],Zﬁ;v\; € (0, %) If T is a totally symmetric 3-tensor with
Tijrv'v? = €09 Ty fork=1,...,n, then
(B.3)

ﬂ = ’Ui’Uijl’pq(A)Tilequ — 6|’U‘25akal’pq(A)Talebpq
+2sup FH(4) (20 (Tipiv" — 0" Tiapy) = TRTY (A — € Tr Ad,q ) > 0.

Proof. Firstly, we note that [3, Corollary 5.5] remains valid if Q = T',, hence
the inverse of the curvature function is concave as a function of the principal
curvatures if and only if it is concave as a function of the second fundamental
form. For fixed v and T the quantity 8 is upper semi-continuous in A, since
F' is smooth. This allows us to assume that all eigenvalues of A are distinct,
since otherwise we can take a sequence { A}~ with A®) — A for k — oo,
Ayj(k) = AZ(?) — adyj, flif) > eTr AWg,; and flgf)vivj = eTr A®|v|2, such
that the eigenvalues of each A®) are distinct.

Let us take an orthonormal basis eq,...,e, of eigenfunctions of A, with
eigenvalues in increasing order. Then we have in this basis v = e;, A =
diag(A1, ..., A\n), F¥ = fi6% and A\; = a —nae+eH. We observe that the last
identity implies

(B.4) Apy — €Tr Abpy = M\ppg — M0y
Now we can explicitly determine the I at which the supremum in (3 is at-
tained.
okl ((2r§(Tkpivi — Tiaquy) — TPTY (A, — eﬁ[uqu))

n

= 22 ka (2F2Tkp1 - (FQ)Q(Ap - )\1)))
k=1

(B.5) =
2
_ f i 2 k P Thep1
=2 Y (MTkpl_f()‘p_/\l) Fk_m :
E>1,p>2 p P
Hence it follows, that the supremum is attained by the choice I'} := AT’:P;Q . At
D

this point we are in the exact same situation as in [3, Theorem 4.1] and the
rest of the proof remains the same. O

Finally, we want to cite a corollary of the parabolic Harnack inequality,
which will allow us to estimate F' — (a — ) uniformly from below.
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Proposition B.3. For (zg,tg) € R® x R and r € Ry we let Q((xg,to),r) :=
By (z0) x [to — 72, t0) CR™ x R and Q(r) := Q((0,0),r). Let u € C°(Q(4R))
be a nonnegative solution of an equation of the form

(B.6) Lu = —i+ a“u;; + bu; = f.

Here f = f(z,t,u(x,t)) and we assume that there exists o € Ry so that f
satisfies the inequality —ou(x,t) < f(z,t,u(z,t)) < au(z,t) for all (z,t) €
Q(4R). We assume the coefficients are measureable and bounded by a constant
co € Ry and there exist 0 < A < A < 0o such that A\(67) < (a') < A(6Y).

Then there exists ¢ = c¢(n, A, A, R, ||b]| Lo, co, @) > 0 such that there holds

(B.7) sup u<c- inf u.
Q((0,-1R2),§) QR)
Proof. We apply [18, Theorem 7.36] to the function w and [18, Theorem 7.37]
to the function 1 := e“u. O
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