R-SECTORIALITY OF CYLINDRICAL
BOUNDARY VALUE PROBLEMS

TOBIAS NAU AND JURGEN SAAL

Dedicated to Herbert Amann on the occasion of his 70th birthday

ABSTRACT. We prove R-sectoriality or, equivalently, L”-maximal regularity for
a class of operators on cylindrical domains of the form R"™* x V, where V C R*
is a domain with compact boundary, R¥, or a half-space. Instead of extensive
localization procedures, we present an elegant approach via operator-valued mul-
tiplier theory which takes advantage of the cylindrical shape of both, the domain
and the operator.

1. INTRODUCTION

This note considers the vector-valued LP-approach to boundary value problems
of the type
ou+ Alx,D)ju = f inRyxQ,
Bj(z,D)u = 0 onRyx9Q (j=1,..,m), (1.1)
ulg=o = wp in Q,
on cylindrical domains 2 C R™ of the form
Q=R""xV, (1.2)

where V is a standard domain (see Definition 2.1) in R¥. Here

A(z,D) = Z aq(x)D®

|a|<2m

is a differential operator in §2 of order 2m for m € N and

Bj(z,D) = Z bg(x)Dﬁ, mj<2m, j=1,...,m,
|B1<m;

are operators acting on the boundary.
Under the assumption that (1.1) is parameter-elliptic and cylindrical, we will prove
R-sectoriality for the operator A of the corresponding Cauchy problem. Recall that
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R-sectoriality is equivalent to maximal regularity, cf. [20, Theorem 4.2]. Maximal
regularity, in turn, is a powerful tool for the treatment of related nonlinear problems.

Roughly speaking, the assumption ’cylindrical’ implies that A resolves into two
parts

A=A+ Ay

such that A; acts merely on R"~* and A, acts merely on V' (see Definition 2.2). Note
that many standard systems, such as the heat equation with Dirichlet or Neumann
boundary conditions, are of this form. Also note that many physical problems
naturally lead to equations in cylindrical domains. We refer to the textbook [9] for an
introduction to such type problems. Therefore, boundary value problems of this type
are certainly of independent interest. On the other hand, they also naturally appear
during localization procedures of boundary value problems on general domains. For
instance, if a system of equations via localization is reduced to a half-space or a
layer problem, then one is usually faced to a problem in the domain

Q=R"'xV,

where V' = (0,d) and d € (0,00]. Such reduced problems are often of the above
type.

Of course, also problem (1.1) could be treated by a localization procedure em-
ploying an infinite partition of the unity (note that the boundary is non-compact).
However, such procedures are generally extensive and take quite some pages of ex-
hausting calculations and estimations. For this reason, here we pursue a different
strategy. In fact, we essentially take advantage of the cylindrical structure of the
domain and the operator and employ operator-valued multiplier theory. Roughly
speaking, by this method R-sectoriality of (1.1) in 2 is reduced to the correspond-
ing result on the cross-section V', for which it is well-known (see e.g. [10]). This
approach reveals a much shorter and more elegant way to prove the important max-
imal regularity for boundary value problems of type (1.1) on cylindrical domains of
the form (1.2). The chosen approach also demonstrates the strength of operator-
valued multiplier theory and its significance in the treatment of partial differential
equations in general.

We remark that the idea of such a splitting of the variables and operators is
already performed by Guidotti in [14] and [15]. In these papers the author constructs
semiclassical fundamental solutions for a class of elliptic operators on cylindrical
domains. This proves to be a strong tool for the treatment of related elliptic and
parabolic ([14] and [15]), as well as of hyperbolic ([15]) problems. In particular,
this approach leads to semiclassical representation formulas for solutions of related
elliptic and parabolic boundary value problems. Based on these formulas and on
a multiplier result of Amann [5] the author derives a couple of interesting results
for these problems in a Besov space setting. In particular, the given applications
include asymptotic behavior in the large, singular perturbations, exact boundary
conditions on artificial boundaries, and the validity of maximum principles. Very
recently in [12] the wellposedness of a class of parabolic boundary value problems in
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a vector-valued Holder space setting is proved, when Q = [0, L] x V, the first part
is given by Ay = a(x,)0>™, x, € [0, L], and when A, is uniformly elliptic.

In contrast to [14], [15], and [12], here we present the LP-approach to cylindrical
boundary value problems. Therefore the notion of R-boundedness comes into play,
which is not required in the framework of Besov or Holder spaces. Also note that in
[14] and [15] A; = —A is assumed, with a remark on possible generalizations. Here
we explicitly consider a wider class of first parts A; including higher order operators
with variable coefficients. Moreover, with a Banach space E, we consider E-valued
solutions and allow the coefficients of the second part A, to be operator-valued. Ap-
plications for equations with operator-valued coeflicients are, for instance, given by
coagulation-fragmentation systems (cf. [7]), spectral problems of parametrized dif-
ferential operators in hydrodynamics (cf. [11]), or (homogeneous) systems in general.
Albeit in this note we concentrate on the proof of maximal regularity for problems
of type (1.1), we remark that further applications similar to the ones given in [14]
and [15] also in the LP-framework considered here are possible.

Note that E-valued boundary value problems in standard domains, such as R",
a half-space, and domains with a compact boundary were extensively studied in
[10]. There a bounded H°-calculus and hence maximal regularity for the operator
of the associated Cauchy problem is proved in the situation when E is of class
‘HT . The results obtained in the paper at hand also extend the maximal regularity
results proved in [10] to a class of domains with non-compact boundary. For classical
papers on scalar-valued boundary value problems we refer to [13], [1], [1], and [19]
in the elliptic case and to [2] and [3] in the parameter-elliptic case. (For a more
comprehensive list see also [10].) For an approach to a class of elliptic differential
operators with Dirichlet boundary conditions in uniform C2?-domains we refer to
[16] and [8]. We want to remark that all cited results above are based on standard
localization procedures for the domain, contrary to the approach presented in this
paper. Here we only localize a certain part of the coefficients but not the domain.

This paper is structured as follows. In Section 2 we define the notion of a cylin-
drical boundary value problem and give the precise statement of our main result. In
Section 3 we recall the notion of parameter-ellipticity and of R-bounded operator
families. The proof of our main result Theorem 2.3 then is given in Section 4. The
main steps are split in three subsections. In Subsection 4.1 we treat the correspond-
ing operator-valued model problem, that is, here we assume (partly) constant coeffi-
cients. By a perturbation argument, in Subsection 4.2 we extend the R-sectoriality
of the model problem to slightly varying coefficients. The general case then is han-
dled in Subsection 4.3. The statement of the main result is restricted to the case
that the two parts A; and A, are of the same order. However, the same proof works
for mixed order systems. This will be briefly outlined in Section 5.

2. MAIN RESULT

We proceed with the precise statement of our main result.
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Definition 2.1. Let £ € N. We call V C R* a standard domain, if it is R¥, the
half-space R* = {z = (z1,...,23) € R¥ : 3 > 0}, or if it has compact boundary.

Let F be a Banach space and let  := R"* x V C R", where V is a standard
domain in R*. For z € Q we write z = (2',2%) € R"* x V, whenever we want
to refer to the cylindrical geometry of Q. Accordingly, we write a = (a!,a?) €
Ng*k X N’g for a multiindex o € Nij. In the sequel we consider the vector-valued

boundary value problem

Au+ Az,
Bj(x,

Ju = finQ,
Ju OondQ (j=1,..,m),

with A(z, D) = 3 4<om @a(x)D*, m € N, a differential operator in the interior

D
p (2.1)

and operators Bj(z,D) = > 5<om bg(z)DP on the boundary. Vector-valued in
this context means that v is F-valued, hence derivatives have to be understood in
appropriate F-valued spaces. Accordingly the coefficients of A(-, D) and B;(-, D) are
operator-valued, that is £(F')-valued. In particular, we will consider the following
class of operators.

Definition 2.2. The boundary value problem (2.1) is called cylindrical if the oper-
ator A(-, D) is represented as

A(z, D) = Ay (z', D) + Ay(2?, D)
= 2 @)D+ 3 ala(?)DOd)

lat|<2m la?[<2m

and the boundary operator is given as

Bj(x,D) = Byj(a*,D) = Y b2 5(@?)DOF) (mj <2m, j=1,.,m).
|ﬁ2|Sm3

Thus the differential operators A(z, D) and Bj(z, D) resolve completely into parts
of which each one acts just on R** or just on V.

As the LP(Q), F')-realization of the boundary value problem
(A,B) := (A(, D), Bi(-, D), ..., B (-, D))
given by (2.1) we define for 1 < p < oo,

D(A) == {u e W?*™P(Q, F); Bj(nD)u=0 (j=1,...,m)}
Au:= A(-,D)u, wu € D(A).

From now on the cross-section V is assumed to be a standard domain with C?™-
boundary. Furthermore, the following smoothness assumptions on the coefficients
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may hold:
al, € C(R"7*.C) for || = 2m, ali(00) := | Hm al.(z') exists,
- |—00
a2, € C(V,L(F)) for [a®| = 2m, a?:(c0) := | %1m a2s(z?) exists,
e |—00
2m — 1
al, € [L® + L™|(R"7*,C) for |o}| = v < 2m, r, > p, m-v —, (2.2)
n—k Ty
2m — 1
a2; € [L° 4+ L™ )(V, L(F)) for [a®| = v < 2m, 7, > p, mk 5N pt
12
b3 g € CPMT(V,L(F)) (G =1,...m; |87 < my). )

Our main result reads as follows. For a rigorous definition of maximal regular-
ity, R-sectoriality, and parameter-ellipticity we refer to the subsequent section (i.p.
Definitions 3.2, 3.4, and 3.10).

Theorem 2.3. Let 1 < p < oo, let F' be a Banach space of class HT enjoying
property (o), and let Q := R"* x V C R", where V is a standard domain of class
C?™ in R*. For the boundary value problem (2.1) we assume that

(i) it is cylindrical,

(ii) the coefficients of A(-, D) and B;(-,D), j =1,...,m, satisfy (2.2),
(i) it is parameter-elliptic in Q of angle p4 p) € [0, 5),

) the boundary value problem (A% (0o, D), B1(+, D), ..., Byu(-, D)) with the limit
operator A% (0o, D) := 2 laj=2m @a(00) D is parameter-elliptic in @ with
angle less or equal to p(4 py-

Then for each ¢ > (4 py there exists § = 6(¢) > 0 such that A+ § is R-sectorial

in LP(Q, F') with ¢§f5 < ¢ and we have

(iv

RUAZD* A+ A+06)"" A€ Dy, LNy, a €NJ, 0< 0+ [a] <2m}) < o.
(2.3)

By [20, Theorem 4.2] we obtain

Corollary 2.4. Let the assumptions of Theorem 2.3 be given. Then the operator
A+ 9§ has mazimal regularity on LP(Q, F).

Ezample. 1t is not difficult to verify that problem (2.1) with A = —A the negative
Laplacian in €2 subject to Dirichlet or Neumann boundary conditions satisfies the
assumptions of Theorem 2.3.

3. R-SECTORIALITY AND PARAMETER-ELLIPTICITY

Throughout this article X,Y, E, and F' denote Banach spaces. Given any closed
operator A acting on a Banach space we denote by D(A),ker(A), and R(A) domain
of definition, kernel, and range of the operator and by p(A) and o(A) its resolvent
set and spectrum respectively. The symbol £(X,Y") stands for the Banach space of
all bounded linear operators from X to Y equipped with operator norm || - || z(x v
As an abbreviation we set £(X) := L(X, X).



6 TOBIAS NAU AND JURGEN SAAL

For p € [1,00) and a domain G C R", LP(G, F') denotes the F-valued Lebesgue

space of all p-Bochner-integrable functions, i.e., of functions f : G — F satisfying
1

P

1 lmr) = /Hf nds | < oo

We also write L*°(G, F) for the space consisting of all functions f satisfying || f||oo :=
esssup,eq || f(2)||F < co. The F-valued Sobolev space of order m € Ny := NU {0}
is denoted by W™P(G, F), that is the space of all f € LP(G, F) whose F-valued
distributional derivatives up to order m are functions in LP(G, F') again. Its norm
is given by

I lwmo@my = | D 1D nery |
|a| <m
where a € Nj is a multiindex. We write || - ||, == || - [|zoq,r) and || - [[pm =

| - [[wm.r(c,F), if no confusion seems likely. Finally, for m € No U {oc}, C™(G, F)
denotes the space of all m-times continously differentiable functions. For general
facts on vector-valued function spaces we refer to the nice booklet of Amann, [6].

Definition 3.1. A closed linear operator A in a Banach space X is called sectorial,
if
(1) D(A) = X, ker(A) = {0}, R(4) = X,
(2) (—00,0) C p(A) and there is some C' > 0 such that [[t(t + A) " |zx) < C
for all t > 0.
In this case it is well-known, see e.g. [10], that there exists a ¢ € [0, 7) such that the
uniform estimate in 2. extends to all

A€,y :={zeC\{0}; |arg(z)| <7 — ¢}.
The number
b4 :=inf{¢p: p(—A) DX, ¢ Sup A+ A) " zx) < o0}
(S ¢

is called spectral angle of A. The class of sectorial operators is denoted by S(X).

Observe that o(A) C iqb 4 In case ¢4 < 7, the operator —A generates a bounded
holomorphic Cy-semigroup on X. For a suitable treatment of related nonlinear
problems, however, the generation of a holomorphic semigroup might not be enough.
Then the stronger property of maximal regularity is required which is defined as
follows.

Definition 3.2. Let 1 < p < oo, let X be a Banach space, and let A : D(A) — X
be closed and densely defined. Then A is said to have (LP-) mazimal regularity, if
for each f € LP(R,, X) there is a unique solution u : Ry — D(A) of the Cauchy
problem

v+ Au = f inRy,
u(0) = 0,
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satisfying the estimate

Hu/|’LP(R+,X) + HA“||LP(]R+,X) < CHfHLP(R+,X)
with a C' > 0 independent of f € LP(R, X).

If the Banach space X is of class H7 (see Definition 3.6), by [20, Theorem 4.2]
it is well known that the property of having maximal regularity is equivalent to
the R-sectoriality of an operator A. This concept is based on the notion of R-
bounded operator families, which we introduce next. We refer to [10] and [17] for
a comprehensive introduction to the notion of R-bounded operator families and
restrict ourselves here to the definition.

Definition 3.3. A familiy 7 C £(X,Y) is called R-bounded, if there exist a C' > 0
and a p € [1,00) such that for all N € N,7; € 7,z; € X and all independent
symmetric {—1,1}-valued random variables ¢; on a probability space (G, M, P) for
7 =1,..., N, we have that

N N
1 " eiTisll oay) < CID g5l oga,x)- (3.1)
j=1 Jj=1
The smallest C' > 0 such that (3.1) is satisfied is called R-bound of 7 and denoted
by R(T).

Definition 3.4. A closed operator A in X satisfying condition 1. of Definition 3.1
is called R-sectorial, if there exist an angle ¢ € [0,7) and a constant Cy > 0 such
that

REAMA+A) T e, 4)) <Oy (3.2)
The class of R-sectorial operators is denoted by RS(X) and we call (bES given as
the infimum over all angles ¢ such that (3.2) holds the R-angle of A.

We remark that in general R-boundedness is stronger than the uniform bound-
edness with respect to the operator norm. Therefore R-sectoriality always implies
the sectoriality of an operator A and we have

b4 < PR°.
We will use the following two results on R-boundedness frequently in subsequent
proofs. The first one shows that R-bounds behave as uniform bounds concerning
sums and products. This follows as a direct consequence of the definition of R-

boundedness. The second one is known as the contraction principle of Kahane. A
proof can be found in [17] or [10].

Lemma 3.5. a) Let XY, and Z be Banach spaces and let T,S C L(X,Y) as well
as U C L(Y,Z) be R-bounded. Then T +S C L(X,Y) and UT C L(X,Z) are

R-bounded as well and we have
R(T+S)<R(S)+R(T), RUT)<RU)R(T).

Furthermore, if T denotes the closure of T with respect to the strong operator topol-

ogy, then we have R(T) =R(T).
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b) [contraction principle of Kahane]
Let p € [1,00). Then for all N € N,z; € X,¢; as above, and for all a;,b; € C with
|la;| < |bj| for j=1,...,N,

N N
1Y " ajejmillirex) <20 biesllne,x (3.3)
=1 =1
holds.

Let E be a Banach space and let S(R", FE) denote the Schwartz space of all
rapidly decreasing E-valued functions and let S'(R™, E) := L(S(R",C), E). Then
the E-valued Fourier transform

Fol€) = mys | <ol

(27
R

defines an isomorphism of the space S(R", E') which extends by duality to the larger
space §'(R™, E). Given two Banach spaces E1, F2 and any operator-valued function
m € L>®(R", L(E1, E2)), we may define the operator

Ty : SR™, Ey) — S'(R", Eq); Ty := F 'mFo.

We say m defines an operator-valued Fourier multiplier, if T}, extends to a bounded
operator
T LP(R™ Ey) — LP(R", Es).
In order to state the operator-valued multiplier result our approach is based on,
two further notions from Banach space geometry are required.

Definition 3.6. a) The Hilbert transform H : S(R, F) — S'(R, E) is given by
Hf := F'mFf where m(£) := |§| The Banach space F is of class H7 or, equiva-
lently, a UMD space, if there exists a ¢ € (1,00) such that H extends to a bounded
operator on LI(R, E). In other words, mg := m - idg is an operator-valued (one
variable) Fourier multiplier.

b) A Banach space E is said to have property («), if there exists a C' > 0 such that
for all n € N,a;; € C with |a;5| < 1, all 2;; € E, and all independent symmetric
{—1,1}-valued random variables €} on a probability space (G1, M, P;) and 5? on a
probability space (G2, Mo, P,) for i,5 = 1,..., N, we have that

/G /G I Z (V)] pdudy < C’/ / I Z (v)zij|| pdudv.
1 2

i,7=1 2,7=1

By Plancherel’s theorem Hilbert spaces are of class H7 . Besides that, it is well-
known that the spaces LP(G, F') are of class H7 provided that 1 < p < oo and that
F is of class H7. Moreover, C" and the spaces LP(G, F') enjoy property (a) for
1 <p < o0, if F does so (cf. [17]).

We are now in position to state the mentioned operator-valued Fourier multiplier
theorem. For a proof we refer to [17, Proposition 5.2].
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Proposition 3.7. Let Ey, Ey be Banach spaces of class HT with property (),
1 < p < oo, and set X; = LP(R™ E;), i = 1,2. Given any set A, let my €
C™"(R™\{0}, L(E1, E2)) for A € A and assume that
R{E¥DYmy(&); £ e RM\{0}, A e A,a €{0,1}"}) < (), < 0.
Then for all A € A we have
Ty := FlmyF € L(X1,X>)
and that
R{Tx; A€ A}) <C(n,p, By, E2)Cp, < 0.

Next we recall the notion of parameter-ellipticity from [10]. Let F' be a Banach
space, G C R"™ be a domain, and set

A(z, D) = Z aq(z)D®,
|a|<2m
where m € N, a € Nij, and a, : G — L(F). For A € C and boundary operators
Bj(.%',D) = Z bjﬂ(l‘)Dﬁ,
[B]<m;
where m; < 2m, 3 € Ngj, and b;3 : 0G — L(F') for j = 1,...,m, we consider the
boundary value problem

M+ Az, D)u = finG,

Bj(z,D)u = 00ndG (j=1,..,m). (3-4)

Definition 3.8. Let F' be a Banach space, G C R", m € N, and a, € L(F). The
L(F)-valued homogeneous polynomial

al@) == Y anf” (£€R")
|a|=2m
is called parameter-elliptic, if there exists an angle ¢ € [0, 7) such that the spectrum
o(a(§)) of a(€) in L(F) satisfies
o(a(§)) C Xy (R, [¢]=1). (3.5)
Then
¢ :=1inf{¢ : (3.5) holds}
is called angle of ellipticity of a.
A differential operator A(z,D) := . aq(x)D* with coefficients ay : G — L(F)
|a|<2m
is called parameter-elliptic in G with angle of ellipticity ¢, if the principal part of
its symbol
at(2,8) = Y an(z)E”

|a|=2m

is parameter-elliptic with this angle of ellipticity for all z € G.
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Definition 3.9. Let F be a Banach space and let G C R™ be a C''-domain. Let

o« G — L(F)and bjg : G — L(F). Set B (x,D) = z bsj(x)DP and let
_m]
A#(x,D) := 3. aq(x)D be parameter-elliptic in G of angle of ellipticity ¢ €
|a|=2m

[0, 7). For each zp € OG we write the boundary value problem in local coordinates

about . The boundary value problem (3.4) is said to satisfy the Lopatinskii-Shapiro
condition, if for each ¢ > ¢ the ODE on R

()\ + A#(Sﬂo, 5/7 Dxn))lv(l‘n) == 0 Tn > 0,
B (w0, &, Dy 0(0) = hy, j=1,..m,
'U(.fn) — 0 Ty — 00,
has a unique solution v € C((0,00), F) for each (h1,...,hn)T € F™ and each \ €

Sag and & € R*1 with [¢/| 4 [A] # 0.

We refer to [21] for an introduction to the Lopatinskii-Shapiro condition for scalar-
valued boundary value problems and to [10] for an extensive treatment of the F-
valued case. Parameter-ellipticity of a boundary value problem now reads as follows.

Definition 3.10. The boundary value problem (A, B) given through (3.4) is called
parameter-elliptic in G of angle ¢ € [0,7), if A(-, D) is parameter-elliptic in G of
angle ¢ € [0,7) and if the Lopatinskii-Shapiro condition holds. To indicate that ¢
is the angle of ellipticity of the boundary value problem (A, B) we use the subscript
notation ¢(a,g).

4. PROOF OF THE MAIN RESULT
We denote by
D(Ag) := {u € W*™P(V,F); Ba;(-,D)u=0 (j=1,..,m)}
Agu = Ay(-,D)u, u € D(Az),
the LP(V, F')-realization of the induced boundary value problem
M+ Ag(z?, D)y = finV,
By (x>, D)u = 0ondV (j=1,..,m),

on the cross-section V of §2. As the original boundary value problem (2.1) is assumed
to be parameter-elliptic with ellipticity angle ¢4 ) € [0, %), it is easy to see that
the same is valid for the boundary value problem (4.1) and that the corresponding
angle ¢4, B,) 18 no larger than p4 p). By employing finite open coverings of V,in
[10] the following result is proved.

(4.1)

Proposition 4.1. Let V. C R¥ be a standard domain of class C*™. Given the
assumptions (2.2) on the coefficients a® and b?, for each ¢ > P(Az,By) there exists a
dy = 02(¢) > 0 such that As + do € RS(LP(V, F)) with ¢A2+52 < ¢. Moreover, we

have
[

RUA T DYA+ Ay +85) " A€ Sr_y, 0< |y <2m}) <o, (4.2)
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Remark 4.2. In [10] just the case k > 2 is treated, whereas the case k& = 1 is
well-known.

From the definition it is clear that the coefficients of the cylindrical parts A; and
A, of A only depend on z! or 22, respectively. For the sake of simplicity we therefore
drop the special indications for x, if no confusion seems likely. To be precise we write

Ai(2',D) = Ai(z,D) = Y al(z)D"

lo|<2m
for ¢ = 1,2, where
0 ag # 0
1 _ ) 2 ’
aa(x) = { a(lll(xl)7 as =0,

aQ(x):{ 02 y a1750,

aa2(x2), a; = 0.
Further we set E := LP(Q, F) and X := LP(R"* E) = LP(Q, F). Given an operator
T:D(T) C E — E, its canonical extension is defined by
D(T) := LP(R"™* D(T))
(Tu)(x) == T(u(z)), we D), R
4.1. Constant coefficients al. In the first step we consider the model problem

for the cylindrical boundary value problem (2.1), i.e., we assume Aj(z, D) on R**
to be given as homogeneous differential operator

Ay(D):= > a,D"
|a|=2m
with constant coefficients al, € C. Let A; denote its realization in X with domain
D(Ay) := W2mP(R"F E). We set
Ao(+,D) := A1(D) 4+ As(-, D)
and
Ay := A1+ Ao, D(Ao) = D(Al) N D(AQ)
Note that no further restrictions on As(x, D) have to be assumed.

Since it will always be clear from the context what we mean, from now on we
do not distinguish between As and As. In other words, from this point on we drop
again the tilde notation and just write Ao for simplicity.

Let ¢ > ¢a,,8), A € ¥r—p and u € S(R™"* D(A3)) C D(Ag). Applying E-valued
Fourier transform F to f := (A + A + d2)u gives us

A+ ai(:) + A2 + 62) Fu = FFf.
Hence we formally have
u = J’:_lmgj’:f,

where mf{ is given by the operator-valued symbol

mi(€) = (A +ar(§) + A2 +8) 7", R
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Note that m$ € C®(R" %, L(E)) is well-defined if

—(A+a1(§) € p(A2+83) (E€R™F).

In view of ¢4, B,) < ¥(4,,3) and Proposition 4.1 this is obviously satisfied in case
that A+a1(€) € ¥;_4. This, however, follows directly from the parameter-ellipticity
of A1(D), which is obtained as an immediate consequence of the parameter-ellipticity
of (A, B), and since the ellipticity angle p4, of A; fullfills p4, < ©(A0,B) < P-
In order to obtain
A+ Ag+6) = F I Ff e £(X),

the idea is to apply the operator-valued multiplier result of Proposition 3.7 to mg.
For this purpose, we next establish suitable representation formulas for derivatives
of m())\.

Lemma 4.3. Let ¢ > ¢a,p). Given a € {0, 1yF, let

Zy={W=(w!,...,0") e ({0,1}" 5 r<n—k, o # O,ij =«
j=1

denote the set of all additive decompositions of « into r = ryy many positive multi-
indices. Then, with Cyy := (—=1)"r!, the formula

£D*m3 (&) = (A + a1(§) + Az + 82) "

S ow [ [I& D% ar(®) | (A + a1 (€) + Az +62) "
7=1

WeZ,
holds for all A € ¥_4 and § € R,

Proof. Let |a| = 1. Then there exists ¢ € {1,...,n —k} such that a = e;. In this case
Z, ={(a)} and we get immediatly

&DimS ()
= —&(Dia1) () (A + a1(§) + Ay +6) 7>
= (A4 a1(§) + Az + 62) " H(=1)E¥(D%1)(E) (A + a1 () + Az +6) 7.

Now assume the statement to be true for o € {0,1}"* with |a| < n — k.
Then for [ € {1,...,n — k} such that oy = 0 we obtain

§E“DD*m3 (€)

™w

=aD Y. Ow [ [[€7D7a1(©) | (A +a1(€) + As + )W)
WEZq j=1

=& > Cw

WEZqy



R-SECTORIALITY OF CYLINDRICAL BOUNDARY VALUE PROBLEMS 13

e (DD ar)(©) [ [T €D ar(€) | (A+a1(€) + Az + d5) =)
i=1 j#i

+{ 1€ D a1(©) | (=1 +rw))(Dran)(€)(A + ar(€) + Az + b5) ")
J
= (A +ai(é)+ Ay +d) 7"

Y Cw H e DY ar(€) | (A+ a1 () + Ag + 89) W

Weza+el

O

In the sequel we denote by (8,v) € Ng*k x NF a multiindex such that 3 is the
part corresponding to the variables z' € R"* and + corresponding to the variables
22 € V. In order to obtain the general estimate (2.3) for the full operator A, we
also have to consider the more involved symbols

mA(€) ==\ 7 D"ml (€) = A
for A € B,_4, € € R** and |B| + 7| < 2m.

118t LT

DV A+ a1(€) + Az +62) 7"

Lemma 4.4. Let ¢ > ¢(4,,p)- For a € {0, 13" we have

€D my(€) = A7 3 €7DV (A + a1(€) + Az + 65) !
Z Cor Z Cw H (5w (D" a1)(€)(A + a1 (€) + Az +52)_1) :
o' <a WeZ ’

a—a

for all X € Xy, £ € R"F and (8,7) € Ng_k x N such that |8 + |y| < 2m, and
with certain constants Co g € Z.

Proof. We first show

€9 Dy () = A~ 18+l

T 8)e* D' DY\ + a1(€) + Az + 62)
o' <a 40570
(4.3)
Let a = ¢; for some i € {1,....,n — k}. Then
&Dim(§)

_ - (B:DY (A + a1(€) + A + 82) "L+ & DDV (A + a1 (€) + Ag + 69) 1)

already proves (4.3) for the case || = 1. Assume the statement to be true for
a € {0,1}" % with |a| <n — k. For [ € {1,...,n — k} such that a; = 0 we have

&EDDYm(§)
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\BHM

=\"Tm gD > ([ 80EPeT DO DY+ an (€) + As + 02) !

o' <a i;a5#0

=X [ ST A0sePe Do DY (A + ar(6) + Ag + o)

o' <a i;af#0

+ ST seleeta Dot DY 4 ar(€) + Az + 5z) !
o' <a ;070

_ A1_ \B\;Trn\’ﬂ é_ﬁ

ST (I soeeta ' Dot DY + ay(€) + Az + 62)

o' <atepap=1 i;a,#0

+ S (I gt et DY+ a(€) + A + 62) !
o/ <at-ep;a)=0 i;a;#0

1 W\H"/\é_ﬁ Z ( H ﬁi)ga_a/Da_a/D'y()\—l—al(f) +A2 +52)_1

o' <ater ;570
This proves (4.3). Setting Cy g := ][] 5 and applying Lemma 4.3 now yields
;00,70

e Dmp(€) = A5 DY Y o

o' <a

Z Cyy H éw] Duﬂ al D'Y(A + al(g) + Ay + 52)7(r+1)
WeZ,_

’

18] +1~]
=\ +W§[5D'Y()\—i-a1(§)-i-AQ-i-52 ZCQ '8
o' <a
S Cw H (gwﬂ (D a1)(E)(A + a1 (€) + As + 52)—1) .
WEZDL o
This proves the assertion. O

With the above formulas at hand we can prove R-sectoriality for the model prob-
lem.

Proposition 4.5. For each ¢ > p(a,,p) we have Ag + 2 € RS(X) with d2 = 52(¢)
as in Proposition 4.1. Moreover, ¢§(§+52 < ¢ and it holds that

\BHM
)\1

R({ DPDYN+ Ag+82) "5 A€ Dry, 0<|8]+ 7] < 2m}) < 0. (4.4)
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Furthermore, the domain of Ag is given as

2m
D(Ag) = LP(R™*, D(Ay)) 0 () WHP(R™F, W2 =97 (V, F)).
j=1

Proof. Let ¢ > ¢(4,,5)- We show that m, fulfills the assumptions of the multiplier
result Proposition 3.7, i.e., that

RUEDmy(€); € €R™F Ne ¥, 4, a€{0,1}"7F}) < o0

As R-boundedness by virtue of Lemma 3.5 is preserved under summation and com-
position of R-bounded operator families, it suffices by Lemma 4.4 to prove that

18I+

RN 20 P DY (A + a1(§) + Az + 62) 7
EERH, Xe Sy, 0B+ |yl <2m}) < oo
and that
REEX(Dar) () (A + a1(€) + Az + 62)
EER™F NeX, 4 ac{0,1}"7F}) < o0

Thanks to (4.2) this follows by the contraction principle of Kahane if we can show
that both

1—%55
’fl()‘aé) = ]
(A+ai(§)) "zm
. £ D% (€)
- apDag,
KZ()"S) T A\ +CL1(£)

are uniformly bounded in (A, &) € X,_, x R"7%. To see this, we first observe that
K1 (52m>‘7 55) = K1 (Avg) (8 > O)a
hence that 1 is quasi-homogeneous of degree zero. We set
K= {(\€) € Sp g x R™F |\ 4 € = 1} (4.5)

By the ellipticity condition, we obtain a;(&) € EwA for all £ € R"7%\ {0}. Since
1
pa, < ¢, it therefore easily follows that

A4ai1(§) #0 on K.
Consequently, k1 is a continuous function on the compact set K and we obtain
[r1(X I <M ((A,6) € K).
By the quasi-homogenity of k1 this implies
k1 (82N, sE)| < M (M €) €K, 5>0).

We have
|[sP ™A+ [sE7™ = s*(IAl + [€[7™).
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Thus, if we set s = (|]\| + [€]>™)71/?™ we deduce
(57N, s8) € K (A, &) € Spy x R™H)
and therefore that
51X, &) = [R1(s2™N, E) < M (A, €) € Srg x R™F),

The uniform boundedness of k3 can be proved in exactly the same way. By applying
Proposition 3.7, relation (4.4) follows.
In particular, we have

AN+ Ag+60) " = FImd Ff e £(X)

and
2m

D(Ag) C [\ WIP(R"* WM —IP(V, F)).
j=1
Furthermore, we can represent the resolvent applied to f € S(R"~*, E) as a Bochner
integral via
1

(QW)(nfk)/2
Since taking the trace acts as a bounded operator on FE, it commutes with the
integral sign. This yields

Boj(A+Ag+68)7 f=0 (feSR"* E)).

A+ Ag +62) "L f(ah) = /Rk e EN a1 (€) + Ao + 62) TV Ff(€)dE.

Employing a density argument we conclude that
2m
D(Ag) = LP(R™%, D(Ag)) N (| WP (R™F, W?m=iP(V, F)).
j=1
Assuming that (Ao + d2)u = 0 for u € D(Ap) next implies that
(a1(€) + Ag + 62)Fu(€) =0 (£ e R™F).

Since As + 09 is sectorial and a1 parameter-elliptic this yields Fu = 0, hence u = 0.
By permanence properties for sectorial operators, i.e. in this case for As + do, we
obtain that the same is true for the dual operator of Ag+do. This implies that Ag+do
is injective and has dense range. Hence we have proved that Ag+ d, € RS(X). O

4.2. Slightly varying coefficients a’. By a perturbation argument in this para-
graph we generalize the R-sectoriality for constant coefficients to the case of slightly
varying coefficients of A;. To this end, we will employ the following perturbation
result which is based on a standard Neuman series argument.

Lemma 4.6. Let R be a linear operator in X such that D(Ap) C D(R) and let 62
be given as in Proposition 4.5. Assume that there are n > 0 and § > d9 such that

[Rz][x < (Ao +d)zllx (2 € D(A)).
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Then Ag+ R+ 6 € RS(X), ¢7§f+R+é < ¢7j§+52, and for every ¢ > p(4,,B) we have

RU{AZZDPDY(A+ Ag+ R+6)"Y A€ Da_y, 0 <L+ (8] + 7] < 2m}) < 00, (4.6)
whenever n < R({(Ao + 8)(\ + Ag +6)~ 1)) ~L
Proof. As
IR+ A0 +6) eooy < nll(Ao+ ) A+ Ao +8) lzix
< nR{(Ao+ A+ Ao +6)7'})
< 1

by assumption, we see that
A Ag+R+6= <1+R(>\+A0+5)1>(A+A0+5)

is invertible. This implies
Azw DPDY(A+ Ag + R+ 6)"
= A3 DIDY(A + A +6) "V (~R(A + Ag +8) LY.
j=0
By assumption we have dy := § — do > 0. The fact that
|)\ + 50‘ > C¢50 ()\ S EW_¢)
for some ¢4 > 0 yields the existence of a My > 0 such that

‘)\6/2m’ _
|\ + 00) L= (BN /2m| = My (X €Zr ).

Thanks to the contraction principle of Kahane and Proposition 4.5 we deduce

R({A2m DPDY(\ + Ao +6)"1})
< CRUA+80)' 2" DPDY((A +80) + Ao + 82)™}) < C.

Lemma 3.5(a) then yields
R({\2w DPDY(A + Ag + 6) L (—=R(A+ Ao + 6)"1)7})
< R({Azw DPDY(\ + Ag + 8) " DR{(R(\ + Ag + 8) 1))
< CR{(Ao+8)(A+ Ao +06)" ")} < CV (j €Ny)

with v := nR({(Ag + §)(A + A¢ + §)71}) < 1. Employing again Lemma 3.5(a), in
particular the fact that the R-bound is preserved when taking the closure in the
strong operator topology, the assertion follows. O

Corollary 4.7. Let R(x',D) = 2 lat|=2m ro1 (z1) D@0 be given such that the
condition Y ||ra1llec < m is satisfied. Set

lal|=2m

A" (z, D) := Ag(z? D)+ R(z', D), z €, (4.7)
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and denote its X -realization by A'* defined on D(A"®) = D(Ag). Then there exists a
d > 0 such that A"®+6 € RS(X) with qﬁfﬁﬁ < qb}(i% provided that n is sufficiently
small. In this case for ¢ > 4,5y we have

RU{AZZDPDI (A + A" 4 6) ™5 A€ Doy, 0< I+ |8] + 7] < 2m}) < 00, (4.8)

Proof. By Proposition 4.5, in particular by relation (4.4), there exists a C' > 0 such
that
1
1D D (Ag+6) M ex) <C (o' €NGTF, |l = 2m)
for each § > do. For a fixed § > 99 this implies
IRul, < 3 Irarlcll D0 (A0 +8) 7 (Ao + S)ull,

|at|=2m
< Cnll(Ag+d)ull, (u € D(Ag)).
Thus, if we assume that n < 1/CR({(Ag+)(A+ Ag+6)~'}), the assertion follows
from Lemma 4.6. U

4.3. Variable coefficients al. In the next lemma we establish estimates that will
turn out to be crucial for the localization procedure.

Lemma 4.8. Let 1 < p < oo, (6',0) € No7F x NE, |(8%,0)] = v < 2m, and r, > p
such that 2m — v > nT_,,k Let b € [L>® 4 L™ ](R"F), A¥® be the operator as defined
in (4.7), and assume that ¢ > (4 p)-

(a) For every € > 0 there exists C(g) > 0 such that

1 m n—
[5DE" Ol < ellullpzm + CElully (u € WHmPRIF, E))
(b) For every € > 0 there exists a 6 = d(g) > 0 such that
RE{DP DA+ A" +6)" 1 Aex, 4}) <e.

Proof. (a) Let ¢ > 0 be arbitrary. For simplicity we set 8 = (3,0). For b €
L“(]R”‘k) we obtain by Holder’s inequality and vector-valued complex interpolation
(see e.g. [4]) that

v 11— _
16D ully < [[Blloo|[llpy < Clibllcollwll Z5llully > (u € WP(R"F, E)).

p5m
With the help of Young’s inequality we then can achieve that

1bD%ull, < ellullp2m + CE)ull, (ue W™P(RF, E)).
Now let b € L™ (R™), r := %”, and % + % = 1. Then Hoélder’s inequality and the
vector-valued version of the Gagliardo-Nirenberg inequality (see [18]) imply

||bDﬁU||p < CHprrHDBU”pT’ < Clbllr, [lu

pamllully ™,

where 7 = Tu(gi;ﬁy) € (0,1) by our assumption on r,. Again an application of

Young’s inequality yields
1bD%ully < ellullp2m + CE)lull, (u€ W™P(R"F, E)).
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(b) Let (gj)jen be a family of independent symmetric {—1,1}-valued random
variables on a probability space ([0,1], M,P), \; € ¥4, and f; € X. For
b€ L®(R"*), 6y > 0, and arbitrary ¢ € [0, 1] we have

N
1> e (D (N + 8o + A™ +8) 1 fill
j=1

N
< llocll D &5 (0D (A + b0 + A%+ 6) " £l
j=1

Note that there is a ¢4 > 0 such that
|)\ —|—(50| > C¢50 ()\ € Eﬂ,@ do > 0)

Taking LP-norm with respect to t and applying the contraction principle of Kahane
therefore yields

N
1> e5(0DP (A + 60 + A* + )~ fjll Lo (o,11,x)
j=1

N Ao 5o\ L Em
< Cllblool Zejc)( j °) DA\ + 60 + A™ + 8)" 3 Lo o).
j=1

o

Thanks to (4.8) this implies

N
1) &5 (D2 (N + 60+ A%+ 6) " fjll oo, 11.x)
=1

N
~(1=47)
< Clbllody >N DO fillLno.x)-
j=1

Thus for 6y > (C||bl|ec/e)*/ =18I/2M) the assertion follows.
In case that b € L™ (R" %), Holder’s inequality and the Gagliardo-Nirenberg
inequality imply for 7(2m —v) = % and arbitrary ¢t € [0,1] that

N
1" e5(bDP (N + 8o + A +8) 71 £
j=1

N
< bl Y 5D (N + G0 + A 4+ 6) " il
j=1

N T/p
< C||b|ry< SIS (DA + By + A 4 5)‘1ij|’,§)

lo|=2m j=1

N
A e (O + S0+ A+ T
j=1
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Taking LP-norm with respect to ¢t and applying once more Hélder’s inequality we
deduce
N

1Y &5 (9D (A + 60 + A%+ 8) 7 fll Laio,11,x)
j=1

T/p
<Ol T UL 0P 0 5+ A 0 )

la|=2m j=1
N
D5 + b0+ A T LT L o

=1

The contraction principle of Kahane then gives us

N
1> e5(0bDP (N + 0 + A* + )~ fill Lo (o,11,x)
=1

T/p
§C||b\|m< > ||ZEJ )D(Nj + 80 + A%+ 0) 7 11T 0, ))
laj=2m j=1
N Ai + g
HZ%() ]50 (Aj +00+ A +0)~ 1fJHLP (10,1],X)"
j=1

Taking into account (4.8) we arrive at

N
1> i (IbDP (A + 8o + A + 86) ™ fill oo, x)
j=1

N
< b, 05 MDY 25 () £5ll oo, 1, x)-
i=1

Choosing 8y > (C||b||,, /€)"/=7) proves the lemma. O
Proof of Theorem 2.3. We denote by
Af(z,D):== > al(x)D"

a
|a|=2m

the principal part of A;(z, D) and by A# its realization in X with domain D(Asfg) =
W?2mp(R"=* E). Recall that Af(x,D) = A#(ml,D) does not depend on z2 € V.
Freezing the coefficients at some arbitrary z} € R™* U {00}, Proposition 4.5 applies
to Ay (D) := A¥ (a1, D).

So, we first choose a large ball B,,(0) C R"* with a fixed radius rq > 0 such
that

lali(z') — ali(00)| < /My, for all [z!] > 1o, || = 2m,
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and set Uy := R"M\B,(0). Here My = |[{a! € Ng7F; |a!| = 2m, an # 0}
and n = n(oo) is the constant given in Corollary 4.7 for the principal part of the
'limiting operator’ A#(OO,D) = 2 jaj=2m al(co)D®. TFor every xzf € By,(0) let
n = n(z}) be the constant given in Corollary 4.7 for the ’frozen coefficients operator’
A1(D) = A# (z§, D). By our continuity assumptions on the coefficients then there

exists a radius r = r(z}) such that

lak (21) — als (ab)] < () /Ma, for all |2 — ab| < r(ad), o] = 2m.
Obviously the collection {Br(xé)(mé)) : x4 € Byy(0)} represents an open covering of
By, (0). Thus, by compactness we have

N
j=1
N
=1

for a certain finite set ()%,
For simplicity we set z; := (le, 0),r; = r(a:jl-), and U; := B, (arjl) forj=1,...,N,

<.

as well as z} = oo. For each j = 0,..., N we define coefficients of Af&(w,D)—
localizations
17l Pp—
A7z, D) = Y a) ,(x)D”
|a|=2m

by reflection, i.e., we set

and . .
a-(x x

al, () :{ () 5 ’
J,o 1 (. " o 1

Then by definition we have

> 160 @) = ag(wy)| < n(aj)
|al|=2m
for z = (2',0) € R** x R* and j = 0,..., N, that is, Ajl-’loc(x,D) + As(z,D) is a
small variation of A#(x}, D) := A?é(x;, D) + Ay(z, D). Hence Corollary 4.7 applies

to
Aloe = AT 1 A,

In other words, for each ¢ > ¢4 py there exists 6 = §(¢) > 0 such that Aé‘)c +J€
RS(X) and we have
RA2m DEDY(A+ AL 46)71 X € Sry, 0 < £48]+]7] < 2m}) < Cy < o0 (4.9)

for j=0,...,N.
Next we choose a partition of unity (cpj)éyzo C C®(R"~F) of R*~* subordinate to
the open covering (Uj)é»vzo such that 0 < ¢; < 1. In addition, we fix 1; € C®°(R"F)
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such that ¢; = 1 on supp ¢; and supp ; C U;. We set B(z,D) := A(z,D) —
A#(x, D) and pick A € ¥,_4. Then
A+ A, D)u = f
holds if and only if
\u + A7 (-, D)yu = f — B(-, D)u.

Multiplying the line above by ¢; we obtain

Apju+ AF (-, D)pju = @; f + [A¥(-, D), pjlu — p;iB(-, D)u,
where the commutators

[A#(7 D)7 90]'] = A#('7 D)(PJ - SOjA#<'7 D) - [A#(7 D)a (pj]

do only depend on A’f&(-, D). Applying the resolvent of Aé"c to the localized equations
we deduce

pju= A+ AP +8) i f + (A + AP+ 6) T ([A# (-, D), pjlu — ¢;B(-, D)u).

By multiplying with ¢; and by summing up over j we gain the representation

N N
u= A+ AP +8) i f + A+ AP+ 8) T ([AF (-, D), ojlu—; B(-, D))u.

j=0 j=0
Hence we obtain
N N
(I = A+ AP 4+ 6)71C;( D)yu =D " ahj(A+ A +6) 5 f,
j=0 j=0

where
C;( D) := [A} (- D), j] = ¢;8(-, D)
is a differential operator in X of lower order whose coefficients fullfill the assumptions

of Lemma 4.8. We set
N

Ro(\,0) ==Y wj(A+ Ao+ 6) g, (4.10)
=0
and

N
Ri(X,0) := > (A + A 4+ 6)7'¢C4(-, D).
0

iz
Relation (4.9) and Lemma 4.8(a) now imply that
[R1(X, 0" + do)ullwzmso,rmy + doll Ri(A, 6" 4 do)ull,
< C (| B1(A + 80, 8" )ullwemana,ry + A + ol [ B1 (X + 6o, 8")ullp)
< CNC; (-, Dyully
< C (lullwamaggn-r gy + CEllully)

1
< 5 (Wullwems s, + olull



R-SECTORIALITY OF CYLINDRICAL BOUNDARY VALUE PROBLEMS 23

—_

<5 (||u”W2mP(Q ) Foolully) (A€ XTrp)

for some ¢ > 0 and provided that §y > 0 is sufficiently large. Setting § := &’ + &y
we see that then

Ly:= (I - Rl()‘v 5))_1R0()‘7 5) : Lp(Rn_ka E) - D(A)
is a left inverse of A + A 4+ § which admits an estimate

ALAfllp < Cliflly - (A € Xng)-

Thus, if we can prove that there exists a right inverse as well, we obtain A+4§ € S(X)
and a5 < ¢

To this end, let f € X be arbitrary. Then
(A A(-, D) + 8)Ro(A,6)f = (A + A% (-, D) + ) Ro(A,8)f + B(-, D)Ro(A, 6) f
N
= A+ AF(,D)+0) YA+ AP+ 0) i f
§=0

N
+B(,D) Y A+ A+ 6) o, f
7=0

Mz

A+ A# (-, D) + 8)(A + Al +6) 1 f
7=0

N
+ ZD(-, D)(A+ Alee +65) 1o, f,
7=0

where
D(-, D) := [AT (-, D), ;] + B(-, D)u;

is again a differential operator in X of lower order whose coefficients fullfill the
assumptions of Lemma 4.8. Since supp ¢; C U; and ¢ = 1 on supp ¢;, we obtain

AN+ A(-,D) 4+ 6)Ro(N,0)f = f+ Ra(N\,0) f
with

N
ZD (A + Aloc 4 6)!
=0

Lemma 4.8(b) implies || R2(A,d)|[z(x) < 1/2 for large enough ¢ > 0. Consequently,
Ry = Ro(\,0)(I + Ra(\,0))~! is a right inverse of A + A + 4.

With the help of the Leibniz rule and the contraction principle of Kahane, from
representation (4.10) and relation (4.9) we obtain that

R({\2w D? DT Ry (), 6)}) < C(N + 1).
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In view of Lemma 4.8(b) and Lemma 3.5 the representation

A+A+0)"1=Ry(N0) i Ra(\, 6)"
=0

as a Neumann series finally gives us

RUAZDPDI A+ A+6)"Y A€ Sy, 0< L+ 8]+ |y] < 2m})

< R({A27 DD Ro(X.5) R Ra(.8)'})
=0

> S (N +1)C
<(N+1 N +1) = .
<( +)C§( +D'(C) = T e <
Hence the proof of Theorem 2.3 is complete. U

5. MIXED ORDERS

All parts of the proof can easily be adjusted to the situation when the differential
operators Ai(-, D) and As(-, D) have different orders, say 2m; and 2mg respectively.
Then a cylindrical boundary value problem is given as

A+ A(x,D)u = finQ, (5.1)
Bj(z,D)ju = 0ondQ (j=1,..,m), ’
with
A('TvD) = Al(xlaD) + A2(x27D)
= > auE@)D@ 0+ 37 ag(@?)pOd
lat|<2mq |a2|<2mg
and
Bj(z,D) = Byj(z*,D):= Y biﬁg(xz’)D(OﬁQ) (ma; < 2mag, j=1,..,my).
182|<ma,;

However, then the notion of parameter-ellipticity for the entire cylindrical boundary
value problem is no longer appropriate. Instead we assume the differential operator
A1(+, D) to be parameter-elliptic in R % as well as the boundary value problem

M+ Ay(z,D)u = finV,

By j(xz,D)u = 0ondV (j=1,..,m), (5:2)

to be parameter-elliptic in the cross-section V of () with a joint angle of parameter-
ellipticity ¢ € [0,5). The exact same proof as the one of Theorem 2.3 can be used
to show the following result.

Theorem 5.1. Given the assumptions of Theorem 2.3, let A1(-, D) in R as well
as the boundary value problem (5.2) in V' be parameter-elliptic with a joint angle of
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parameter-ellipticity ¢ € [0,5). ForQ = R™*xV we define the LP(Q, F)-realization
of the cylindrical boundary value problem (5.1) by

D(A) = {ueLP(Q,F); D e LP(Q,F)

ot] | Jo] :
for oot i Sy <1and Bj(xD)u=0 (j=1,..,m)}

Au = A(,D)u, ue€ D(A).

Then for each ¢ > ¢ there exists § = §(¢) > 0 such that A+6 € RS(LP(Q, F)) with
d)}f_(s < ¢. Moreover, for a = (a',a?) € Ng_k x NE we have

(1]

2l
B8l

(4]
[5]
(6]

(7l
(8]
(9]
(10]
(11]
(12]
[13]
(14]

[15]
[16]

la'] | |o?|

o] | [o?]

RN "o poy 4 A4+ 6) ™ Aex,y, 0< 1+ 21 <)) < o0

— 2my 2ms
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