On exponential stability for thermoelastic plates:
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Abstract: We consider different models of thermoelastic plates in a bounded reference configu-
ration: with Fourier heat conduction or with the Cattaneo model, and with or without inertial
term. Some models exhibit exponential stability, others are not exponential stable. In the cases
of exponential stability, we give an explicit estimate for the rate of decay in terms of the es-
sential parameters appearing (delay 7 > 0, inertial constant p > 0). This is first done using
multiplier methods directly in L?-spaces, then, second, with eigenfunction expansions imitating
Fourier transform techniques used for related Cauchy problems. The explicit estimates allow for
a comparison. The singular limits 7 — 0, and u — 0 are also investigated in order to understand
the mutual relevance for the (non-) exponential stability of the models. Numerical simulations
underline the results obtained analytically, and exhibit interesting coincidences of analytical and

numerical estimates, respectively.

1 Introduction

We consider the following system of thermoelastic plate equations,

Pty — AUy + a*u 4+ BAO = 0, (1.1)
pob; + kdivg — fAu; = 0, (1.2)
Tq + koqg + k1VO = 0. (1.3)

Here u, 6 : [0,00) x 2 — R are the displacement and the temperature (difference to a
fixed reference temperature), respectively, and ¢ : [0,00) x Q@ — R™ n = 1,2, 3, is the
heat flux vector. €2 is assumed to be a smoothly bounded domain in R™. The constants
p1, o, B, pa, K, Ko, k1 are positive, while the constants 7 and pu, representing the delay and
the inertial part, respectively, satisfy 7, u > 0.

The system is completed by initial conditions,

u(0,-) =u’,  u(0,) =u', 6(0,-)=06° 7q(0,-) =74, (1.4)
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and by the following boundary conditions on [0, 00) x 0€2,
u=Au=60=0. (1.5)

We remark that the hinged boundary conditions for « in (1.5) will allow in the sequel
some calculations in Section 5 that do not follow this way for the Dirichlet boundary
conditions

u=0,u=0, (1.6)

where 0,u denotes the normal derivative on 0€). But the results on exponential stability
and on the singular limit are expected to be qualitatively the same for both sets of bound-
ary conditions. Hence our study provides the characteristic picture already in working
with (1.5).

This system may represent different models for Kirchhoff type thermoelastic plate
equations, with (u > 0) or without (¢ = 0) inertial term, either with Fourier’s law
(1 = 0) of heat conduction or with Cattaneo’s law (7 > 0). We find the Schrédinger type
part in (1.1), read mainly as equation for w, if 4 = 0, a wave equation type if p© > 0,
a parabolic equation in (1.2), (1.3) if 7 = 0, resp. a hyperbolic system if 7 > 0. This
variety is reflected also in the different asymptotic behavior of the associated semigroups.
We have

7=0, n >0 : exponential stability,
7>0, £ =0 : no exponential stability,

7>0, 0 >0 : exponential stability.

The aim is to prove the exponential stability results in a way that allows to give estimates

on the expected stability constant v > 0 in the estimate
E(t) < Ke ME(0),

where &£ stands for the usual associated energy term. For example, the case 7 > 0, u > 0
was investigated in [3] with abstract semigroup theory, while we shall use an appropriate
multiplier technique.

As a consequence, we shall obtain the dependence of the decay rate on 7 and/or p,
and we shall be able to compare the different models and to study the (singular) limits

i — 0 and 7 — 0, respectively. The questions that we will address and answer are:
e How are the different parameters 7 and p reflected in the decay rates?

e Which models exhibit stronger/weaker decay?



e How is the (singular) transition between the different models reflected in the esti-

mates for the decay rates?

e How sharp are the analytical estimates obtained by energy (multiplier) methods

(comparison with numerical results)?

The thermoelastic plate models provide interesting examples where, for ;1 = 0, exponential
stability is lost when the Fourier law (7 = 0) is replaced by the Cattaneo law (7 > 0),
see Quintanilla & Racke [17] or Fernandez Sare & Munoz Rivera [3]. A similar effect is
know for certain Timoshenko systems, see Fernandez Sare & Racke [4], and these might
not be isolated situations, see Racke [18|. On the other hand, as soon as the inertial term
(—uAuy) is presented, exponential stability is given ([3]).

References for the exponential stability in the most explored case 7 = u = 0 are, for
example, Kim [6], Munoz Rivera & Racke [13, 14], Liu & Zheng [12], Avalos & Lasiecka [1],
Lasiecka & Triggiani |7, 8, 9, 10|, for various boundary conditions and for the analyticity
of the semigroups; see also [5] for a related system with memory term, and |2, 11, 16] for
maximal regularity.

For the subsequent discussions we may assume w.l.o.g. for all constants different from

7 and p, appearing in the differential equations,

The paper is organized as follows. In Section 2, we shall recall the exponential stability
for the case 7 = 0, u = 0 by the multiplier method in L2, with estimates on the decay
rate. Section 3 presents the exponential stability for the case 7 > 0, 4 > 0, again with the
multiplier method and with an estimate for the decay rate. In Section 4, we analyze the
decay rates with respect to the singular limits 4 — 0 and 7 — 0. A second approach to
obtain exponential stability and estimates for the decay rate is presented in Section 5. Here
we use an eigenfunction expansion (Fourier series) and exploit ideas from [19], where the
corresponding Cauchy problem (2 = R") was investigated and where “energy” estimates
were proved using the Fourier transform. In Section 6, an extended analysis of the singular
limits is presented. Finally, in Section 7, we present a numerical analysis underlining the
results obtained analytically in the previous sections. In particular, the numerical results

perfectly correspond to the analytical estimates, demonstrating the sharpness of the latter.



2 Case 7 =0, u = 0, multiplier method in L?

In this case with Fourier’s law of heat conduction, and without inertial term, the differ-
ential equations (1.1)—(1.3) reduce to

uy + A*u+ A0 = 0, (2.1)

Defining the energy FE in this case of Fourier’s law,

1
B(t) = [ fuf + [ uf + 6P do,
Q

and denoting d; := <, we have

dt7
—/ IVO|? dx. (2.3)
Q

Standard multipliers are used. Multiplying (2.1) by u, assuming w.l.0.g. real-valued

functions, and denoting by €; > 0, j € N, small constants to be chosen later, we obtain
diey / wu dr < 51/ lug|? dx
Q Q
—(61 — 015182)/ |AU|2 dx
Vo*d 2.4
it [ vopas, 2.)

where ¢; > 0, j € N, will denote constants not depending ¢;. Multiplying (2.2) by u;, we

dy (—83/0Ut dx) < —53/6utt da:—e—?’/ |V, |? da:—i—ﬁ/ IVO|? dx
0 0 2 Jo 2 Jo
—sg/eutt dx—g—?’/ |V, |* dx—%/ lug|? da
0 4 Jo 4 Jo

+5—3/ VO du, (2.5)
2 Jo

get

IN

where here, and similarly in the sequel, ¢, denotes the constant appearing in the Poincaré

/Hutt dx:/VHVAu d:l:—l—/VH\z dz,
Q Q Q

—53/ Qutt dx < —/ |V0|2 dl’+€3€4/ |VA’LL|2 dzx. (26)

estimate. Since

we have



Combining (2.5), (2.6), we obtain

dy (—Eg/eut d:)s) < 2/ Vo2 d:)s+5354/ |V Aul? da;—%/ |V, | do
0 v

€3Cp/|ut|2dx+—/ V0P dz. (2.7)

Finally multiplying (2.1) by Au, we get

d, (—55/utAu dm) geg,/ |vut|2dx—€—5/ IV Aul? d:p+5—5/ VO dv.  (2.8)

Defining the Lyapunov function L by

L(t) == ME(t) 4 ¢ / wu dr — 53/ Ou, dx — 5 / wAu dx, (2.9)
Q Q

Q

with M > 0 to be determined below, we obtain from (2.3), (2.4), (2.7), (2.8
€1 €3 €3 &5 €3C
dtL<t) S —Cp (M — 4_52 — 4— _ — — > / |9|2 _ _p — €1 / |ut|2 dx
— (ﬁ — &5 / Vu|* dz — (g1 — cre169 / |Aul? dx
— (— — £3&4 / |VAU|2 dz.

Choosing ¢, in the following way,

c 1 1
=1 =2 == = — = — 2.10
€3 , €1 3’ €5 3’ €2 2, €4 32’ ( )
and 548
€1 c1 +
M>2M =2 — + — = 2.11
=~ (452+454+2+2) 32 (2.11)
we have
d,L(t) < —cle/ VO dx — C—p/ |2 dv — C—p/ | Aul? d
Q 4 Ja 8 Ja
< —doE(), (2.12)
with )
do = 26}7 min{Ml, g} (213)

To assure the equivalence of E(t) and L(t), we compute

61/utudm—53/Qutdx—55/utAud$ <
Q Q Q
1 1\ 1 1
& +9 —/]ut|2 dx + e —/\Au|2 dx—i——/|9|2 dx
8 )2/, 8 2 /o 2 /o
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< maX{cp ;— 97 cp028+ 1

1} E(t) = MyE(?),

where ¢y arises from the elliptic estimate

/ lul|? do < 02/ |Aul? dz.
Q Q

This implies, choosing

M > 2Ms, (2.14)
the equivalence, for t > 0,
kE() < L{t) < ke B(D), (2.15)
with
kl = MQ, ]{?2 = 3M2 (216)

Altogether, we have with
M = maX{QMl, MQ},

and by (2.12), (2.15),

d
d L(t) < —2L(t).
ko
Defining
2,y a1
0 -— klv Yo ‘= k27 :

we have the following exponential stability result

Theorem 2.1. The inital-boundary value problem (2.1), (2.2), (1.4), (1.5) is exponen-
tially stable. We have for t > 0 the following estimate for the associated energy,

E(t) < Koe ™ B(0).

The constant ~yy is given explicitly through (2.17), (2.16), (2.13), (2.11), and the type wy

of the semigroup is hence estimated from above by

wo < —.-

3 Case 7 >0, u > 0, multiplier method in L?

In the case of Cattaneo’s law of heat conduction and with intertial term, we shall prove a
similar result on exponential stability as in Theorem 2.1, but now with estimates on the

rate of decay v = y(u, 7). We consider

Ut — ,uAutt + A2U + A = 0, (31)
9,5 —+ leq — Aut O, (32
T +q+ V0 = 0, (3.3)
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together with the initial conditions (1.4) and the boundary conditions (1.5). Let
1
Eilt) = 5/ [wel® + p|Veu” + | Auf* + 10 + 7lqf* do
Q

and .
52(t) = 5/ ’utt’2 + u!Vutt|2 + ‘Aut‘z + ’97&‘2 + T’QtP dx
Q

denote the energies of first and of second order, respectively, and let

E(t) == & (1) + & (1)

denote the energy, for which we shall prove a result on the exponential decay, in which

we shall be able to observe the dependence of the estimate for the decay rate on the

parameters f, in particular, as well as on 7. We assume w.l.o.g. 7 < 1 (7 > 1 could be

treated similarly). We have

di&r (t /\q!Q dr, diEs(t) /\qt| dr,
1 2 — 12 1
di&(t) < ——/T|q|2 dx — . /7‘|qt|2 dx — —/ IVO|? dz.
2T Q 2T Q 4 Q

Multiplying (3.1) by Au, we obtain

implying

d (—51/(ut+uAut)Au dx) < —é/ |V Aul? d:r:—51/ | Ay |* dx
Q 2 Ja Q

J J
—|——1/ |Vo)? d:t—l——lu/ |V, |* d,
2 Ja K Ja

(3.5)

where 0;, j € N, will denote positive constants to be chosen later. Multiplying (3.2) by

U, we get

dt/Hut dr < /|V9|2 dx+52/ VAl do + /|V9|2 dx
Q 46, 403 Jo

1
—|—§3,u/ |V |? dx+/ Vo2 d:r;—l——/ lq|? dx——/ |V, |* du,
0 0 2 Ja 2 Ja

implying

d, (54/9ut dx) < <£+54_,u+54) / Vo d:zc—|—52§4/ IV Aul? dx
0 46y 403 0 Q

)
+53(54,u/ |V |? da:+—4/7|q|2 dx
2T Q

——,u/ |V, |? dr.

(3.6)



In order to to obtain negative terms for uy and Vuy, we multiply (3.1) by uy and obtain

dt (55/ AuAut dl’) S _55/ |utt|2 dr — 55_1“/ |Vutt|2 d$+55/ |Aut|2 dx
Q Q 2 Q Q

+— [ |VO|* dx. 3.7
> [ v (3.7
Finally we multiply (3.2) by 6, and get
96 2 96 2 1 2
di (06 | ¢VOdz) < —— [ |0 de+ — | |Aw|” dx+ — [ 7|q|* dx
Q 2 Ja 2 Ja 27 Jg
(3.8)

0
+2 / |VO)? da.
2 Jo
We define the Lyapunov functional £ by
L(t) = PE(t) — 51/ (up + pAuy) Au dx + 54/ Ou, dx
Q Q

+55/ AuAuy dr + 56/qV6 dz,
Q Q

where also P > 0 will have to be chosen appropriately later on. The estimates (3.4)—(3.8)

imply
P 51 54,& 54# 55 56 / 2
- -0y — - — 0| d
@L(t) < (4 > "m0, a8, Mo o)) IVOTd
2 —7'2 2 P 64 1 2
— de — | — — — — — d
P( 27 )/ﬂT|qt| v (27 2T 27) /QT|Q| v
)
- (ﬁ - 5254) / IVAu|? dz — (51 — 05 — —6) / |Au|? da
2 0 2) Ja
) )
— (2—4 — —1) / w|Vuy|? d — (55/ |ug|? da
weop Q Q
0 0
— (2 — 850, / 11| Vg |* do — —6/ 10,)? d. (3.9)
2 0 2 Ja
Choosing ¢; in the following way,
_ .y _ M 11
54 '_l’['y 51 '_4a 55 _167 56 _87 52 _16’ 53 O 647
and .
P>Pp = 1 (14 166p + 512u%), (3.10)



we conclude

1
dL(t) < (1 + 1661 + 51247 / |v9|2 dx

32

2 2
—-P T / T|qt|2 dx — —— / 7‘|q|2 dx
27' Q 27_ Q

1
—ﬂ/|VAu|2 dx—ﬁ/|Aut|2 dx—Z/,u\VutP dx

/ |uge|? dx — = u|Vutt|2 dx — —/ 10| dz

< 2 (1 + 166 + 51247 / 0|? dx

- 32

_P(

—— Athdx—— Vutgd:p—cp'u w|? dx
| s ) H

/ Jug | dov — - u]Vutt\z dr — 1_6/ |0 dx
Q

< —dé’

with

2-72\ 1 1
d::2min{§—g(1+166,u+512u2),P( T), ¢ Gk Z’ﬂ’}'

T

The equivalence of £(t) and £(¢) is given as follows, using

‘—(51/ (up + pAuy) Au dx + 54/ Ou, dx + 55/ AulAu, dx + (56/ qVe dx
Q Q

/ qVo dx = / (0 — Auy)0 de,
Q Q

/|ut|2d +( )/m J2 dz+ 2/|Au\2 dz
Q

Choosing

the equivalence, for t > 0,

- 2 ~ 2
+16/9191 dx+8/Q\9t] da

ou 9

+22 —} E(t) = BE().

16~ 8

P> 2P,

pE(t) < L(1) < p£(t),

9

)/qutﬁ da:——/ Tlqf? de %/\Auyz dz

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)



is given with

p1i=D, py =3P (3.16)

Choosing
P :=max{2P, P},

and by (3.11), (3.15), we obtain
d

aL(t) < —L 1)
b2
Defining
P2 d
K== ~:=— (3.17)
b1 P2

we have the following exponential stability result:

Theorem 3.1. The inital-boundary value problem (3.1)-(3.3), (1.4), (1.5) is exponen-
tially stable. We have for t > 0 the following estimate for the associated energy,

E(t) < Ke ™E(0).

The constant v = ~(u,7) is given explicitly, see (3.17), (3.16), (3.14), (3.13), (3.12),
(3.10), and the type w of the semigroup is hence estimated from above by

w < —7.

4 The limits 4y — 0 and 7 — 0

The rate of exponential stability, v = v(u, 7), given in Theorem 3.1, can now be studied
with respect to the limits © — 0 and 7 — 0, respectively. We have

Theorem 4.1. The rate of exponential stability v given in Theorem 3.1 satisfies:
1. For fixed 7 > 0 we have
lim (g, 7) = 0.
2. For fized p > 0 we have
lim y(p, 7) = ¢(p),
T—0

where c(u) is a positive constant depending on .

PROOF: The representation for «y is given by (3.10), (3.12), (3.13), (3.16), (3.17),

q zmm{ (1+ 1664 + 51242) (

’Y = _— =
3 9
P2 3max{7" 5 g}

usrg
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Observing that for sufficiently small p

P=,
8

we immediately conlude assertion 1. The second assertion follows observing that P is

only depending on p. This completes the proof. O

Theorem 4.1 reflects the facts that for u — 0, the exponential stability is lost, and that
the limit 7 — 0 leads to another exponentially stable system.

The advantage of the multiplier method in L? is that it can be extended to other
boundary conditions like (1.6), a disadvantage consists in the still coarse estimates leading
to overall too pessimistic values e.g. for ¢(u). Since ¢(u) — 0 as p — 0 it does — in the
double limit — not reflect the fact that the system for = 7 = 0 is exponentially stable.

A sharper analysis, but then only for the hinged boundary conditions, will be given

starting in the next section.

5 Case 7 >0, u > 0, Fourier expansion

As second approach to obtain exponential stability and estimates on the decay rates, we
make the following Fourier series ansatz. It will give us explicit information on the depen-
dence of the decay rates on the parameters p and 7, but also on the domain 2 (appearing
in form of the first eigenvalue \; of the Dirichlet Laplace operator and depending itself
on the size of the domain).

To justify the special ansatz below for the heat flux g, we assume the compatibility

condition

¢ =-vo°, (5.1)

which is satisfied for 7 = 0 anyway and, hence, avoids layers in the singular limit 7 — 0.
Then q = ¢(t, ) is a gradient field for all £ > 0 by (1.3).
Let (¢;); denote the L2-eigenfunctions of the Dirichlet Laplace operator —A in € with

eigenvalues (J\;); satisfying
—AQS]‘:)\ijj, qﬁj‘aQ:O, 0<)\1§)\2§§/\]—>OO (]—>OO)

We make the following ansatz which is justified because of the boundary conditions (1.5).

ulta) = > a0, 0(ta) = S b0o). alta) =3 [T, (52)

11



Plugging this ansatz into the differential equations (1.1)—(1.3), we obtain the following

system of ODEs for the coefficient functions a;, b;, f;:

(14 pA))a ( )+ )\Qa]( ) —N\bi(t) = 0, (5.3
Vi(t) — A fi(t )—i—)\a t) = 0, (5.4)
TH) + fi(t) +b;(8) = 0 (5.5

In order to be able to compare it to the results obtained in the recent paper [19] on the

t) =i/ f(8)

Cauchy problem, we define

giving

=N fi(t) =i/ Ad;(
Multiplying the differential equation (5.6) by i,/\; we thus obtain the following system
of ODEs for a;, b;, d;:

(1+/M) T+ A ai(t) = A 05(t) = 0, (5.6)
+z\/_d +)\ as(t) = 0, (5.7)
Td’ —i—z\/_b (t) = 0. (5.8)

In [19] the Cauchy problem (2 = R"™) for the equations (1.1)-(1.3) was analyzed. Using
the Fourier transform (z — &), the Fourier transformed functions , é, q, depending on
t, &, satisfy

(1 + plé)Pan + €' a — €)% = o, (5.9)
0, +i€ -G+ €)% = 0, (5.10)
TG+ G+ i€ = 0. (5.11)

Identifying — formally — \; with |£|?, as well as \/); with £, the similarities between the
equations (5.6)—(5.8) and (5.9)—(5.11) are obvious. Actually, in one space dimension, /A,
and & correspond perfectly for what follows.

It turns out that the series of estimates obtained in [19] for the “energy” term
(1+ plé)|aa(t, )17 + [€]at, ) +10(t, )1” + 7l(t, &)
can be carried over to the “energy” term
(1 + ) a5 (O + A7 |az (O + b (O + 7 |d; (1)]*.
Since we are later on interested in the limit 4 — 0 and 7 — 0, we assume from now on
T, pn <1 (5.12)

So we obtain from the proof of [19, Theorem 4.1]

12



Theorem 5.1. There are constants C,c; > 0 (in particular neither depending on the

parameters i, T and j nor on the data) such that for allt > 0 and all j € N the estimate
(1+ ) s (O + A7 lag ()17 + [o; (1) + 7 |d; (1) * <
Ce™ " ((1+ ) [a5(0)* + AT 1a; (0)[* + [b; (0)* + 7[d; (0)[*) ~ (5.13)
holds, where
N (L4 7 A;)
(L+7X)A4 (74 p)A)
The constants C, c; are given explicitly by

13 1
C=1 9~ 330

0; = 0j(u,7) = (5.14)

11’
For the convenience of the reader, we present a sketch of the PROOF, for more details
cp. [19]. We obtain from the differenatial equations (5.6)—(5.8) for

Wi(t) == (1+ pAp)laj(0)]* + Ala; (O] + [b; ()" + 7]d; (1)

that 1 d
——W;(t) +|d;(t)]> = 0. 5.15
S W 0) + 1y ) (5.15)
Choosing appropriate multipliers for the equations (5.6)—(5.8), we get
d
B} (t) + Dj(t) = 0, (5.16)

where
Ej(t) = %(1 +7A) (14 (7 4 ) A) {1+ )] ()P + Nlay (8) P + [b;(0)* + 7]d; (1)}

+on (147X ) {7/ - Re(ib;(t)d; (1)) + a2(1 + pA;) (Re(d] ()b (1))
+ agAjRe(a;(t)m))},
Dj(t) := anas(1 — ag) (1 + 7pg) (1 + pdj)Asla; (1) P + arazas(1+ 7pX;)AZla; (t)]°
+ (1= a2) (1 + TpA) A b (1) + d; () + 27 + )M |d; (D)7 — aar /X, (1)
+7(r 4+ A2 ()P — an T /Ay dy (1)
+ araa(1 — az) (14 TuX;) ATRe(a; (£)b; (1))
+ ai(1+ Tdy) /A Re(iby(1)d; (1))
—ar{ag — (7 — agp) A} (L + 7pdg) /A Re(ia; (t),d; (1))

The positive constants oy, ais, a3 are chosen small enough in the course of the proof. Then

one concludes
1

D} (t) = = (L+ i) { (14 ) |a) (D] + Xl (8) 2 + [b; ()]

1 (5.17)
7 (L TA) (L (7))l (1),

13



as well as

13
Ej(t) < oYL TA) (14 (7 + ) A) Wy (1),
1 1 (5.18)
Ej(t) > ﬂ(l +7X5) (L4 (7 + p)A;) Wj(t).
Applying the estimates (5.17) and (5.18) to (5.16) we get
d 1 1 A€
dt 2730 (1 +7A) (L + (T + p)N;)
This gives
13 —ﬁ%t
Wj(t) < ﬁe A+72) A+ (T+r)AS) VVJ.(())’
which is the desired estimate. O

As a consequence we obtain, after the usual summation over j (Fourier series), the fol-

lowing energy estimate for the energy term
ERT(t) = ||(u, uVuy, Au, 0, Tq)(t, -)||%2(Q).

Theorem 5.2. There is a constant C > 0 (in particular not depending on the parameters
w, T nor on the data), and a constant k(u,7) > 0, at most depending on p, T, such that
for all t > 0 the estimate

EFT(t) < C e akn)t prr () (5.19)
holds, where
k(u, 7) := inf{o;(p,7) | j € N} (5.20)
and
c = 1
L2370

The value of ¢1k(u, 7) is the estimate for the rate of exponential decay (if not zero)
that we aimed at. We already mention the interesting fact that this analytical estimate
is rather sharp, as a comparison with the numerical results from Section 7 will show.

Before we start determining k(u, 7) in more detail for g, 7 > 0, we recall some known
results for p; for the limiting cases, see [19], then implying immediately the estimate for
k(u,7) in Table 5.1.

14



case W, T 0; k(p,T) exp. stability y/n
1: p=71=0 Aj A yes
b
2 uw=0,7>0 (1+r]/\j)2 0 no
. — Aj A
3: uw>0,7=0 1+;i)\j 1+ﬁ,\1 yes
Table 5.1

The last column both describes the known facts on exponential stability of the associated
semigroups, and the conclusion we draw from computing k(u, 7). In all cases 1-3 these
two things completely fit together.

We also observe the following facts on two singular limits and the ratio of exponential

decay rates for the system with resp. without inertia term.

Remark 5.3. 1. The values k(0,7) = 0 do not converge to k(0,0) = Ay > 0, as T — 0.

2. The values k(u,0) = 1J$A1 converge to k(0,0) = A, as u — 0.

3. If u>0, then

A
k(p,0) = 1+/1M1 <\ = k(0,0),

i.e., the rate of decay is smaller for the system (with Fourier’s law) with inertial

term compared to that of the system without inertia term. The inertia term causes

a slight deceleration (though both systems are exponentially stable).

Now we determine the value of k(u, 7) for u, 7 > 0. Let

. r(1+7p)
g(x) = At ra) (1 (rtma) T > M.

Remark 5.4. Depending on 2, \y = A\ () can be close to zero or very large, cp. Q =

(O,L)CRlz/\l:z—z%{ 0 }asL—){oo}.
00 0
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The positive function g satisfies

Tim g(z) = (Tiu) € (0,1). (5.21)

To determine the infimum /minimum of g, we compute

1
/ 2 2
g(r) = TR+ p" —7—plrt + 2Tpxe 4+ 1
(=) {((1+7m)(1+(7+u)x))2}{[ ( | J
= {91(z)Hgz(2)}.
The coefficient [...] in front of 22 in g, can be zero (e.g. 7= 1, = 1+4‘/5 ~ 0.81), positive

(e.g. 7= 1,1 =0.9), or negative (e.g. 7 = 1, = 0.8), depending on T, p.
Case I:  2Tp+ > 7+ p.
Then g5 and thus ¢’ are strictly positive, hence g attains its minimum in x = A\, and we

have
A1+ 7pA)

k(u,7) = g(M) = I+7A)1+ (T+p) A1)

We remark already here, that for the limit pu,7 — 0 this will not be the relevant case

(5.22)

because of the quadratic nonlinearities becoming smaller than the linear ones.
Case Il:  27p+ > <7+ p.
In this case we have a zero xy = xp" of g resp. ¢ at

e _ TR TR+ (7 4 p = 2 — 1?)

) .2
0 (T 4+ p— 27 — p?) (5.23)

Since, regarding g on (0, 00) for a moment, ¢'(z) > 0if z < 2", and ¢'(z) < 0 if & > xf"",
we have a local maximum of ¢ in zf’". So we have to distinguish the cases: zf”" < A\, or
xf’™ > A;. Both cases can happen since zf" only depends on p, 7, while A; may take any
value in (0, 00), depending on the domain 2, cp. Remark 5.4.

Case IL.1: 2§ < Ay
In this case g is strictly monotone decreasing on [\, 00), thus the infimum of g is attained
at infinity, therefore )

k(u,7) = lim g(z) = — v (5.24)

Case 11.2: 57 > .
This case splits up into two final possible cases:

Case I1.2.a:  g(A) < lim, 00 g().

Then
M1+ T7pA)

(L+7A) 1+ (7 +p) M)

k(u,7) = g(M) = (5.25)
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Case I1.2.b:  g(A1) > lim, o g(z).

Then
. H
k =1 = : 5.26
(,7) = lim gle) = —— (5.26)
Since we have the equivalencies
< .
g) = lim g(@)
<
ML+ 7pA) < Iz
Q+7M)A+(T+p)N)  —  T+p
<~
ILL . T
A < =xy, (5.27)

T+ p— 21— pi?

we can summarize the characterization of the decay rates k(u, 7) given in (5.22)-(5.26) in

the following theorem.

Theorem 5.5. The estimates for k(u,7), for p, 7 > 0, are given in Table 5.2, where xf”
is given in (5.23), and x\"" is given in (5.27).

In the cases I and 11.2.a, for fixed pu, 7, the estimate on the decay rate shows a depen-
dence on the first, the smallest eigenvalues \;, an effect that is known for the classical
heat equation, and also showed up in Table 5.1 in the cases 2 and 3. This is an effect
of the notion of exponential stability which tries to be uniform over all initial values. Of
course, if one has initial data taking values in subspaces not being spanned by the first
eigenfunctions 1, ..., ¢ (in other words: the expansions in (5.2) start at j = k), then

A1 can be exchanged by A in these estimates.
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case k(p,7)
L 2rpu+pu>>7+p (1+T)\,\11()1(J1F-T+€Lr/:ul;)/\1)
IL1: 2rp+p? <7+p, M >ah’ o
M2.a: 27+ p? <7+, M <min{af”, "7} (1+TA>31()1(J1F—T%€T):;)L)A1)
IL2.b: 2rp+p® <7+p, o7 <X <ah” P

Zones of each case
12 T T T

Table 5.2

1R Case |
e
08 ~ .
Case ll.2.b —

04r |

| Case ll.1

02

Estimate for the rate of exponential decay

Figure 5.1: Estimate for the rate of exponential decay, and the 4 different cases zones of
the Table 5.2 (L = 1).

6 The limits 4 — 0 and 7 — 0 once more

The characterizations of the decay rates k(u,7) easily lead to a consideration of the

singular limits g, 7 — 0. Case I in Table 5.2 does now not play any role for the double

18



limit since the quadratic terms in u,7 will finally be smaller than the linear ones. We

have the following limit behavior.

Theorem 6.1. 1. If 7 > 0, then only the cases II.1 and I1.2.b are relevant. Here we
obtain

lim k(p, 7) = 0.
n—0
2. If u > 0, then case I1.1 is not relevant. We obtain
1 in cases I and 11.2.q,

lim k& =
0 (1,7) { M — E(p,0) in case 11.2.b.

1+pi

lim lim k(p, 7) =0 in cases 1.1 and I1.2.b.

7—0 p—0

4. For domains € with Ay < 1 we have

lim lim k(p, 7) = Ay = k(0,0) in case 11.2.a.

n—07—0
5. For domains Q with Ay > 1 we have

lim lim k(p, 7) =1 in case 11.2.5.

pn—07—0

PROOF: The limits themselves can easily be obtained from Table 5.2. So we only
comment on the restrictions made in points 1.-4.

1. Case I is not relevant because 27y + pu* > 7+ u, but p — 0. Case II.2.a is not
relevant because 0 < A\; < /"7, but lim,_,o z{"" = 0.

2. Case I1.1 is not relevant because co > A\; >z, but lim, o 25" = co.

4. resp. 5. The restriction \; < 1 resp. A\; > 1 arises from lim, o z}"" = ﬁ — 1, as
w— 0.

O

Theorem 6.1 shows once more that the function k = k(yu, 7) is not continuous on [0, 1)? (as
well as x4""), reflecting the singular behavior, as p, 7 — 0, of the property of exponential
stability.

7 Numerical analysis

In this section, we present numerical results illustrating the asymptotic behavior of the
energy and as well as the relevance of the condition of the Table 5.2 for the exponen-
tial decay. It yields an astonishing coincidence with the analytic estimates obtained in

Theorem 5.1 above and in [19, Theorem 4.1], respectively.
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The applied method of f—Newmark is a second-order method preserving the discrete
energy always when the discrete system of equations of motion is symmetric (i.e. matrices
associated to the system should be symmetric).

7.1 Shape and behavior of the spectrum

In this section, we present some numerical results illustrating the asymptotic behavior of
the energy and as well as the relevance of the condition of the Table 5.2 for the exponential
decay. Here, we study the decay of the energy numerically. For this, we consider the
approximation (5.2) and the systems of ODEs (5.3)—(5.5). This system can be rewritten
as X!, = A;X;, with X; = (a;,a;,b;, f;)", and

0 1 0 0
i A
A; = EEDY 0 L+pA; 0 (7.1)
0 =X 0 A
0 o = =

«10° Eigenvalues for different parameters of pand

=0, pu=0
=0, p=0.1
7=0.1, =01
0.6 - 7=0.1, p=0

0.8 r

0.4

0.2

imaginary part
o
&,

-0.2 -

-0.4 -

-0.6 -

-0.8 -

real part

Figure 7.2: Eigenvalues of the system (1.1)—(1.3), with the ansatz (5.2), for different values

of the parameters p and 7.

In the case of 7 = 0, the Cattaneo system becomes the heat equation with the Fourier
law (2.2), and therefore the 4 x 4 matrix of the system (7.1) (with 2 pairs of conjugate

complex eigenvalues), is replaced by a 3 x 3 matrix with a pair of conjugate eigenvalues
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and a negative real value given by

0 1 0
0 _ A Aj
Aj B DY 0 T+ux; |- (7.2)
0 =i =N

The eigenvalues af, of the matrix A, defined in (7.1), with ¢ = 1,...,4, when 7 > 0
(respectively AY defined in (7.2), with £ = 1,2,3, when 7 = 0), and j = 1,..., 0o, charac-
terize all the eigenvalues of the system. In Figure 7.2, the eigenvalues (point spectrum)
is plotted for different values of y1 and 7.

We consider the one-dimensional case Q = (0, L) with L = 1. Then \; = j?72, and af

are the roots of

- + - =
1+ Mj27T2U 1+ py?n?

44 44 6,6
TJ4+03—|—<j27r2—|—27' J T )2—1—2 J 7 J 7

1+ pj?m?

An approximation of the rate of the exponential decay could be computed by

E(u,r)= min {|Re(cf)] /€=1,....4(fr>0):=1,....3(fT7=0)}.
j=1,...,00
k qualitatively should have the same behavior as the decay rate k defined in (5.20), which
is justified by Figure 7.2. Thus, we truncate ;7 = 1,..., N, with N = 10.000, in order
to simulate the spectrum for different values of 7 and u, and we show the graphs for
—10° < Re(0}) < 0 and —10° < Im(0}) < 10°. The real part of the eigenvalues in Figure
7.2 are plotted on a logarithmic scale so that all eigenvalues for different values of ;1 and
7 can be drawn in the same graph ranging from —10° to —10~%. In this sense, we observe
that (u =0 and 7 > 0) is the case where the eigenvalues are closer to the imaginary axis
(taking into account the logarithmic scale), and these values approach the axis as A\; — oo
(green eigenvalues in Figure 7.2). In this last case, the rate of the exponential decay is
zero. In Table 7.1 we compare the values of k(u, 7) with k(u, 7) for the different plotted

cases in Figure 7.2.

Case 7=0/p=0|7=0/p=01|7=01/p=01|7=01/p=0
k(u,T) 1.000 1.000 0.500 0.000

k(p, 7) 2.1228 1.7430 1.3820 1.2665-10~8

Table 7.1: Values of k(u, 7) and k(u,7) for the different plotted cases.

The approximation (5.2), suggests us to consider now also numerically Fourier series

with respect to the spatial variable in dimension 1, for an interval 2 = (0,L). On the
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other hand, regarding the approximation in time, we considers the f—Newmark scheme,
which is a second order method preserving the discrete energy always when the discrete
system of equations of motion is symmetric (i.e. matrices associated to the system should

be symmetric).

Remark 7.1 (Finite Difference Approximation). With respect to an approximation using
Finite Differences in the space variable, or another equivalent scheme (such as Finite
Volumes or the Finite Element method), it is noticed that the eigenvalues undergo for
very high frequencies. For example, if we consider h = L/(J 4+ 1) a spatial subdivision
of the interval (0, L), with x; = jh, and u;(t), 6;(t) and ¢;(t), for all j =1,2,...,J, the
approzimate values of u(jh,t), 0(jh,t) and q(jh,t), respectively for allt > 0. Taking into
account, centered finite differences of second order:
Vi1 — 205 + 954
h? ’

19]'+2 — 419j+1 + 619] — 4193'71 + 19]'*2

Ah’ﬁj = h4

Aiﬁj =

Vi1 — 05
2h .
then the system (1.1)-(1.3) becomes an approzimate system of 4J x 4J ODEs when

(5}{[9] =

1 «10° Eigenvalues for Finite Difference Approx.

7=0, p=0
08 1 7=0, §=0.1
06 +  7=0.1, ;=01
or % 7=0.1, =0 1
0.4 .
z 02 P
©
o
% () rr———————-cene S}28 10 & © s oo ¢ 4
£ : (
& 02t Cum—
£
04 +
-0.6 - H
H
-08 | :
-1 L 1 1 1
-106 -104 -102 -10° -102 104

real part

Figure 7.3: Eigenvalues of the Finite Difference system (7.3), for different values of the
parameters p and 7 (J = 2000).

7 > 0 (and a suitable system of 3J x 3J ODEs when 7 = 0) Y' = BY, with Y =
(U1, ug, 1,05, 01,0 0, G, . q5)T when 7> 0 (and a system of 2J x 2J ODEFEs
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when T = 0), where

O I O 0)
—(1 = —1A2 (T — -1

O Ah @) _5h

o 0] =15, =1

where O is the null matriz, and I is the identity.

We observe in Figure 7.3 that the eigenvalues of the approximate B matriz do not have
precisely the same behavior as the eigenvalues of Figure 7.3. In particular, when T = 0.1
and p = 0.1, we observe that the approximate eigenvalues for finite differences adhere to
the imaginary azis from sufficiently high frequencies (black graph in Figure 7.3), despite
the fact that we know theoretically that it is one of the cases of exponential decay (compare
with the equivalent graph in figure 7.2). Obviously, the approach method can be improved
or equivalent formulations can be used for system (1.1)-(1.3), which under approzimation,
the eigenvalues are obtained more precisely and do not adhere to the azxis Re(\) = 0.
However, for our numerical examples in dimension 1, the Fourier Series approximation

18 sufficiently efficient and accurate, and that is what we will use here.

7.2 Time discretization for the equations of motion

As the time discretization is concerned, it is desirable that the algorithm also has at least
a second-order consistency, and because the spatial discretization used in structural dy-
namics often leads to inclusion of high-frequency modes in the model, it is also desirable
to have unconditional stability. The method consists in updating the displacement, ve-
locity and acceleration vectors from current time t" = ndt to the time "' = (n + 1)dt.
The Newmark algorithm [15] is based on a set of two relations expressing the forward

displacement ug”“l and velocity uj;“ in terms of their current values and the forward and

JTx

current values of the acceleration. In the case of the variable u(t,z) = > 72 a;(t) sin 7

we have
artt = @+ (1 —y)dtal +yotalt! (74)

1

where 8 and 7 are parameters of the methods that will be fixed later. Replacing (7.4),
(7.5) in the equation of motion (5.3), we obtain

(14 pX; + BO2N7) @yt — Nbpt
1
= -\ (a;% + 6ta + <§ - ﬁ) ot? ay) : (7.6)
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7.3 Discretization of the heat equation

The heat equation system (5.2), (5.3) can be approximated by trapezoidal rule

n n n+i .tz
b b — Mot 4 Aeta) T = 0, (7.7)
gl gl
T — )+ Stf] T ot 2 =0, (7.8)
a1 bt a1l a4 att
where bj+2 = jTJ and aj+2 = ]TJ Then, replacing (7.4) in (7.7), we obtain

A 5t .
75152?]%“4—5?“—)\3‘5]3“

N o o,
The system of equation (7.6),(7.8), (7.9), can be written in matrix form as
L+ ph; +A55t2x;% —)j 0 ahtt Ay
e 1 % ot =B, (7.10)
) ) n+1 n
0 Ny A(m+5)) AT 75

where A7 = = A2 (a + 6ta? + (3 — B) 6t2a?), BY = 01+ N3 [ =\ <5mg + (1 - 7)%@),
and 7 = (r = §) f7 = A0

i2%"

Remark 7.2 (Case 7 = 0.). The system of equation (7.6),(7.8), (7.9), is also valid when
1 ntl

7 = 0. However, (7.8) is reduced to fjn+2 = —ijr2 and the system (7.10) is simplified to

the 2 x 2 system
L+ phj + BOPAT - =) it _ (A
Vo33 L+ ) \ it B )

where By = (1= X%) 07 = A, (8tar + (1 - 7)%ar ).

27

7.4 Decay of the discrete energy

The eigenfunctions of the Dirichlet Laplace operator —A in 2 = (0, L) are given by
¢;(x) = sin ‘% Therefore, the discrete energy can be written as

E" =) (L ph)[af () + Nlag[* + [0f 2 + 71 f7
j=1
The decrease of the energy of time ¢, at time ¢,,.1 can be expressed in terms of the mean

value and the increments of the displacements and the velocity by the following identity

[es)
n+1

E"T = E" =) [(L 4 pdg)ag () + Xag > + b2 + 71 £1%])

Jj=1
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where

. n+1
(14 M) a0 + Mla P+ b1 + 771 [0

n

DN |

.t . nt+l .o n+l
=a; *(L+ p\)A"; +a; *NjA"a; +b; 2 A"b;

+ TR A (7.11)

with the notation A"u = u""! — u”. Then, expressing the Newmark representation

formulae (7.4), (7.5) in term of increments and mean values
A CLj = 5t(lj —+ Y — 5 5tA aj (712)
ntl 1
and replacing (7.7), (7.8), (7.12) and (7.13), in (7.11), we obtain
. n+1
[(L )y (0 + Nlay | + [, + 7 f51°]

1 n41 1 n+1 .
— ((1 + 1) (7 — 5) gta; ? + N2 (5 - §7> (5t2aj+2) A"

— Aot T (7.14)

DO | —

Then, by choosing v = % and = 7, we deduce

En+1 _ En

o] n+%
5 ==Y NP <0 (7.15)

J=1

That is, the energy is decreasing, in coherence with (3.4). We note that, when 7 = 0, the
1

right hand side term of (7.15), must be replaced by — 3%, Aj\b?JrQ |2, which is consistent

with (2.3).

7.5 Numerical examples

We consider the following initial condition for u(x,t):
u(z,0) =ug(x) =1-2Jz|, VO<z<L, (7.16)

uy(z,0) = 0, f(x,0) = sin % and ¢(z,0) = T cos %*. Then, we make simulation for L = 1,

and we approximate (5.2) by

N N N

u(t,z) =Y a;(t)gi(x), O(t,x) =Y bi(t)g;(x), qlt,x)=Y_ f(t)Ve;(x). (T.17)

Jj=1 J=1 J=1
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Energy Decay

7=0, u=0

7=0, p=0.1

102 7=0.1, p=0.1
7=0.1, p=0

1of v

0 20 40 60 80 100
time t[sec]

Figure 7.4: Energy decay for different values of 1 and 7,

with N = 1000. We compare (¢ = 0,7 = 0), (¢ > 0,7 = 0), (0 = 0,7 > 0) and
(> 0,7 > 0). For this, we make a simulation with a time discretization for 7" = 1000,
N; = 100.000 and 6t = T'/N;. We observe in Figure 7.3 that the case p = 0, 7 = 0 is
one that decays fastest. On the other hand, the case y = 0, 7 = 1 (the non-exponential
decay case), decays so slowly with respect to the other three cases, at least in this graph
in semilog scale.

Finally, in Figure 7.5 (case = 0, 7 = 0) and in Figure 7.6 (case p =0, 7 = 1), we
observe the asymptotic behavior of the different variables u(x,t), u,(z,t), 0(x, t) and q(z,t)
for differente values of  and 7. For the four cases considered in figure 7.3, we consider the
most extreme cases, namely the one that decays the most rapidly (when p = 0 and 7 = 0),
and the one that does not decay exponentially (when p = 0 and 7 = 1). In addition to
the decay, we can observe that for the non-exponential case (Figure 7.6), the variables
present greater oscillations in time, and in particular, the variable velocity u.(z,t) is that
which decays more slowly.

7.5.1 Comparison between theoretical and numerical rates

Now we may compare some numerical results obtained with those given by the estimate
in Table 5.2. It turns out that there are remarkable coincidences, also demonstrating that
the analytic estimates which prove Theorem 5.1 — going back to the calculations in [19]
for the Cauchy problem — are rather sharp.

We consider two examples:
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displacement u(x,t); 7=0; ;=0 velocity u,(x,t); 7=0; u=0

ut(x,t)

5
0.5

time t[sec] 0 o0 O0<x<L time t[sec] 0 o0 O0<x<L

temperature 9(x,t); =0; y=0

40

30

0(x,t)

5

time t[sec] 0 o0 O<x<L

Figure 7.5: Asymptotic behavior of u(z,t), us(z,t) and 6(z,t) for p =0 and 7 = 0,

1. 7=0.1; p=0.5: Since 27+ p? < 7+ u, we are in Case IT of Table 5.2. Computing

e _ TR NT P+ (7 p = 21 — p2?)
’ (74 p— 2T — 12)

= 8.6333,

and

g a —920
& T+ p— 27 — 2 ’

we have 2" < 72 = \; > z§"". Hence, we are in Case II.1. Thus we get for the

analytical estimate for the decay rate from Table 5.2

10
re =1 =c1— =3.0525- 107"
T+ 12
Using linear regression on the last 10 values of energy E™ (forn = N —9,...,N),

we obtain that E(t) ~ C,e ™! with
r, = 4.861 - 1074,
C, = 0.3008, and with the goodness of fit given by

g2 S (B = Cuemi)
ZnNzl (En - En)

27

= (0.99998521.




u(x,t)

0(x,t)

velocity ut(x,t); =1; p=0

displacement u(x,t); r=1; ;=0

15 100

1 50

ut(x,t)
o

-50

-100
10

5 5

0.5 0.5

time t[sec] 0 o O<x<L time t[sec] 0 o0 0<x<L

temperature 9(x,t); ==1; y=0 heat flux q(x,t); ==1; x=0

1000 6000

500 4000

2000

q(x,t)

-500 -2000

-4000
10

-1000
10

5

5

time t[sec] 0 o O<x<L time t[sec] 0 0<x<L

Figure 7.6: Asymptotic behavior of u(z,t), us(x,t), 0(x,t) and q(z,t) for u = 0 and 7 = 1,

On the other hand, we have C, = EQ) — 0.1218, for ¢ = 5000. We compare

ef'rat

both approximations (numerical and thoerical) in Figure 7.7. We have r, < r,
as expected, and in particular r, &~ r, in an astonishingly (in view of the many

seemingly “coarse” estimates in deriving Theorem 5.1) sharp sense.

. 7=0.01, = 0.1: Since 27+ pu* < 7+, we are in Case II of Table 5.2. Computing

i T + T2+ T(T + = 27 — p?) 1000

— 102.04,
’ (1 + p— 27p — pi?)

and

1
BT a 10 0204

T4 p— 27 — p? " 98

we have 2/"" < 72 = A\; < zi’". Hence, we are in Case I1.2.b. Thus we get for the

analytical estimate for the decay rate from Table 5.2

v 10 4
1 6111 3.330 0

Ty =C
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Asymptotic behavior of the energy

106
Energy( 7=0.1, ;=0.5)
fi)=C e
g=C e"n'

104 L

102

1 1 1 1
0 1000 2000 3000 4000 5000
time t[sec]

Figure 7.7: Example 1: asymptotic behavior of the energy for 4 = 0.5 and 7 = 0.1
compared with negative rate exponential functions f(t) = C,e"! (theoretical) and g(t) =

Cpe~™" (numerical).

The numerically obtained value for the decay rate r, using linear regression on the
last 10 values of energy is
r, = 5.1668 - 1077,

C,, = 0.0883, and with the goodness of fit given by R? = 1.000. Again we have
C, = EQ) — 0.0352, for ¢ = 5000. We compare both approximations (numerical

e~ Tat

and thoerical) in Figure 7.8. We have that r, < r, as expected, and r, ~ r,

underlining the analytical estimates.

Rates k(uw, ) Ta k(u,T) Ta T
Example 1 || 0.83333 | 3.056 - 10~% | 0.9951 | 3.645-10~* | 4.861 - 10~*
Example 2 || 0.90909 | 3.330-10"% | 1.949 | 7.139-10~* | 5.167-10~*

Table 7.2: Different values of the rates for both examples: theoretical r, = ¢y - k(u, 7);

numerical by approximation of the eigenvalues 7, = ¢; - k(, 7); and numerical by inter-

polation of the slope for the discrete energy r,.

Finally, in Table 7.2, we summarize the different estimates of the rates, theoretical
(rq), numerical (r,), and we also add a rate 1, = ¢; - k(u, 7), calculated using value of k
instead of k.
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Asymptotic behavior of the energy

10°© T
Energy( =1, pu=1)
ce’a!

10 4L Cne-rn t i

102 T

ping

100 i

[T 2% e —— i

10 -4 L L L L

0 1000 2000 3000 4000 5000

time t[sec]

Figure 7.8: Example 2: asymptotic behavior of the energy for 4 = 0.1 and 7 = 0.01
compared with negative rate exponential functions f(t) = C,e™"" (analytical) and g(t) =

Cpe~™! (numerical).
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