TWENTY POINTS IN THREE-SPACE

MATEUSZ MICHALEK

ABSTRACT. We show that every finite subscheme of length twenty in
complex affine three-space is a limit of reduced subschemes. Hence the
Hilbert scheme of twenty points in A® is irreducible, and a reducible
Hilbert scheme of points in A% has at least twenty-one points. The
proof continues the induction of Nineteen points in three-space, where a
scheme of length d is often linked to a shorter one through a complete
intersection of length less than 2d. Our main tools are two bounds for
complete intersections through a scheme whose tangent cone lies on a
double plane and whose cubic initial forms share the linear factor defining
that plane, so that excess linkage by three cubics does not apply. The
first is a computation on the blow-up of the origin, in which each special
direction costs according to the first degree that separates it; the second
is a weighted Bézout theorem. When the tangent cone lies on no quadric,
we choose the higher terms of three equations by varying the inverse
system.

1. INTRODUCTION

A finite subscheme of A" is smoothable if it is a limit of reduced subschemes,
that is, of collections of distinct points. The finite subschemes of length d are
parametrized by the Hilbert scheme Hilbg(A™), and the smoothable ones form
an irreducible component of dimension nd. Thus Hilby(A") is irreducible
exactly when every finite subscheme of A™ of length d is smoothable.

On a smooth surface this is always the case, by a theorem of Fogarty [4].
In higher dimensions it fails: Iarrobino showed that the Hilbert scheme of
d points in A", n > 3, is reducible for large d [8], namely for d > 78 ]9,
Example 4.3]. For every n it is irreducible for d < 7, by Mazzola [13], and
when n > 4 reducibility starts at d = 8 [10, 1]. When n = 3, the Hilbert
scheme of d points is irreducible for d = 8 by Cartwright, Erman, Velasco
and Viray [1], for d =9 and 10 by Henni and Jardim [6], building on work
of Sivic [16], for d = 11 by Douvropoulos, Jelisiejew, Ngdland and Teitler [3],
for d =12, 13 and 14 by [14], and for 15 < d < 19 by [15]. So the smallest d
for which Hilby(A3) is reducible lies between 20 and 78; see [11, Problem V],
where the bounds 12 < d < 78 are recorded. In this paper we settle the next
case.

Theorem 1.1. Every finite subscheme of A3 of length at most twenty is
smoothable. In particular, the Hilbert scheme Hilbog(A3) is irreducible, of
dimension 60.
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Consequently, the smallest d for which Hilbg(A®) is reducible lies between
21 and 78. The question is local, so Theorem 1.1 holds for any smooth
irreducible quasi-projective threefold in place of A3, see [3, Section 1].

1.2.  The proof is by induction on the length, and it uses [15] for all tools
and for the lengths up to nineteen. Let S = Clz,y,z] and m = (z,y, 2).
It suffices to show that every local algebra A = S/I of length twenty with
I C m?, supported at the origin, is smoothable [15, Proposition 2.2(3)]. Such
an algebra is organized by its Hilbert function H4 = (1,3, Ha(2),...), the
Hilbert function of its tangent cone. There are 199 such Hilbert functions,
beginning with (1,3) and summing to twenty. For 166 of them a general
result of [14] or [15] applies verbatim; the remaining 33 need new arguments.
Tables 1 and 2 in Section 4 form the map of all 199.

1.3. Why is twenty harder than nineteen? The three ways to smooth a
scheme Z are those of [15]: find a surface through Z with a rational double
point; split off a point along a curve; or link Z, through a complete intersection
Z' O Z, to the residual scheme, of length ¢(Z’) — ¢(Z). Linkage shortens Z
when ((Z") < 2¢(Z). As shorter schemes are smoothable, a scheme of length
twenty is smoothable as soon as it lies in a complete intersection of local
length at most 39. Staying within this budget is the main difficulty.

Three equations whose cubic leading forms share only finitely many di-
rections contribute 27, plus a contribution of each common direction [15,
Theorem 3.12]; this leaves 12 for the common directions. In length nineteen,
a global complete intersection of degrees 3, 3,4, of length 36 by Bézout’s
theorem, often removes the need to count them [15, Proposition 3.18]. It
requires at least three cubics in the tangent cone without a common factor,
and an inverse system that leaves room to add a quartic term to one of them.
The Hilbert functions left at length twenty are those where these devices
fail: there are fewer than three cubics, or the cubics share a linear factor, or
their common directions carry a heavy fat point, or the tangent cone lies on
a quadric. On a double plane we use equations of orders 2, 3 and 4 instead.
Their initial contribution is 24, which leaves 15.

1.4.  The first new tool measures how much of this margin is used. Suppose
that the tangent cone lies on exactly one quadric, the double plane z? = 0,
that its cubics are exactly the multiples of x, and that the equation of Z
with leading form 22 has no cubic terms in y and z alone. Let p be a nonzero
quartic of the tangent cone in y and z alone. Its roots are points of the line
x = 0 in the plane P? of directions. At a root v of p let x(v) > 4 be the first
degree in which the tangent cone has an equation that does not vanish at v.
Then three suitable equations of Z, of orders 2, 3 and 4, define a complete
intersection of local length at most

(1) 244+ > (K(v) = 2) po,

p(v)=0
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where p1,, is the multiplicity of the root (Theorem 3.15). This is the analogue
for one quadric of the excess linkage of [15, Theorem 3.12], where three
cubics cost 27 and a common direction p costs (k(p) — 3)e,. The proof is a
computation on the blow-up of the origin, where the proper transforms of
the three surfaces meet only over the roots of p. Over a root v they meet
in a scheme of length at most (k(v) — 2)u,: the quadric costs two layers of
thickness p,, and each degree k > 4 in which every form of degree k of the
tangent cone vanishes at v costs one more.

For example, let A have Hilbert function (1,3,5,4,3,3,1) and satisfy the
hypotheses above. Then the binary quartics of the tangent cone are the
multiples of one binary cubic h (Theorem 6.1). Take p = hl with a general
linear form [. At the root of [ some binary quartic of the tangent cone does
not vanish, so k = 4. At a root of h every quartic and quintic of the tangent
cone vanishes. If the top form is not a sixth power, some sextic does not,
so k = 6 at the roots of h, and (1) is 24 +2-1+44 -3 = 38 < 40, wherever
these roots lie (Figure 1). If it is a sixth power, h yields a turning operator
instead.

1.5.  The second tool is a weighted Bézout theorem. Give x the weight two
and v, z the weight one, so that 22, the cubics x m with m a binary quadric,
and the binary quartics all have weighted degree four. If three equations
of Z have weighted initial forms of weighted degree four with no common
zero other than the origin, then near the origin they cut out a complete
intersection of length at most 43/2 = 32. Suppose that the tangent cone
lies on exactly one quadric 22 = 0, that m® C I, and that the cubics and
quartics of the tangent cone are as in Proposition 3.12. Then such equations
exist for the general member of a flat one-parameter family through Z that
turns the equation with leading form 22, unless there is a bad direction on
the line x = 0. Under the additional local hypotheses of Corollary B.2(c), a
single bad direction can still be handled: the general member of the turning
family lies in a complete intersection of local length at most 36.

1.6. The third tool is old but used more systematically: the free tails of an
inverse system. The tangent cone fixes the leading forms of the equations of
Z, and the tails of the inverse system decide their higher terms. Suppose

degree 5
degree 4

’:’ } the quadric

U1 V2 U3

FIGURE 1. The bound (1) for (1,3,5,4,3,3,1) and p = hl,
where v is the root of [, and h has a double root vy and a
simple root vs. The column over a root v has width u, and
height x(v) — 2. Its 14 cells, added to 24, give 38.
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that H4(2) = 6 and that the socle degree is five. For fixed graded data
the algebras are parametrized by a vector space of tails, the solutions of
the linear equations (4). Moving in this space bends the surfaces through
Z without changing their tangent cones, and we bend three of them until
they meet in a short complete intersection. Precisely, some member contains
three equations with any three independent cubic parts from the tangent
cone, any quartic parts that annihilate the top forms of degree five, and any
quintic parts (Lemma 3.5). If they cut out a complete intersection of local
length less than 40, linkage smooths every algebra with these graded data.
For instance, when the cubics of the tangent cone are the multiples of x,
and a cubic v in y, z annihilates the top forms of degree five, the equations
3 +yy + 2°, xy? + 27, 222 + yy + y° can be placed in the ideal, and they
have local length 39 (Proposition 3.6).

1.7.  Several steps are exact computer calculations in SageMath, with ratio-
nal coefficients: local lengths of explicit complete intersections, closedness
conditions for inverse systems with all tails as indeterminates, and dimensions
of parameter spaces at explicit members. Each is cited where it is used, and
Appendix D lists them.

Section 2 recalls the tools of [15], and Section 3 proves the new general
results. Section 4 gives the map of length twenty. Sections 5-7 treat the
three groups of remaining Hilbert functions, each with one case in full; the
other cases are in Appendices A—C. In Sections 5-7 and in the appendices, a
statement about local algebras of length d assumes, without further mention,
that every finite subscheme of A3 of length less than d is smoothable; for
d = 20 this is the main theorem of [15].

2. ToOoLS RECALLED

This section fixes notation and recalls the results of [15] that we use, with
their numbers there: inverse systems, families, rays, linkage, and surfaces
with rational double points.

2.1. We work over C, with S = C|z,y, 2], m = (z,y, 2) and Sk the forms of
degree k. The ring S acts on T'= C[X, Y, Z] by differentiation, g o F'; and
(9, F) = (go F)(0). Alocal algebra A = S/I is supported at the origin; its
inverse system M = {F €T : [ o F = 0} is closed under differentiation, of
dimension ¢(A), and I is its orthogonal complement. The leading forms of
the elements of I span the ideal I* of the tangent cone, H(k) = dim S /I},
and the socle degree s is the largest k with H4(k) # 0. The top forms of
degree k of the elements of M form the orthogonal complement Dy C Ty
of I}}, the graded data of A [15, Lemma 2.5]. A nonzero P € T} is a point
p = [P] of the plane P2 = P(T}) of directions, Np C S is the plane of linear
forms vanishing at p, and

(2) P € D, <= all forms of degree k in I* vanish at p [15, (1)].
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A form has r essential variables if its first derivatives span a space of dimension
r; it is concise if r = 3 and a power if r = 1.

When H,(2) = 6, we have I C m? and T<y C M, and we drop terms of
degree at most two. An element of M with top form F' is a lift of F', and its
homogeneous parts below F' are its tails. In socle degree five,

B) M=T<s®Dsd{u+7(u):uec Dy} &{F+ R(F)+ E(F): F € Ds}

with linear maps 7: Dy — T3, R: D5 — Ty, E: D5 — T3; given S10D5 C Dy
and Sy o Dy C Dsg, this space is closed under differentiation if and only if

(4) voR(F)—T1(voF) € Ds for all v € Sy and F € Ds,

and the cubic tails E are free [15, Lemma E.8 and its proof]. So in socle
degree five, for fixed graded data the algebras are parametrized by a vector
space of tails.

For a finite subscheme I' C P2, 14 (T") C T}, is the orthogonal complement
of (It)x, spanned by the powers P* of the points of I" when T is reduced
[15, Section 2.13]. If Ha(k) = Ha(k+ 1) = n < k, then Dy = v(T),
Dyy1 = vp1(I') and D; C v;(I") for j > k, for a subscheme I' of length n,
by Gotzmann’s persistence theorem [15, Lemma 2.16].

2.2.  Smoothability passes to limits [15, Proposition 2.2(1)], and families of
inverse systems with polynomial bases of constant dimension give morphisms
to the Hilbert scheme [15, Lemma 2.3(2)]. Being Gorenstein [15, Proposi-
tion 2.20] and lying in a short complete intersection (Section 2.4) are open
conditions, so one member suffices in an irreducible family. Irreducibility
is proved by an expected-dimension count: if the data are cut out by N
equations in an irreducible variety O, every component has dimension at
least dim @ — N, so smaller strata are not components [15, Lemmas 2.17
and 2.18]; tails solving a linear system of constant rank, equal to the rank of
the augmented matrix, form an affine bundle [15, Lemma 5.16].

2.3. A ray is a curve along which one point leaves the scheme. Precisely,
for polynomial coordinates a, b, c centered at the origin, a ray of I is an
ideal L = (b,¢) with (I : L) Z I + L. Then V(I) is a flat limit of a reduced
point moving along the curve V(L) and a scheme of length ¢(S/I) — 1 [15,
Theorem 2.11(1)]. The ideal (Np) is a ray, along the line of p, if P¥ € M
but P¥ ¢ Np o M for some k [15, Theorem 2.11(2)]; and (b, c) is a ray if
a®b,a¥c € I and some U € M has bo¥ = co¥ = 0 # (a¥, ¥) [15, Lemma 5.4],
a ray along a parabola or a curve of higher order [15, Lemmas 5.11 and 5.13].
The coordinate changes y — y+az™, 2z — z+a'z™, m > 2, keep the graded
data and remove the terms X*~"Y, X*~™Z from the tail of degree s —m+1
of a lift of X* [15, Section 5.17].

2.4. Linkage replaces a scheme by the residual scheme in a complete inter-
section. A finite subscheme Z’ of an open set X C A2 is a local complete
intersection if its ideal is generated by three elements at each of its points.
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Theorem 2.5 (Linkage, [15, Corollary 2.23 and Proposition 2.24], from [12]).
Suppose that every finite subscheme of A3 of length less than d is smoothable.
If a scheme of length d lies, in some open X C A3, in a finite local complete
intersection of length less than 2d, then it is smoothable, and so is every
member of an irreducible family of schemes of length d that contains it.

The residual scheme has length less than d, and linkage preserves smootha-
bility [15, Theorem 2.22]. We call such a member a linkage anchor of
the family. Elements of I whose leading forms of degrees ki, ko, k3 have
no common zero in P? cut out such a complete intersection of length at
most k1koks [15, Lemma 3.3]. Local lengths are certified by stabilization,
dim S/(J + m") = dim S/(J + m¥*1) and a bound on them is an open
condition on parameters [15, Section 2.21].

2.6. Suppose HA(2) = 6. The cubic base scheme B C P? is defined by the
cubics of I3. At a point p of a finite B, the multiplicity e, is the Hilbert—
Samuel multiplicity of the local ideal of 8, the intersection number of two
general curves of that ideal; it is the length when the ideal is generated by
two elements [15, Section 3.11]. The separation degree k(p) is the least k with
4 <k < sand P* ¢ Dy, and s if there is none [15, (4)]: the degree in which
the surfaces through Z are first separated over the direction p. (The cap at
s comes from the deformation of the cubic tail in the proof of Theorem 2.7;
the degree k(v) of Section 3.13 is not capped, and can be s+ 1.)

Theorem 2.7 (Excess linkage, [15, Theorem 3.12]). Let A be a local algebra
of length d with H(2) = 6 and socle degree s > 4, and suppose that every
finite subscheme of A3 of length less than d is smoothable. If dim I} > 3, B
is finite, and
27+ Y (k(p) — 3) ep < 2d,
peEDB
then A is smoothable.

The proof deforms the cubic tail of the lift of the top forms and measures
three surfaces on the blow-up of the origin by the formula of Fulton and
Lazarsfeld [5, Theorem 3(A) and its proof]. We use two refinements. First,
free quartic tails [15, Lemma D.3|: let s > 6 and D, = CX?, and, in
coordinates dual to X, Y, Z, let IC be the space of cubics xo R with R € T, and
yoR, zoR € Ds. If dim(K+D3) > dim D3+3, every k(p) in Theorem 2.7 may
be replaced by min(k(p),s —1). Second, global linkage [15, Proposition 3.18]:
if d > 19, m® C I, dim I} > 3 and the cubics of I} have no common factor,
then A is smoothable, through a global complete intersection of degrees
3,3,4 and length 36; a variant holds in socle degree five [15, Lemma E.§].

2.8.  When the tangent cone lies on a quadric, we look for a surface through
the scheme with a rational double point. Suppose that I} = Cz?, and let
[ € I have leading form 2?. Its transverse cubic s is the cubic part of
£(0,y, z). We write T, = C[Y, Z]; and Sy = C[y, ] for the binary forms on
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the line z = 0 of P2, and 7 for the restriction to the plane z = 0. As in [15],
we regard 0 = 03 as a cube.

Theorem 2.9 (Surfaces, [14], [15, Theorem 2.9]). A is smoothable if H4(2) <
4, or Ho(2) =5 and Ha(3) < 2, or the tangent cone lies on a quadric that
is not a square, or I3 = Cx? and V¢ 18 not a cube.

In these cases V(I) lies on a surface with a rational double point, and
Zheng’s theorem [17, Theorem 3.3] applies; see also [2]. When the transverse
cubics are cubes, they can be turned. Let v € m® with m?u C I. Then I is
the special member of a flat family I; whose members contain f + tu and
INm?* [15, Lemma 4.2], and, by its proof, every element of I m? whose cubic
part lies in a fixed complement of 225) in I3. For general ¢, an equation of
type D or E appears in I; when the jets of u satisfy explicit conditions [15,
Theorem 4.5]. We call u a turning operator, of type (a) or (b), if

(a) w € (I :m?)Nm? and 7 of its cubic part is not a cube [15, Corol-
lary 4.6];
(b) m" C I, u e (I:m?) Nnm?and 7 of its cubic part is not zero [15,
Corollary 4.8].
In both cases A is smoothable. An element u € m3 lies in (I : m?) if and
only if wo M C T<y; in socle degree five, every cubic h with h o D5 = 0 does
[15, remark before Corollary 4.9]. By type (b), if m” C I, only the binary
case I3 C xS5 remains; then 7(I3) = 0, and 7y does not depend on f. If
moreover H4(3) = 4, then I = xSy and Dy, C Ty, for all k > 3 [15, remark
after Corollary 4.8].

3. NEW GENERAL RESULTS

This section proves the general statements used at length twenty. When
HA(2) = 6 there are two: short cubic base schemes have small multiplicity
(Section 3.1), and free tails prescribe the higher terms of three equations
(Section 3.4). When the tangent cone lies on one quadric, a transverse
cubic that is a nonzero cube can be turned when m” C I (Section 3.8), and
two bounds for complete intersections replace excess linkage: a weighted
Bézout theorem (Section 3.10) and radial costs on the blow-up (Section 3.13).
Finally, a bound for the multiplicity of an ideal containing the equations can
replace the choice of the equations themselves (Section 3.16).

3.1. The weights of Theorem 2.7 are at most s — 3, so in socle degree five
each point of 9B costs at most 2e,. For short base schemes the multiplicities
exceed the length by at most one.

Lemma 3.2. Let B C P? be a finite subscheme of length at most five. Then
e ep < ((B) + 1.
Proof. Only a point that is not curvilinear can have e, larger than its length,

and for such a point we compare with monomial ideals. At a curvilinear
point the local ideal is generated by two elements, so e, is the local length.
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A point that is not curvilinear has local ideal b C mzz) and length at least
three, so there is at most one such point p, and it suffices to show e, < £, +1,
where ¢, = ((O,/b) < 5. For ¢, < 4 this is [15, Lemma A.4]: e, = 4 for
m?, and e, = 5 for (u?,uv,v?), in local coordinates u,v. Let ¢, = 5. The
associated graded ring of O0),/b has Hilbert function (1,2,2) or (1,2,1,1), as
b Cm.

In the first case mg Cb+ m;l,, S0 m]?; C b by Nakayama’s lemma, and
b=(q)+ mg for a quadric ¢, which is u? or uv in suitable coordinates. In
the second case let b* be the ideal of leading forms. Its quadrics form a
pencil with a common linear factor, since two coprime quadrics define a
scheme of length four; so b} = (u?, uv), then b} = umg and b* = (u?, uv,v?).
Since (b™)* D (b*)™ and £(0,/b") = £(O,/(b")*), we have e(b) < e(b¥).
It remains to see that the three monomial ideals (u?,uv?,v?), (uv,u?,v3)
and (u?,uv,v*) have multiplicity at most 6. They contain the parameter
ideals (u?,v?), (uwv,u? +v?) and (uv,u® + v*), of colengths 2 -3, 3 + 3 and
4 + 2, and the multiplicity of an ideal is at most that of a parameter ideal
it contains, which is its colength [7, Corollary 1.2.5, Propositions 11.2.1

and 11.1.10(2)]. 0

Corollary 3.3. Let A be a local algebra of length d > 20 with Ha(2) = 6
and socle degree five, and suppose that every finite subscheme of A3 of length
less than d is smoothable. If dimI3 > 3 and the cubic base scheme B is
finite of length at most five, then A is smoothable.

Proof. Every weight k(p) — 3 is at most 2, so 27+ _,(k(p) — 3)e, < 27 +
2(0(*B) + 1) < 39 < 2d. Theorem 2.7 applies. O

3.4. When H 4(2) = 6 and the socle degree is five, changing the tails, subject
to (4), changes the higher terms of the equations, and often we can prescribe
them.

Lemma 3.5 (Prescribed equations). Let A = S/I be a local algebra
with Hy(2) = 6 and socle degree five, with graded data Ds, D4, Ds. Let
wi, wa, w3 € I3 be linearly independent, let p1,p2,p3 € Sa satisfy pjo F =0
for all F € D5, and let 71,719,713 € S5. Then some algebra with the graded
data of A has the three elements f; = w; + p; + r; in its ideal. Consequently,
if V(f1, f2, f3) has local length less than 2¢(A) at the origin, and every finite
subscheme of A3 of length less than {(A) is smoothable, then every algebra
with the graded data of A is smoothable.

Proof. The independent cubic parts provide three dual cubic tails, and these
tails absorb the prescribed quartic and quintic terms. As the w; are linearly
independent, there are C1,Cy, Cs € T3 with (w;, Cj) = 0;;. In (3) put R =10
and

T(u) = — Z(pj,u) Cj (u S D4), E(F) = —Z<Tj,F> Cj (F S D5).

J J



TWENTY POINTS IN THREE-SPACE 9

For v € S1 and F € D5 we have (pj,vo F) = (v,pjoF) =0,s0 7(vo F) =0,
and (4) holds. Each f; is orthogonal to M: to D3 = (I3)*; to u + 7(u), as
(pi,u) + (w;, 7(u)) = 0; and to F + E(F), as (r;, F) + (w;, E(F)) = 0; the
other pairings vanish for reasons of degree. So the f; lie in the ideal, the
orthogonal complement of M. For the last assertion, the algebras with the
graded data of A are parametrized by a vector space of tails, irreducible and
with a morphism to the Hilbert scheme, and Theorem 2.5 applies to it. [

The lemma is most useful when the cubic base scheme is a line, so that
the cubics of the tangent cone cannot cut out a finite scheme.

Proposition 3.6. Let A be a local algebra of length d > 20 with Ha(2) = 6
and socle degree five, and suppose that every finite subscheme of A3 of length
less than d is smoothable. Suppose that Ds = Ty in suitable coordinates,
and that some nonzero binary cubic v € Ss satisfies v o D5 = 0. Then A is
smoothable.

Proof. We normalize v and exhibit three equations for Lemma 3.5. If u € Dy,
then x o w is a binary cubic all of whose derivatives = o (v o u) vanish, so
zou = 0; hence Dy C Ty, and likewise D5 C Ty. The group GLy acting
on y, z preserves T, and I = 253, and a nonzero binary cubic has three
simple roots, a double and a simple root, or a triple root; so we may assume
v € {yz(y + 2), y*z, y*}. Put
= +yv+2°, f=a+2y, fr=a+yr+y’

Their cubic parts are linearly independent elements of xSy = I3, and their
quartic parts Iy satisfy (Iy)o F ' =1lo(yoF) =0 for F' € D5. For each of the
three cubics +, the local length of V(f1, fa, f3) at the origin is 39 < 40 < 2d
(script 120_136451 . sage, part (P); certified by dim S/((f1, f2, f3)+m") = 39
for N =10,11). Lemma 3.5 concludes. |

~ The hypothesis holds when dim D5 = 1, because v + v o F' maps S3 to
Ty, and when D5 = v3(T") for a subscheme I' = V(z,~) of the line: then
(w,y0 F) = (wy, F) =0 for w € Ss.

Remark 3.7 (Adding a cubic). Let M’ be the inverse system of an algebra
with H(2) = 6, let f1, f2, f3 € Ann(M’), and let G € T3 be a cubic outside
the cubic top forms of M’ and orthogonal to the cubic parts of the f;. Then
M’ @ CG is the inverse system of an algebra [15, Lemma A.14], and its ideal
still contains fi, f2, f3, since (f;, G) is the pairing of G with the cubic part
of f;. So an anchor of length d in a complete intersection of length e gives
an anchor of length d 4+ 1 in the same complete intersection. We use this for
(1,3,6,6,2,2), starting from the anchor of [15, Theorem C.10].

3.8. We turn to a tangent cone on one quadric, I3 = Cx?, and keep the
notation of Section 2.8. A transverse cubic that is a nonzero cube can always
be turned in socle degree at most six.
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Lemma 3.9. Let A= S/I be a local algebra with I} = Cx? and m” C I. If
some f € I with leading form x° has vr # 0, then A is smoothable.

Proof. If v¢ is not a cube, [15, Theorem 2.9(2)] applies; so we may assume
v = ay? with a # 0. The element u = 25 lies in (1 : m?), as m>u Cm” C I.
In [15, Theorem 4.5] the coordinate change fixes y and z, so u(0,y, z) = 2°
and O,u = 0; hence G; = g + tz°, with cubic part ay?, and with the
coefficients of 2* and y2® of g. If one of these is nonzero, case (2) or (3) of
the theorem holds for all . Otherwise the coefficient of 2° in case (4) is
g5 + t, nonzero for all but one ¢. So A is smoothable. ]

This is the final z%-perturbation in the proof of [15, Corollary 4.8], applied
directly once the transverse cubic is nonzero. So from now on, in the binary
case with m” C I, we may assume vr=0.

3.10. Give x the weight two and vy, z the weight one. For a nonzero power
series g let iny(g) be its weighted initial form, the part of lowest weighted
degree; the iny(g), g € I, span a weighted homogeneous ideal iny (7).

Lemma 3.11 (Weighted Bézout). (a) Let I C S be an m-primary ideal
and Fy, Fy, F5 € I, and suppose that their weighted initial forms
h;i, of weighted degrees a;, have only the origin as common zero in
A3. Then the local length of V (Fi, Fs, F3) at the origin is at most
ayagas/2, and V (I) lies in a finite complete intersection of length at
most ajazaz/2 in an open set X > 0.
(b) If A is a space of weighted forms of degree a with only the origin as
common zero, three general elements of A have only the origin as
COMmMOon zero.

Proof. (a) Let J = (F1, Fy, F3) in S = C[[z,y,2]]. As in the proof of [15,
Lemma 3.3], the filtration by weighted order induces on S /J a filtration
whose associated graded ring is S/ iny(J); it is finite and exhaustive once
iny(J) has finite colength, which holds because iny(J) contains hy, ha, hs.
These form a regular sequence, and S/(hi, he, h3) has Hilbert series [;(1 —
t94) /(1 — £2)(1 — £)?), of value ajagaz/2 at t = 1. So £(5/J) < ayazasz/2,
and we take X as in [15, Lemma 3.3]. (b) For general h; € A, a general hy
vanishes on no component of V' (hy), so V(hy, h2) is a finite union of curves
stable under the action t - (z,y,2) = (t?z,ty,tz), each the closure of one
orbit. A general h3y does not vanish at a chosen point of each orbit, hence on
none of them. O

In the binary case I3 = x2S] ® Wy with Wy C 5’2, and we assume 7y = 0.
For m € Wy choose K, € I with cubic part exactly zm, and let 6, € Sy
be the binary part of its quartic part. Let J; = m(I}) C Sy be the space
of binary parts of the quartic leading forms of I; then 6,, is well defined
modulo Jy. We call a point v of the line z = 0 bad if g(v) =0 for all g € Jyu
and m(v) = 0,,(v) = 0 for all m € Whs.
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Proposition 3.12 (Weighted linkage). Let A = S/I be a local algebra of
length d > 17 with I3 = Cx? and m® C I, in the binary case with vr =0, and
suppose that every finite subscheme of A3 of length less than d is smoothable.
If Jy # 0 and there is no bad point, then A is smoothable. This holds in
particular if J4 # 0 and Wa has no common zero on the line x = 0, for
instance if I3 = xSy and Hx(4) < 4.

Proof. We turn the quadric equation by a fourth power and apply Lemma 3.11
to three equations of weighted degree four. Write f = 2% +za+ 21+ f4+- -
with a € S, 1 € Sy, and let 8 = 7(f4). Choose b € S; vanishing at no point
of the finite set V(Jy) of the line. As m® C I, u = b* lies in (I : m?), and
[15, Lemma 4.2 and its proof], with the complement W5 of 2251, give a flat
family I; with Iy = I whose members contain f + tb%, the K,,, and I Nm?.
Their weighted initial forms of degree four are

2% + za+ B+ tbt, xm + 0y, (m € W), g (g€ y),

all other terms having weight at least five; let A; be their span. A common
zero (xg,v) # 0 of Ay has v # 0, g(v) = 0 for all g € Jy, zom(v) + O (v) =0
for all m, and z2 + zoa(v) + B(v) + th(v)* = 0. For each of the finitely many
points v of V(Jy), the middle conditions have no solution xg, or exactly one,
or, if v is bad, every xy. Without bad points, the last condition fails for all ¢
outside a finite set, since b(v) # 0. Lemma 3.11 then gives, for general ¢, a
complete intersection of length at most 43/2 = 32 < 2d containing V' (I;), so
I; is smoothable, and so is I [15, Proposition 2.2(1)]. If W5 has no common
zero on the line, no point is bad. If I3 = xS2, then Wy = Sy, Dy C Ty, and
Jy = Dj NSy # 0 when Hp(4) < 4. a

When J; contains two coprime quartics, the proposition is [15, Theo-
rem 3.6] with k&1 = ko = 4. At a bad point v, the quadratic equation
23 + zoa(v) + B(v) + th(v)* = 0 has two distinct roots for general ¢, which
give two orbits of common zeros of A;. Under the additional hypotheses of
Corollary B.2(c), the local contributions on the blow-up give a total length
of at most 36.

3.13.  Excess linkage [15, Theorem 3.12] measures three surfaces with cubic
tangent cones on the blow-up of the origin. On one quadric, three equations
have orders 2, 3 and 4, and the analogous measure has weights x — 2 instead
of k — 3. All our local computations on the blow-up reduce to one lemma.

Lemma 3.14 (Lengths on the blow-up). (a) Let F1,F», F3 € S have
orders ki, ko, k3 at the origin, and suppose that their tangent cones
meet in P? only at finitely many points v. If the proper transforms
of the surfaces V(F;) meet over each v with finite local length Ay,
then the origin is an isolated point of V (Fy, Fa, F3), of local length
k1koks 43, Ay

(b) Let B be a C{s}-algebra that is free of rank n as a C{s}-module,
let a,ci,...,¢cm > 0, and let hyuq,...,u, € B, where uy is a unit.
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Then for o € C™ outside a proper Zariski-closed subset, {(B/s*(h +
> 0589 u;)B) < (a+ c)n.

Proof. (a) A curve common to the three surfaces through the origin would
give a point of infinite length on the exceptional divisor; so the origin
is isolated, and the formula of Fulton and Lazarsfeld [15, (3)] gives the
length. (b) As B is free over the discrete valuation ring C{s}, the length of
B/gB is the order in s of the determinant of multiplication by g, when this
determinant is nonzero. So the length in question is an + ords det(H,), with
H, = h+3%;0;5%u;. The determinant is a polynomial in o with coefficients
in C{s}. On the line ¢ = (01,0,...,0),

det (h + 015 uy) = det(uy) - (o’fscl” + Z ol sy )
t<n
by the characteristic polynomial of —uy'h, with v,(s) € C{s}. In the
coefficient of s“1™, the term o} appears only with the constant term of
det(uy), which is nonzero. So the coefficient of s™ in det(H,) is a nonzero
polynomial in o, and outside its zero set ords det(H,) < cin. (]

For a local algebra in the binary case with I3 = x5 we have Dy, C T}, and
I} = xS @ Jj, for k > 4, where Jj, = DkL N Sy; for k = 4 this is the space
Jy = w(I}) of Section 3.10. For a point v = [V] of the line z = 0 let

k(v) =min{k >4: V¥ ¢ D},

and k(v) = s +1if V¥ € Dy for all 4 < k < s. By (2), k(v) is the first degree
k > 4 in which some form of Ji does not vanish at v, or s + 1.

Theorem 3.15 (Radial costs). Let A = S/I be a local algebra of length
d with I} = Cx?, I} = 25, vr = 0 and socle degree s, and let p € Ju
be nonzero. Then V (I) lies, in an open set X > 0, in a finite complete
intersection cut out by three elements of I of orders 2, 3 and 4, of length at
most
24+ ) (K(v) = 2) fho,
p(v)=0

where ., is the multiplicity of the root v. Consequently, if this number is less
than 2d and every finite subscheme of A® of length less than d is smoothable,
then A is smoothable.

Proof. The cubic equation eliminates the transverse coordinate. Over a root
v of p, the quartic equation then leaves a module of rank u,, on which
the quadric equation is divisible by the square of the radial parameter;
an equation that first separates v, in degree x(v), bounds the remaining
contribution by (k(v) — 4)uy.

Choose r € Sy not vanishing at the roots of p, and K, P € I with leading
forms xr and p. For each root v choose @, € I whose leading form ¢, lies in
Ji(v) and does not vanish at v, or Q, = 1571 with lo(v) # 0 if k(v) = s + 1
it lies in m**! C I. Let k, be the order of Q,, so k, = k(v) > 4. Let f € I
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have leading form z?; its cubic part lies in xS, as v = 0. The tangent cones
of G=f+3,0,Qu, K and P are 2%, zr and p, which meet in P? exactly
at the roots of p. By Lemma 3.14(a) it suffices to show A\, < (k(v) — 2)
for general o; then the origin is an isolated point of V (G, K, P), and we take
for X the complement of the other components of V (G, K, P).

Choose y, z with y(v) # 0 at all roots, so v = [0 : 1 : ¢], and use the chart
T = pu,y = p, 2 = pw, where p is the radial parameter. For g of order k write
g(pu, p, pw) = pFg?(u,w, p); so ¢%(u, w, 0) is the leading form of g at (u, 1, w),
and V(g?) is the proper transform of V(g). Since K? = ur(1,w)+p(---) and
7(1,¢) # 0, the implicit function theorem gives K% = (unit) - (u — pp(w, p))
near (0,¢,0). For g as above let ¢ = ¢"(pp,w,p), always normalized
by the order of g. So the local ring at v is C{w — ¢, p}/(G",P"). As
P"(w,0) = p(1,w) vanishes to order p, at ¢, the ring B = C{w — ¢, p}/(P")
is free of rank pu, over C{p}, by the Weierstrass preparation theorem. Since
the cubic part of f is divisible by x, every term of ff = u?+p(-- - Ju+p?(---)
is divisible by p? after u = pp, so f” = p?p. The term o, Q. of G, of order
k., contributes O'v/pk”’_2Q” to G”. Hence

G = p2w + Zo’v/p ol QQUI — P H=1+ Zdylpk”’_4QZ/,
v’ o

and Q7 is a unit of B, as its value at the closed point is ¢,(0,1,¢) # 0.
Lemma 3.14(b), with a = 2 and ¢; = k, — 4 = k(v) — 4, gives \, <
(24 K(v)—4)p, for general o. The last assertion follows from Theorem 2.5. [

The bound is attained, already for f = 22, K = zr, P =p and Q = l’g
(script 120_135_lemmaR.sage). Three further instances of Lemma 3.14 (a
turning quartic with a simple zero, two quartics with one common root, and
the bad point of Proposition 3.12) are stated and proved as Corollary B.2 in
Appendix B.

3.16. To find a short complete intersection we need not choose its equations
at once. We first bound the multiplicity of an ideal that contains them; three
general elements then realize the bound.

Proposition 3.17 (Linkage by multiplicity). Let L C S be an m-primary
ideal containing elements a,b, c that generate an ideal of finite colength e in
the local ring Sy.

(a) If N C L is a reduction of L, then three general elements of N
generate an ideal of colength at most e in Sy,.

(b) Let A = S/I be a local algebra of length d, and suppose that every
finite subscheme of A3 of length less than d is smoothable. If L is
homogeneous, I* C L, L?> = I*L and e < 2d, then A is smoothable.

Proof. Let e(-) denote the Hilbert—-Samuel multiplicity in Sy. As £(Sm/L") <
£(Sm/(a,b,c)") for all n, we have e(L) < e((a,b,c)) = e [7, Corollary 1.2.5,
Propositions 11.2.1 and 11.1.10(2)]. (a) As N is areduction of L, e(N) = e(L).
Three general elements of N generate a reduction J of N [7, Theorem 8.6.6
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and Corollary 8.3.9], and ¢(Sw/J) = e(J) = e(N) < e [7, Corollary 1.2.5,
Propositions 11.2.1 and 11.1.10(2)]. (b) Since (I*)" C (I™)* and ¢(Sw/I™) =
0(S/(I™)*), we have e(I) < e(I*), and e(I*) = e(L), as I* is a reduction
of L. As in (a), three general elements of I generate an ideal J with
U(Sm/J) =e(I) <e<2d. So V(I) lies in a finite complete intersection of
local length less than 2d, and Theorem 2.5 applies. U

4. THE MAP OF LENGTH TWENTY

This section reduces Theorem 1.1 to 33 Hilbert functions and sorts them
by method.

TABLE 1. General results and the number of Hilbert functions
of length twenty that they cover. Here H = H 4, s is the socle
degree, and each Hilbert function is counted in the first row
that applies.

Hilbert functions result d=20
H(2) <4, or H2) =5 and H(3) < 2 (15, Thm. 2.9(1)] 110
H(2) =5, H3) =3 (15, Thm. 4.12] 10
H(2)=5s<4 (15, Cor. 4.7] 3
H2)=5,s=5 H(5) =1 15, Cor. 4.9] 3
H(2)=5,s=5, H(4) = H(5) <3 15, Cor. 4.10] 2
H(2) = 5, and either s = 6 and (H(5) = H(6) =1 [15, Prop. 4.11] 11
or H4)=H(5)=2),ors=7, H6)=H(7) =1

and (H(5) =1or H(4) = H(5) =2)

H2) =6, HA4)=---=H(s)=1,5>5 [15, Prop. 2.12(1)] 8
s > 2ko, where ko is the largest k with H(k) > 1  [15, Prop. 2.12(2)] 10
H2)=6,s=7 H()=H(6)=H(7T)=1 [15, Lemma 5.14] 2
H(2) =6, H(3) = H(4) = H(5) = 2 15, Cor. 3.14] 3
H(2) =6, H(3)=H(4)=3,5s=6 (15, Cor. 3.15] 2
(1,3,6,10) (15, Thm. G.4] 1
(1,3,6,¢,2,1,1), ¢ > 2 (15, Thm. 5.21] 1
individual Table 2 33
total 199

4.1. There are 199 Hilbert functions of local algebras of length twenty
and embedding dimension three, that is, sequences beginning with (1, 3),
satisfying Macaulay’s growth inequalities and summing to twenty (scripts
enumerate.sage and classify.sage, Appendix D). Table 1 lists the general
results of [14] and [15] that apply in length twenty, with the number of Hilbert
functions each of them covers. We checked the hypotheses of each row at
d = 20: they need no induction, or only that schemes of length at most
nineteen are smoothable, or, for [15, Corollaries 3.14 and 3.15], excess linkage
with a bound of at most 39.
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TABLE 2. The Hilbert functions of length twenty not covered
by Table 1, the result that treats them (its number gives the
section or appendix), and its main method, with at most one

secondary method.

Hilbert function result methods

(1,3,6,9,1) Thm. 5.1  rays

(1,3,6,8,2) Thm. 5.1  anchor (36)

(1,3,6,7,3) Thm. 5.1  global linkage; expected dimension
(1,3,6,6,4) Thm. 5.1  global linkage; expected dimension
(1,3,6,5,5) Thm. 5.1  anchor (36); rays

(1,3,6,7,2,1) Thm. A.13 global linkage; cubic reduction
(1,3,6,6,3,1) Thm. A.14 global linkage; expected dimension
(1,3,6,6,2,2) Thm. A.15 anchor (32)

(1,3,6,5,4,1) Thm. A.10 line plus point; prescribed equations
(1,3,6,5,3,2) Thm. A.11 line plus point; prescribed equations
(1,3,6,4,5,1) Thm. A.5 prescribed equations (39)
(1,3,6,4,4,2) Thm. A.7  prescribed equations; anchors (36)
(1,3,6,4,3,3) Thm. A.6  prescribed equations; excess
(1,3,5,6,3,2) Thm. B.8  turning; weighted linkage
(1,3,5,5,4,2) Thm. B.7  weighted linkage

(1,3,5,5,3,2,1) Thm. B.12 turning; multiplicity

(1,3,5,4,5,2) Thm. B.6  anchor (32)

(1,3,5,4,4,3) Thm. 6.2  weighted linkage

(1,3,5,4,4,2,1 Thm. B.10 radial costs; turning
(1,3,5,4,3,3,1 Thm. 6.1  radial costs; turning
(1,3,5,4,3,2,2 Thm. B.11 radial costs; turning
(1,3,5,4,3,2,1 Thm. B.16 radial costs; turning
(1,3,5,4,2,2,2 Thm. B.14 turning (no induction)
(1,3,5,4,2,2,1 Thm. B.14 turning (no induction)
(1,3,6,3,3,2,1 Thm. C.2  excess

(1,3,6,4,4,1,1 Thm. C.3  excess; rays

(1,3,6,3,2,2,2 Thm. C.4  excess; anchors

(1,3,6,3,2,2,1 Thm. 7.1  excess; rays

(1,3,6,4,3,2,1 Thm. C.11 anchors; excess

(1,3,6,4,2,2,2 Thm. C.8 few bad flags; rays

(1,3,6,4,2,2,1 Thm. C.9 few bad flags; anchors
(1,3,6,5,3,1,1 Thm. C.13 excess at one member; rays
(1,3,6,5,2,2,1) Thm. C.10 few bad flags; rays

15

Methods. An anchor is a member of an irreducible family in a complete intersection of the stated
local length (Theorem 2.5); rays are dense in an irreducible family (Section 2.3). Global linkage:
complete intersections of degrees 3, 3,4 ([15, Proposition 3.18 and Lemma E.8], Lemma A.2); ezcess:
Theorem 2.7, with free quartic tails [15, Lemma D.3]; excess at one member: Section C.12; expected
dimension: Section 2.2; few bad flags: Lemma C.6; prescribed equations: Lemma 3.5; line plus
point: Section A.8; cubic reduction: [15, Lemmas A.14 and A.15]; turning: the turning operators of
Section 2.8 and [15, Theorem 4.5]; weighted linkage: Proposition 3.12 and Corollary B.2(c); radial
costs: Theorem 3.15 and Corollary B.2; multiplicity: Proposition 3.17. “No induction” marks

proofs that do not use shorter schemes.
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4.2. The remaining 33 Hilbert functions fall into three groups, treated in
Sections 5, 6 and 7: 13 with H(2) = 6 and socle degree at most five, 11 with
H(2) =5, and 9 with H(2) = 6 and socle degree at least six. Table 2 lists
them with the result that proves them, whose number gives its place, and
with its main method and at most one secondary method, explained below
the table.

4.3.  Proof of Theorem 1.1. By [15] and [15, Proposition 2.2(3)], it suffices
to treat local algebras of length twenty with I € m?. Their Hilbert functions
are covered by Tables 1 and 2. ([l

5. SOCLE DEGREE AT MOST FIVE

In this section H4(2) = 6 and the socle degree is at most five. Thirteen
Hilbert functions of length twenty remain; we prove the five of socle degree
four here, in one theorem, and the eight of socle degree five in Appendix A.
Socle degree four shows the division of labour cleanly. Three or more cubics
without a common factor are linked globally, with no condition at their
common directions. When three or four cubics have a common factor, a
dimension count shows that these algebras are limits of algebras whose cubics
have none. When five cubics have a common factor, it is a line in the cubic
base scheme, and an anchor, a ray and a limit handle it. Two cubics are still
enough for a complete intersection of degrees 3, 3,4, but one cubic is not:
3-4-4 =48 > 40, and there a point leaves along a line of the cubic cone.

Theorem 5.1. Every local algebra of length twenty with Ha(2) = 6 and
socle degree four is smoothable. These are the Hilbert functions (1,3,6,9,1),
(1,3,6,8,2), (1,3,6,7,3), (1,3,6,6,4) and (1,3,6,5,5).

The Hilbert functions are (1,3,6,¢,e) with c+e=10and 1 <e < B
every ¢ < 4 is excluded, as B <10—cforec<4. Let W = I3, of dimension
10 — ¢. By [15, Lemma 2.7], M =T<o ® D3 & {F + 7(F') : F' € D4}, where
D3 = W+, Dy C Dy = ($1W)*, and the tail 7: Dy — T3/Ds3 is free. We
organize the proof by W.

5.2.  Three or more cubics without a common factor. This covers ¢ < 7
when W has no common factor: global linkage [15, Proposition 3.18] applies,
as d = 20 > 19.

5.3. A common factor, dim W € {3,4}: not a component. We need not
classify the common-factor locus; it suffices that its dimension is smaller
than that of every component of the incidence. For (1,3,6,7,3), the pairs
(D3, Dyg) € Gr(7,73) x Gr(3,1y) with S1 0 Dy C D3 form the zero set of a
section of a bundle of rank 3-3-3 = 27 on a variety of dimension 21+ 36 = 57,
so every component has dimension at least 30 [15, Lemma 2.17]. If W has
a common factor, then either W = [V with [ € S; and V € Gr(3,52), or
W = ¢S; with ¢ € Sy. In the first case Macaulay’s bound 32! = 4 for
S/(V) gives dim S1V > 6, so dim(S1 W)+ = 15 — dim S;V < 9, and the
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data (I,V, D4) have dimension at most 2 + 9 + 18 = 29. In the second,
dim S1W = 6 and the data have dimension 5 + 18 = 23. For (1,3,6,6,4) the
same count gives at least 68 — 48 = 20 for every component, and a common
factor of the four cubics is linear, W = [V with V € Gr(4, S2); Macaulay’s
bound 22 = 2 gives dim S;V € {8,9,10}. If dim S;V = 10, the data have
dimension at most 2 4 8 + 4 = 14. If dim $;V = 9, then (S;V)* = CG with
S10G C V1L, so G has at most two essential variables; if it had two, say
X,Y,then Vt =8,0G and V D 2851, so dim S;V = 8. Hence G = P3 and
P? ¢ V+, and V moves in a family of dimension at most six, and the data
have dimension at most 2 4+ 6 + 8 = 16. If dim S;V = 8, then V = (It),
for a subscheme I' of length two [15, Lemma 2.16 with k¥ = n = 2]: at most
2+ 4+ 12 = 18. In both Hilbert functions the common-factor locus has
smaller dimension than every component. So the general member of every
component has no common factor, and is smoothable by the first step; over
each component the tails form a vector bundle, and [15, Proposition 2.2(1)]
concludes.

54. A common factor, dimW = 5. This is (1,3,6,5,5), where a count is
useless: the bundle has rank 75, the dimension of Gr(5,73) x Gr(5,74). A
common factor is linear, as a quadric factor allows only three cubics. In
suitable coordinates W = 2V, where V = Q' is a hyperplane of Sy for a
nonzero quadric Q € To. Then

D3:{G€T3:xoG€(CQ}:T3€B(CGQ,
Dy={FecTy:x0F ¢ (SV)"},

where 70 G = @, and (S1V)* consists of the cubics G with S; 0o G C CQ.
Such a G # 0 has one essential variable, G = P3, and then Q € CP?. So the
cubic base scheme is the line = = 0, together with the point [P] if Q@ = P2 is
a square.

(a) Q is not a square. Then D} = Ty, so Dy = Ty. Consider all algebras
with D3 = T3 ® CG and D, = Ty, as the line 2 = 0 moves in P2, [G]
moves in P(T3/T3) = P5, and 7 in Hom(Ty,T3/D3) = C?°: an irreducible
family that contains all algebras of type (a). Its member with G = X?Y,
T(Y4) = —4X3+12X 722, 7(Z%) = —4X3+12XY?and T =00on Y37, Y222
Y Z3 has

23yt 42t 22 — 2 222 — 4!

in its ideal. The last two define a curve germ, and modulo them the first is
x(2? + y? + 2?); so the local length is the sum of those of the two factors.
The factor = gives £(Sn/(z,2*,y*)) = 16. For the other, the tangent cones
22 +y? + 2% 2y?, 22° meet only at [0 : 1 : 4], and in the chart x = pu, y = p,
z = pw the proper transforms u?+1 +w2, U— ,ow4, ww? — p meet transversally
at (0,%1,0); so it gives 2-3-3 4+ 1+ 1 =20 (Lemma 3.14(a)). The complete
intersection has local length 36 < 40 (script 120_r2_anchors.sage, part
(S4)), and Theorem 2.5 covers the family.
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(b) @ = P? with x(P) # 0. In coordinates with P = X we have D3 =
Ty & CX3 and Dy = T, ® CX* So Nx oDy C (y,2) 0 Dy = T3 does not
contain X3, and [15, Lemma 5.2] gives a ray along the line of X, for every
D, and every tail.

(c) Q = P?% with z(P) = 0: the point is embedded in the line. For t € C
let P, =P +tX and

(P+tX)3—P3

P+tX)*—p?
g = v = XP?+tX%P + %XS, hy = ( 42 ,

polynomial in ¢, with g9 = XP? and hg = XP3. For every t the spaces
Ds3(t) = T3 @ Cg; and D4(t) = Ty @ Chy have dimensions five and six,
S10D4(t) C Ds(t), and for ¢ # 0 they are the spaces of case (b) for the point
[P], which is off the line. Write Dy = (c;jho + B;)j<5 with B; € Ty, and let
bj(t) = cjhy + B;. With fixed representatives 7; € T3 of the tails 7(b;(0)),
the spaces T<o @ D3(t) & (bj(t) + 7;) are closed under differentiation [15,
Lemma 2.7] and form a family through A near ¢ = 0, whose members with
t # 0 have rays by (b). [15, Proposition 2.2(1)] concludes.

5.5. Two cubics. This is (1,3,6,8,2). We adapt the proof of [15, Theo-
rem 3.8, ¢ = 8], which treats (1,3,6,8, 1), replacing the single quartic top
form by a pencil. The pairs (D3, D4) form the zero set J of a section of a
bundle of rank 3-2-2 = 12 on Gr(8,73) x Gr(2,74), of dimension 42, so
every component of 7 has dimension at least 30. If the pencil W has no
common factor, its members have no linear syzygy, dim S1W = 6, and Dy
moves in Gr(2,9): an irreducible stratum of dimension 16 + 14 = 30. If
W =l{a,b) with coprime quadrics a, b, the stratum has dimension at most
248414 =24, and if W = ¢(ly,12), at most 5+ 2+ 16 = 23. So J is
irreducible [15, Lemma 2.18], and with the tails, a vector bundle of rank
four, the algebras form one irreducible family. Its member

My = T<3 @ (the cubic monomials other than X3 Y3) @ (X?Y? X?Y Z)

is closed under differentiation, with Hilbert function (1,3,6,8,2), and
23,73, 2* lie in its annihilator. The complete intersection V(z3,y3, z%)
has length 36 < 40, and the residual scheme has length 16 (script
120_socle4.sage, part (B)). Theorem 2.5 concludes.

5.6.  One cubic. This is (1,3,6,9,1), the most instructive case. The tangent
cone lies on exactly one cubic, W = Cw, so D3 = w' is a hyperplane of
T3 and Dy = CF. Since (w,v o F) = (v,w o F'), the condition Sj o F' C D3
says wo F' = 0. By (2), D3 contains the cube P3 of every point p of the
plane cubic curve V(w). As dim/li =1 < 3 and B = V(w) is a curve,
neither linkage by three cubics nor excess linkage applies, and a complete
intersection inside I has degrees at least 3,4,4. Instead, a point leaves along
a line of the cubic cone.

Let Y be the set of tuples (w, F, G,p) with w € S3 and F' € T nonzero,
GeTs,peP,woF =0 and w(p) = 0. The pairs (w,p) form the
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complement of the zero section in a vector bundle of rank nine over P?. For
fixed w the map Ty — 11, F — wo F, is onto, as its transpose v — vw is
injective; so F' moves in a space of dimension twelve. Hence ) is irreducible,
and the algebras with inverse system T<s @ w® @ C(F + G) form a family
over it [15, Lemma 2.3(2)], which contains every algebra in question, as every
plane cubic has a zero. Consider the condition

(5) the map Np ® C — T3, (v,\) — vo F — AP3, is injective.

It is open on Y. If it holds, the line of p is a ray. Indeed, P3 € D3 C M, while
the elements of Np o M are combinations of elements of Np o T<y C Ty, of
Npo D3 CTy,and of vo F'4+ v oG with v € Np; so their cubic parts lie in
Np o F, which does not contain P3 by (5), and [15, Theorem 2.11(2)] gives
the ray. The condition is not empty: for w = 23, F = Y4+ Z4 + X2y 7
and p=1[0:1:0], we have wo F = 0, w(p) = 0, Np = (z,2), and the
cubics xo F =2XYZ, zo F = 473 4+ X?Y and Y? are linearly independent.
So the algebras with a ray are dense in an irreducible family that contains
all algebras with Hilbert function (1,3,6,9,1), and [15, Proposition 2.2(1)]
concludes the proof of Theorem 5.1. O

6. ONE QUADRIC IN THE TANGENT CONE

In this section H4(2) = 5. Eleven Hilbert functions of length twenty
remain; we prove (1,3,5,4,3,3,1) and (1, 3,5,4,4,3) here, and the others in
Appendix B. By Theorem 2.9 we may assume I3 = Cz2. When m” C I, that
is, in socle degree at most six, turning operators of type (b) (Section 2.8)
leave only the binary case I3 C xS, and Lemma 3.9 leaves only v = 0. In
this situation the three equations 22 + ---, 2r +--- and p +---, with r and
p binary, are the natural candidates for a complete intersection. Their orders
2, 3, 4 contribute 24 before the excess over their common tangent directions
is counted, and the question is how much the roots of p on the line x =0
cost. Weighted linkage (Proposition 3.12) settles the cases where this cost is
invisible in weight four; radial costs (Theorem 3.15) measure it in general.
Where neither suffices, the tails of the top forms point to a turning operator
with a binary cubic part.

Theorem 6.1. Fuvery local algebra with Hilbert function (1,3,5,4,3,3,1) is
smoothable.

Proof. We first show that the binary quartics and quintics of the tangent
cone are the multiples of one binary cubic h. If the top form is not a sixth
power, radial costs give a complete intersection of local length at most 38; if
it is, h itself, corrected by a quartic, is a turning operator.

Reduction. As dim I3 = 6 = dim xS, the binary case is I3 = xS52; so,
as above, we may assume I3 = xS and vy = 0. Then D} C Ty, for k > 3,
the spaces U = Dy and V = Ds have dimension three, and Dg = CF'. Let
Jp = Dlﬁ N S’k, so that I} = xS,_1 @ Jj.



20 MATEUSZ MICHALEK

A common cubic factor. The space Jy is a pencil (p,q), and J5 has
dimension three. Since S; oV C U, we have S1Js C Js, so the four products
yp, 2p, yq, zq are linearly dependent: l1p = log for some Iy, 15 € Si, not both
zero. Let g be the greatest common divisor of p and ¢, and p = gp/, ¢ = g¢'.
Then l1p’ = loq’ with p/, ¢’ coprime, so ¢’ divides l1, and g has degree at least
three; it has degree three, as p and ¢ are independent. So J; = hS; for a
binary cubic h, and J5 = hSy by dimensions. Hence U and V are the binary
quartics and quintics killed by h, and h o F' = 0, because the first derivatives
of ho Fe€Tyare ho(S;0oF)ChoV =0.

F is not a sizth power: radial costs. Let p = hl with [ € S; general, so
that its root v; is not a root of h. At v;, some hl’ € J4 does not vanish, so
k(v;) = 4. At a root v = [V] of h, all forms of J; and .J5 vanish, so V* € Dy
and V® € Ds, while V6 ¢ Dg = CF, as F is not a power; so x(v) = 6. The
roots of h have multiplicities adding up to three, so

24+ (4—2)-1+4 (6 —2) 3 =38 < 40,

for every root pattern of h, and Theorem 3.15 applies.

F =Y5: a turning operator. Now hoY% = 120h(Y)Y? = 0, so h vanishes
at [Y]; choose z with z(Y) = 0. Let ® = Y% + F5 + Fy + --- be the lift of
Y6 As20Y% =20Y% =0, the elements z 0 ® and z o ® of M have degree
at most four, so their quartic parts z o F5 and z o Fy lie in U C Tjy. The first
gives F5 = XG4 + Bs with G4 € Ty, Bs € T5, and the second z 0 G4 = 0 and
zoBs €U. So Gy = aY* and zo(hoBs) = ho(z0Bs) =0, s0 ho By = cY?
for some ¢ € C. Put

u=nh-— 35yt
The cubic part of uo ® is ho Y% =0, and its quadratic part is aX ho Y4 +
hoBs—cY? =0, as hoY* = 24h(Y)Y = 0. It remains to check u on
M N T<s, since M = C® @ (M NT<s5): for an element of degree five, the
part of degree two of its image under u is h applied to its top form in V,
hence zero, and every element of degree at most four maps into 7«1, as u
has order three. Hence u € (I : m?) N m?3, and its cubic part h does not
vanish on the plane x = 0: u is a turning operator of type (b), and A is
smoothable. (Script 120_135_s6.sage, part 331, checks the identity with
all tails as indeterminates.) O

The next case is a direct application of weighted linkage.

Theorem 6.2. Every local algebra with Hilbert function (1,3,5,4,4,3) is
smoothable.

Proof. As in Theorem 6.1, we may assume I3 = 253 and 7y = 0. As méCI
and H4(4) = 4, Proposition 3.12 applies: there is no bad point, and for
general t the turned ideal I; lies in a complete intersection of local length at
most 43/2 = 32 < 40. O
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7. SOCLE DEGREE AT LEAST SIX

In this section H4(2) = 6 and the socle degree is at least six. Nine Hilbert
functions of length twenty remain. In most of them a plateau of the Hilbert
function, or the space of cubics, makes the graded data those of a scheme
I' of length two, three or four in the plane, and the top form is often a
power X°. Excess linkage now has weights up to s — 3, and the work is to
keep the weighted multiplicity of the cubic base scheme at most 12. For
(1,3,6,3,3,2,2), which is in Table 1, this is immediate: by [15, Lemma 2.16],
D3 = v3(I") and Dy = vy(T") for a subscheme I" of length three, which is the
cubic base scheme, and [15, Corollary 3.15] gives 27 + 4(s — 3) = 39 < 40.
In the other cases the cubic base scheme can be heavier, and three devices
reduce its weight: free quartic tails [15, Lemma D.3], rays along straight
lines or curves, and irreducible families whose general member has a lighter
base scheme. The following case shows the last two.

Theorem 7.1. Every local algebra with Hilbert function (1,3,6,3,2,2,1,1,1)
is smoothable.

Proof. We normalize the lift of the top form by coordinate changes. Then
either a point leaves along the line of the top form, or the algebras form two
explicit irreducible families, and a general member of each is linked by excess
linkage.

Setup. By [15, Lemma 2.16] with £k = 4 and n = 2, Dy = 14(T") and
D5 = v5(T) for a subscheme I' C P? of length two. The form spanning
Dg has all its first derivatives in the line D7, so it is an eighth power;
choose coordinates with Dg = CX?8 so D; = CX” and Dg = CX6. As
X% € v5(T), the point [X] lies in T, and in coordinates fixing X either
I'={X,Y}and Dy = (X*, Y*), or T is the double point I'y = V(z,?) and
Dy, = (X*, X*=1Y), for k = 4,5. Moreover D3 = v3(I') @ CG for a cubic G.
Let ® = X8 + A7 + Bg + Cs + Hy + J3 be the lift of X8. As M NT<; has
dimension 17, M = (M NT<5) ® (®, 7 0 ®, 22 0 ®).

Normalization. The elements yo ® and z o ® of M have degree at most six,
and their parts of degree six lie in Dg = CX5; s0 A7 = a X" +a1 XY+ X6 7.
Replacing ® by ® — gz o ®, and changing coordinates by y — y + A2,
z + 2 + Mz? [15, Section 5.17], we may assume A7 = 0. Then y o ® and
z o & have degree at most five, so their quintic parts y o Bg and z o Bg
lie in Ds. This puts Bg in (X% X%, X°Z, V%) if I = {X,Y}, and in
(X6, XY, X°Z, X*Y?) if I = 'y (script 120_136322111.sage, part (A)).
Replacing ® by ¢ — g‘—éxQ o ®, where o is the coefficient of X% in Bg, and
changing coordinates by y — y + A3x3, z — z + A\g23, which does not affect
the degrees seven and eight, we reach Bg = 6Y, respectively Bg = § X4Y 2.

A straight ray. Suppose that 23 o Bg = 0; this holds if I' = {X, Y}, and if
I' =T and 6 = 0. Then z° 0 ®/336 equals X® modulo T<z, so X° € M. The
operators z°y and x°z have order six, so they kill M NT<5; they kill ®, 20 ®
and 22 o ®, as A7 = 0, X® has no term with Y or Z, and Bg has no term
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XY, X°Z. So 2°y,x°z € I, while yo X° = z0 X° = 0 and (z°, X°) # 0.
By [15, Lemma 5.4] with k& = 5, the ideal (y, z) is a ray: a point leaves along
the line of X.

Two families. Let I' =Ty and § # 0. Then y o ® has top form 20X4Y,
and all of Dy, ..., Dg consist of top forms of derivatives of ®. Replacing ®
by ® minus a multiple of 23 o /336 = X° + %XY2 + -+, and changing
coordinates by y + y + Asa?, z > 2 + \gz*, we remove the terms X°, XY,
X4Z from Cs. The derivatives

d, zo®/8, z2od/56, z°0P/336,
yo®/(20), a*o®/1680, zyo®/(85),

with top forms X% X7, X° X5 X4V, X% X3Y, together with T<s, Ey =
(X3, X?Y) and G, span a space of dimension 20 contained in M, hence equal
to M. So an algebra with these data exists if and only if this space is closed
under differentiation. We reduce every first derivative of every element of the
list, with all coefficients of C5, Hy, J3 as indeterminates over Q(d) (scripts
120_136322111.sage, part (C), and 120_136322111_rho.sage). The re-
mainders of degree at least four vanish exactly when z o C5 € (X4, X3Y);
with the normalization already imposed this is C5 = i X?Y Z 4+ 2 X3Y?2 +
3 X2Y3 + 4 XY + ¢5YP. After imposing this condition, all remaining re-
mainders vanish except those of y2o®/(26) and zo® (reduced by z* o ® /1680
and g xy o @, respectively). Modulo Ejy, these are

2 3
P1=6C4XY ;1065}/ , P2=ZOH4—ﬂ$yOC57
84
and the space is closed if and only if p1,p2 € D3. As zo: Ty — T3 is onto
with a kernel of dimension five, for given ¢, C5 and D3 the admissible Hy
form an affine space of dimension eight, and Js is free. So the algebras form
two irreducible families [15, Lemma 5.16]:

(Up) p1 =0, that is, ¢4 = ¢5 = 0, and D3/Ey = CG arbitrary: a bundle

over C* x C? x P(T3/Ey);

(U1) p1 #0, and then D3 = Ey @ Cp; is forced: a bundle over C* x C3 x

(C2\0).

FEzxcess linkage at a general member. As dimI5 =7 > 6 = dim 1S, for
every | € Sy, the cubics of I3 have no common factor, and the cubic base
scheme ‘B is finite. It contains I'g, and it has length at most three, as
v3(B) C Ds has dimension at least min(4(8),4). At [X] the separation
degree is 8, as X* € Dy, for 4 < k < 8 (the capped value of Section 2.6: every
graded equation through degree 8 vanishes at [X], and the separation used
by Theorem 2.7 comes from varying the cubic tail), and e(x] = 2 when ‘B has
length two at [X]. At a point p = [P] # [X] we have P* ¢ Dy, so k(p) = 4. In
(Uo), B has length three at [ X] only if D3 contains v3 of a subscheme of length
three at [X] containing Ty, that is, X 2T} or (X3, X2Y, XY?+£X2Z) for some
¢ € C; this means G € (XY?2, X2Z) modulo Ey, a proper closed condition.
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In (Uh), D3 = (X3, X%Y,3c, XY? 4+ 5¢5Y3), so I} = 255 ® Cy?(5esz — cqy),
and B = V(z,5%(5csz — cay)) is Ty together with the point [c4 : 5cs @ 0]
when c5 # 0. So a general member of each family has a cubic base scheme
consisting of I'y and at most one further reduced point, and

27+ (8—3) 2+ (4—3) 1 =38 < 40.

Theorem 2.7 shows that these members are smoothable; so are all mem-
bers of the two irreducible families [15, Proposition 2.2(1)]. (Script
120_136322111.sage, part (D).) Undoing the coordinate changes, every
algebra with this Hilbert function is smoothable. ([l

A member of (U;) with ¢5 = 0, for example M = T<g + S o ® with
® = X8+ X*Y24+ XY™, has the curvilinear cubic base scheme V (z,4?), where
Theorem 2.7 only gives 27415 = 42. Its ideal contains 2%z, ¢ = y> — %x‘gy and
r =23 +a?y® — G525 On the curve germ R = C[[z,y, 2]]/(g, r) the functions
x and z are parameters, so the local length of V (222, q,7) is 20(R/z) +£(R/%2).
Here ((R/z) = ¢(Cl[y, 2]/ (y3, 23)) = 9, and £(R/z) is the intersection number
of y(y? — %) and 2% (y? — %x‘l), which is 24+4+4+6 = 16, as the difference
of the two quadrics in y is a:?’(% — 5i0)- So the complete intersection has
local length 2 -9 4 16 = 34 (script 120_r2_anchors.sage, part (Ul)), and

this member is linked directly, although Theorem 2.7 does not reach it.

APPENDIX A. SOCLE DEGREE FIVE

A.1. This appendix proves the eight Hilbert functions of Section 5 of socle
degree five. Here H4(2) = 6, the socle degree is five, m6 C I, and the
inverse system is written as in (3), with the closedness conditions (4). As
everywhere in the appendices, the length is twenty and all shorter schemes
are smoothable.

Two further lemmas are used only in this appendix. First, with a single
top form, the condition of [15, Lemma E.8] for global linkage can be read off
from the cubics of the tangent cone and the essential variables of the top
form. For a concise top form it says that three general cubics of I3 have no
linear syzygy [15, remark after Lemma E.8]. For a top form in two variables:

Lemma A.2. Let A be a local algebra of length d > 19 with H4(2) = 6 and
socle degree five, and suppose that every finite subscheme of A® of length
less than d is smoothable. Let D5 = CF with F € C[X,Y]5 not a fifth power,
and W = I5. Suppose that two general cubics of W have no common factor,
and that for three general cubics wy,ws,ws € W the siz quartics xw;, yw;
are linearly independent modulo zW. Then every algebra with the graded
data of A is smoothable. If dim W = 3, the second condition says that the
nine quartics vw;, v € {x,y, z}, are linearly independent.

Proof. By (4) with v = 2z, z 0 R(F) € D3, that is, R(F) € (zW)*; with

v = x,y it determines 7 on S0 F = (zo F,yo F) by 7(vo F) = vo R(F)
modulo D3, and 7 is free on a complement of S; o F' in D4. The map



24 MATEUSZ MICHALEK

O of [15, Lemma E.8] sends (7, R) to the values (w;,7(u)), u € Dy; on
u=wvo F these are (w;,v o R(F)) = (vw;, R(F)). So © is onto if and only if
R ({zw;, R), (yw;, R)); is onto from (2W)+, that is, if the six quartics are
independent modulo zW. [15, Lemma E.8| concludes. O

Both conditions are open on the graded data, so in an irreducible family
of graded data with tails of constant dimension one example suffices.

Second, when the cubic base scheme is a line together with a point off the
line, the point carries a ray, whatever the tails.

Lemma A.3. Let A be a local algebra with H4(2) = 6 and socle degree five,
and suppose that Dy = T3 @& CX? in suitable coordinates. Then I has a ray
along the line of X or along a parabola tangent to it. In particular, A is
smoothable if all finite subschemes of length ¢(A) — 1 are.

Proof. We show that z3y and 23z annihilate M, or a hyperplane of it, and
apply the ray criteria of [15]. The cubic base scheme is B = V (zy, xz), the
line x = 0 with the point [X], and its ideal is generated by quadrics; so
Dy C vy(B) = Ty © CX* and D5 C v5(B) = Ty © CX?, because {ql,u) =
(g,lou) =0 for ¢ € (Ip)r—1 and u € Dy. In the notation of (3), the quartic
part of an element m of M is u+ R(F) with u € Dy and F = G +cX® € D5
its quintic part, G € Ts, ¢ = (2°,m)/120. Since u has no term X3Y,
(x3y, m) = (z?y,x o R(F)), and 2%y annihilates D3. If 2 o D5 = 0, then (4)
gives x o R(F) € D3 for all F, so 23y and, likewise, 23z lie in I; as X3 € M
has yo X3 = z0 X3 =0 # (23, X3), the ideal (y, 2) is a ray [15, Lemma 5.4].
Otherwise some F € Dj has ¢ # 0, and X* = 20 F/(5¢c) € Dy. We apply [15,
Lemma 5.13] with k = 3: let M° be the space of m € M with (x°,m) = 0.
We show that (23y, -) vanishes on M?. By (4), zoR(F) = 7(woF) = 5c7(X*)
modulo D3. So {3y, m) = 5c{x?y, 7(X*)) vanishes on MY; likewise (232, -).
By [15, Lemma 5.13], whose condition E3(A) € M always holds for k = 3,
the ideal (y — 822, z — ya?) is a ray for some 3,7 € C. [15, Theorem 2.11(1)]
gives the last assertion. [l

A.4. We begin with the three Hilbert functions with H4(3) = 4, where the
cubic base scheme is short or a line, and Dj3 is described by [15, Lemma A.11].

Theorem A.5. FEvery local algebra with Hilbert function (1,3,6,4,5,1) is
smoothable.

Proof. Let K be the ideal generated by Di. Then Hg/k(3) = 4 and
Hg/(4) = dim Dy > dim Dy =5 = 443 s0 by the proof of [15, Lemma A.11],
D3 =T; in suitable coordinates. As in the proof of Proposition 3.6, Dy C Ty,

so Dy =Ty, and D5 = CF with F € T5. The map S3 — 15, v+ yo F, has
a nonzero kernel, and Proposition 3.6 applies. (]

Theorem A.6. Every local algebra with Hilbert function (1,3,6,4,3,3) is
smoothable.
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Proof. By [15, Lemma A.11], either the cubic base scheme 9% is finite of
length at most four, or D3 = T; in suitable coordinates. In the first case
> pep <5 (Lemma 3.2), every weight is at most two, and 27 + 10 = 37 < 40:
Theorem 2.7 applies, as dim I3 = 6. In the second, Dy C Ty and D5 C T
(as in the proof of Proposition 3.6), and by [15, Lemma 2.16] with k = 4
and n = 3, Dy = 14(I") and D5 = v5(I") for a subscheme I' of length three.
As xS3 C (Ir)4 and It is saturated, € Iy, so I' = V(x,~) for a binary
cubic v, and v o D5 = 0 by the remark after Proposition 3.6. Proposition 3.6
applies. O

Theorem A.7. Every local algebra with Hilbert function (1,3,6,4,4,2) is
smoothable.

Proof. If the cubic base scheme is finite, Theorem 2.7 applies as in Theo-
rem A.6, with 27 + 10 = 37. Otherwise D3 = T3, Dy C Ty and D5 C T,
and we distinguish the dimension r of S 0 D5 C D4. We have r > 2, as two
independent fifth powers have independent derivatives. For F' € Dj, (4) with
v =z gives x o R(F) € T3, so R(F) = Br + XCp with Bp € Ty, relevant
modulo Dy, and Cp € Tj; for v € {y,z} it reads 7(vo F) = X(v o CF)
modulo Ds.

r = 2: prescribed equations. By [15, Lemma 2.16] with k = 4, n = 2,
D5 = v5(T) for a subscheme I' = V(z, ¢) of length two of the line, ¢ € S,.
The binary cubic v = cy lies in It, so yo D5 = 0, and Proposition 3.6 applies.

r = 4: one family with an anchor. Then Dy = Sy o D5, the map (y, z) ®
Ds — Dy is bijective, and 7 is determined on D4 by the Cr. So for fixed
graded data the tails (7, R) form a space of constant dimension 2-(1+4) = 10,
and with the free cubic tails F the algebras form a vector bundle over the
irreducible variety of pairs (line, Ds), with D5 in an open subset of Gr(2, Ty).
Its member with D5 = (Y*Z,Y Z*) and R(F) = XCp, where y?0Cp = z*c F
and 220Cp = y* o F, 7(vo F) = X(voCr) and E = 0, is closed under
differentiation and has

23 4222 o2 — 2 222 — 4!
in its ideal, which cut out a complete intersection of local length 36 (script
120_136442.sage, part (A4)). Theorem 2.5 concludes.

r = 3: one family with an anchor. Let Q = Sy 0 D5, so Dy is a hyperplane
of Ty containing Q. As in the proof of [15, Theorem E.10], the pairs (Q, Ds)
with S1 0o D5 C @ form an irreducible variety of dimension six, and those
with S1 0 D5 = @ an open subset; Dy is a point of the line of hyperplanes
containing ). The derivatives of a basis Fi, F5 of D5 satisfy one relation
v10F1+wv20Fy = 0, which imposes the three conditions v; oCp, +v20Cp, =0,
and 7 is free on a complement of @) in Dy. So the tails (7, R) form a space of
constant dimension (8 —3) + 2 + 6 = 13 (script 120_136442.sage, part (T),
confirms it at seven points), and the algebras form one irreducible family.
Its member with D5 = (Y3Z2,Y223) and Dy = Q ® C(Y* + Z*) given by
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Lemma 3.5, whose quartics y* and z* annihilate Ds, contains

234yt 2t 22 — 2 22—yt
which cut out a complete intersection of local length 36 (part (A3)). Theo-
rem 2.5 concludes. (]

A.8. When H4(3) = 5, the cubic base scheme may contain a line, and excess
linkage fails there; we use rays, limits and prescribed equations instead. We
apply [15, Lemma A.12] to Ds. Its cases are: (a) B finite of length at most
four; (b) B finite of length five, D3 = v3(*B); (c) B a line with a point,
isolated or embedded, D3 = v3(B); (d) B a line A, D3 = 13(A) ® CG,
D4 = vy(A). In (a) and (b) Corollary 3.3 applies, with the bound 39. In
(c) with the point off the line, D3 = T3 & CX? in suitable coordinates, and
Lemma A.3 gives a ray. In case (d), z o G is not a square (remark after [15,
Lemma A.12]), and Proposition A.9 below applies. For the embedded point
we use families over the pairs (¢, q) of a line and a point. Let P = P? x [P?
be the set of such pairs and B,, = V(Im,), where £ = V(I). Its Hilbert
function is k + 2 for £ > 1 and all (¢, ¢), so the spaces v;(B,,) form vector
bundles over P, as in [15, Lemma 2.14], and the pairs with ¢ ¢ ¢ are dense.
In coordinates with £ = V() and ¢ = [Z] € ¢ we have Iy = (2%, 2y) and
vk(B) = Tp ® CXZ*~1. Our aim is to place every algebra with embedded
% in an irreducible family, with tails of constant dimension, over a base in
which the off-line pairs are dense.

In case (d) the cubic base scheme is the line alone, and neither excess link-
age nor a ray along a point applies. Here the tails prescribe three equations,
and their local length is controlled by a multiplicity, as in Proposition 3.17.

Proposition A.9. Let A be a local algebra of length 20 with Hilbert function
(1,3,6,5,4,1) or (1,3,6,5,3,2), and suppose that D3 = T3 & CG in suitable
coordinates, where x o G is not a square. Then A is smoothable.

Proof. We bound the multiplicity of the ideal generated by the parts that
Lemma 3.5 lets us prescribe, by degenerating to monomial ideals. Let Q) C S
be the hyperplane orthogonal to x o G, so that I3 = z@Q). A cubic orthogonal
to S1Q has all its first derivatives in Cx o GG, so it is zero, as x o GG is not a
square; hence S1Q = S3 and S2@Q = S4. As in Theorem 5.1(a), Dy = Ty, so
D, C Ty and D5 C Ts. Let K C S, be the space of binary quartics killing
Ds; it is orthogonal to S7 0 Ds, so dim K > 2. Let g be the greatest common
divisor of K, of degree § < 3, and K = gH with H C S,_s without common
zero, so that HSs_s = Sg_os. Consider the ideals

N=zQ+K+m° CL=aom®+ K +m’ C L =am?+g-(y,2)"° + m’.

As (zm?)? = (2Q)(zm?) and (g - (y,2)* %)% = K - g - (y,2)*°, we have
L? = NL and L'? = LL', so N is a reduction of L'. Normalize g(0,1) = 1.
For t # 0 the substitution ¢;: y +— ty carries L’ to the isomorphic ideal
L, = xm? + g(ty, 2) - (y,2)*~% + m®, which tends to the monomial ideal L} =
zm?429(y, 2)* 0 +m® as t — 0. The triples (z°— 2% —2°, zy? —y32, x22 —y4),
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(23 + 932 — 9P, ay? + 24, w22 — y32), (23 — 24 + 90, ay? —y2d — 2, 22 —

Y222 +y23) and (23 — 24 4+ o°, wy? —y23 +9°, v~y +24) for 6 =0,1,2,3
lie in Lg and define complete intersections of local length 36 4+ ¢ (script
120_line_case_d.sage, part A, by local standard bases). By openness of
the local length, the same combinations of the generators of L}, for small
t # 0, define a complete intersection of local length at most 36 + d < 39, and
pulling back by ¢; gives three such elements of L’. By Proposition 3.17(a),
three general elements f; = w; + p; + s; of N, with w; € @ independent,
p; € K and s; € S5, define a complete intersection of local length at most
39 < 40. Lemma 3.5 places them in the ideal of an algebra with the graded
data of A and concludes. O

Theorem A.10. Every local algebra with Hilbert function (1,3,6,5,4,1) is
smoothable.

Proof. Types (a), (b), (d), and (c) with the point off the line, are settled
above. We show that the algebras with an embedded point are limits of
algebras whose point is off the line. Let 8 = B, , with ¢ € £, and D5 = CF'.
As Iy is generated by quadrics, Dy C 14(B) and F' € v5(2B) (proof of
Lemma A.3). We list the types of F, with the tails over them.
e F' concise: T is determined on S7 o F' by R, free on a complement in
Dy (5 parameters), and R € Ty/Dy is free (11); Dy4/S1 o F' is a point
of P(v4(B)/S1 o F) = P2.
e I € C[/]5, binary on the line: R € 27 1(Ds), of dimension 10, modulo
Dy; 7 free on a complement of S; o F' (10); D4/Si o F' € Gr(2,4).
o = P% with P e/, P+# q NpoR C D3, a space of dimension
15 — dimNp(I%)g = 7, as (I‘B : mp) = I%.
e ['=¢°: here (I : my) = (1), and the space of R has dimension 8.
In each of these four types the tails have the same dimension at embedded
and at off-line pairs, so the algebras form an irreducible family over P (over
the pairs (¢,q) with a point P € ¢\ g for the third type), in which the
off-line members, which have rays, are dense; [15, Proposition 2.2(1)] applies.
The remaining top forms in two variables are F = Z*(c¢(X + oY) + bZ)
with ¢ # 0, the forms of v5 of a double point at ¢ transverse to £. Such an
algebra is a limit of concise embedded ones: S; o F = (Z* (X + aY)Z3),
and Dy = Sy 0 F + (u,u') with u € Ty \ CZ*. Choose G € Ty with yo G = u,
and let Fy = F +tG and Dy(t) = (Z*, u,z o Fy,u') C v4(B). For t # 0 the
form Fj is concise, S1 o Fy C Dy(t), and D4(0) = Dy4. The tails (7, R) over
(Dy(t), Fy) are the kernel of a linear system depending polynomially on ¢,
of dimension 16 for every t; so they form a vector bundle near ¢ = 0, the
tails of A extend, and A is a limit of concise embedded algebras. (Script
120_1365_lineplus.sage, parts (B) and (C).) O

Theorem A.11. Every local algebra with Hilbert function (1,3,6,5,3,2) is
smoothable.
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Proof. Types (a), (b), (d), and (c¢) with the point off the line, are settled
above. It remains to treat B = B, , with ¢ € £, and, as in Theorem A.10,
we show that these algebras are limits of algebras whose point is off the
line. Then D3 = v3(*B), D4 C v4(B) has dimension three, D5 C v5(*B) is
a pencil, and r = dim Sy o D5 € {2,3}. For fixed graded data the tails
(1, R), modulo those with values in D3 and Dy, form a space of dimension
24 —rank p if r = 3, and 29 — rank p if r = 2, where p sends R to the values
> vj o R(F;) modulo D3 on the relations }°;v; ® Fj in the kernel Syz of
S1 ® D5 — Sy o Ds. Dually, rank p = dim(W - Syz), the span of the pairs
(aqw, agw) with (a1, a2) € Syz and w € W = I3. The cubic tails E are free.

Classification. In coordinates with ¢ = V(x) and ¢ = [Z], write F' =
G + cXZ* for F € D5, with G binary; then 2z o F = ¢Z*. If r = 2, then
D5 = v5(I") for a subscheme I' C B of length two [15, Lemma 2.16]. If r =3
and Dj is neither binary nor contains a fifth power, then D5 = (X Z*+G1, Ga)
with G, Go binary, and r = 3 forces dim(Z%,y0G1,y0Ga, z0Gs) = 2; hence
Ds C v5(T'g) for a subscheme I's C B of length three, which is (i) a point
of ¢ and a double point at ¢ transverse to ¢, (ii) a curvilinear scheme
L. = V(xz — cy?, 93,22, xy) with ¢ # 0, or (iii) the fat point V(m?2). This
gives six types, each the set of embedded points of an irreducible family over
a base in which the off-line pairs are dense.

(1) r =2, T C £ not containing q.

(2) r=2,T > ¢: the base is the closure of {(¢,q,{N,q}) :q ¢ ¢, N € (},
whose embedded points, as ¢ moves into ¢, are the pairs {N, ¢} with
N € { and the double points at g in every direction.

(3) r =3, D5 C C[{]5 binary, ¢° ¢ Ds.

(4) r=3, ¢® € Ds.

(5) 7 =3, D5 C v5(I'3) without fifth powers: the base is the closure of
{(¢,q,T2U{q}) : q ¢ ¢, I'y C £}; it contains (i)—(iii), as in the chart
z = 1 the points (z,y) = (0,t), (0, —t), (3ct?,2t) lie on & = c(y? —t?),
two of them on /¢, with limit I';, and (0,¢), (0,—t), (¢,0) tend to
V(m2).

(6) 7 =3, D5 not binary, N® € D5 for a point N € £\ q.

Tail dimensions. In types (3) and (4) the pencils D5 have moduli, and
we compute dim(W - Syz) uniformly. At every pair (¢,q), W = z - (Iy)2,
where I, is the ideal of ¢q. If D5 = (F1, F») is binary, then Syz is spanned
by (z,0), (0,z) and (a,b), where a o F}; + bo Fy = 0 with a,b € (y,z). If
(w1, wo, w3) € W3 and zwy + awz = zws + bws = 0, then x divides ws/x, so
ws = 22l with zl € I,, and w1 = —axl, wy = —bxl lie in W if and only if
al,bl € 1. So the kernel of W3 — W -Syz has dimension two, or three if ¢ € ¢
and a(q) = b(q) = 0, that is, if ¢°> € Ds. If ¢° € D5 and Ds is not binary, the
kernel has dimension three as well: for ¢ = [Z] € ¢, Dy = (Z°,cX Z*+G) with
c # 0 and G binary, Syz is spanned by (z,0), (y,0), (—£2,z), and the kernel
is {(xyl, —221,0)}; for ¢ = [X] & ¢, D5 = (X°,G), Syz is spanned by (y,0),
(2,0), (0,z), and the kernel is {(xzl, —zyl,0)} (script 120_r2_136532.sage).
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In types (1) and (2), Syz = Np, @ F1®&Np,@Fy for T = { Py, P2} and F; = P?,
with dim NpW =8 for P € £\ q and dim N,W =17, as (I : my) = (z). At
general points of the six types:

type 1 2 3 4) ) (6)
dim(W -Syz) 8+8 8+7 15—2 15—-3 15—1 15—2
tails 13 14 11 12 10 11

For (5) and (6) these are the values at off-line points. At the special points
of types (1), (2), (5) and (6) (double points, and (i)—(iii)) the members
form finitely many orbits of the stabilizer of (¢, ¢), and the tail dimension
is computed at one representative of each orbit, by hand or by the script
120_136532_embedded.sage. So every embedded algebra is a limit of off-
line ones, which have rays by Lemma A.3, and [15, Proposition 2.2(1)]
concludes. O

A.12. The remaining three Hilbert functions have H4(3) > 6, so only three
or four cubic equations remain. We use global linkage when their linear
syzygies allow the required quartic terms; otherwise we split off a cubic,
count dimensions, or use an anchor.

Theorem A.13. Every local algebra with Hilbert function (1,3,6,7,2,1) is
smoothable.

Proof. Let D5 = CF; as dim D4 = 2, F has at most two essential variables.

F binary: global linkage. If F has two essential variables, F' € C[X,Y]5 in
suitable coordinates, and Dy = Sy o F'. The tails are R € (ZW)J‘ modulo Dy
and F, of constant dimension 10 4+ 3. The space S5 o F' has dimension three
or two, and the graded data form two irreducible varieties: D3 = So 0o FF & K
with K € Gr(4,T3/S20F), or F' € v5(T") for I of length two on the line z = 0
and D3 = v3(I') @ K with K € Gr(5,T3/v3(I")). As dim W = 3, the condition
of Lemma A.2 is that W has no linear syzygy, together with two coprime
members. It holds for one member of each variety, F = X° +Y® + (X +Y)®
and F' = X°+2Y?° with random K, where the construction of [15, Lemma E.§]
gives a complete intersection of length 36, hence of local length at most 36
(script 120_136721.sage). So the algebras over a dense open subset of the
graded data are smoothable, and so are all of them.

F = X°: cubic reduction. Let ® = X° + R + E be the lift of F. Then
Dy = (X*,Q), 57(X*) =z o R, and yo R,z 0 R € D3. The space Cy =
S1o0Dg+ (yoR,z0oR) C D3 has dimension at most six, so D3 = C @ CG for
a six-dimensional C' D Cp, and M = M’ @ CG, where M' =T<o & C @ (z o
®/5,Q+ 7(Q)) ® CP is closed under differentiation, with Hilbert function
(1,3,6,6,2,1). By the proof of [15, Theorem E.12], case r = 1, M’ lies in a
family of algebras with this Hilbert function in which rays given by operators
of order four are dense; by [15, Lemma A.14] and the remark after it, so does
M, and A is smoothable. O
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Theorem A.14. Every local algebra with Hilbert function (1,3,6,6,3,1) is
smoothable.

Proof. Let D5 = CF and W = I3, of dimension four.

F concise: anchors and global linkage. Then Dy = S1 0 F and R € Ty
is free. The concise quintics fall into five irreducible families according to
h =dimSyo F € {3,4,5,6}, two of them with h = 4, as in the proof of
[15, Theorem E.11], with D3 = Sy 0 F & K, and the tails have constant
dimension over them. For h = 6 and h = 5, the members with zero
tails and F = X2Y?Z + X?Y Z? + XY?22Z?, respectively F = X?Y?2Z and
K = CXZ?, are annihilated by 23, 43, 23: they lie in a complete intersection
of length 27 (script 120_r2_anchors.sage, part (Al14)), and Theorem 2.5
applies. For h < 4, each family contains a member satisfying the condition
of [15, Lemma E.8], that three general cubics of W have no linear syzygy
and two of them no common factor (sums of four general fifth powers,
X5+ Y54+ 2+ (Y + Z)5 and X° + Y® + Z° with random K; script
120_136631.sage). As the condition is open, all algebras with concise F’
are smoothable.

F binary: global linkage. In coordinates with zo F' =0, Dy = 510 F @ Cu,
R € (2W)*, and 7(u), E are free: tails of constant dimension 8 +4 +4 = 16.
Let & = dimSy 0o F € {2,3}; then Sy 0 F = v3(T") for a subscheme I'
of length s’ of the line z = 0 (for s = 3, defined by the cubic of the
complete intersection of degrees 3,4 that annihilates F' in C[z,y]). Let
m = dim(Sy 0 F 4+ S; ou). The graded data are the plane z = 0 and F' (2+ 5,
respectively 2 4 2 + 1 parameters), [u] € P(T7,/S; o F) (12) and D3/S3 o F
(12, respectively 16), and S; o u C Ds is a section of a bundle of rank 12;
so every component has dimension at least 19 if s’ = 3, and 21 if s’ = 2.
Stratifying by m, with dim{u : Ny ou C v3(I")} = 15 — dim Np,(Ir)s, which
iss+1for LT, as (Ir : my) = I, and 8’ + 2 for L € T’ (the proof of
[15, Lemma A.3]), and parametrizing a stratum by the plane and F', by [u],
and by D3 DO Sy 0 F' 4+ Sj ou in a Grassmannian of dimension 4(6 — m),
the strata have dimensions 19, < 18, < 18,19 for s’ = 3, m = 6,5,4, 3, and
21,<19,< 19 for ¢ =2, m = 5,4,3. The strata (s',m) = (3,6) and (2,5)
are open in bundles over the choices of the plane, F' and [u], and in (3, 3)
the form w lies in v4(I") [15, Lemma 2.16 with £ = n = 3]; so these three
strata are irreducible, of dimensions 19, 21 and 19, the lower bounds for the
components. Hence the general member of every component lies in one of
them. One member of each satisfies the open condition of Lemma A.2 (script
120_136631_binary.sage), and all these algebras are smoothable.

F = X®: expected dimension. The data (p; D3 > X3; Dy > X*;7; R; E),
with p = [X], range over a smooth irreducible variety of dimension 2 +
204+ 244124+ 12+ 4 = 74 and are cut out by 24 + 12 = 36 equations:
S10D4 C D3 and (4). So every component of the zero set has dimension at
least 38. Over fixed graded data the tails form a space of dimension 16 + 77/,
where ' = dim{q € Sy : yq,2¢ € W} < 3. If W has no common factor,
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its base scheme Z is finite, Z is not collinear of length at least four (the
line would divide every cubic of W), and hz(3) < dim D3 = 6. Write the
first differences of hy as (1,2,ds,ds, ... ), the Hilbert function of an Artinian
quotient of C[s,t]. If do < 1, then d3 = 0: a pencil (Iz)2 without common
factor cuts out at most four points, and one with a common factor [ makes
[ divide (Iz)g ODW. If dp =2and d3g = 1, then W = (Iz)g =¢S5+ Cf
with ¢, f coprime, and ¢(Z) < 6; if dy = 3, then d3 = 0. So ¢(Z) < 6, and
if {(Z) =6, then W = (Iz)s3, Iz is generated in degrees at most three, and
dim S;W = 9. The algebras with ¢(Z) = 6 form a set of dimension at most
12+ 6 +19 =37 (Z; then Dy > X* in the six-dimensional (S;W)*; then the
tails). If W = [V has a common factor, with dim V' =4 and dim S;V = 10,
9 or 8 as in Section 5, the pairs (I,V') have dimension at most 10, 8, 6, the
point [X] at most two, and Dy > X% in (S W)=, of dimension 5, 6, 7, gives
4,6,8 atmost 10+2+44+19=84+246+19=6+2+8+19 =35 1in all.
So the general member of every component has a finite cubic base scheme of
length at most five, and is smoothable by Corollary 3.3. (|

Theorem A.15. Every local algebra with Hilbert function (1,3,6,6,2,2) is
smoothable.

Proof. We repeat the proof of [15, Theorem C.10] with one more cubic. By
[15, Lemma 2.16], Dy = 14(T") and D5 = v5(T") for a unique I' € Hilby(P?),
and Dj3 is determined by the four-dimensional space D3/v3(I"). The algebras
are given by data (I', D3 /v3(I"), R1, Re, E1, E») in a smooth irreducible variety
of dimension 4 4+ 16 4+ 26 + 8 = 54, subject to 16 equations: four columns
>k Uk © R must lie in D3. So every component has dimension at least 38.
The bounds of [15, Theorem C.10] for the pairs (R, R2) whose columns
have rank r modulo v3(I") do not involve Ds; adding the Grassmannian
Gr(4 —r,8 —r) of D3/v3(T"), the strata with » = 3,2, 1,0 have dimensions at
most 37,35, 34,32, and for r = 4 the space D3 is determined by the columns:
an irreducible open set U of dimension 38 over reduced I'; and 37 over double
points. By [15, Lemma 2.18], all these algebras form one irreducible family,
the closure of #. The anchor of [15, Theorem C.10], with Hilbert function
(1,3,6,5,2,2), lies in the complete intersection cut out by

z(y? +yz + 2°) — %x‘*, y(x? — 2%) + éfoyf’, 2(z? — %) + ﬁz
of local length 32. The cubic XZ? — XY? is orthogonal to the three cubic
parts and is not in the anchor’s Ds; by Remark 3.7, adding it gives a member
of our family in the same complete intersection, with residual scheme of
length 12 (script 120_136622.sage). Theorem 2.5 concludes. O

5

APPENDIX B. ONE QUADRIC

B.1. This appendix proves the nine Hilbert functions of Section 6 not treated
there. Here I} = Cx?, f € I has leading form 2, and we use the notation of
Sections 2.8, 3.10 and 3.13. We first prove three variants of Theorem 3.15
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and a normal form for tails. The notation ¢%, ¢” and the charts are those of
the proof of Theorem 3.15.

Corollary B.2. Let A= S/I be a local algebra of length d with I = Ca?,
in the binary case I3 = 2281 ® aWs, with vf = 0, and suppose that every
finite subscheme of A3 of length less than d is smoothable.

(a) A turning quartic with a simple zero. Let d > 18 and m” C I.
Suppose that Ij contains a nonzero binary quartic p, that some
r € Wy vanishes at no root of p, and that (I : m?) contains a binary
quartic wy that has a simple zero at one root of p and vanishes at no
other root of p. Then A is smoothable: it belongs to a turning family
whose general member lies in a complete intersection of local length
at most 35.

(b) Two quartics. Letd > 20 andm’ C I. If I} contains binary quartics p,
q whose only common root is a simple root of p, then A is smoothable,
through a complete intersection of local length at most 38.

(c) A bad point. Let d > 19 and mb C I. Let g € Jy4 be nonzero, with
roots v; of multiplicities u;, let m € Wy be nonzero, fixr K,, € I
with cubic part xm, and let 0,, be the binary part of its quartic part.
Suppose that at every root v; except possibly one, vy, either m(v;) # 0
or O, (v;) # 0, and that at vy either (i) m has a simple zero, or (ii)
po = 1 and I} contains xbz for some by € Sz with b3(vg) # 0. Then
A is smoothable: it belongs to a turning family whose general member
lies in a complete intersection of local length at most 36.

Proof of Corollary B.2. In each part we exhibit three elements of I, or of a
nearby member of a turning family, apply Lemma 3.14(a), and bound the
local length at each point of the exceptional divisor by Lemma 3.14(b).

(a) Let vg be the root of p at which wy vanishes. In the turning family of
wy [15, Lemma 4.2 and its proof], with the complement xW5 of 225; in 13,
the members contain f+twy, an element K with cubic part zr, an element P
with leading form p, and I for Iy € Sy with lp(vg) # 0. We use f +twy, K and
P+vI] in the chart of the proof of Theorem 3.15, where now (f+tw,)” = p? H
with H =1 + twy(1,w), as wy is a binary quartic. At a root v # vg, H is a
unit for ¢ outside one value, so A\, = 2u,; this does not depend on v, which
changes P” by vp3L, where L = (1§)" has L(cp,0) = lo(0,1,¢p)” # 0, but not
P"(w,0). At vy, if 1(co,0) # 0, again Ay, = 24iy,. Otherwise 9, H (cp,0) # 0
for t outside one value, as wy has a simple zero, so H is a unit times w—co—g(p)
with g(0) = 0, and Ay, = 240, +€(C{p}/(P" (co+9(p), p)+vp*L(co+9(p), p)));
by Lemma 3.14(b), with B = C{p} of rank n =1, a = 0, ¢; = 3 and the unit
u; = L(co + g(p), p), the last term is at most three for general v. In total
the length is at most 24 + 2 -4+ 3 = 35 < 2d, so the members of the turning
family with general ¢ are smoothable, and so is A.

(b) Here we use f, P and Q + A, where P,Q € I have leading forms p, ¢
and Iy(vo) # 0 at the common root vg. The tangent cones 2, p, ¢ meet only
at v, so the length is 2-4 -4 4 \,,. In the chart with vg =[0: 1: 0], since p
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has a simple root at vy, P is a unit times w — pg(u, p), and the local ring at
vo is C{u, p}/(f",(Q + A§)"), where now ” denotes the substitution w = pg.
As f"(u,0) = u?, the ring B = C{u, p}/(f") is free of rank two over C{p};
as q(vg) = 0, Q" = ph for some h € B, and (Q + M{§)" = ph + \p*U =
p(h + \p?U), where U = (I§)%|y=pg is a unit, as lo(vg) # 0. Lemma 3.14(b)
with n = 2, @ = 1 and ¢; = 2 gives A\, < 6, and the length is at most
32+6 =38 < 2d.

(¢) Choose z with z(v;) # 0 for all i, and use b = z in the turning family
I, of the proof of Proposition 3.12. It contains F = f + tz*, K = K,,,, and
G € I Nnm* with binary quartic part g; in case (i) also G + vz5, and in case
(ii) K +nH' for H' € I with leading form xbs, as m® C I;. Their tangent
cones meet in P? exactly at the roots v;. In the chart x = pu, y = pv, 2 = p
the proper transforms are

F/:u2+pua(v)+p2(ﬁ(v)+t)+---,
K' =um(v)+ pOn(v)+---, G =gv)+ -,

with terms of higher order in u, p omitted. If m(v;) # 0, then K’ = 0 gives
u = py, and F' = p* with ¥(v;, 0) a nonzero value of 22 4 a(v;)x + B(v;) +t
for general ¢: the length is 2u;. If m(v;) = 0 # 0, (v;), then K’ = 0 gives
p = wy with x(0,v;) = 0, F’ is u? times a unit, and again the length is
2u;. This also covers vy unless m(vg) = 6,,(vg) = 0. Then the quadratic
part u? + a(vo)up + (B(vg) + t)p? of F' has distinct roots for general ¢, so
F’ is a unit times (v — pay)(u — pa_), and the length is the sum over
the two branches u = pay, on which K = pHy (v, p) with Hy(vg,0) = 0.
In case (i), OyH4(v0,0) = ax(vo,0)m/(vo) + 0., (vo) # O for general ¢, as
a4 (vp,0) moves with t; so Hy = 0 is a curve v = 91 (p), and the branch
contributes o + £(C{p}/(G'(¥+(p),p) + vp*)) < po + 2 for general v, by
Lemma 3.14(b). In case (ii), G’ = 0 is a curve v = ¢4 (p), and nH' adds
np(a(vo, 0)bz(vo) + hs) plus terms of order two to Hy, where hs does not
depend on t: the branch contributes at most 1 4 1 for general ¢t and 0. In
both cases the length is at most 24 + 23, .o i + 2p0 +4 < 36 < 2d. O

B.3. Normal forms of tails come from two operations: shears, which add to
one coordinate a form in the other two, and gauges, which replace a lift by
itself minus a derivative of lower degree.

Lemma B.4 (Shears). Let v € {z,y,z} with dual variable V, let q be
a form of degree at least two in the two other variables, and let ¢, be
the automorphism of S with v — v + q fizing the other variables. Then
(pq(g), F) = (g,exp(V q(0))F) for g€ S and F € T. So exp(V q(0))M is
the inverse system of goq_l(l), which defines an isomorphic scheme with the
same tangent cone and the same graded data.

Proof. For P = aX + bY + ¢Z and the formal exponential e, (g,e?) =
g(a,b,c), and exp(Vq(9))el’ = eP+1(@bV whose pairing with g is the value
of ¢ at the point with v-coordinate increased by g. The coefficients of e’
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span T'. Since exp(Vq(9))F = F + (terms of degree at most deg F' — 1), the
top forms do not change. O

Shears and gauges remove tails of the top forms, as the coordinate changes
of [15, Section 5.17] do. Neither changes the cubic part of an element of
(I : m?), so turning operators are preserved.

B.5.  Socle degree five. Here m® C I, and a cubic h with h o D5 = 0 lies in
(I :m?).

Theorem B.6. Every local algebra with Hilbert function (1,3,5,4,5,2) is
smoothable.

Proof. We show that these algebras form one irreducible family, and link one
member by weighted Bézout. As before I3 = x5S2 and vy = 0; now Dy = Ty,
so J4 = 0 and Proposition 3.12 does not apply, and D5 =V is an arbitrary
plane in T5. The normal form of the proof of [15, Theorem F.2], with v =0,
shows that for fixed (D4, V) of dimensions (w,v) these algebras form an
affine space of dimension 4w +v(7—w): the free data are ¢ (w parameters), n
(v(5 —w)), the coefficients of XT5 in the cubic tails of the lifts of V' (3v) and
of X? in their quadratic tails (v), and the solutions of 6v linear equations of
rank 6v in the 3w + 4v coefficients of (ag,T'), by the dual argument there,
which uses only V' C Ts. Here (w,v) = (5,2): an affine bundle of rank 24
over the choices of the line 2 = 0 and of V € Gr(2,Ts), irreducible (script
120_135_tails.sage computes the fibre with all closedness equations). One
member is
Io= (2 +y' + 24wy + oy, wyz, 22?424 ylz, o720 70 Y,

of length 20 with this Hilbert function and vy = 0. Its elements z? +
y* 4 24 xy? + ot 122 + 2% are weighted homogeneous of degree four with
only the origin as common zero, so they generate a complete intersec-
tion of length 32 (Lemma 3.11); the residual scheme has length 12 (script
120_135_checks.sage, part (A)). Theorem 2.5 concludes; only the resid-

ual scheme, of length twelve, has to be smoothable [15, Theorem 2.22 and
Proposition 2.24]. O

Theorem B.7. Every local algebra with Hilbert function (1,3,5,5,4,2) is
smoothable.

Proof. By a turning operator of type (b) (Section 2.8) and Lemma 3.9,
I3 = 2281 @ Wy with a pencil Wy C 52, and vy = 0. As dim Dy = 4 < 5,
Jy # 0. If W5 has no common zero on the line z = 0, Proposition 3.12 applies.
Otherwise Wy = 1S] for a linear form [ with zero vy, the only possible bad
point. If it is not bad, Proposition 3.12 applies. If it is, choose g € J4 nonzero
and m = I’ € W5 with [’ vanishing at no root of g; then m has a simple
zero at vy and does not vanish at the other roots, and Corollary B.2(c)(i)
applies. O
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Theorem B.8. FEvery local algebra with Hilbert function (1,3,5,6,3,2) is
smoothable.

Proof. As before, I5 = 28] & Cxry with 0 £ 7y € §2, vf =0, and D3 =
T3 X - (ry NTy). Let V = D5 and U = Dy, of dimensions two and three.
As 22S3 and x13S; lie in I, every F € V is Fy + X Fy with binary Fy, Fy
and ry 0 F; = 0. We find either a cubic p with poV = 0 and 7 (p) # 0, which
is a turning operator, or show that U C Ty and that J4 is a pencil with at
most one common root.

V' not binary. If the F} span two dimensions, then U contains them and
the elements y o F', z o F', whose X-parts span at least two dimensions, so
dim U > 4, a contradiction. So V = (F,G5) with G5 € Ts and F = F5+XGy,
G4 # 0; and Gy is a fourth power, say Y*, as otherwise U N Ty would be a
line containing G4 and the derivatives of G5. If G5 ¢ CY®, then in suitable
coordinates G5 € (Y?,Z%) and F5 € (Y, Y4Z,Z%), or G5 € (Y, Y*2Z)
and Fy € (Y5, Y*4Z,Y3Z2); the cubics yz?, respectively yz? — %xyz (v the
coefficient of Y322 in Fy), kill V. If G5 = Y®, the map 2S5y — T»/CY?,
q — qo F5, has a kernel element g # 0 with go F5 = ¢Y?, and ¢ — %ny kills
V.

V binary. Let U’ C U N Ty be the span of the first derivatives of V. If
dim U’ = 2, then by [15, Lemma 2.16] V' C v5(T") for I' = V(z, q) of length
two, and p = ¢l kills V for every [ € S;. If dimU’ = 3, then U = U’ C Ty,
and Jy is a pencil with S;J4 C V1N Ss, a space of dimension four. Let & be
the degree of the common factor of Jy. If 6 = 0, [15, Theorem 3.6] applies
with two quartics. If 6 = 2, Jy = goP» with a pencil P» of coprime quadrics,
Si1Py = S3, 50 gol kills V. If 6 = 3, Jy = hS; and h kills V. If 6 = 1,
Jy = lpP3 with a pencil P3 of cubics without common zero, and vy = V' (Ip)
is the only common root of J4 and the only possible bad point. If it is not
bad, Proposition 3.12 applies. If it is, ro(vg) = 0, and a general g € Jy has a
simple root at vg and its other roots off the zeros of rq: if r9 has a simple zero
at vg, Corollary B.2(c)(i) applies with m = ro; if 79 = I3, Corollary B.2(c)(ii)
applies, as xbs € I} for every b3 € Ss, since U C Ty.

In the cases with a cubic p killing V' and m(p) # 0, a turning operator of
type (b) (Section 2.8) applies. O

B.9. Socle degree sixz. Here m” C I, and as in the proof of Theorem 6.1,
a turning operator of type (b) (Section 2.8) and Lemma 3.9 reduce to the
binary case with ¢ = 0; if H4(3) = 4, then I§ = 2S5 and Dy, C T}, for k > 3.

Theorem B.10. Every local algebra with Hilbert function (1,3,5,4,4,2,1)
is smoothable.

Proof. Here I5 = x5, J4 = Cpy, V = D5 has dimension two, J5 dimension
four, and Dg = CF. Let ® = F' + F5 + --- be the lift of F. Asxo F' =0,
x o ® has degree at most four, so Ay =xoF5 € Dy C T4, and F5 = X A4+ G5
with G5 € Ts.
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F not a power, J5 without base point: radial costs. Then V = Sy 0 F,
and P° ¢ Dy for every point [P] of the line, so K < 5 at every root of py:
24 + 3 -4 =36 < 40, and Theorem 3.15 applies.

F not a power, Js with a base point [P]: a turning operator. Then
P5 = § o F for some ¢ € Sy, and integrating, F = Y64 Z6 or F = Y°Z
in suitable coordinates. Let go = yz, respectively 22, be the quadratic
annihilator of F. Then g o ® has degree at most three, so its cubic part
X(g20A4)+ g20Gs lies in D3 = Ty, and goo Ay = 0. Choose [ € S nonzero
with (g31) oG5 = 0, one linear condition, and vy € Sy with vgo F = —gol oG,
possible as g2l o G5 is orthogonal to go. Then u = gal+ vy satisfies uo® € T<;.
Its cubic part gol annihilates V' = 51 o F', so u sends every element of M of
degree at most five into T<1; as M = C® @ (M NT<s), u € (I : m?), with
binary cubic part gol # 0 (script 120_135_s6.sage, part 421). A turning
operator of type (b) (Section 2.8) applies.

F =Y a turning quartic. Then p4(Y) = 0; choose z with z(Y) = 0, and
hs € Ss nonzero at Y and at the other roots of ps. The quartic ws = zhs
kills Y and maps every element of M of degree at most five into T<1, so
wy € (I : m?). Tt has a simple zero at the root [Y] of py and vanishes at no
other root of ps, and Corollary B.2(a) applies, with W5 = Ss. O

Theorem B.11. FEvery local algebra with Hilbert function (1,3,5,4,3,2,2)
is smoothable.

Proof. Here I = xS2, U = D4 has dimension three, and by [15, Lemma 2.16]
D5 = v5(T") and Dg = v5(T") for T of length two on the line = 0: in binary
coordinates Dy = (Y* ZF) (secant) or (Y* Y*~17) (tangent). The pencil
Jy4 consists of quartics vanishing on I'; let A be its greatest common divisor,
of degree two or three.

degh = 3: a turning operator. Then h kills U, D5 and Dg. Let F' =
YS + F5 +--- and T be the lifts of the two top forms. The elements x o F,
z o F of M have degree at most four, so F5 = AXY* + Bs with Bs binary
and z o Bs € U; similarly for T, and in the tangent case z o T — %y oF

has degree at most four. Then ho Bs = aY?, and u = h — %y‘l — %z‘l

(secant), respectively u = h— %y‘l - G’%y‘%z (tangent), for suitable /3, satisfies
uo F,uoT € T<; (script 120_135_s6.sage, part 322). So u is a turning
operator.

degh = 2: radial costs. Then Jy = hP, with a base-point-free pencil
P, of binary quadrics, and h = yz or z2. For general wy € Py, p = hws
has two simple roots with x = 4, and the roots of h are points of I', with
k=T=s+1 S024+2+2+(7—2)-2 =38 <40, and Theorem 3.15
applies. O

Theorem B.12. FEvery local algebra with Hilbert function (1,3,5,5,3,2,1)
is smoothable.

Proof. We sort the algebras by the sextic top form Fg. If it is not a sixth power,
the algebra is Gorenstein, or has a turning operator, or [15, Theorem 3.6]
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applies; if F5 = Y, Corollary B.2 applies except in one configuration, which
we sort by the second quintic top form. Here I = 225, @ W3 with a
pencil Wa, so D3 = T3 ® CXQp with Qp € T, spanning W3-, and vr = 0.
A shear x — = + a with a € Sy makes f = 22 + 22] + (order > 4). Let
U=D,,V=Ds, Dg=CFs and ® = Fs+ F5 + ---; then 2% o F5 = 0, and
s = XA, + Hs with binary Ay, Hs.

Fg not a sizth power. Writing Fg = X A5 + Gg, the third derivatives of Fg
show As = aL®;if a # 0, say L =Y, then dim S 0 F5 = 2 forces z0Gg € CYD,
so Fg = Y?(aX + bY + c¢Z). So a linear change of X gives Fs binary or
Fs = XY?®. If Fy is binary with dim Sy o F5 = 3 and no cubic annihilator,
two coprime quartics annihilate Fy and [15, Theorem 3.6] applies with
ki = ky = 4. If it has a cubic annihilator ps, then p3 kills U = Sy0Fg 3 Ay, so
p30Fs € Ty = Sy0Fg, and p3+uy with ugo Fg = —p3oFy is a turning operator.
If Fs = Y%+ Z% or Y®Z, with quadratic annihilator go, let Q = g2 0 Ay;
then Q € CQp, as g3 o ® has top form XQ + g» 0o H5 € D3. If rankQ = 2,
the top forms of the derivatives of ® are Fg, S1 0 Fg, U = Sy 0 Fg & CAu,
T3 ® CXQ (which uses rank Q = 2), To ® X Ty, Ty and T, of total dimension
14+2+3+5+5+3+1 = 20; so the derivatives of ® span M, and A is Gorenstein
(script 120_1355321.sage, part G) and smoothable; if rank @) < 1, a turning
operator is obtained as follows (part Q). If @ = 0, choose I’ € S; nonzero
with (g3l") o Hs = 0, and put ¢ = 0; if Q = L? # 0, choose I' # 0 with
I'oQ = 0, a binary quadric hy with hoo@Q # 0, and ¢ = —(g3l') o H5/(h20 Q).
Then the quadratic part of (gal’ 4+ cxhy) o @ is binary and killed by ga, hence
lies in Sy o Fs, and a quartic correction cancels it; the result lies in (I : m?)
and has the nonzero binary cubic part gol’, a turning operator of type (b). If
Fs = XY?®, a cubic in 2S, corrected by a quartic is a turning operator (part
X).

Fs = Y5. Suppose that some nonzero binary quartic p € I in S, and some
r € Wo satisfy 7(v) # 0 at all roots of p. As Y* € U, p(Y) = 0. Choose z
with 2(Y) = 0 and h3 € S3 nonzero at [Y] and at the other roots of p; the
quartic wy = zhg lies in (I : m?) for every tail, and it has a simple zero at [Y]
and vanishes at no other root of p. So Corollary B.2(a) applies (a member of
the turning family lies in a complete intersection of length at most 35). This
fails only if Qp = B? is a square and B? lies in the binary part of U, the
space of the X-free parts of its elements. In that case we sort the algebras
by the second quintic top form Ts, with D5 = (Y5, T5).

(R1) If Ty is binary and dim(Y*,S; o T5) = 3, either a cubic of 2S5
annihilating T5 gives a turning operator, or the binary annihilator of T3 is
a complete intersection (rs, s4) with z { r3, the binary quartics of I} form
the pencil (zr3, s4 — Eyrs) with greatest common divisor z, and two general
members share only the root [Y] (a common root v # [Y] would be a common
root of rg and s4), which is simple for one of them; then Corollary B.2(b)
gives 38.
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(R2) If T5 € {Z°,Y*Z}, let g2 = yz, respectively 22, and U = (Y4, 5 o
T5) ®CRy. A cubic c3+xqo with ¢35 € ¢251 is a turning operator, except when
Ry is binary, the coefficient p of Ry in z o Hs is nonzero, and rank go o Ry = 2.
Then U is binary and B* € (Y4 S 0 T5) (if B* = ug + cR4 with uy €
(Y481 0 T5) and ¢ # 0, then gs o Ry is proportional to go o B%, of rank
at most one): either Qp € {Y?, Z?} with T5 = Z°, where I* lies in the
monomial ideal L = (22, W, 2S5, y2Ss, 2%,y7) with L? = I*L, and three
elements of L have local length 39 (part R2), so Proposition 3.17(b) applies;
or Qp = Y? with T5 = Y*Z. In the last case write zo Hs = pY44-vY3Z+pR,
and replace R4 by R4+ %Y?’Z , which keeps U, keeps R4 binary and does not
Change ggOR4. Now D3 = TgEBCXYQ, D4 = <Y4, Y3Z, R4>, D5 = <Y5, Y4Z>,
D¢ = CY®, and, as the cubic part of f lies in 2251,

N:=MnNTe3 =T, (XY, XZ, Y2 YZ 7% ® T3 ® CXY?.

Let ®, ¥ be the lifts of Y5, Y4Z, and Q; = Y* + X2, Qa, Qp lifts of Y,
Y3Z, Ry (closedness and binarity of Dy give A4 = aY*). Modulo N,

ro® =aQx, z0® = puQ1 + pQr, y® o ® = 30Q1,
xoW =0, zoW = (@1, yoWU =40Q)s.

Here the analogous monomial ideal has multiplicity 42 (part R2), so Propo-
sition 3.17 gives no bound below 40. We instead move the second quintic
top form out of the binary plane; its quartic derivative moves with it, and
all other generators stay fixed. By the first row of relations, and as the
derivatives of Q1 and Qg lie in N, the space Ny = N + (Q1,QR,y o ®, ),
of dimension 18, is closed under differentiation. Put P = XY* + gX 3. s0
that to P =Q1,yo P =4XY3 and 20 P =0, and

My = No + (Q2 + tXY?, ¥ +tP).

By the second row, the derivatives of ¥ + tP are tQ1, 4(Q2 + tXY?3) and
Q1 modulo N, and those of Q2 + tXY?3 lie in N; so M; is closed under
differentiation. Its top forms are independent, so dim M; = 20, and M; has
the Hilbert function of A for every t, while Dy and Ds move: the second
quintic top form is Y4Z +tXY*. As My = M, and for ¢ # 0 this form is not
binary, these algebras are smoothable by (R3), and so is A (part D).

(R3) If T is not binary, its X-part is a fourth power L*, and after a linear
change of y, z by multiples of = (which keeps Cx?, 225 + W5 and Y%) and
a gauge, either T5 = XZ* and yz? is a turning operator, or L = Y and
Ts = XY* + G5 with G5 binary. In the second case, for a suitable ¢ € C, a
turning operator is 23 + cy? if Ay ¢ CY*, and p + cy?* with p € 2S5 nonzero
and po Ry = 0 if Ay € CY* and z 0 G5 € CY*, where such a change gives
Ts = XY* (part R3 (iii)—(v), with G5, R4 and all tails symbolic, and the loci
where p — p o Ry drops rank treated separately). In the remaining subcase,
z0Gs5 ¢ CY* and Ay = aY?, closedness gives z o Hs € (Y* 20 G5), that
is, Hs = hoY® + pY*Z + vG5, and the following operator u is a turning
operator (part R3 (ii), with G5 and all tails symbolic, and the loci where
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the map below has rank one treated separately). Choose p # 0 in the kernel
of the map 289 — T5/CY?, p — p o G5, from a space of dimension three to
one of dimension two, and define k by po G5 = kY. Then uz = p — %a:y2
kills Ts, as xy? o XY* = 12Y?; the quadratic part of uz o ® is A\Y? for some
A\ € C, and, as y* o Y% = 360Y2,
u=p-— Ly — 2y

sends ® and the lift of 75 into T<;. The subcase is needed: for M =
N+ (Y4 XY3, Ry,yo® XY* ®) with N as in (R2), Ry = Y2Z% + Z* and
O =Y6 + %}/223 + %Z5, we have Ts = XY, so every p € 2S5 lies in the
kernel, but (y2z) o ® = 272; here the turning operator is 2% — 6y?z — ré()y‘l
(script 120_r2_anchors.sage, part (B12)). In all cases A is smoothable. [

B.13. Socle degree seven and eight.

Theorem B.14. Let A be a local algebra with Ha(2) =5, Ha(4) = Ha(5) =
2 and Ha(6) + Ha(7) + --- < 3. Then A is smoothable. No induction
on the length is used. In length twenty this covers (1,3,5,4,2,2,2,1) and
(1,3,5,4,2,2,1,1,1).

Proof. Apart from cases settled in [15], we exhibit a turning operator. By
Macaulay’s bound the tail (HA(6), Ha(7),...) is empty, (1), (2), (1,1), (2,1)
or (1,1,1). The first is [15, Corollary 4.10], the next three [15, Proposi-
tion 4.11(2),(4)]. For (2,1) and (1,1,1): by [15, Lemma 2.16], Dy = v4(T)
and D5 = v5(T") for T of length two supported on the line z = 0, which
is secant, It = (r,yz), tangent inside, (x,22), or tangent outside, (z,z?),
and the top form is Y7 + Z7, Y5Z, XY or Y7, respectively Y8. Let ®
be its lift. Shears and gauges remove most terms of the tails of degrees
seven and six; in each case at most one coefficient, A, 0 or o, remains (script
120_13542221.sage, respectively 120_135422111.sage, part (0)). An ele-
ment u = uz + ug +--- of m3 lies in (1 : m?) if ug € (Ir)3 and uo ® € Ty
(and uo ¥ € T for the lift ¥ of a second sextic top form, when the top
form Y7 has a one-dimensional space of first derivatives). In each case
an explicit u with ug € {y2?2, p1yz? + pay?z, poz® + p1yz?} and corrections
of degrees four to six in y, z satisfies this, with all lower tails arbitrary
(part (2) of the scripts, exact over Q with all tail coefficients symbolic);
its restriction to the plane x = 0 is yz or z? times a linear form, and [15,
Corollary 4.6] applies. For instance, for the secant I' with top form Y7,
second sextic Z% and lifts ® = Y7 + Q5+ -+, U = Z% 4 R5 + - - -, closedness
gives 20 Qs, yo Rs € (Y4, Z4), and u = y2? — 3%24, with g the coefficient
of YZ* in Rj, satisfies uo ®,u oW € T<;: the quadratic part of uo ¥ is
1297?% — 129Z% = 0. In the two sub-cases, one for each Hilbert function,
where only u3 = 23 is available, the transverse cubic ¢ has no y3 term; if it is
not a cube, [15, Theorem 2.9(2)] applies, and otherwise [15, Theorem 4.5](2),
with y and z exchanged, applies to u + V' for an element V' = zy? + --- of
(I :m?): the y*-coefficient of Gy is ¢y + c1t — %. O
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B.15. The last Hilbert function of this group needs induction, through
radial costs, and a refinement of them at one double root.

Theorem B.16. Every local algebra with Hilbert function (1,3,5,4,3,2,1,1)
is smoothable.

Proof. The transverse cubics leave two branches. In the cube branch, where
7(I3) = C23, jets give a turning operator. In the binary branch, radial costs
apply except in two configurations, (M2) and (M1), where we find a turning
operator or refine the radial count at a double root. As H4(6) = Ha(7) =1,
D7 =CL" and Dg = CLS, and M = C® + Cyo ® + (M NT<s) for the lift
®=L"+ Ps+ Ps+ -, in coordinates with L =Y (below).

Reduction. Here dim I; = 6. The transverse cubics of the elements of
I with leading form x? form the affine space v; + m(I3). If it contains a
non-cube, [15, Theorem 2.9(2)] applies. Otherwise, as in the proof of [15,
Theorem 4.12], m(I3) is 0 or a line Cz* containing ;. In the second case
I3 NaSy = x2S + 211 for a plane IT C Sy, and we may take V= 23 with
A # 0. If some ¢ € II has a term 32, [15, Theorem 4.5](2), with y and z
exchanged, applies to an element u € I with leading form xq + zI: the
y*-coefficient of Gy is co + c1t — %q(O, 1,0)2. The same holds for the element
with leading form 23 + x(ay® + - - -) if @ # 0. There remains the cube branch
I = 228 + (zyz,22%,23), D3 = (Y3, Y22, YZ? XY?), L=Y.

Cube branch (no induction). The elements of I with leading forms 2,
ryz, v2%, 23 annihilate ®, which forces Py = aX?Y* + pXY® + 0 XY*Z +
BYS +~YSZ +6Y* 22 4 Y323, and a gauge and two shears remove f3, p, 7.
If o # 0, then v has a term y3, which was excluded. If o # 0 or € # 0,
[15, Theorem 4.5](2) applies to the element of I with leading form zyz,
respectively 23, whose y*-coefficient is forced to be —o /210, respectively
—£/140. If a = 0 = € = 0, the element y3z (if § = 0) or y?2% — %gﬁ
lies in (I : m?), and [15, Theorem 4.5](2), (3) or (4) applies to it (script
120_13543211.sage, part R).

Binary branch. Now I = xS, D, C Ty for k>3, L=Y, D5 = (Y5, G),
and every quartic of the pencil Jy vanishes at [Y]; let h be the greatest
common divisor of Jy, so z divides h. If 7 is not a cube, [15, Theorem 2.9(2)]
applies; if it is a nonzero cube al?, [15, Lemma F.4] applies to an element of
I with cubic part zq, ¢ not vanishing at the root of [. Let vy = 0. We use
Theorem 3.15 with p = h - g, g a general member of the residual pencil. At
a root of g, k = 4; at [Y], K = 8; at another root v = [V] of h, k(v) =5 if
V5 ¢ D5 and 6 otherwise, which happens for at most one v. So the bound of
Theorem 3.15i8 24 +6+3-2=36for h = z; at most 24 +6+4+2-2 =38
for h = zl, l # z; at most 24+ 6+ 4 + 3 + 2 = 39 for h = zlyly with distinct
li # z;and 24 +6 42 -3+ 2 = 38 for h = 21? with [ ¢ D5. In the remaining
cases a finer argument is needed.

(M2) h of degree three, otherwise. Then h kills Dy, D5 and Dg. After a
shear and a gauge, Ps = Bg is binary without Y% Y®Z and Ps = XA, + Bs
with A4 € Dy; put G' = z0Bg € D5 and W = CY?+ S30G’. Every element
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of I with cubic part xry shows ro0 A, € W’. Write ho Bg = ,uY?’. W = TQ,
the element u = h — 8‘%3/4 + zc3 + ¢y®, with ¢3 € S5 and ¢ € C chosen so
that ho By — gisy* o Bs + c30 G’ 4 2520cY? = 0 (possible as W' = T5), has
uo® € T<y; if G € CY®, then after normalizing B = 0, u = h— %;ng does.
If G' ¢ CY® and W' # Ty, then D5 = (Y?, Z%) or (Y?,Y*Z) in suitable
coordinates, and an element with cubic part p1yz? + pay’z, respectively
poz> + p1yz?, and explicit corrections of degrees four and five, of the same
shape as in the proof of Theorem B.14, works. In each case u € (I : m?)Nm3,
with cubic part h or a binary cubic with a square factor; if it is not a
cube, [15, Corollary 4.6] applies, and if it is 23, [15, Theorem 4.5](2) applies
to u + v with v = oy? + --- € I (script 120_13543211_m.sage, parts M2,
M2-E, and 120_13543211.sage, part Z). If h = 2%, then S.J; = 2253 = Js,
so D5 = (Y5 Y4Z), and after the normalization P = 6Y*Z2; the same
argument covers 6 # 0, and 6 = 0 is (M1).

(M1) h = 22, Ps =0. Then A4 = aY* and poBs = A(p) Y for p € Jy, with
a linear form A on Jy. If A = 0, yz? lies in (1 : m?) and [15, Corollary 4.6]
applies. If A # 0, choose py = 22¢o € Jy with A(ps) # 0 and g2 with two
simple roots v1,ve # [Y], an independent p’ € Jy, and elements K, P,, Q
of I with leading forms zry (r9 not vanishing at [Y],v1,v2), ps and p'; also
y°z € I, as Ps = 0. Closedness forces three jet identities (part M1, all tails
symbolic): the coefficient of y* in the quartic part of K vanishes, and the
coefficients of y° and y° in the quintic and sextic parts of P, are 0 and
—A(p4)/5040. Theorem 3.15 would give 24 + (8 —2) - 2+ 2 + 2 = 40 at the
double root [Y]. Instead, at [Y], in the chart = = At, y = t, z = wt, the
first identity gives A(t,0) = O(t?) when K = 0 is solved for A, and the other

two give V (¢,0) = _?)E)To) t2 4+ O(t?) for the proper transform V (t,w) of P,
restricted to K = 0; moreover V (0, w) = w? - (unit). So B = C[[t,w]]/(V) is
free of rank two over C[[t]], with V = (unit)(w? + ayw + ag) and ord; ap = 2,
and the determinant of multiplication by t*w on B has order 8 +ord; ag = 10.
The element f + 0@ + vy’ restricts to G + vttw on B, and in det(G + vt*w)
the coefficient of 12 is this determinant; so for general v the local length at
[Y] is at most 10. With 2 at each of v1, v9, as in Lemma 3.14, the complete
intersection has local length at most 24 + 10 + 2 4+ 2 = 38 < 40; one example
attains 38 (script 120_13543211_m.sage, parts M1 and M1-E). Theorem 2.5

concludes. O

APPENDIX C. SOCLE DEGREE AT LEAST SIX

C.1. This appendix proves the eight Hilbert functions of Section 7 not
treated there. Here H4(2) = 6 and the socle degree s is at least six. When
Ha(s—1) = Ha(s) = 1, the form spanning Dy is a power, and we choose
coordinates with Dy = CX*.

Theorem C.2. Every local algebra with Hilbert function (1,3,6,3,3,2,1,1)
is smoothable.
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Proof. By [15, Lemma 2.16], D3 = v3(I") and D4 = v4(T") for a subscheme
I' of length three, which is the cubic base scheme, as in the proof of [15,
Corollary 3.15]. Moreover D; = CX7, Dg = CX6% and [X] € I'. If T is
curvilinear, its multiplicities add up to three, every weight is at most s—3 = 4,
and 27 + 4 -3 = 39 < 40: Theorem 2.7 applies. Otherwise I' = V(m%),
D3 = X?T1, ex = 4 and k(X) = 7, and Theorem 2.7 only gives 43. But D3
contains X 27} and no nonzero element of X - 75, so [15, Lemma D.3] applies
by the remark after it, with the weight (6 —3)-4: 27+ 12=39 < 40. O

Theorem C.3. Every local algebra with Hilbert function (1,3,6,4,4,1,1) is
smoothable.

Proof. Excess linkage, sharpened by free quartic tails, settles the cases (i)
and (ii) with o = 2 below; in the others a point leaves along the line of X,
on a dense subset of one irreducible family. Here Dg = CX%, D5 = CX?,
X% € Dyand X2 € D3. Let ® = X6 4 P+ Q + R be the lift of X5. By
[15, Lemma A.11], either (i) the cubic base scheme B is finite of length
at most three, or (ii) 8 has length four, D3 = v3(B) and Dy = v4(B), or
(iii) D3 = C[X, L]3 is the space of binary cubics of a line through [X], Dy
is a hyperplane of C[X, L]4, and D3 = v3(I"), Dy = v4(T") for a collinear
subscheme I' of length four. In (ii) let I' = 8. In Theorem 2.7, k(X) = 6,
and k(p) < 5 at the other points, as P°> ¢ Ds.

(i) Here ex <37, e, <4 (Lemma 3.2), so 27 + >, (k(p) — 3)ep, <27+ 2-
4+ ex <39 <40, and Theorem 2.7 applies.

(ii) Suppose that the socle of the local ring of I" at [X] has dimension o = 2;
then I' is V(m%) U {¢} or has local ideal (n?,n¢, ¢?) at [X], and 2p€p =5
The space K of [15, Lemma D.3] is K£4(I", X), of dimension 4+ +1 =7
by [15, Lemma A.3|, and an element R’ € K with z o R’ € D3 has all its
derivatives in v3(T"), so it lies in Dj = v4(T) [15, Lemma A.11], of dimension
four. So the rank condition of [15, Lemma D.3] holds, all weights are at most
2, and 27+ 2 -5 = 37 < 40.

(ii) and (iii) with ¢ = 1: one family with rays. We follow case (c) of
the proof of [15, Theorem D.7|, with U = 14(I") instead of a hyperplane;
no incidence is needed, as U is determined by I'. By dimensions, M =
T<o®v3(I) @ {u+7(u):u € vy(l')} @ Cxo®®CP, and this space is closed
under differentiation if and only if

yo P, zo P e wy(l), T(X4)E%SL‘2OP,

yoQ =T1(yoP), zoQ=71(z0P)
modulo D3. The first condition puts P in IC5(I', X), of dimension 6, which
contains X*T}. As in the proof of [15, Theorem D.7(c)], the subschemes
I' of length four through [X] with ¢ = 1 form an irreducible variety of
dimension six, over which the I5(I', X') form a vector bundle of rank six,
with total space K. If Bp: Nx — v4(I')/CX*, d + d o P, vanishes, then
P € X*T}, a coordinate change of [15, Section 5.17] with m = 2 reduces P
to cX?, then 7(X*) € D3, X* € M, and X* ¢ Nx o M, which has degree at



TWENTY POINTS IN THREE-SPACE 43

most three: a ray. On the open set Kt where 8p # 0 (nonempty by script
120_1364411.sage), the remaining conditions are linear in (7, Q) and onto
(T3/D3)3, so the algebras form an affine bundle over K, with R free: an
irreducible family. In it, the reduced I' = { X, L1, Lo, L3} are dense, and for
them K5(T', X) = v5(I') + X*T7; after the coordinate change that removes
X4Ty from P, we get X* € M and Ny o M with quartic parts in (L{, L3, L3),
so the line of X is a ray, as in [15, Theorem D.7]. The script checks the
dimensions and the rank of the map on the tails on fourteen types of I', and
the rays for reduced I'. [15, Proposition 2.2(1)] concludes. O

Theorem C.4. Every local algebra with Hilbert function (1,3,6,3,2,2,2,1)
is smoothable.

Proof. Excess linkage applies unless the cubic base scheme is a fat point;
then the algebras form three explicit families, each with an anchor. By [15,
Lemma 2.16], Dy = vy (T) for k = 4,5,6 and T' € Hilbe(P?), D; = CF with
F € 17(T"), and D3 = v3(I') & CG. The seven cubics of I3 have no common
factor, as cubics with a common factor span at most six dimensions, so B
is finite; it contains I', and has length at most three, since min(4,4(8)) <
h(3) < dim D3 = 3. If B is not the fat point, then 3° e, < 3, every weight
is at most s — 3 =4, and 27 + 12 = 39 < 40: Theorem 2.7 applies.

If B = V(m%), then D3 = X271, and T is a double point at [X], T =
V(2,%?) in coordinates fixing X. So Dy, = (X*, X*~1Y) for k = 4,5,6, and
F = X% or F = X7 after a coordinate change. We write the lifts of the top
forms with all tail coeflicients as indeterminates, in these fixed graded data,
and compute the closedness conditions (script 120_13632221.sage). For
F = XY, together with T<9 @ D3, the derivatives of the lift span M, and
the closedness conditions are solved by Gaussian elimination with constant
pivots: the algebras form one family over an affine space. For F = X7,
with lifts of X7 and X°Y, elimination with constant pivots leaves the two
equations uv = uw = 0, where u is a tail coefficient and v, w can be solved
for two further coefficients with constant pivots. So the parameter space
is V(u) UV (v,w), and each component is the graph of a polynomial map
over an affine space. The nonpure family and the components © = 0 and
v = w = 0 contain members in complete intersections of local length 38, 39
and 36, respectively, certified by stabilization (script, mode AN). Theorem 2.5
concludes. O

C.5. For three Hilbert functions over a double point we use the following
form of the expected-dimension count: the exceptional algebras need not
form a family, they only have to be few.

Lemma C.6. Let Q be an irreducible variety, £ a vector bundle of rank N
on Q, ¥ a section with zero set Z, and Z — Hilby(A®) a morphism. Let
Zrad € Z be a constructible subset of dimension less than dim Q@ — N. If the
schemes parametrized by the points of Z \ Zpaq are smoothable, then so are
all schemes parametrized by Z.
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Proof. Every irreducible component C of Z has dimension at least dim Q — N
[15, Lemma 2.17], so it is not contained in the closure of Zp.q, and C \ Zpaq
is dense in C. [15, Proposition 2.2(1)] concludes. O

In all three applications the morphism Z — Hilbg(A3) comes from [15,
Lemma 2.3(2)] on the charts of the Grassmannian, and I is a double point
at [X], To = V(z,5?), so that Dy = Uy = (X* X3Y), D5 = (X° X1Y),
and D3 D Ey = v3(Ig) = (X3, X2Y); we call the subspace D3/FEq of T3/Ey
the flag. For the four-dimensional spaces D3 of Theorems C.8 and C.9,
[15, Lemma A.11] shows that the cubic base scheme B D I'y is finite of
length at most four, or D3 = C[X,Y]s; the five-dimensional spaces D3 of
Theorem C.10 are treated with [15, Lemma A.12]. In Theorem 2.7 the weight
of [X]is (s —3)ex, as X* € Dy, for 4 < k < s, and every other point P of B
has weight one, as P* ¢ Uy. For a four-dimensional space D D Ej of cubics
let Ap={A€Ty:yoA, z0 A€ D}.

Lemma C.7. dim Ap < 7 for every four-dimensional D O Ejy.

Proof. The map Ap — (D/Eg)?, A — (y o A,z o A), has kernel
(X4, X3Y, X3Z,X%Y?), and its image lies in the kernel of (u,v) +
zou—yowv € Ty/CX?, which is not zero, as D € (X3, X2V, X27). O

Theorem C.8. Every local algebra with Hilbert function (1,3,6,4,2,2,2) is
smoothable.

Proof. Excess linkage settles the good flags, and the algebras over the bad
flags are too few to fill a component (Lemma C.6). By [15, Lemma 2.16],
Dy = v(T) for k = 4,5,6 and a subscheme I' of length two through
[X]. If ' = {X,Y}, [15, Proposition C.6](b) gives a ray. Let I' = I,
so Dg = (X5, X°Y).

Good flags. With s = 6, Theorem 2.7 gives at most 27 + 6 + 2 = 35 if
B has length two at [X]; 27+ 9 + 1 = 37 if it is curvilinear of length three
there; and 39 if it is V(m%) alone or two-generated of length four at [X]
(ex =4 in both cases, [15, Lemma A.4] and Section 2.6). The bad flags are
those with B = V(m% ) U {P} (40), with a local ideal (u?,uv,v?®) at [X] (42),
or with D3 = C[X,Y]3. They are determined by P € P2, by a point of P!,
respectively unique: a constructible set of flags of dimension at most two.

The incidence. Let F = X6+ As+By+Hsz and G = X°Y + K5 +Cy+.J3 be
lifts of the top forms. Then M = T<y+ D3+ (2?0 F 220G, 20 F,x0 G, F, G),
and M is closed under differentiation if and only if: (Q5) the quartic parts
yoAs, zo As, zo K5, yo K5 — éx o Ay lie in Uy, a linear condition on
(A5, K5) with an eight-dimensional solution space Ss; and (Q4) four cubics
yoBy, zoBy, zoCy, yo Cy — %z o By, corrected by constants depending on
(45, K5), lie in D3 (script 120_1364222.sage checks this criterion against
direct closedness). The data (Ds/Ey, (As, K5), (B, C4), (Hs, J3)) range over
Q = Gr(2,8) x S5 x T? x T#, of dimension 12 + 8 + 30 + 20 = 70, and
(Q4) is a section of a bundle of rank 4 - 6 = 24; so every component of its
zero set Z has dimension at least 46. Over a flag, for fixed (As, K5), the
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solutions (By,Cy4) of (Q4) are empty or a translate of the kernel, which
maps to Ap with fibres translates of Ap; so it has dimension at most 14 by
Lemma C.7. Hence the part of Z over the bad flags has dimension at most
24+ 8+ 14 4+ 20 = 44 < 46. The algebras over good flags are smoothable by
Theorem 2.7, and Lemma C.6 concludes. U

Theorem C.9. Every local algebra with Hilbert function (1,3,6,4,2,2,1,1)
is smoothable.

Proof. The coefficient § of X4Y?2 in the lift of X7 organizes the tails. When
§ # 0, a derivative of the lift of X7 is a lift of X?Y", and one cubic obstruction
separates two irreducible families. When ¢ = 0 we need no explicit deforma-
tion: the bad flags support at most 44 parameters, while every component
has dimension at least 45. Here D7 = CX', Dg = CX%, Dy = v4(T) and
D5 = vs(T') with [X] e T. If I' = {X, Y}, [15, Proposition C.6](a) gives a
ray. Let I' = T'g. Now s = 7: the good flags are those where B has length
two at [X] (2748 4+ 2 = 37) or B is curvilinear of length three at [X] and
nothing else (27 4+ 12 = 39); the bad flags are those with D3 D X277}, that
is, D3 = X?Ty @ C(Xgo + g3) with binary gs, g3, a P% those where B is
curvilinear of length three at [X] plus a point (dimension at most three) or
of length four at [X] (at most two); and D3 = C[X,Y]s.

Let ® = X7 4+ &g+ --- and U = XY + U, + U3 be lifts of X7 and
X4Y. Closedness forces & = aX® + BX°Y + vX°Z + 6X*Y? (script
120_13642211.sage, part A).

§ # 0: two families with anchors. A gauge and the shears y — y+\x2, 2 —
z+ N2 [15, Section 5.17] remove «, 3,7, 50 ® = X"+ X4Y 24+ C5+ Ry + Es;
write U = X4Y 4 A4 + Bs. The lifts 23 0 /210 and z o ¥/4 of X* and
X3Y have the cubic parts hx = %Xﬁﬂ and hy = %8;(144. Closedness in
degree four says that 0,Cs = aX*+bX3Y and 9y Cs — 2044 = rX*+sX3Y
for some a,b,r,s € C; so C5 € C[X,Y]s ® (X*Z,X3Y Z), with a, b the
coefficients of X*Z, X3Y Z, and A, is determined by Cs modulo Uy. In
degree three, closedness says exactly that the three cubics

dzRy — ahx —bhy, Oy Ry —rhx — shy — 20Bs,
W = ((12¢4 — £6%)XY? 4+ 20¢5Y %) /(20)

lie in D3 modulo Ey, where ¢4, c5 are the coefficients of XY* and Y?® in Cs
(script 120_r2_13642211.sage, all tails symbolic over Q(d)). The first is
affine in R4, with linear part R4 — 9z R4 onto T3/ Ds; the second determines
B3 modulo Dj3; and FEs3 is free. So the algebras form affine bundles of
constant rank over the set Yy U'Y; of data (0,C5, D3/Ep), where Yj is the
locus w = 0 and Y; the locus where w # 0 and w € D3/Ey. Both are
irreducible. The member of the first family with D3 = (X3, X2Y, X Z2,Y Z?)
and ® = X7+ X4Y?2 4+ X3Y2 4 %XY4 lies in a complete intersection of local
length 32, and the member of the second with D3 = (X3, X?Y, XY?2 X 7?)
and ® = X7+ X4Y? in one of local length 33 (part E). Theorem 2.5 concludes.
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0 =0: few bad flags. Then the conditions in degree four give

o5 =11 x3y 7 4 %)(322 + a1 X% + ao XY + a3 X*Z + £ X3Y?
with free aj,as,as,e (part C), and the remaining conditions are affine in
(®4,¥y), with linear part L,(®4,¥y) = (yo @y — Fx oWy, 20 Py, yo
Uy, z 0 Wy) modulo D3, where w = 2¢ — %52; ®3, U3 are free. The data
(flag, a, 8,7, a1,a2,as,e, Py, Uy, P3, ¥3) range over a variety of dimension
124+ 3 + 4+ 30 4+ 20 = 69 and are cut out by a section of rank 24, so every
component of the zero set has dimension at least 45. For w = 0 the kernel
of Ly is Ap x Ap; for w # 0, (4, ¥y) — (By, Cy) = (U4, 2= Dy) identifies it
with the space Sol(D) of solutions of the homogeneous conditions (Q4) of
Theorem C.8, of dimension r(D) < 14. As w = 0 is a hypersurface in the
seven parameters, the part of the zero set over a set ¥ of flags has dimension
at most max(dim ¥ + 747+ 20, dim¥ + 6 4+ 2dim Ap + 20), and it suffices
that dim ¥ + 7 < 17 and dim ¥ 4+ 2dim Ap < 18 on each set of bad flags.
This holds when dim ¥ < 3. For D = X?T} @ C(Xgs + g3), write A € T}
as X2Q + Xag + a4 with binary as,as. Then yo A,z0 A € D if and only
if (Oyas,dyvas) = Ai(g2,93) and (0zas, 0zas) = A2(g2,93); a binary form
of positive degree is determined by its gradient, and a pair is a gradient
if and only if it is closed, SO .AD = X2T2 D {()\1, /\2) . (/\182 — )\Qay)gg =
(MOz — X20y)gs = 0}. A nonzero operator A\19z — A2y kills only powers
of the linear form it kills, so dim Ap = 7 if go € CL? and g3 € CL3 for
one linear form L, and 6 otherwise. Similarly, for (B4, C4) € Sol(D), with
By = X%2Q + Xaz + a4, Cy = X?Q" 4+ Xc3 +c4 and g2 = Q(0,Y, Z), the
conditions say that y o By, z 0 By € D and that gradcs = (%QQ + A1g2, A\392)
and gradcy = (%ag + A\4g3, A3g3) for scalars A3, \y. Closedness of the first
determines go up to CY?2, and that of the second is (M\0z — A30y)g3 =
—X2g2/6. The part of @ divisible by X, the form Q' and the multiple of Y2
are free, so (D) =3+ 6+ 1+ dim A, where A is the space of (A1,...,\)
satisfying these conditions. Its dimension is computed as follows. If gg is
not a cube, no nonzero operator kills g3, so A = 0. If g3 = vL3 # 0, the
pairs (A1, A2) form a line if go € CL? and are zero otherwise, and for each
of them the last condition is one linear equation on (A3, \4) with nonzero
linear part: dim A = 2, respectively 1. If g3 = 0, then g2 # 0, the last
condition says Aags = 0, so Ay = 0 and A3, A4 are free, and A\; # 0 is possible
only if zg2 = 0: dimA = 3 if go € CY?, and 2 otherwise. The strata of
[Xgo + g3] € PY are (part C checks the values at a representative of each
stratum):
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stratum of [X g2 + g3] dimY dimAp r dimX+r dimX+2dimAp
gz not a cube 6 6 10 16 18
g3 € C*L3 g ¢ CL? 4 6 11 15 16
g3 € C*L3 g, € CL? 2 7 12 14 16
g3 = 0, g2 not a square 2 6 12 14 14
g3=0,92=L? L ¢CY 1 7 12 13 15
g3 =0, go € CY? 0 7 13 13 14

So the part of the zero set over the bad flags has dimension at most 17 4+ 7 +
20 = 18 + 6 + 20 = 44 < 45, the algebras over good flags are smoothable by
Theorem 2.7, and Lemma C.6 concludes. U

Theorem C.10. Every local algebra with Hilbert function (1,3,6,5,2,2,1)
is smoothable.

Proof. By [15, Lemma 2.16], Dy = v4(I"), D5 = v5(I') and Dg = CF with
F € vg(T), for a subscheme I of length two; D3 O v3(I") has dimension five.
In suitable coordinates, F is X% (pure), X% + Y° (nonpure, I' = {X,Y}) or
X3Y (nonpure, I' = Ty).

Two points, pure top: a ray. [15, Proposition C.6](b) gives a ray.

Nonpure top: excess at a general member. Then Ds = Sy o F' and
Dy = Sy 0 F, and It = (z,q) with ¢ = xy, respectively 3?. Let ® =
F+ P+ R+ FE be the lift of F. As zo F' = 0, z o ® has degree at most
four, so zo P € Dy = Sy 0 F = Clz,y]2 o F, and a shear z — z + h(z,y)
(Lemma B.4) makes P binary. Then M = T<s + D3+ S o ®, and this space
has the right graded data if and only if the cubic parts go P of go® and zo R
of zo ® lie in D3. Fix F and P, and let C = v3(I") + Cq o P, of dimension
n € {2, 3}; its cubic base scheme is a curvilinear subscheme of length n of
the line z = 0. The algebras with D3 O C, R € 271(Ds3) and FE free form an
irreducible family, and for a general D3 O C the cubic base scheme is still
that of C, by [15, Lemma A.16] applied 5 — n times. All weights are at most
three, so excess linkage gives at most 27 + 3n < 36 for the general member,
and all members are smoothable.

Pure top over a double point: few bad flags. Let F = X% and I = Iy,
with lifts ® = X6 4+ &5 + &4 + &3 and ¥ = X*Y + U, + U3, As in the proof
of Theorem C.9, closedness forces @5 = a1 X° + as X*Y + a3 X*Z + e X3Y?,
and the remaining four conditions are affine in (®4, ¥4), with linear part
((I>4, \1’4) — (y o,y — %.CL‘ oWy, zo®y, yoWy, zo \1’4) modulo D3, whose
kernel has dimension at most 2dim Ap,. As in Lemma C.7, now with
ding/E() =3, dimAD3 <9. If D3 = X2T1 D <ng}i + 93,i>i21,27 then,
writing A = X2Q + Xas + a4 as in the proof of Theorem C.9, A € Ap,
if and only if p = (dyas,dyas) and ¢ = (9zas,dzay) lie in the plane W
spanned by the pairs (g2, 93,) and dzp = dyq. The map W x W — T} & Ty,
(p,q) — Ozp — Oyq, has rank at least two: otherwise dy W and 0zW lie
on one line, which forces W = ((aY?,bY3), (cZ?,dZ?)), whose images 07 W
and dy W are independent. So dim Ap, < 6+ 2 = 8 if D3 O X2Ty. The
weight of [X] in Theorem 2.7 is 3ex, and every other point has weight one.
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By [15, Lemma A.12], B is finite of length at most five, or a line, possibly
with a point. FExcess linkage gives at most 39 when 9 is finite and its
part at [X] is Ty (27 + 6 + 4, by Lemma 3.2), curvilinear of length three
(27 4+ 9 + 2), V(m%) alone, or curvilinear of length four alone. The other
flags D3/ Ey € Gr(3,T3/Ep) have 9B infinite (dimension at most five: the line
through 'y and [G] € PP, or fewer), or B O V(m%) of length four or five
(here D3 O X2T7; choose By of length four with V(m%) C B4 C B, either
the fat point with a further point, two parameters, or a punctual extension,
given by a hyperplane of m% /m%, a point of P?; then D3 = v3(B4) ®CG with
[G] € P(T3/v3(8B4)) 2 P5: at most 2+5 = 7), or B curvilinear of length four
at [X] plus a point, or of length five at [X] (at most four, with D3 = v3(B)).
The data range over a variety of dimension 15+ 4 + 30 4+ 20 = 69, cut out by
a section of rank 20, so every component has dimension at least 49, while
the part over the bad flags has dimension at most 5 + 4 + 18 + 20 = 47,
7T+4416+20 =47 and 4+ 4 + 18 + 20 = 46. Lemma C.6 concludes. [

Theorem C.11. Every local algebra with Hilbert function (1,3,6,4,3,2,1)
is smoothable.

Proof. Here Dg = CF', with F' in one or two variables, and N = mo M +T<s.
All weights in Theorem 2.7 are at most s — 3 = 3.

A free cubic: cubic reduction. If D3 € N, then M = M' @& CG for
an algebra M’ with Hilbert function (1,3,6,3,3,2,1) [15, Lemma A.15],
whose cubics and quartics are those of a subscheme I" of length three [15,
Lemma 2.16], and whose cubic base scheme is IV. The algebras M’ & CG’
form an irreducible family whose general member has the cubic base scheme
I [15, Lemma A.16], so excess linkage gives 27 + 3 -4 = 39 for it, and A is
smoothable. Let D3 C N.

Finite cubic base scheme: excess. By [15, Lemma A.11], either 9B is finite
of length at most four, with D3 = v3(B) and Dy C v (B) if the length
is four (for k > 5 because Iy is generated in degrees at most four), or
D3 = C[X,Y]; in suitable coordinates. In the first case -, e, < 5, and
the bound 27 + 3 -4 = 39 holds unless }_, e, = 5. Then B has one point
p = [P] that is not Gorenstein, with local ideal m? (and one further point)
or (u?,uv,v3) [15, Lemma A.4]. If P®> ¢ D5, the weight at p is at most two,
and the bound is at most 38. If P® € D5 and Dg = CPY, take P = X then
[15, Lemma D.3] applies, as the quartics R with y o R,z 0 R € D3 form a
space of dimension seven [15, Lemma A.3], which meets x=!(D3) in v4(B),
of dimension four: all weights become at most two, and the bound is 37.
There remains the stratum (02): >, e, =5, P5 € D5 and Dg # CPS.

The stratum (02): families with anchors. With p = [X], either B =
V(m%) U {q} (type A) or B is supported at [X] with local ideal (n%,1(, ¢3),
n = y/z, ( = z/z (type B), and X® € Ds. In type A, with ¢ = [Y],
F = X5L 4 ¢eY% if e # 0, then D5 = (X°,Y?), and x o F € D5 forces
LeCX,s0F=Y% (type Al) or F = X% + Y% (A2) after scaling; if e = 0,
then F = X°L with L ¢ CX (A3). In type B, F = X°L, as a term X*Z2
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would give dim D5 > 3. Except in Al, D5 =S10F and Dy = S0 F & CH
with H € v4(%8). The linear changes of coordinates preserving B are, in type
A X —aX,Y —bY and Z — c¢Z + AX + XY, which include the shears of
Z,and in type B, X — aX, Y — tY +&(Z + pX and Z — uZ + wX. They
rescale and shear the coefficients of H modulo S5 o F', and bring the graded
data to one of 18 normal forms (in A3 we normalize F' instead of ¢): in Al
and A2, Dy = (X* Y4 X31) with | € {Y,Z}; in A3, F = X°Y, ¢ = [Q] with
Qe{Y,X+Y,Z},and H € {X3Z,Q* X3Z + Q*}; in B, F = X°Y with
Hc{X3Z,X%7%, or F = X°Z with H € {X3Y, X?7% X3Y + X272}, If
D5 = Sy 0 F, let 2/ span the linear forms killing F'. Then the algebras with
these graded data are exactly those with inverse system M = T<o ® D3 +
C(H+19)4+So®, ® = F+ Rs+ Ry + Rs, such that (a) 2’0o Rs = go F+uH
for some g € Sy and pu € C, (b) no Rs € D3 for every n € Sg with no F' = 0,
and (¢) 2/ o Ry — go Rs — uma € Ds3: these conditions make the span of
T<2, D3, H + 19 and ® with its derivatives closed, and they are necessary,
as 2/ o ® and n o ® have low degree. Here Rj; ranges over a linear space,
7o and Ry are free, and (c) is an affine condition on R4 whose linear part
Z'o: Ty — T3/Ds is onto; so these algebras form one family over an affine
space. In A1, where H = X3[,let ® = Y+ R5 + Ry + R3, X° + P4+ P53 and
H + 75 be the lifts of Y% X5 and H, and write z o R5 = b X* + b1 Y* + uH.
Closedness confines R5 and Py to fixed spaces of dimensions five and seven,
and then reduces to twelve conditions, affine in (R4, 7o), with linear part
(R4,7m2) — (x o Ry — put2, z0 Ry) modulo D3 & Ds. This linear part has rank
12 if p # 0; if p = 0, it has rank 9, does not involve 73, and the conditions
are consistent (script 120_r2_1364321_A1.sage, all tails symbolic). So for
each [ the algebras of type Al form two irreducible affine bundles, over the
parameter strata p # 0 and g = 0. In all,

type Al A2 A3 B total

graded normal forms 2 2 9 5 18
families 4 2 9 5 20

Each of the 20 families has a member in a complete intersection of local
length 33,34 and 33,34 (Al, ] =Y, Z2); 33, 33 (A2); 33,34,34, 33,35,34
and 35,34,33 (A3, Q =Y, X +Y,Z, with H in the order above); 37,33 and
33,33,34 (B) (script 120_1364321_02.sage), and Theorem 2.5 concludes.
The common line: families with anchors. Let D3 = C[X,Y]s, so that all
Dy, consist of binary forms. If F' has two essential variables, then Dy = S1oF,
and the closedness conditions say that z o Rs € Sy o F' and that a cubic
affine in Ry, with linear part z o Ry, lies in C[X,Y]s. If dim Sy 0 F' = 2, then
Dy = S0 F @ CQq; writing zo Rs = qo F' + uQy, the cubic part of g o @,
for the quadric g € Clz, y]» killing F', is a binary cubic plus ©Z(g o Q4) with
go@4 #0,s0 up=0. With dim .Se o F' = 3, respectively 2, the algebras form
one irreducible family each. If F = X% D5 = (X°,Q), and the algebras
form one irreducible family when dim(X*, 2z 0 Q,y o Q) = 3, and two for
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each of the two types Q = L% and Q = X*L when this dimension is two:
here Dy = (X*) + S; 0 Q + CQy, and the compatibility condition reads
UTxz2 = UTy z2 = utz3 = 0, where p is the coefficient of 4 in y o Rs and
Txz2, Ty z2,Tz3 are coefficients of the cubic tail of the lift of Q4. Each of
these seven families has a member in a complete intersection of local length
36, 38, 38, respectively 39, 38, 39, 38 (scripts 120_1364321_01.sage and
120_1364321_c2.sage). Theorem 2.5 concludes. O

C.12. A successful excess test need not itself exhibit a linkage anchor. Its
proof [15, Theorem 3.12, Step 1] produces one by changing the cubic tail
E of the lift ® of the top form by an element of T3, which changes the
derivatives of ® only modulo T<s. If E' is a free coordinate of an irreducible
family of algebras with D, = CX?, this deformation stays in the family. So
a member satisfying the inequality of Theorem 2.7 supplies a linkage anchor
for the whole family, and Theorem 2.5 smooths it. We call this excess at one
member.

Theorem C.13. Every local algebra with Hilbert function (1,3,6,5,3,1,1)
is smoothable.

Proof. Here Dg = CX%, D5 = CX®°, X4 € U = Dy, dimU = 3 and dim D3 =
5. Let ® = X%+ P+ R+ E be the lift of X%; subtracting a multiple of z o ®
and changing coordinates as in [15, Section 5.17], we may assume that P has
no terms X°, X4Y, X4Z. Closedness gives Py, Pz € U, where Py = yo P,
and neither contains X*. Let ¢t = dim(Py, Pz), and let N =mo M + T<s.

A binary quartic space gives a ray. If C[X,Y]3s C D3 and U C C[X,Y]4
in coordinates fixing X, then P € C[X,Y]; after the normalization, redone
in these coordinates (as Py is binary, P = P, + ZQ' with P, binary, and as
Py is binary, Q' € CX*, which the normalization removes), %xQ od = X*
modulo D3 + T<y, so X* € M, and the quartic parts of the elements of
(y,z) o M lie in CPy # X*; so the line of X is a ray [15, Theorem 2.11(2)].
The same holds if t = 0.

Four cubics: excess. Let C C T3 be four-dimensional with X3 € C' and
a finite cubic base scheme Bx. Then B¢ has length at most four, and a
general five-dimensional D O C has the same base scheme [15, Lemmas A.11
and A.16]; s0 >-,ep < 5, k(X) = 6 and k(p) < 5 elsewhere. If }° e, < 4,
excess linkage gives at most 27 +3-4 = 39. If 3° e, = 5, B is a fat
point and a point, or has a local ideal (u?, uv,v?) [15, Lemma A.4]; a fat
point away from [X] gives 27 + 3 + 2 -4 = 38, and in the two remaining
normal forms, C' = (X3, X2Y, X2Z,Y?) and C = (X3, X?Y, X2Z, X Z?), the
quartics X2Y?2, X2Y Z, X272 for the first and X2Y?2, X2Y Z, X Z? for the
second satisfy the rank condition of [15, Lemma D.3] for a general D D C|
which gives 27 + 2 -5 = 37. So every algebra with this Hilbert function and
D3 = D is smoothable. If D3 € N, then M = My ® CG for an algebra M,
with D3(Mp) = C of dimension four [15, Lemma A.15], and X3 € C, as
it is the top form of 23 0 ® € mo M C My; if C has a finite base scheme,
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the algebras My & CG’ form an irreducible family whose general member
has a general D3 DO C, and otherwise C = C[X, L]3 [15, Lemma A.11],
U CC[X, L]y as S; oU C C, and the ray above applies. So we may assume
D3 C N.

t = 2: excess at one member. Then U = (X* Py, Py), M = T<y + D3 +
(@, 200,220 ®,y0®,20®), and D3 C N means that D3 = CX3 +Wyo P
has dimension five, where Wy = (xy, z2,y%, vz, 2%); then M is closed for all
R and E. The pairs ([h], P) with h o P € CX? form a vector bundle of
rank nine over P(Wy) = P4, as ho: T5/X*Ty — T3/CX? is onto; the bundle
contains P = 0, and the admissible P, those with dim(Py, Pz) = 2 and
dim(CX?3 + Wy o P) = 5, form a nonempty open subset, on which [h] is
unique. With R and FE free, these algebras form one irreducible family. Its
member with P = Y+ X2Y3 + Z° + X2 Z3 has five reduced base points [X],
[X £ V10Y], [X /10 Z], of weights 3,1,1,1,1: 27+ 3 +4 = 34. Excess at
one member concludes.

t = 1. In coordinates with Pz = 0, put Q = Py and U = (X% Q, H).
Then M = T<o + D3+ (®, 70 ®, 2% 0 B,y 0 ®, H + 7) with 7 € T}, closed
if and only if C = S;0U C D3 and zo R € Ds; and D3 C N means
D3 =C+ CzoR. If dimC = 4, the algebras with fixed (P,U), D3 2 C
and z o R € D3 form an irreducible family whose general member has a
general D3 D C}; it is smoothable by the four-cubic paragraph if B¢ is
finite, and by the ray if C' = C[X, L]3, as then U C C[X, L]. If dim C = 5,
then D3 = C; let Cp = (X3, 20 Q,y o Q), of dimension n. If n = 3, the
data (P, [w], H), where P is a binary quintic and |[w] spans the kernel of
S1 — T3/Cq, w — wo H, form the open subset dim(Cg + S1 0 H) =5 of a
vector bundle over the pairs (P, [w]), whose fibre is the kernel, of dimension
eight, of the surjection wo: Ty — T3/Cq; so they form one irreducible family,
nonempty by its member P = Y? 4+ X2Y3 H = Z* 4+ X2Z? of excess 34.
If n = 2, then by [15, Lemma 2.16], Cg = v3(I') and (X*,Q) = v4(T") for
a subscheme I' 3 [X] of length two, and after the normalization P = Y
or P = X3Y?; as H ranges over the open set where dim C' = 5, these form
two irreducible families, with the members H = Y4 + Z4 + XY Z? of excess
27+ 3+ 2 =32 (base {[X],[Y]}) and 27+ 3 -2 = 33 (a double point at [X]).
Excess at one member concludes (script 120_1365xx_check.sage). O

APPENDIX D. COMPUTATIONS

D.1. This appendix lists the computer calculations, in SageMath 10.7. All
are exact, over Q, polynomial rings over Q, explicitly specified localizations
of them, or function fields over Q such as Q(d); whenever a parameter is
inverted, the excluded locus is treated separately. Local lengths are cer-
tified by stabilization (Section 2.4) or by local standard bases; identities
“with all tails symbolic” hold in a polynomial ring in all tail coefficients.
We mark universal calculations, valid for all values of the parameters or
exhaustive (U), exact anchors and representatives, which certify one member
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while exhaustion and irreducibility are proved in the text (A), and sanity
checks, not used in the proofs (S). The scripts, their outputs and a mani-
fest accompany this paper as the archive twenty_points_scripts.tar.gz
on the author’s web page, with SHA-256 checksum d28a0135d6b51a2f
0acabe0847ce8b0f0161842ddcc202396616829efc1c060c; a reader verifies
them from the extracted archive with ./run_all.sh, which first checks
every file against SHA256SUMS (./run_all.sh --full also runs the three
120_1364321 scripts, about three hours in all); test_release.sh is the
author-side test run in the source repository. Scripts are named without the
suffix .sage.

script result establishes

classify Tables 1, 2 U: the 199 Hilbert functions and their rows

120_r2_anchors 3.2,3.5,5.1, U: colengths in 3.2 (L5); A: anchors of length 36
7.1, A.14, in 5.1 (S4), 34 in 7.1 (U1) and 27 in A.14 (A14),
B.12 with the pieces of the hand proofs; S: dual tails

(R); the example in case (R3) of B.12 (B12)

120_socle4 5.1 A: anchor of length 36 (B), deformation (D)
120_136451 3.6, A.5 A: the three triples, length 39; realizations
120_136433 A.6 A: realizations, length 39
120_136442 A7 A: anchors of length 36; tail dimensions 10, 13
120_1365_lineplus A.3, A.10, A: tail dimensions; deformation; S: rays (A.3 is
A1l proved by hand)
120_136532_embedded, A.l11 A: tail dimensions at orbit representatives; limits;
120_r2_136532 U: the kernels for types (3), (4)
120_line_case_d A9 A: bounds 36 + ¢; members over 36 data
120_136721 A.13 A: two members, length 36
120_136631, _binary, _pure A.14 A: members, length 36; S: dimensions
120_136622 A.15 A: anchor plus a cubic, length 32
120_135_lemmaR 3.14, 3.15, S: the bounds are attained
B.2
120_135_s6 6.1, B.10, U: turning operators, all tails symbolic (in part
B.11 331 for sampled h)
120_135_tails, _checks B.6 A: fibre dimension 24; anchor Iy (32)
120_1355321 B.12 U: parts G, Q, X, R3, D; A: part R2
120_13542221, _135422111 B.14 U: normal forms; elements
120_13543211, _m B.16 U: cube branch, turning, jets of (M1); A: (M1),
38
120_136322111, _rho 7.1 U: rays, families, the remainders p1, p2; A: base
schemes, anchors
120_13632221 C4 U: closedness; A: anchors 38, 39, 36
120_1364222, _13642211, C.8,C.9 U: the quintic space Sy of C.8; the closedness
120_r2_13642211 conditions of C.9, all tails symbolic (®s; 6 = 0 in
degree four; & # 0); A: ranks at representatives
of the bad flags; anchors 32, 33; S: closedness on
sampled members
120_1364321_01, _c2, _02, C.11 A: anchors 36-39; (O2) anchors 33-37; U: the
120_r2_1364321_A1 ranks of type Al
120_1365xx_check C.13, C.10 A: test members; S: random members
120_1364411 C.3 A: dimensions, tail rank 18, rays

120_free_tail C.2,C.3 S: lengths along [15, Lemma D.3]
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