
❯♥✐✈❡rs✐tät ❑♦♥st❛♥③
❋❛❝❤❜❡r❡✐❝❤ ▼❛t❤❡♠❛t✐❦ ✉♥❞ ❙t❛t✐st✐❦
Pr♦❢✳ ❉r✳ ❙❛❧♠❛ ❑✉❤❧♠❛♥♥
❙✐♠♦♥ ▼ü❧❧❡r
❲✐♥t❡rs❡♠❡st❡r ✷✵✶✼✴✷✵✶✽

Ü❜✉♥❣❡♥ ③✉r ❆❧❣♦r✐t❤♠✐s❝❤❡♥ ❆❧❣❡❜r❛✐s❝❤❡♥ ●❡♦♠❡tr✐❡

❇❧❛tt ✷

❆❜❣❛❜❡✿ ❇✐s ❉♦♥♥❡rst❛❣✱ ✾✳ ◆♦✈❡♠❜❡r ✷✵✶✼✱ ✶✶✿✹✺ ❯❤r✱ ✐♥ ❞❡♥ ❇r✐❡❢❦❛st❡♥ ◆✉♠♠❡r ✽✳ ❇✐tt❡ s❝❤r❡✐❜❡♥
❙✐❡ ■❤r❡♥ ◆❛♠❡♥ ❛✉❢ ❥❡❞❡s ❇❧❛tt ✉♥❞ ❤❡❢t❡♥ ❙✐❡ ■❤r❡ ❇❧ätt❡r ③✉s❛♠♠❡♥✳
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■♥ ❞❡r ❱♦r❧❡s✉♥❣ ✇✉r❞❡ I(V ) ♥✉r ❢ür ❱❛r✐❡tät❡♥ V ⊆ Kn ❞❡✜♥✐❡rt✳ ❲✐r ✈❡r❛❧❧❣❡♠❡✐♥❡r♥ ❞✐❡s❡ ❉❡✜♥✐t✐♦♥
♥✉♥ ✇✐❡ ❢♦❧❣t✿ ❢ür ❡✐♥❡ ❜❡❧✐❡❜✐❣❡ ❚❡✐❧♠❡♥❣❡ S ⊆ Kn s❡✐

I(S) := {f ∈ K[X1, . . . , Xn] : f(a1, . . . , an) = 0 ❢ür ❛❧❧❡ (a1, . . . , an) ∈ S}.
✭❛✮ ❙❡✐ X := {(x, x) ∈ R

2 : x 6= 1}. ❇❡st✐♠♠❡♥ ❙✐❡ I(X).
✭❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ I(Zn) ❜❡③ü❣❧✐❝❤ C[X1, . . . , Xn].
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❋ür ❡✐♥❡♥ ❦♦♠♠✉t❛t✐✈❡♥ ❘✐♥❣ A ✉♥❞ ❡✐♥ ■❞❡❛❧ I ⊳ A ❤❡✐ÿt
√
I := {x ∈ A : xn ∈ I ❢ür ❡✐♥ n ∈ N} ❞❛s

❘❛❞✐❦❛❧ ✈♦♥ I. ❉❛s ■❞❡❛❧ I ❤❡✐ÿt ❘❛❞✐❦❛❧✐❞❡❛❧✱ ❢❛❧❧s I =
√
I.

✭❛✮ ❇❡✇❡✐s❡♥ ❙✐❡✱ ❞❛ss
√
I ❡✐♥ ■❞❡❛❧ ✈♦♥ A ✐st✳

✭❜✮ ❇❡✇❡✐s❡♥ ♦❞❡r ✇✐❞❡r❧❡❣❡♥ ❙✐❡ ❞✐❡ ❢♦❧❣❡♥❞❡♥ ❘❡❝❤❡♥r❡❣❡❧♥✿

✭✐✮
√√

I =
√
I ✭❞✳❤✳

√
I ✐st ❡✐♥ ❘❛❞✐❦❛❧✐❞❡❛❧✮

✭✐✐✮
√
I ∩

√
J =

√
I ∩ J

✭✐✐✐✮
√
I = A ⇐⇒ I = A

✭✐✈✮
√
IJ =

√
I
√
J

✭❝✮ ❙❡✐ K ❡✐♥ ❑ör♣❡r ✉♥❞ I = 〈X2, Y 2〉 ⊳ K[X,Y ]. ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss I 6= I(V ) ❢ür ❥❡❞❡ ❱❛r✐❡tät V ⊆ K2.
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❙❡✐ A ❡✐♥ ❦♦♠♠✉t❛t✐✈❡r ❘✐♥❣✱ I ❡✐♥ ■❞❡❛❧ ✈♦♥ A ✉♥❞ f, g ∈ A. ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss ❛✉s f − g ∈ I ❜❡r❡✐ts
fm − gm ∈ I ❢ür ❛❧❧❡ m ∈ N ❢♦❧❣t✳

❆✉❢❣❛❜❡ ✷✳✹ ✭✺ P✉♥❦t❡✮

❋ür ❡✐♥❡♥ ✉♥❡♥❞❧✐❝❤❡♥ ❑ör♣❡r K ❣✐❧t ❜❡❦❛♥♥t❧✐❝❤✱ ❞❛ss ♥✉r ❞❛s ◆✉❧❧♣♦❧②♥♦♠ ❛✉❢ ❣❛♥③ Kn ✈❡rs❝❤✇✐♥❞❡t✳
■♥ ❞✐❡s❡r ❆✉❢❣❛❜❡ ❜❡tr❛❝❤t❡♥ ✇✐r

I := {f ∈ F2[X,Y ] : f(x, y) = 0 ❢ür ❛❧❧❡ (x, y) ∈ F
2
2}.

✭❛✮ ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss I ❡✐♥ ■❞❡❛❧ ✐st ✉♥❞ 〈X2 −X,Y 2 − Y 〉 ⊆ I ❣✐❧t✳
✭❜✮ ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss ❥❡❞❡s f ∈ F2[X,Y ] ✐♥ ❞❡r ❋♦r♠

f = A(X2 −X) +B(Y 2 − Y ) + aXY + bX + cY + d

❣❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥ ❦❛♥♥✱ ✇♦❜❡✐ A,B ∈ F2[X,Y ] ✉♥❞ a, b, c, d ∈ F2.

❍✐♥✇❡✐s✿ ❋❛ss❡♥ ❙✐❡ f ③✉♥ä❝❤st ❛❧s P♦❧②♥♦♠ ✐♥ F2[X][Y ] ❛✉❢✱ ❞✳❤✳ s❝❤r❡✐❜❡♥ ❙✐❡ f =
∑

i pi(X)Y i.

❚❡✐❧❡♥ ❙✐❡ ♥✉♥ ❥❡❞❡s pi ♠✐tt❡❧s P♦❧②♥♦♠❞✐✈✐s✐♦♥ ❞✉r❝❤ (X2 − X), ✉♠ ❡✐♥❡ ❉❛rst❡❧❧✉♥❣ ❞❡r ❋♦r♠
f = A(X2 −X) + q1(Y )X + q2(Y ) ③✉ ❡r❤❛❧t❡♥✳ ❱❡r❢❛❤r❡♥ ❙✐❡ ❛♥s❝❤❧✐❡ÿ❡♥❞ ❛♥❛❧♦❣ ♠✐t q1 ✉♥❞ q2.

✭❝✮ ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss aXY + bX + cY + d ∈ I ⇔ a = b = c = d = 0.
✭❞✮ ❋♦❧❣❡r♥ ❙✐❡ ❛✉s ✭❛✮✱ ✭❜✮ ✉♥❞ ✭❝✮✱ ❞❛ss I = 〈X2 −X,Y 2 − Y 〉.


