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Abstract

We consider the nonlinear stability of the Timoshenko-Cattaneo system in the
one-dimensional whole space. The Timoshenko system consists of two coupled wave
equations with non-symmetric relaxation, and describes vibrations of the beam with
shear deformation and rotational inertia effect. Generally, if the relaxation is not
symmetric, the dissipation is produced through the complicated interaction of the
components of the system, and their decay estimates and the energy estimates are of
regularity-loss type. In this paper, we introduce the mathematical method to control
such a weak dissipativity by investigating the Timoshenko system with Cattaneo’s
law, which is the first order approximation of Fourier’s law with its time-delay effect.
Racke & Said-Houari (2012), showed the global existence and the decay estimate of
solutions by assuming high regularity H® N L' on the small initial data to control
their weak dissipativity. In contrast, we prove the global existence in H? by energy
methods without any negative weights. Our regularity assumption is the same as
that needed to show the local existence. That is, we do not need to assume the
extra higher regularity on the initial data. Besides, the optimal decay estimate in
H? N L' is shown by using the time decay inequality of LP-LI-L" type.
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mate; Regularity-loss

MSC 2010: 35B40; 35B45; 35L55; 35L56; 93D20

Contents

1 Introduction 2
1.1 Formulation of the problem . . . . . ... .. ... ... ....... 3
1.2 Knownresults. . . . . . . . 3
1.3 AIm . . .., 4

2 Global existence 5

*jna-mori@bene.fit.ac.jp
freinhard.racke@uni-konstanz.de



3 Decay estimate 11
3.1 Proof of Proposition 3.2 . . . . .. ... ... ... ... ... 12
3.2 Proofof Theorem 3.1 . . . . . .. ... ... ... ... ........ 15

1 Introduction

In this paper, we consider the Cauchy problem for a nonlinear version of the dis-
sipative Timoshenko system with heat conduction following Cattaneo’s law in one-
dimensional whole space. This problem was first considered by Racke & Said-Houari
in [15] in the form:

Pt — (sz - w)x =0, (t,ﬂj‘) € (Oa OO) R,
wtt - U(wx)m - ((Pm - ¢) + 'th + bem — 07 (t,ﬂj‘) S (Oa OO) Ra (1 1)
915 + q~3: + bwtm = 07 (tv x) € (Oa OO) Ra
Toqt + q + Kb = 0, <t7 .%') € (Oa OO) x R
with the initial data
((paiu wiv Pty ¢t; 07 qN)(Oa .f) - (900@’ wO,LLW ®1, wlv 607 q~0) (12)

The original Timoshenko system consists of the first two equations with v = b =0,
and # = ¢ = 0, which was first introduced by S.P. Timoshenko (][22, 23]) to describe
the vibration of the so-called Timoshenko beams: the model takes into account
not only transversal movement but also shear deformation and rotational bending
effects. On the other hand, the last two equations with b = 0 represent the heat
conduction described by Cattaneo’s law, which is the first-order approximation of
Fourier’s law ((t) + k6, = 0) with a time-delay effect G(t+79)+ 60, = 0. Therefore,
we regard 79 as a small parameter satisfying 7y € (0, 1].

Here, t > 0 is the time variable, z € R is the spacial variable which denotes the
point on the center line of the beam. ¢ and ¢ are the unknown functions of ¢ > 0
and x € R, which denote the transversal displacement, the negative rotation angle
of linear filaments perpendicular to the mid-line in the reference configuration. And
0 and ¢ are the unknown functions of ¢ > 0 and = € R, which denote appropriately
weighted (first-order) thermal and heat flux moments. o(n) of the nonlinear term
associated with the nonlinear elastic response function (and not the geometric non-
linearity) is assumed to be a smooth function of 7 such that ¢’(n) > 0 for any 7
under considerations. The coefficiences a, b, v, k are positive constants: here we
note that some of the constants (such as the density, the beam thickness, the heat
capacity, Timoshenko’s correction factor, etc.) are normalized.

When we formally let 79 — 0 in (1.1), we have Fourier’s law ¢ = —k6, from the
last two equations in (1.1). This together with the first two equations in (1.1) yields
the Timoshenko-Fourier system with parabolic heat conduction:

it — (Pe —¥)e =0, (t,z) € (0,00) x R,
Yy — J(wx)z - ((Pm - T;Z}) + vy + b0, =0, (t,a:) € (Oa OO) xR, (13)
O + 0tz = Kbzz, (t,z) € (0,00) X R.



1.1 Formulation of the problem

We introduce the change of variables v = ¢, — ¥, u = ¢y, 2 = ath,, y = Yy as in [6],
and ¢ = ¢/+/k as in [13]. Then we can rewrite the system (1.1) into the first-order
system as follows:

v —Ug +y =0,

yr —o(z/a)e —v+yy + b0 =0,

U — vy = 0,

o — ags = 0, (1.4)

O + byz + kg =0,

T0qt + vkl +q = 0.

Equivalently, let U = (v, y, u, z, 9,q)T, we have
AU+ F(U), + LU =0, (1.5)

where A% = diag (1,1,1,1,1,79)T, F(U) = (—u, —o(z/a) + b8, —v, —ay, by + /kq, \/50)"
and

O O OO O O
O O OO O O
O O OO O O
— o oo O O

SO OO =

Note that the relaxation matrix L is not symmetric such that ker L # ker Ly, where
L1 denotes the symmetric part of L. Thus, it is concluded that the general theory
of the dissipative structure called Shizuta-Kawashima’s condition developed in [21,
24] is not applicable to our system (1.5). Generally, when the relaxation is not
symmetric, the dissipativity is produced through the complicated interaction of the
components of the system, and therefore even optimal decay estimates or energy
estimates are of regularity-loss (See the next subsection for details).

1.2 Known results
In [19], the linear system of (1.1)

o1t — (pz — )z =0, (t,z) € (0,00) X R,
Yy — a*pr — (g — ) + b + b0, =0, (t,z) € (0,00) x R, 16)
01 + Gu + bipiy = 0, (t,z) € (0,00) X R,
T0gt + q + K0y =0, (t,x) € (0,00) xR

is considered. It is shown that the solution U = (v,y,u,z,6,¢)" to (1.6) satisfies
the following decay estimate:

102U ()2 < O+ )"V 22 Toll 1 + O (L + )2 (05 ol 2,



where Uy is the corresponding initial data, k and ¢ are nonnegative integers, and C'
and c are positive constants. We observe that in order to obtain the decay rate of
t~1/4=k/2 e have to assume the additional /-th order regularity on the initial data
to make the decay rate t—%/2 faster than t=1/47%/2_ Therefore the decay estimate
can not avoid regularity-loss.

For the nonlinear system (1.1), in order to control the weak dissipativity caused
by the regularity-loss property, Racke & Said-Houari in [15] introduce the following
time-weighted norms E(t) and D(t)

1
B(t)? = sup (1+7) 2V () -

D(t) := /0 {A+ 13U ae + 0+ )7 o) e

+ 1477 (@ + 1000 s + a0l ) §

for the solution U = (v,y,u, 2,0,q)T to (1.5), and by using the energy method they
show the global existence of small U for s > 8. Besides, the decay estimate for
lower-order derivatives of the solution is obtained.

Proposition 1.1 ([15]). Assume that the initial data satisfy Uy € H*NL' for s > 8
and put Ey := |Up|lzrs + |Uoll 2. Then there exists a positive constant & such that
if Ey < 61, the Cauchy problem (1.5) with the initial data Uy has a unique global
solution U(t) with U € C([0,00); H*) N C*([0,00); H*~1). Moreover the solution
U(t) satisfies the energy estimate

E(t)? + D(t)* < CE}
and the following decay estimate for lower-order derivatives
105U (1)l < CEL(14 1)~/ 47H2,
where 0 < k < [s/2] — 1, and C > 0 is a constant.

Remark. The result in Proposition 1.1 requires the regularity s > 8 and absolute
integrability on the small initial data. Also, the norms E(t) and D(t) contains the
time weights with negative exponents. These were crucial in [15] to overcome the
difficulty caused by the regularity-loss property. Moreover, we note that the time
decay rate of the solution ¢~ /47%/2 is the same as that of the corresponding linear
system (1.6). Therefore, it seems that their decay rate is optimal.

1.3 Aim

The Timoshenko system is very important as a prototype of symmetric hyperbolic
systems (the Timoshenko-Cattaneo system, etc.) or symmetric hyperbolic-parabolic
systems (the Timoshenko-Fourier system, etc.) because the system has weaker
dissipative structure than the one characterized by the general theory established
by S. Kawashima and his collaborators in [21, 24].

In this paper, we demonstrated a mathematical method to control such weak
dissipativity. We investigate the nonlinear stability of the system by introducing
frictional damping and Cattaneo’s type heat conduction as the dissipative mecha-
nism, and prove the global existence and uniqueness of solutions under smallness
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assumption on the initial data in the Sobolev space H?. Also, for small initial data
in H2 N L', we show that the solutions in L? decay at the the optimal rate t—1/4
as t — oo. Racke & Said-Houari (2012) showed the same results in H® N L! in
[15]. Therefore, our results can be regarded as an improvement over their regularity
assumptions on the initial data from H® to H?. First, we prove the global existence
in H? by using the improved energy method without any negative weights. Besides,
the optimal decay in H2 N L! is also shown by using the alternative method, based
on the energy method in the Fourier space and the refined time decay inequarity
of LP-LI-L" type. We expect that our methods should contribute not only to over-
coming the difficulties caused by non-symmetric relaxations but also to application
of beam structures in the field of Material Engineering.

Finally, we would like to mention the other works on the Timoshenko system with
different effects, see, e.g., [5, 14, 16, 25] for frictional dissipation case, [3, 12, 18, 20]
for thermal dissipation case, and [1, 2, 9, 10, 11, 17] for memory-type dissipation
case. Especially, for the LP-L9-L"-type decay estimate, which is the key to show the
nonlinear stability for the Timoshenko systems, see [26]. For the physical derivation,
see, e.g., [4].

Notations. Let f = F[f] be the Fourier transform of f:

F(€) = FIAE) = /R Fx)e € dar

For 1 < p < oo, we denote by LP = LP(R) the usual Lebesgue space on R enclosed
with the norm || - ||z». Also, for nonnegative integer s, we denote by H® = H*(R)
the Sobolev space of L? functions, equipped with the norm || - ||gs. In this paper,
every positive constant is denoted by the same symbol C or ¢ if no confusion arises.

2 Global existence

The main purpose of this paper is to improve the regularity assumptions in Propo-
sition 1.1.

First, we show the global in time existence result of (1.4) under the lowest
regularity assumptions on the initial data. To state the results, for the given solution
U= (v,y,u,2,0,q)T to the Cauchy problem (1.4) with the initial data

UO = (U,y,U,Z,Q,Q)(LU,O) = (SOO,I - ¢07¢17¢17a¢0,x,90,%)7

we define the vector function V by V = (v,y,u,z,&,\/?oq)T and write [V]2 =
’(U’ Yy, u, z, 0)|2 + 7-0|Q|27 so that

V172 = (v, 9,4, 2,0)[72 + Tollgl|72-

Here we remark that in the case of 79 — 0, the function V' can be regarded as the
solution to the Cauchy problem of the Timoshenko-Fourier system (1.3). Moreover,
we introduce F(t)? and D(t) by

E(t)* := sup |[V(7)|%:,
0<T<t

t
D(1) ::/0 ()7 + () + 100u(T) [ Fremz + [1022(T) 131

+ 10:0(T) | 2e=1 + Tolla(r) |31 dr.



We note that D(t) has one order regularity-loss for (v,u) but no regularity-loss for
(y7 Z, 07 Q) .

Theorem 2.1 (Global existence). Assume o’'(n) > 0 and Vo € H® for s > 2.
Put Ey = ||Vo|lgs- Then there exists a positive constant oy such that if Ey < do,
the Cauchy problem (1.4) with the initial data Vi has a unique global solution V (t)
satifying

V € C([0,00); H*) N CH([0, 00); HS).

This global existence result can be shown by the combination of a local existence
result and a priori estimate. Since our system (1.4) is a symmetric hyperbolic
system, the local existence is already obtained in [7] by the standard method based
on the successive approximation sequence, which needs H?® for s > 2 in the case of
one dimension. Therefore, the key is to show the desired a priori estimate stated as
follows:

Proposition 2.2 (A priori estimate). Assume o’'(n) > 0 and Vo € H® for s >
2. Suppose T > 0 and 6 > 0. Let V(t) be the function corresponding to the
solution U to the problem (1.4) with the initial data Vi satisfying V € C([0,00); H*)N
C1([0,00); H*71) and

sup ||V (¢)]|pee <. (2.1)
0<t<T

Then there exists a positive constant 0y independent of T' such that if Eg = ||[Vol|gs <
do, we have

E(t)* +D(t) < CE2 (2.2)
fort €[0,T], where C > 0 is a constant independent of T'.

To prove the above a priori estimate, we build the following energy inequality
by using the improved energy method shown later.

Proposition 2.3 (Energy inequality). Assume o’(n) > 0 and Vo € H® for s > 2.
Put T > 0. Let V(t) be the function corresponding to the solution U(t) to the
problem (1.4) with the initial data Vi satisfying (2.1). Then we have the energy
nequality

E(t)? +D(t) < CE} + CE(t)D(t) (2.3)
fort €0, T], where C > 0 is a constant independent of T.

The desired a priori estimate (2.2) easily follows from the energy inequality (2.3),
provided Eg = ||Vo|| g is suitably small. Therefore, it is sufficient to prove (2.3).

Proof of Proposition 2.3. Again,

v — Uy +y =0, (2.4a)
Yy —o(z/a)g — v+ vy + by =0, (2.4b)
ur — vy =0, (2.4c)
2zt — ayy =0, (2.4d)
01 + by, + VKge = 0, (2.4e)
70qt + VKb +q = 0. (2.4f)



Our proof is divided into 4 steps.

Step 1. (Basic energy and dissipation of y & ¢)
We compute (2.4a) x v + (2.4b) x y + (2.4¢) X u + (2.4d) x {o(z/a) — o(0)}/a +
(2.4e) x 6 + (2.4f) x g, and integrate with respect to x. This yields

1d o
b +llylze + llalz: = o, (2.5)
where
ED = (0, u, 0, r/750) |2 + /R S(2)d.
Here

z/a
5= [ (@)~ o(0)an
which behaves like 22 as z — 0. Since E(()O)
(2.5) with respect to ¢, we obtain

is equivalent to [|[V[|3, by integrating

t t
V)2 + /0 ly(m)|Z2dr + 70 /0 lq(r)Zadr < CE, (2.6)

where we used 79 < 1. Next, we apply 8!,? to (1.4). Then we have

kv — OFuy 4+ 0%y =0, (2.7a)
Oyr — o' (2/a)(05z/a)e — v + Oy + bOS0, = [0, 0'(z/a)l(z/a).],  (2.Tb)
OFuy — OFv, =0, (2.7¢)
Oz — adky, =0, (2.7d)
950, + 00y, + /rOEq, = 0, (2.7¢)
700%q + V¥, + 0Fq = 0, (2.7f)

where [A, B] := AB — BA. We compute (2.7a) x 0%v + (2.7b) x 9Fy + (2.7¢) x 0Fu +
(2.7d) x o’(2/a)0%z/a® + (2.7e) x OO + (2.7f) x O%q, and integrate with respect to
x. This gives

1d k
5 B0 9kl + 195al 7 < ORG (2.8)

for 1 < k < s, where

B = 105000V s + [ o' (Ja)lob (/o) P,

RED = [ Inallobel? + |zolozl0] + |05, (2 /)l 0kl da.
Here, in the term R(()k), we used the relation z; = ay, from (2.4d). Now we integrate
(2.8) with respect to ¢ and add up for k£ with 1 < k < s. Since E(()k) is equivalent to

|05V ||2,, we obtain

t t

EAZGIF = +/ |02y (7) || 3e—rdT + To/ 10:q(7)||%s—1dT < CE3 + CE(t)D(t).
0 0

(2.9)



Here, we have used the following estimates for R(()k):

st
k k
R < 1o, =0k e Y [ RO r)ar < CE@DE).
k=1
Consequently, adding (2.6) and (2.9), we arrive at
t t
E(t)? +/ ly()|[F=dr + 7’0/ lg(7)||3+dr < CE§ + CE()D(t). (2.10)
0 0
Step 2. (Dissipation of v)
We rewrite the system (1.4) in the form
vy — Uy +y =0,
Yt — azp — v + 7y + b0y = g(2)a,
U — vy = 0,
(2.11)
2t — QYg = 07
0 + by + \/ECIw =0,
70q: + VKb +q =0,

where g(z) := o(z/a) — 0(0) —0’(0)z/a = O(2%) near z = 0. We apply 0¥ to (2.11).
Then we have

vy — OFuy 4+ 0%y = 0, (2.12a)
OFyy — adlzy — 0Fv +v0Fy + 0086, = 0¥ g(2)., (2.12b)
OFuy — Fv, =0, (2.12c)
Oz — adky, =0, (2.12d)
00, + by, + /rdFq, =0, (2.12¢)
1008 q; + /RO, + 9Fq =0, (2.12f)

To create the dissipation term [|9%v||2,, we compute (2.12b) x (—9%v) + (2.12a) x
(—0%y) + (2.12¢) x (—adkz) + (2.12d) x (—ad¥u), and integrate with respect to x to
obtain

R N o R 1 P PR /S P T
+ (a® — 1)/R<9];y My da + ng)
for 0 <k <s—1, where
E%k) = —/Rafvafydx—a/Rf)ﬁuafzdx,

RP = /R 05010 g(2), | da.



By using the Young’s inequality, we have

d _(k
2B+ (1= 99kl < Cell0kyl2 + 1050s172)

+ (a® — 1) / Oky Oy do + R (2.13)
R

for any small £ > 0, where C. is a constant depending on . Adding (2.13) up over
k, with k and k + 1 and integrating by parts, we have

d ok k+1
2B+ EY) (1= )|kl < C(10kyln + 1056 15)

+ (a® - 1)/R(8];y Muy — OF Ly, 08y do + ng) + ngﬂ)
< C(10Ey |13 + 1050, 11%0) + |a® = 1][[ 05y o l|0E a2 + RE) 4+ REFY

for 0 < k < s—2. We integtate this inequality with respect to ¢ and add up over k,
with 0 < k < s — 2. Noting that Zi;é |E£k)\ < C||V||3,,-1 and using the Young’s
inequality, we obtain

t t t
/0 o) [2es <& /0 100()|[2geaddr + Cs /0 (ly()Bss + [0201%por) dr
+ CE2 + CE(t)> + CE(t)D(t) (2.14)

for any small € > 0, where C; is a constant depending on €. Here we also used the

following estimates for ng):

s—1 ¢
k k
RY < Clellmlbolzlof 2, Y [ R < cEODO).
k=0

Step 3. (Dissipation of u, z & )
To get the dissipation term [|95 ™ u|[2,, we compute (2.12a) X (—8%u,) + (2.12¢) x
Glgfvx, and integrating with respect to =, we have

d o (k

SR A A [ A ] [ 2 (2.15)
for 0 < k < s—2, where Eék) 1= — [ OFv OF ludx. We integrate (2.15) with respect
to t and sum over k with 0 < k < s — 2. Then we easily get

t t
/0 105(r) | dr < C /0 (o) [2pes + 197 [[2ges) dr + CEZ + CE(t)?.
(2.16)

n order to create the dissipation term Z||72, we compute (2. X(—0y 2z )+
In ord he dissipati oMLz |2 2.12b ok
(2.12d) x 0%y, and integrating with respect to t, we obtain
d
B + a9k 2| < all Oyl + 10k — 10ky 2 9%
k
(10802 2108 20 2 + RS



for 0 < k <s—1, where
E® = / yotizde,  RP = / 052 |95+ g (=) da.
R
By using the Young’s inequality, we obtain

d k
B 4 a(l = )05 2 < CelalldylFn + |195v]e + 1950, 132) + RS
(2.17)

for any small ¢ > 0, where C; is a constant depending on . We integrate (2.17)
with respect to t and sum over k with 0 < k < s — 1. This yields

t t
/0 1002(7) |71 dr < C/O (o) e + () s +1020(7) 7o) dr

+ CE2 + CE(t)> + CE(t)D(t). (2.18)

Here we have used the estimates
s—1 t
RY) < Clzlm 08 222, Z/ RO (1)dr < CE()D().
— Jo

In order to create the dissipation term 9k+1912,, we compute (2.12f) x 9%, +
x L T
2.12¢) x (—190%q,), and integrating with respect to t, we obtain
X

d
ro2 B+ VRIOE 0 < o0 gl
+ 7100105y | 21105 qe | L2 — 110502 | 211054l 2 (2.19)

for 0 < k < s—1, where E4 1= — [, OF0 9%qdx. We integrate (2.19) with respect
to t and sum over k with 0 < k < s — 1. Then we easily get

t t
/0 ||8x9(7)||§{571d7' < C/o (||y(7')||%{s + 7‘0||q(7')||12qs) dr + CEg + C’E(t)2. (2.20)

Step 4. (Build the energy inequality)
Finally, combining (2.14), (2.16), (2.18) and (2.20), and then taking € > 0 suitably
small, we arrive at the estimate

t

/0 ()1 4+ 10eu(T) 1 Fam2 + 1022(7) 7701 + 1020(7) [ Fs-1) dr
t

< C/o (Hy(T)H%IS + TQHq(T)H%{s) dr + C’Eg + C’E(t)2 + CE(t)D(t).

This combined with the basic estimate (2.10) yields the desired inequality F(t)? +
D(t)? < CE2 + CE(t)D(t). Thus the proof of Proposition 2.3 is comptlete. O

Remark. We note that our proof of Proposition 2.3 also holds true in the case
of 9 = 0. In the case of 7y = 0, the classification of the system changes: the
Timoshenko-Cattaneo system is regarded as the symmetric hyperbolic system, where-
ase the Timoshenko-Fourier system (the Timoshenko-Cattaneo system with 79 = 0)
is regarded as the symmetric hyperbolic-parabolic system. However, the local ex-
istence to the symmetric hyperbolic-parabolic system is already obtained in [8].
Therefore, we can say that the global-in-time existence and uniqueness result of
Timoshenko-Fourier system (1.3) has just been shown in the above mentioned proof.
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3 Decay estimate

Next, we show the optimal decay of solutions with the initial data in H% N L!.

Theorem 3.1 (Optimal L? decay estimate). Assume o () > 0 and Vy € H* N L'
fors > 2. Put By := ||Vo|lg2+||Voll 1. Then there is a positive constant 61 such that
if E1 < 61, then the function V(t) obtained in Theorem 2.1 satisfies the following
optimal L? decay estimate:

IV (t)|| 2 < CEL(1+t)~Y4, (3.1)
where C > 0 is a constant.

To this end, we first derive the pointwise estimate of solutions in the Fourier
space. We recall that the system (1.4) is written in the form of (2.11) or in the
vector notation as

AU, + AU, + LU = G,, (3.2)

where G, = (0,9(2)s,0,0)T with g(2), = O(2) as z — 0; the coefficient matrices
A% A and L are given by

10 000 O o 0 -1 0 O 0
01 00O0O 0 0 0 —a b 0
AOZOOIOOO A= -1 0 0 0 O 0’
0 00100 0 —a 0 0 O 0
0 00010 0O b 0 0 0 +k
0 00 00 79 0 0 0 0 vk 0
0 1 0 00O
-1 0 0 0 0 O
I— 0 00 O0O0O
0 00 O0O0OO
0 00 O0O0O
0 00 O0O01

Proposition 3.2 (Pointwise estimate). Let V(t) be the function corresponding to
the solution U(t) to the problem (3.2) with the initial data Vy. Then the Fourier
image V' satisfies the pointwise estimate

t
V(& 1)]* < Ce PO TV(€))* + C / e~ PO 5(¢,7)dr (3.3)
0

for £ € R and t > 0, where p(€) := £2/(1+&%)2, and C and c are positive constants.

Then we estimate both terms in the right-hand side of the inequality (3.3) sharply
by applying the following decay estimate of L2-LI-L" type.

Lemma 3.3 (Decay estimate of L2-L9-L"-type [25]). Let V be a function satisfying
V(€D < Cle[me V(6] (3.4)

for € €R and t > 0, where p(€) = £2/(1 4+ €2)2, m >0, and Vp is a given function.
Then we have

O+ 070D, (3.5)
where k>0, 1<q,r<2,(>1—5 ({>0ifr=2).



Remark. The first (resp. the second) term on the right-hand side of (3.5) icor-
responds to the low-frequency region || < 1 (resp. high-frequency region [£] > 1).
When m =0, ¢ =1 and r = 2, the estimate (3.5) is reduced to

105V (D)2 < C(L+ )2V + O+ )20 Vo 2,

that is, the decay estimate of L?-L'-L?-type, which is just the previous decay esti-
mate first obtained in [6].

Thanks to the above L?-L9-L"-type estimate, we get to have the sharp estimates
of both terms on the right-hand side of the inequality (3.3).

This yields the decay estimate (3.1) with the same decay rate as shown in [13]
to the linearized system (1.6). In [13], the decay rate in [13] is shown optimal based
on the characterization of the dissipative structure by using the eigenvalue of the
linearized system (1.6). Besides, we assume no extra higher regularity on the initial
data more than we need to show the local existence. Therefore, we can say that
we obtain the optimal decay estimate under the minimal regularity assumptions on
the initial data. The outline of the proof of Lemma 3.3 is as follows. From the
Plancherel theorem and (3.4), we have

105V (1) 12 = / €NV (€, 1) 2de < C / £204m) =enlO1 T () 2
R R

We divide the last integral into two parts corresponding to || < 1 and [{| > 1,
respectively, and estimate each part by applying the Hoélder’s inequality and the
Hausdorff-Young’s inequality. See [25] for details.

3.1 Proof of Proposition 3.2

First, by taking the Fourier transform of (2.11), we have

by — i€t 4§ = 0, (3.6a)
G¢ — ai€Z — 0 + i) + bich = i€, (3.6b)
iy — €0 =0, (3.6¢)
3 — ai&) = 0, (3.6d)
0; + bicl + /rifG =0, (3.6¢)
ToG + VRiO + G =0, (3.6f)

where g = g(z). We construct the Lyapunov function of the system (3.6) in the
Fourier space. The computations below are essentially same as the proof of Propo-
sition 2.3.

Step 1. (Basic energy and dissipation of y & ¢)
We compute (3.6a) x 0+ (3.6b) x § + (3.6¢) x @ + (3.6d) x 2 and take the real part.
This yields

1 Y .
5 Po +719* + [d* = Re {ichg},
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where Ey := |V|2. Applying the Young’s inequality, we have

Eos + 91>+ 70ld]> < C€)g%. (3.7)

Step 2. (Dissipation of ) ) B
To create the dissipation term for 9, we compute (3.6b) x (—0) + (3.6a) x (—9) +
(3.6¢) x (—a2) + (3.6d) x (—au) and take the real part. This gives
Evy + 10" = 31 = yRe (89) — Re {i§(9i + a*ij)} — Re {i¢0g}
=7 Re (09) — (a® = )¢ Re (iih) — £ Re {ivg},

where E1 := —Re (09 + at2). We multiply this equality by 1 + &2. Then, using the
Young’s inequality, we obtain

(L+E)E 4 a(1+ )0 <e®la? + C-(1+ )PP + C(1+ )Eg1*  (3.8)
for any small € > 0, where c; is a positive constant with ¢; < 1 and C; is a constant

depending on €.

Step 3. (Dissipation of 4, Z & é)
To create the dissipation term |i|?, we compute (3.6a) x i€a — (3.6¢) x i€0 and take
the real part. The result is

EB2y + E2(J0)* — [0]%) + £ Re (iag) = 0, (3.9)
where Ep := Re (iv@). For the dissipation term |2|2, we compute (3.6b) x &2 —
(3.6d) x i€y and take the real part. Then we have

EBs: +ag?(|2]" — [9°) — €Re {iZ(0 — i)} = —€*Re {2},  (3.10)

where E3 := Re (i§2). Then, we create a dissipation for |]2. To this end, we mul-
tiply (3.6e) and (3.6f) by i€7oq and —i€0, respectively, add the resulting equations,
and take the real part. This yields

0By + VRE201 = 1oy + b€ Re (94) + € Re (i64), (3.11)

where E4 = Re (zéé) This equality becomes trivial when 79 = 0, because we have
G = —/ri&h for 79 — 0.

Now we combine (3.9), (3.10) and (3.11) such that (3.9) + (3.10) x (1 + £2) +
(3.11) x (1 + &2). This gives

(B2 + (1 +&°)(Bs + 10Ex) b + E2[af* + a(1 + €)€2 |27 + Vr(1 + €220
= 10 + 1ovR(1 + )& G + a(1 + E)E2[9° + (1 4 €2)E Re {i2(0 — ~9)}
— ERe (i0g) — (1+ )€ Re {29} + 1ob(1 + €)€%Re (5G) + (1 + €2)¢ Re (i69).
Using the Young’s inequality, we get
By + (1+ &) (Bs + 0B}t + 1€ + co(1 + €)% + e3(1 + €2)€%|6)
<O+ +C(L+ I + 101+ + C+ )25, (3.12)
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where ¢1, ¢ and c3 are positive constants satisfying ¢; < 1, co < a and c3 < /,
respectively.

Step 4. (Build the Lyapunov function)
Letting oy > 0, we combine (3.8) and (3.12) such that (3.8) 4+ (3.12) x ;. Then we
have

{1+ E)E + ar€{ By + 1+ €)(Es + 1B} }, + (c1 — a1 O) (1 + €2) [0
+ (arer — )€2a)? + arca(1 + E)EX|2? + ares(1 + €2)e2)6)?
< a1Ce(1+ 2291 + arroC (1 + €92 + Cay (1 + €9)E2|g|%, (3.13)

where C; o, and C,, are constants depending on (e, 1) and aq, respectively. Also,
letting aea > 0, we combine (3.7) and (3.13) such that (3.7) + (3.13) x (14?#)2 Then,
putting

E=FEo+ %(El + 1?‘:’*22{132 +(1+€3)(Bs +mEn)}), (3.14)
we obtain
1 ~12 ~12 52 ~12
Byt an(er = nC) g0l + (v = 2200 C) [ + aafoner — 6)m’u\
+04204162i|2|2+04204103 & 1012 + 70(1 — aza1 C:)| g
1+ &2 1+ &2
< Cay,ax’l31%, (3.15)

where Cy, q, is a constant depending on (o, og). Here, we see that there is a small
positive constant ag such that if a1, as € (0, agp], then E in (3.14) is equivalent to
V|2, that is,

|V < E < CyV)?, (3.16)

where ¢g and Cj are positive constants. Futhermore, we choose a; € (0, ap] such
that ¢ — a1C > 0 and take € > 0 so small as ayc; — € > 0. Finally, we choose
ag € (0, ap] such that both v — a1 C: > 0 and 1 — a1 C: > 0 hold. Then (3.15)
becomes

E; + cF < CE g%, (3.17)
where
1 & & SRy,
Foe—— |2 12 12 512 ik 512 1

This suggests that E in (3.14) is the desired Lyapunov function of the system (3.6).
Noting (3.16), we find that F' > cp(¢)E, where p(&) = £2/(1+&2)2. Therefore (3.17)
becomes to Ej + cp(&)E < C€2|g|%. Solving this ordinary differential inequality for
E and using (3.16), we arrive at the desired estimate (3.3) in the form

t
V(€I < CePONR(©P +C /0 e~ PO (g, ) Pdr.
This completes the proof of Proposition 3.2. O
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3.2 Proof of Theorem 3.1

Let V' be the function corresponding to the solution U to the problem (1.4) obtained
in Theorem 2.1. Then V satisfies (3.2). Therefore, we have the pointwise estimate
(3.3). Now, we integrate (3.3) with respect to . Applying the Plancherel’s theorem,
we obtain

VIR = [ V&g
R
gC/e M Vo(¢ |d§+0// —ePOW=T)e2|5(¢, 7)|Pdedr = T + J.
R
(3.19)

We estimate the terms I and J by applying Lemma 3.3. For I, using (3.5) with
m = 0, we have

I= C/ Vo (€))? de
< C+1)72|Vol2 + C(1+ )7 Y|0: Vol 2
k:(;fqzl k=0, {=1, r=2
< CEX(1+1) 2, (3.20)

where Ey = ||Vo||g2 + ||[Vol/z1- On the other hand, for J we use (3.5) with m = 1.
Then we obtain

J= c// O=7)¢e25(¢, 7)) drde

t
< c/ (L4t =) 3 lg(m)12 dr+0/ (14t — )3 |02(r) 2 dr
0 ~~ 0

~~

k=0, ¢=1 k=0, (=1, r=1

=:J1 + Jo.

Here, we introduce the norms N (t) and D(t) by

N(t) = sup (1+ 73 [V(D)|,  D(t)? = /0 10u2(7) 21 dr.

0<7<t

We know from Theorem 2.1 that D(t) < CEy < CE;. For the low-frequency part
Ji, since [|g||z1 < C||z||3,, we have

t
5L<C / 1+t — 1) % 2(r)| L dr
0

IN

C’N(t)4/t(1 tt—7)2(14+7)"tdr < CN@* 1 +1)7 (3.21)
0
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For the high-frequency part Jo, using ||02g|;1 < C||2||12]|0%2]| 12, we have
! 1 2 1192 2
Jo < C/ (Lt =7) 2 [[2(7) |72 1032(T) 22 d7
0
2 ! -1 1192 2
SCONQ@)™ [ (A4+t—7)2(1+7)2[|072(7) |12 dT
0

}

NI

< ON(1)?D(t)? sup {(1+t—7)"2(1+1)"
0<r<t

< CN(O)’DO)*(L+1)7*.

N

(3.22)
Combining (3.20), (3.21) and (3.22) and using D(t) < CE;, we obtain
(1+02[V(®)|3: < CEE+ CN(1)* + CEIN ()2,
Thus, we have the inequality N ()2 < CE? + CN(t)* + CE?N(t)?, and this yields
N(t) < CE; 4+ CN(t)2+ CE|N(t).

By considering the graphs of the left-hand side and the right-hand side, we know
that if CE; is suitably small, for example, if we take such a small F that

2CE;, > CE, + C(2CE,)* + CE|(2CE)), (3.23)

therefore,
1

20(2C + 1)

holds, we have N(t) < Ny or No < N(t), where Ni, Na (N1 < N3) are two positive
roots of the equarity

> F

N =CE; + CN? + CE{N.

Now, since

N()<CE1 <Ny (C=>1)
and N (t) is continuous, we conclude that
N(t) < Ny, t>0.

Besides, by (3.23), we have N1 < 2C'E;. Consequently, we arrive at N(t) < 2CEq,
provided that Ej is suitably small. Thus we have proved the desired decay estimate
|V (t)]| 2 < 2CE;(1 4 t)~Y/*. This completes the proof of Theorem 3.1. O
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