GLOBAL WELL-POSEDNESS OF THE CAUCHY PROBLEM FOR
THE 3D JORDAN-MOORE-GIBSON-THOMPSON EQUATION

REINHARD RACKE! & BELKACEM SAID-HOUARI?

ABSTRACT. We consider the Cauchy problem of a third-order in time nonlinear equation
known as the Jordan—Moore—Gibson—Thompson (JMGT) equation arising in acoustics as
an alternative model to the well-known Kuznetsov equation. We show a local existence
result in appropriate function spaces, and, using the energy method together with a
bootstrap argument, we prove a global existence result for small data, without using the
linear decay. Finally, polynomial decay rates in time for a norm related to the solution
will be obtained.

1. INTRODUCTION

In this paper, we consider the nonlinear Jordan-Moore-Gibson-Thompson equation:

1 B
(11a) TUgt + Uge — C2Au - BAut = % <——(Ut)2 + |Vu|2> s

where z € R? (Cauchy problem in 3D), and ¢ > 0, and where 7 > 0 is a time relaxation
parameter, the unknown u = u(x,t) is the acoustic velocity potential, ¢ is the speed of
sound, 3 is the parameter of diffusivity and A and B are the constants of nonlinearity.

We consider the initial conditions
(1.1b) u(t = 0) = u, uy(t = 0) = uy un(t = 0) = us.

Equation (1.1a) appears as a generalization of the Kuznetsov equation (see equation
(1.3) below). Both equations are used as models in what is called nonlinear acoustics that
deals with finite-amplitude wave propagation in fluids and solids and related phenomena,
see the books of Beyer [1] or Rudenko and Soluyan [31]. In particular, the JMGT equation
arises from modeling high-frequency ultra sound waves, see [24| for more details.

The derivation of equation (1.1a) (see [14] and [33]) can be obtained from the general
equations of fluid mechanics by means of some asymptotic expansions in powers of small
parameters, cf. Appendix B for the derivation.

In the derivation of (1.1a), the Cattaneco (or Maxwell-Cattaneo) law was used which
accounts for finite speed of propagation of the heat transfer and eliminates the paradox
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of infinite speed of propagation for pure heat conduction associated with the Fourier law
(i.e., 7 =0). Here 7 is a small relaxation parameter. If we use in (B.1) the Fourier law

(1.2) qg=—KV6,
then we can derive the Kuznetsov equation
0 (1B
(].3) Ut — CZAU - ﬁAUt = & (gﬂ(ut>2 + IVUF) >

which is a well-known model and widely used in nonlinear acoustics, see the derivation
of (1.3) in [17] and [10]. Hence equation (1.1a) can be seen as a “hyperbolic” version of
(1.3). Equation (1.3) is written in terms of the acoustic velocity potential v = —Vu. It
can be also expressed in terms of the acoustic pressure fluctuation p as

1 - - B - 1 B N 00
1.4 by — AP — ZAD, =0y [ — — %+ Z (v -
(1.4) b P = 58P = Ou (QOC4 Y + 2 (v-v)
such that the identity

0oV = —Ap

holds. Assuming that the local nonlinear effects can be neglected, that is making the

replacement v - v = (--p)? on the right-hand side of (1.4), we arrive at the so-called
2oc

Westervelt equation:

1 G R 1 BN
(1.5) gptt —Ap — C—2Apt = Ou (@ (1 + ﬂ)ﬁ >
or in terms of u through the relation pu; = p as
J (1 B
2 _ 2
(1.6) Uy — ¢ Au — SAu = P (? (1 + ﬁ>(ut) ) )

Analogously to the above reduction of the Kuznetsov equation to the Westervelt equation,
we can reduce equation (1.1a) to

0 (1 B
(17) TUgt + Ugp — C2AU - BAU,t = & (g(l -+ ﬂ) (Ut)Q) .

1.1. Previous work. The starting point of the nonlinear analysis lies in the results for

the linearization, often referred to as the Moore-Gibson—Thompson (MGT) equation:
(1.8) TUy + auy — Au — BAu, = 0.

Equation (1.8) has been extensively studied lately; see, for example [4, 5, 6, 23, 28, 29|
and the references therein. As we will see from the results of previous works, even at the
linear level, the mathematical analysis raises nontrivial issues.

In [14] (see also [15]), the authors considered the linear equation in bounded domains

(1.9) Tupt + aug + A Au + fAu;, = 0,
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where A is a positive self-adjoint operator, and showed that by neglecting diffusivity of
the sound coefficient (S = 0) there arises a lack of existence of a semigroup associated
with the linear dynamics. On the other hand, they proved that when the diffusivity of
the sound is strictly positive (§ > 0), the linear dynamics is described by a strongly
continuous semigroup, which is exponentially stable provided the dissipativity condition
v = a—T1c%/B > 0 is fulfilled, which is, for our equation (1.1a), equivalent to (since
without loss of generality, we are assuming the damping parameter o = 1)

(1.10) B—r1c? > 0.

This condition (1.10) will be assumed throughout the paper.

For v = 0 the energy is conserved (the same type of results are obtained in [3] using
energy methods, or in [23] using the analysis of the spectrum of the operator). The
exponential decay rate results in [23] are completed in [29], where an explicit scalar product
when the operator is normal allows the authors to obtain the optimal exponential decay
rate of the solutions. Finally, in [9], the authors showed the chaotic behavior of the system
when vy < 0. Equation (1.9) with a viscoelastic damping of a memory type has been also
considered in [20] and [19], where exponential stability results have been obtained.

The dissipativity condition (1.10) can also be understood in looking at the zeros z;, j =
1,2,3, of the characteristic polynomial associated to our equation (1.1a) after having

applied the Fourier transform F,_,¢ to the linearized part:
(1.11) 723 + 22+ BlE)Pr + A€)P = 0.
Computing the associated Hurwitz matrix (see |21, p. 459])

1 T 0
Hy:= | lEP pIEEP 1 )
0 0 02|§\2

and the determinants d; of the minors D; = ((Hs)gm)k,m=1,..;, we have
di=1, dy= ’f|2(5 - 7'02): d3 = C2|§|2d2'

Thus, Re(z;) <0, j =1,2,3, holds if and only if the dissipativity condition (1.10) holds.
Hence, the assumption (1.10) seems also a necessary condition for the stability of (1.8).

Equation (1.7) (which is called Jordan-Moore-Gibson-Thompson-Westervelt) has been
investigated in [15] and its linear form in [14]. The authors in [15] used the estimates of the
higher-level energies obtained for the linear model in [14] to establish global well-posedness
and decay rates of solutions to the initial and boundary value problem associated to
(1.7). Of course (1.7) is simpler compared to (1.1a), due to the absence of the gradient
nonlinearity VuVu, in (1.7). Such a nonlinearity renders the mathematical analysis more

difficult.
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The MGT and JMGT equations have been studied recently from various points of view.
The study of the controllability properties of the MGT type equations can be found for
instance in [4, 22|. The MGT equation in R" with a power source nonlinearity of the
form |u|? has been considered in |7] where some blow up results have been shown for the
critical case 7¢? = 3. The MGT and JMGT equations with a memory term have been
also investigated recently. For the MGT with memory, the reader is refereed to |2, 8, 11|
and to 18, 25, 26| for the JMGT with memory. In particular in [11] (for bounded domain)
and in [2| (in the whole space R"), and due to the presence of the memory damping term,
the stability condition (1.10) has been pushed to the critical case 7¢* = 3.

The singular limit problem when 7 — 0 has been rigorously justified in [16]. The
authors in [16] showed that the limit of (1.1a) as 7 — 0 leads to the Kuznetsov equation
(1.3). We also refer to |15, 16] for the analysis of (1.7) in smoothly bounded domains.

In this paper, we consider the Jordan—-Moore—Gibson—Thompson equation in its full
generality (i.e., (1.1a)) for the Cauchy problem z € R3. Under the assumption 0 <
7¢® < f3: first, by using the contraction mapping theorem in appropriately chosen spaces,
we show a local existence result in some appropriate functional spaces, second by using
some energy-type estimates we prove a global existence result for small initial data by
constructing an appropriate energy norm and show that this norm remains uniformly
bounded with respect to time, without using the linear decay which is a standard way
to proving small data existence for non-linear evolution equations, cf. [30]. If we want to
use the linear decay, then we need to control a complicated time-weighted energy norms,
which requires integrability in time to some norms of the solutions, which is not always
the case. In addition, a good understanding of the linear problem is necessary. Here our
method is based on the structure of the equation.

We rewrite the right-hand side of equation (1.1a) in the form

% (lﬁ(ut)2 + \Vu\z) = C%gututt + 2VuVuy,
and introduce the new variables
V= Uy and W = Uy,
Without loss of generality, we assume from now on
c=1

Then equation (1.1a) can be rewritten as the following first order system

Uy = v,
(1.12) v = w,

B
Twe = Au+ BAv —w + o + 2VuVo,
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with the initial data
(].].3) U(tZO) = Uy, U(t:O) = g, w(‘[;:O) = wWy.

Understanding the asymptotic behavior of the linearized problem is critical for proving
the decay rate of the nonlinear problem. The first result (for x € R?) in this direction has
been presented in the recent paper [28], where the authors used the energy method in the
Fourier space to show that under the assumption § > 7 the energy norm of the solution
IV()|lz = ||(Tus + ue, V(Tus + ), Vug)()|| 2 decays in R® with the rate (1 4 t)~"/4.
They also proved that this decay rate is optimal, by using the eigenvalues expansion
method. Some other decay rates for ||u(t)||L2 were also presented in [28] by using the

explicit formula of the Fourier image of the solution.

1.2. Main results. In this section, we state the main results of this paper. The global
existence result is summarized in the following theorem, the proof of which is given in
Section 2 and constitutes the major contribution of this work.

Theorem 1.1. Assume that 0 <7 < 3 and let s > g Assume that ug, v, wo € H*(R3).
Then there exists a small positive constant o, such that if
E2(0) = |[(vo + Two)l[5eer + | Avo[l7 + [ V0ol 5

+ | A(uo + 7o) | 5e + 1V (w0 + 700) | 370 + [woll5e < 6,

then the local solution u to (1.1) given in Theorem 1.2 exists globally in time.
The necessary local existence theorem is proved in Section 3 and given by
Theorem 1.2. Assume that 0 < 7 < [3 and let s > g Let Uy = (ug, vo, wo)T be such that

£20) = |l(vo + Two)lzress + A0l 7. + [ Voll7.
(1.14) 1| A (g +700) |77 + IV (ug + 700)|

2 ~
HSS(SO

o+ llwol

for some 0y > 0. Then, there exists a small time T = T(E,(0)) > 0 such that problem
(1.1) has a unique solution u on [0,T) x R3 satisfying

EX(T) +DL(T) < G,

where EX(T) and D(T) are given in (2.3), determining the regularity of u, and Cj, is a
positive constant depending on 5.

In the next theorem, we state the decay rate of the solution. Its proof is given in
Section 4.

Theorem 1.3. Assume that 0 < 7 < § and s > 5/2. Let u be the global solution of
(1.1). Let vg = ue(t = 0), v1 = uu(t = 0) and vy = w(t = 0) satisfying vy, v, vy €
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LY(R*) N H*(R?) and (v1,v2) € LYY (R3) with [gvi(x)de = 0,0 = 1,2. Assume that
|Vollzsarr is small enough. Then, the following decay estimates hold:

IVIV () lz2 + [ VIue(t)] |2 < C ([ Vollrr + IV Vol|z2) (1 +¢)~4/4772,
for all 0 < 5 <s, where C is a constant independent of t and the initial data.

The remaining part of this paper is organized as follows: In Section 2, we prove the
global existence of solutions for small data. We employ the energy method together with
some commutator estimates to prove a global existence result for small initial data in
appropriate Sobolev spaces. We should mention that the method we used to prove the
global existence does not depend on decay estimates for the linearized equation. As a
result, the global existence is proved under the same regularity assumption required for
the local existence which is proved in Section 3, where we apply the contraction mapping
theorem to show the local well-posedness of (1.1). Finally, Section 4 is devoted to the
decay estimate for the norm ||(u; + Tuw, V(u + 7ur), Vue)| 2. In fact, based on the decay
estimates obtained in [28], for the linearized problem, we prove that the same decay result
holds for the nonlinear problem.

In Appendix A we collect some useful lemmas as well as results on the decay for the
linearized problem that we will use in the proof of the main results. In Appendix B we
present a derivation of equation (1.1a).

We introduce some notations that will be used throughout the paper. Let .||z« and
||| z¢ stand for the LI(R?*)-norm (2 < ¢ < o00) resp. the HY(R*)-norm. We define the
weighted function space, L''(R?) as follows: u € LM (R3)iffu € L' (R?) and

|lul|gin == /R3(1 + |z|)|u(x)|dr < oo.

The symbol [A, B] = AB — BA denotes the commutator. The constant C' denotes a
generic positive constant that appears in various inequalities and may change its value in

different occurrences.

2. GLOBAL EXISTENCE— PROOF OF THEOREM 1.1

In this section we prove the global existence for the nonlinear problem (1.1) resp. its
first-order version (1.12). The proof of Theorem 1.1 will be given through several lemmas.
Our goal is to control the solution of (1.12) uniformly in a suitable norm as ¢t — co. In
order to state our main result, we introduce the energy norm, & (t), and the corresponding
dissipation norm, Di(t), as follows:

&) = sw (V@ +rw)©)[5 + AV + [T @),

0<o<t

(2.1) +[AVE @+ 70) @) + [ V5 e + o) (@) + VR w(@)]3: ).
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and
t
Di) = [ (I9" 0@+ 1AV (@]}, + IV w(o) s

(2.2) + AV (u+ 70) (@[5 + 75 (0 + 70) ()] ) do

For some positive integer s > 1 that will be fixed later on, we define
(2.3) EXt)=>_&(t) and  DIt)=> Dit).
k=0 k=0

We also define
Yi(t) = Ef(t) + Df(t).

The main goal is to prove by a continuity argument that for s large enough, Y(t) is
uniformly bounded for all time if the initial energy £2(0) = Y,(0) is sufficiently small.
Due to the presence of the term —5A;u in (1.1a) and the special nonlinearity, the global
existence is proved without using the decay of the linearized problem.

Proposition 2.1. Assume that 0 < 7 < 3 and let s > g, then the following estimate

holds for t in an interval [0,T] of local existence:
(2.4) Y,(t) < CY,(0) + CY2(1),
where C' is a positive constant that does not depend on t,T.
The main step towards the proof of (2.4) is to show the estimate (2.5) below. With

this estimate in hand, the proof of Proposition 2.1 is a direct consequence of Proposition
2.2. We omit the details.

Proof of Theorem 1.1. From (2.4), we conclude in a standard way that there is a > 0
small enough such that if Y;(0) = &(0) < «, then there is K > 0, independent of T', such
that

Yi(t) < K,
for all t € [0, 7). This uniform estimate allows to continue the local solution to 7' = oo
as usual.

Now, it remains to prove Proposition 2.2. U]

Proposition 2.2. Assume that 0 < 7 < [ and let s > g Then, the following estimate
holds:

(2.5) EX(t) + D2(t) < CE2(0) + CE(t)DA(2).

The proof of Proposition 2.2 will be given in several steps and constitutes the majority
of Section 2. The main idea is to use energy estimates. The most difficult part in the

proof is to control “in a nice way” the nonlinear terms. This will be done by a repeated
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use of some functional inequalities such as: Gagliardo—Nirenberg interpolation inequality
and Sobolev embedding theorems.

2.1. First order energy estimates.

Lemma 2.3. The energy functional associated to system (1.12) is

Eq(t) == 1/RS (|v +71w|? +7(8 — 7)|Vo|? + |V(u + TU)|2) dx

2
and satisfies, for all t > 0, the identity
d
(2.6) S+ (B-1) IVol7: = Ra,
where

R, = / (ng + QVqu) (v+Tw) dz.
R3

Proof. Summing up the second and the third equation in (1.12), we get

B
(2.7) (v 4 Tw); = Au+ SAv + Juw+ 2VuVo.
Multiplying (2.7) by v + 7w and integrating by parts over R?, we obtain

1d 9 9
5%/Rg|v+7w] d:c+ﬂ/RB\Vv\ dx

= _ Vu (Vv +7Vw)de — 7 | VoVwdz

R3 R3
B
(2.8) —l—/ (va + 2VUVU) (v+Tw)dx.
R3
We have
1 d ,
(2.9) —t(f—71)= | |Vvlde=7(—7) [ (VwVov)dz.
2 dt R3 R3
and
1d ,
ST Rg\V(u%—Tv)] dx
(2.10) = 7 [ VwVudr+7* | VwVuds + / VoVudr +71 | |Vv|*dx.
R3 R3 R3 R3

Summing up (2.8), (2.9) and (2.10), then (2.6) holds. This finishes the proof of Lemma
2.3. U

Next, we define the energy of second order
1

Esx(t) := 3 /]12{3 (|V(U +1w)2 + 78— 7)|Av]* + |A(u + TU)|2) dz.

The following lemma is proved analogously.
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Lemma 2.4. The energy functional Es(t) satisfies, for all t > 0, the identity
d

(211) SE(t) + (8= 7) | Avll}: = Ra,

where

R, = —/ (ng + 2VUVU) A(v+ Tw)dz.
R3

Now, we define
E(t) := E\(t) + Ex(t).
Then, we have from (2.6) and (2.11)

d
(2.12) QR Chy 7)(IVoll7: + 1Av][72) = Ry + Ro.

Now, multiplying the third equation in (1.12) by w and integrating over R?, we get

1
Ld T|w|2da:—i—/ lw*de = / (Au + fAv)wdx
2dt R3 R3 R3
+/ (E”Uw + 2Vqu>wd:v
rs VA
< CllAullz2 + [[Av] p2)[Jw][ 22 + R
< O(IA(u+7v) 2 + [|Av] g2) |wl]| 2 + R |
with
~ B
R, = / (—vw + ZVuVU)wda:.
rs VA
Applying Young’s inequality, we obtain
1d 1 .
(2.13) —— | rlw]Pde+ —/ lw|?dz < C(||A(u + Tv)32 + ||Av||72) + |Ray].
2dt R3 2 R3
Collecting (2.12) + 2¢((2.13), we get
d
S (E(@) +eorfwllz2) + (5 — T)(IVollz2 + [|Av]72) + eollwl72
(2.14) < 20e0(| A(u+70)7e + [|Av][Z2) + [Ra| + [Ra| + 2¢0/R .

Now, we define the functional Fi(t) as

Fi(t):= [ V(u+71v)V(v+Tw)dz.

Then, we have
Lemma 2.5. For any ¢y > 0, we have

d
CRM+ 0 —c) [ |A @+ 7o) [Pda
dt 55

(2.15) < ]V(v+rw)|2dx+0(eo)/ Av2dz + [Ry|
R3

R?)
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with

~ B
R, = — / (va + QVUVU) A (u+ 71v)de.
R3

Proof. Multiplying equation (2.7) by —A (u + 7v) and (u; + 7v;) by —A (v + Tw) we get,
respectively,

- /3(1] +Tw)Au+T10) = — / (Au + SAV)(Au + TAv)dx
R R3
B
- / (—vw + 2Vqu> A(u+T1v)dz
R3 A
= — / (Au + AV + TAv — TAV)(Au + TAv)dx
R3

- / (va + 2VUVU) A (u+ 7v)dz
R \A

and
- / (u+ T0)A(v + Tw)dr = — / (Tw + v)A(v + Tw)dz.
R3 R3

Integrating by parts and summing up the above two equations, we obtain

iFl(t) + [ A+ Tv)Pde — [ |V(v+Tw)|*dr
= (r—0) / (Av(Au+ T7Av))dx — / (ng + 2Vqu) A (u+ 1) dz.
R3 R3

Applying Young’s inequality for any ¢y > 0, we obtain (2.15). This finishes the proof of
Lemma 2.5. U

Next, we define the functional F;(t) as
Fy(t) == —71 g VoV (v + Tw)dz.
Next, we define the functional Fy(t) as
Fy(t) == —71 . VoV (v 4+ Tw)dz.
"

Lemma 2.6. For any €, > 0, we have

d
—EBt)+(1—e) [ |V(v+Tw)|de
dt -
(2.16) < 0(61,62)/ (|Vv|2 + |Av|2)daj + 62/ |A(u + Tv)|2d95 + |R3|,
R3 R3

where

B
R; = 7’/ (—vw + QVUVU) Avdx.
r3 LA
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Proof. Multiplying the second equation in (1.12) by 7A(v + 7w) and (2.7) by 7Awv, and

integrating over R® we obtain, respectively,

T/ uA(v 4+ Tw)dr = 7'/ wA(v + Tw)dz
R3 R3

and

7'/ v+ Tw) Avdz

RB

= T Au—irﬁAvAvdx—l—T/

R3 R3

(ng + 2VuVU) Avdzx

- / <TAu +78AV + T2 Av — T2 Av + (v + Tw) — (v + Tw)> Avdz
R3

B
+7‘/ (—vw + QVUVU) Avdz.
r3 LA

Using integration by parts, we obtain

%FQ( t) + g V(v +7w)|*de — (8 — 1) /}R3 |Av|*dx

= 7'/ A(u + Tv)Avdx +/ V(v + 1w)Voudz
R3 R3

—|—7'/ (va + 2Vqu> Avdz.
r3 LA

Thus we obtain the estimate (2.16) for any €;, e > 0. O

Now, let

H(t) := Fi(t) +nFa(t),

where 7; > 0 will be determined later. Hence, we have from (2.15) and (2.16) that
d

ZHO + (1= e —me) A (u+ 7o)l + (0 (1= ) = D [[V(0+ 7wz
< 1Cle, @) [Volze + (Cleo) +nCle, &) [Av|z: + [Ra| +n[Rsl.

In the above estimate, we can fix our constants in such a way that the coefficients in front
of the norm terms are positive. This can be achieved as follows: we pick €y and ¢; small
enough such that ¢y < 1 and €; < 1. After that, we take v, large enough such that

1

1—61.

">

Once v, and ¢, are fixed, we select €5 small enough such that
1— €0
"o

€ <




12 REINHARD RACKE! & BELKACEM SAID-HOUARI?

Consequently, we deduce that for all £ > 0,

d
() + {1A @+ o) 3 + 190 + rw)lls }
(2.17) < OVl + C||Av|%, + CRs| + C|Rg).

where C' here is a generic positive constant that depends on €y, ¢; and ;.
We define the Lyapunov functional L(t) as

(2.18) L(t) == 0(E(t) + eow(t)||72) + H(t),

where vy is a large positive constant.
Now, taking the derivative of (2.18) and using (2.14) and (2.17), we find

SL()+ (8 — 7) = 20) [Vl + (08 — ) — 20 — 2070e0) vl
+eoollwlZ:
+(1 = 207020 1A (u + 70) |72 + 1V (v + Tw) | 72

(2.19) < C(|Ra| + |R1| + [Ra| + |Ra| + [Rs|).

Next, we take 7, large enough such that 5 > ;TCT and then we fix £y small enough such

that g9 < so we get from (2.19)

1
2C’
d

EL(t) +IVI22 + [|Av][72 + [[w]Ze + A (u+ 7o) |32 + |V (v + Tw) | 72
(2.20) < C(JRy|+ |Ry| + |Rq| + |R2| + |R3)).

In the following lemma, we show the equivalence between the functional L(t) and
E(t) + [[w]|Z2-

Lemma 2.7. There exist two positive constants ¢ and ¢y such that for all t > 0
(2.21) e (B(t) + |w]|22) < L(t) < co( B(t) + |Jw])2).
Proof. We have by using Holder’s inequality

[ (t) + B ()] < C(IVoll + IV (w4 70)[2) V(0 + T0)]| 12

< CE(t) < C(B() + [lw||z2)-
This gives (2.21) for 7y large enough. O

Now, integrating (2.20) with respect to ¢ and exploiting (2.21), we obtain
t

&0+ D) <Ce30) + C [ (IRulo)] + [Ra(0)] + [Rafo)
0

(2.22) + [Ra(0)| + |R3(U)|>da,
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where

& (t) = sup (E(0) + [w(o)]z2)

0<o<t

and
t
D) = | (IV0lEs + 180l + ol + 1A (7o) + 90 + r)l ) ds

Our goal now is to estimate |R4|, [Ral,... in the right-hand side of (2.22). First, we
have

Ri| =

/ <§vw + 2Vqu) (v+ Tw) dx
s \ A

< C"/ vw(v+7w)dm‘+0‘ VuVu (v + Tw) dx
R3 R3
= Il +IQ.

First, we estimate I; as follows:
I, = C"/ vw(v + Tw)dx
R3
< Clwlallvlzs + Cllvll zellwl7a.

Using the Ladyzhenskaya interpolation inequality in 3D (which is a particular case of
(A.3))

(2.23) £ llze < el FILE IV £
we get

1/2 3/2
lwllzzllol2e < Cllwllgellvll}2 Vo3

1/2 1/2
Clloll IV ol 211Vl 2 |w]) 2

(2.24) < C()lze + Vol 2) | Vol 2| w]| 2
and
1/2 3/2
(2.25) o]l 2 [lwl][2a < Cllv]| e |lw]|}57 Vw35
We have

/nv|mmunwwv<nﬁ2

/4 ¢ ) 3/4
< € s o)loa( [ Iwi@lido)” ([ 190(0) o)
(226 < C&WDID.
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Similarly, we have for the term on the right-hand side of (2.24)

t
(2.27) /0 (lo(a)ll2 + V()| 2) IV (o) r2llw(o) | 2do < CE(t)D5(2).
Consequently, collecting (2.26) and (2.27), we obtain, using
IVw®)[[Z2 < [IVo@)lz2 + V(v + 7w)(O)]IZ2,
that
t
(2.28) / L(0)do < CE®DA().
0
We can estimate I as follows:
I, = ‘ VuVu (v + Tw) dx‘ < ‘/ vVuVUd:C’ + ‘/ TwVuVudz
R3 R3 R3
(2.29) — S+
It is clear that
Jo < Ol Vul| g [|Vol| 2] Jw]| 2.
Then, Holder’s inequality implies
t
/ Jo(o)do < C sup ||[Vu(o)|=Di(t).
0 0<o<t
The difficulty is to estimate the term J;. This is done in the following lemma.
Lemma 2.8. We have the estimate

/t Jl(O')dU S Cg()(t)pg(t)

Proof. First, we have, by Hélder’s inequality

(2.30) J1 < Cllolzs|[Vull s || V]| 2.

Now, applying the interpolation inequality, which holds for n = 3, (see (A.3))
(2:31) 1l < CULIZ IV 112

we obtain

(2:32) [Vullzs < O Vul 3292l

Consequently, using the above estimates, (2.30) becomes

L < Va2V Vo2

(2.33) C(IVullzz + [ V¥ul 2) [ Vol L.

IN

Now, using the fact that
IV ullr2 < CUVE (u+t To)llz2 + [VE0]lr2), k=1,
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together with (2.33), we obtain

t t
/ J(o)o < sup ([Vu(o)llz + [V2u(0)]2) / IV0(0)|ado
0 0<o<t 0

< C&(HD;(t),

where we have used the fact that ||V?ul||z2 = ||Aul|z2 This completes the proof of Lemma
2.8. U

Consequently, we deduce from above that
(2.34) / "Ra(0)|do < CE(H)DE()
0
Similarly, we have as in the estimate of Ry,
(2.35) /Ot \Rl(o)\da < Coiugt |Vu(o)|| =D (t)< CE () Dy (t).
Using integration by parts, we h_av_e

R, = —/ (ng + QVUVU) A(v + Tw)dx
R3

- / \Y (EAU(UqLTw—v)+2V(u+TU—TU)Vv) V(v + Tw)dx
R3 T

B B
= / — oV (v 4 Tw) + —Vv (v +Tw) — V|u|* ) V(v + 7w)dz,
R3 TA TA

+ /3 (2H(u+ 7v)Vu + 2H(v)V (u + T7v) — 47H(v)Vv) V(v + Tw)dz,

where H(f) = (05,04, f),1<i j<3 is the Hessian matrix of f. Using the fact that | H (f)| ;. =
|Af]l 2, together with Hélder’s inequality, we get

Ro| < C(llvllp (IV (v + 7wl 2 + [Vl 12) + v+ 7wl po (V][ 22) [V (v + T0) [ 2
+CO [Vl oo (1A + 70) [ 2 + |A0[| 12) + IV (1 4 T0)][ oo [ AV 2) [V (0 + Tw) | 12
This implies that

[ Rafelidr < sup (I}l + V000

0<o<

(2.36) + (v +7w) (o)l oo + [[V(u+70)(0)] 1o )Dg(t)-
For R, we have the estimate

Ro| < Olvllzeflwlzz|A (u+ 70) 22 + ClIVul e [ V0]l 2| A (w+ 70) |12

This implies

231 [ Rao)ldo <C s (o)l + [Tu(o)] ) DR
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For R3, we have, as in Ra,

239 [ Ra(o)ldr <€ sup (o)l + [Fu(0) ) D300
Plugging all the estimates (2.34)—(2.38) into (2.22), we obtain
(2.39) E5(t) + D (1) < £5(0) + CE()Dy(t) + CAo(t)D5(1),
where
Aot) = sup (o(s) e + 10+ 7)(5)

H IV (u+70) ()l e + [Vuls)]lzoe + va(s)HLm).

2.2. Higher-order energy estimates. Applying the operator V¥ k > 1 to (1.12), we
get for U := V*u, V := VFv and W := VFw
(2.40)

U =1V,

(9tV - VV,
B _, B X
TOW = AU + BAV — W + Z[V ,vjw + ZUW + 2[V*, VulVu 4+ 2VuVV,
where [A, B] = AB — BA.
We define the first energy of order £ as in the case k = 0 by

1
ER@t) = 3 /}R3 (IVF0 + 7V*0 2 + 7(8 — 7)|[VF 0 + [V u 4+ 7V ) da

1
— 5/ ([V+1WP+7(8—=1)|VV]?+ VU +7V)|?) da.
]R3

Hence, we have the following estimate.

Lemma 2.9. For allt > 0, it holds

d
(2.41) B0+ (B =) |[VVL. = /R RPO +TW) de,
where
B B
(2.42) RP (1) = Z [V v]w + ZoW + 2[V*, Vu]Vo + 2VuVV.

A A

We omit the proof of Lemma 2.9 since it can be done using the same steps as in
Lemma 2.3.

As in the case k = 0, we define the second energy of order k as follows:

B =5 [ (V04 rWF (8 = DIAVE + AW + 7)) do.

Then, we have the following lemma.
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Lemma 2.10. The enerqgy functional E5(t) satisfies, for all t > 0, the identity

y
(2.43) CES@W) + (57 AVIE = - /R CRVOAWV 4 W)z

The proof of the above lemma is similar to that of Lemma 2.4. We omit the details.
Now, adding (2.41) to (2.43), we get for

E® () .= BM (1) + BP (1)

d
aE(k)(t) +(B=1)(IVVI12 + AV I72)
(2.44) = / R @) (V +7W)dz + [ VRPV(V +7W)dz.
R3 R3
Now, multiplying the third equation in (2.40) by W and integrating over R3, we get
1d 2
—— W d W|*d
2dt R3T| | v ]R3| | ‘

= / (AU + BAV)Wdaz + / RPWdz
R3

R3

IN

CUAUI + 1AV e + [ 1R
(2.45) < 0(\|A(U+TV)L2+|\AV||L2)||W||L2+/3|R§’“>y|vv|dx.
R

We define now the functional Fl(k) (t) as
F®P@) = / V(U +7V)V(V +7W)d.
R3

Then, we have the following estimate, the proof of which can be done following the same

strategy as in Lemma 2.5.

Lemma 2.11. For any €, > 0, we have

d
GEO0 + (1= 4) [ AU+ P
R3

< |V(V+TW)|2d£L‘+C(66)/ |AV 2 dzx
R3 R3
(2.46) +/ IRW||A (U +7V) |d
RB

As in the case k = 0, we define the functional F\" (t) as

FP@) = -1 | VVV(V + 7W)da.

R3

Hence, we have the following estimate.
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Lemma 2.12. For any €}, €, > 0, we have

d
EFQ““)(]:) +(1=€) | |V(V+7W)[da
R3

< Cle.e) [ (VVE+IAVPI
R3
(2.47) +e’2/ \A(U+TV)|2dx+7/ IRM|| AV |da.
R3 R3

We can prove Lemma 2.12 following the same steps as in the proof of Lemma 2.6, we
omit the details.

As in the case k = 0, if we define the functional
HO() = V(1) + 1 B (0),

and we proceed exactly as in the case £ = 0 and fixing ] as we did for y; to get the
following estimate, which is similar to (2.17),

d
ZHO@ + AU +7V)[5 + [V(V + 7))L
<2.48>SC((vauiﬁuAvuiz)+ [ VROV @ v+ [ \VRE’“)IIVVIdw)-
R3 R3

Now, we define the Lyapunov functional L*(t) as
LO(t) == 1 (EQ () + 7 |[WZ2) + HP (2),

and selecting v large enough and g) small enough, we obtain as in the case kK = 0 (see
inequality (2.20))

d
ZLOO +A U+ V) + [V + W)L + 19V + [AVIG + W7

<C /R IRV (V +7W) |dz + C /R IVRPV(V + 7W)|dx
+C /R IRPA U +7V) |dz + C /R IVRW||VV |dx + /R |RV||W | da
(249) = 1Y + 1" + 1§ + 1V + 1M,
Now, integrating (2.49) with respect to ¢t and using the fact that
CLEW + [WZ2)(8) < LW(1) < Co(BW(#) + [W]72)

for some constants C'; and Cj, cf. Lemma 2.7, we obtain

(2.50) E) + DI <EHO0) + Y / t 1M (0)do.
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Our goal now is to estimate the terms fot Ii(k)(a)da, i =1,...,5 on the right-hand side
of (2.50). First, we estimate IQ(k) and Lik). We have

(2.51) 1 4 1 < VRPN (I (V 4 7W) 122 + 9V 22

In order to estimate the term ||VR§k) |2, we have the following lemma.
Lemma 2.13. For k > 1, it holds
(252) VRl < CAL(IVV |2 + [VW 2 + [AV |12 + [|A (U +7V) ||12)

where

Ay = fvllwree + lwllze + [[Vull 2.
Proof. We have

B
VR = v (va + 2Vqu> .

Thus, applying (A.1), we get
IVEP |l < C (lwlloe V¥ 0l + (o]l V5 w]) 2)
(2.53) +C (IVull o= [[V*20] 12 + V0] oo [[ V20| 2) -
Now, we estimate
IVl |V 20] 2 + [ Voll g [ V20 12
C ([Vull e[| AVF0] 2 + [| V0| oo | AV 0 )
< C’||Vu|\Loo||AVkv||Lz + C||Vo|| e (||AV’“ (u+70v) |2 + ||Avkv||L2) )

IA

Inserting the above estimates into (2.53), we get (2.52). This completes the proof of
Lemma 2.13 U

Consequently, (2.51) together with (2.52) imply that

(2.54) /0 t(zg’”(a) + IP(0))do < C sup Ai(o)D2(t).

0<o<t

The next step is to provide nice estimates for the terms I {k) and 1. ék). The main difficulty
in controlling these terms is that the dissipation term D%(t) does not contain terms like
| (V+7W) |2 and ||A (U + 7V) || 2. First, we have the following lemma.

Lemma 2.14. Assume n = 3. Then, we have the estimate

(2.55) /0 I (o)do < O sup [|[Vu(o)|| = + Eo(t) + Ex(t)) (D2(t) + D2(1)).

0<o<t
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Proof. First, we have

M= |R§k><t>|| (V +7W) |da

IN

/ [[V", v]wl| V+7W)\dx+0/ oW (V +7W) |dz

+c/ |[Vk,Vu]VUH(V+TW)|dx+C'/ VUV (V + 7 |da
R3 R3
(256) = Ti+Ta+T:+ T

Now, we estimate 7; as in (2.29). Indeed, we write

T < ) / VVuVde‘—l—‘ / TVUVVde‘
R3 R3

(2.57) = Sh+ T
We estimate J; and J» as we did for Ji, J; in the case k = 0, it holds (see Lemma 2.8)
(2.58) /t Ji(0)do < CE(t)Di(t),.
and 0
(2.59) / Jo(0)do < C sup [|[Vu(o)||z=Di(t).
0<o<t

Consequently, we deduce from (2.58) and (2.59) that

(2.60) / Ti(o)do < C’(Os<u2 IVu(o)||pe + €o(t))DZ(t).
0 <o<t

The next step is to estimate 7. We have

T = /|vW||(V+7’W)|dx
R3

< /\vWV]dx—i-T/ |oW?|dx
R3 R3

(2.61) = B+
For J,, we have (see (2.25)) As for k = 0 we obtain

(2.62) / Ti(o)do < CEX)DA(H).
/J3 < Coiggt(llv<0)\|m+HW(U)Hm)/O IVV (o)W (0) || p2do
(2.63) < CEDiL).

Consequently, from (2.62) and (2.63), we conclude

(2.64) / t Ta(0)do < CE(t)Di(t).
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Now, to estimate 77, we apply the inequality:
(2.65) Ti - / IVE ol (V 4 7W) [da < |[9%, o] o [V + 7)o

Applying, the commutator estimate (A.2), we have
(2.66) [V 0w os < CUVOIlLIVE wl| s + Jw]l 22| VF0]l o)

To estimate the term ||V*~1w| 3, we apply (A.3) to find

2k—1

(2.67) V5wl < CI9* ] 3 [l

Similarly, we have

2k+1

(2.68) HkaHL3 < C’Hvk—&-l Hz(k+1) ” ||2(k+1).

Plugging (2.67) and (2.68) into (2.66), we obtain

V5, vlwl| yos < CHWHL?HV'“wHLS’“ lel +CIIwHLzHV’““vHQ(“”H |7

= OVl F [l Voll 3 9wl
2k+1 2k+1

(2,69) —l—CH ||2(k+1)|| ||2(k+1)”vk+l ||2(k+1)|| ”2(k+1)‘

Plugging (2.69) into (2.65), making use of Sobolev embedding theorem and applying
Young’s inequality, we get

/ Tiode < C sup (Vo(o)lz: + (o))

/HVU NEIV* (@I, [V(V +7W)] 2 do

+C sup ([lo(@)llzz + lwio)ll.2)

(2.70) / IV o) I o) T 9V + 79 |2 o
Applying Holder’s inequality together with Young’s inequality, we obtain
(2.71) /OtTl(a)da < CE&(t)(D(t) + Di(t)).
Finally, we treat the term 73. We have as in (2.65)
T = . [V*, V] V|| (V +7W) |de < H[Vk, VU]VU||L6/5 N(V 4+ 17W)|| 6

(2.72) < C|IVH, VulVol| o5 IV (V + W)l 2 -

Now, as we have done for the estimate of the commutator in 7;, we have by applying

(A.2),
(2.73) [V, VUl V| Lo < CUIVu| 2] Vo[l + ([ Vol 2] V| 12).
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Applying (A.3), we obtain (see (2.32))

(2.74) IV* ull < IVl V*2ull
Hence, (2.74) together with (2.68) lead to

2k+1

[[VE, VUl V| on < ClIVZul 2| VEF 0|25 [0 |
FO|| V|| 2| VE | 157 V2|

o C||V2 ||22(Ilz+})” ||2(k+1)||v2 ||2(k+1>||vk+1 ”22(:1})

2 1/2 1/2 1/2
+C[ Vol IVl 2 Vol 22V 2l 2
Young’s inequality yields
IV, Vol s < C(I9%ullsz + llollzz ) (I92ullze + 940 22
(2.75) +C (190l + 19 ullz2 ) (190122 + 94 2ull 52 ).

Consequently, we get from (2.72) and (2.75)

t
(2.76) / To(o)do < C(E(t) + E(1)(DE(Y) + DE(E)).
0
This completes the proof of Lemma 2.14, by (2.60), (2.64), (2.71) and (2.75). O

In the following lemma, we estimate / ék).

Lemma 2.15. We have the estimate

@11 [ 19(0)do < C( sup [Vu(o)lu +E(t) + 1) (Di(E) + DE(D).

0

The proof of Lemma 2.15 can be done exactly as the one of Lemma 2.14. We omit the
details.

Let us now focus on the estimate of Iék)
Lemma 2.16. We have for k> 1

(2.78) [ #060)is < Cnuto @i, 0+ Dio)

with
Ag(t) == ([Vllze + llwllze + [[Vull L) (2).

To prove Lemma 2.16, we first give the proof of the following lemma.
Lemma 2.17. For k > 1, it holds
IEPN < s (19 wllse + 9V

(2.79) IV Vol + [VFRA 7)1z )
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Proof. We have from (2.42),

IRM 2 < € (IIVF,v]wllre + Clloflzs W] 12)
(2.80) +C (H[Vk,VU]VUHLz + HVuHLooHVVHLz) .

Now applying the commutator estimate in Lemma A.1, we get
IV, vlwllze < IVl IV wll12 + Jw] e [V F0]]12).
Similarly,

V5 VulVole < OOVl IV ull e + V] ][Vl 2)
< ClIVollze (IVM (w+ 70) Iz + [IVE0ll22) + V] 2o VR0 2).

Plugging the last two estimates into (2.80), then (2.79) holds. O

Proof of Lemma 2.16. We have
P < C/ IRWIA (U + V) |dz
R3
< CO|RP 2| AU +7V) |2

Applying (2.79) together with Young’s inequality yield (2.78). This completes the proof
of Lemma 2.16. O

Proof of Proposition 2.2. Let
As(t) = (lvllwre + [wllze + IVl + [Vull ) (2).

Using the estimates (2.54), (2.55), (2.77), (2.78), and using the fact that A;(t) <
CAs(t), i = 1,2, then (2.50) becomes, for any 1 < k < s,

ERt) +Di(t) < EZ(0) + C(As(t) + Eolt) + &,(1))(D5(t) + Dy (t) + Di(t))
(2.81) < &(0) + C(As(t) + &())(Dy(t) + Di_y (t) + Di(t))-

Summing up (2.81) over k = 1,...,s, adding the result to (2.39) (k = 0) and using the
fact that Ag(t) < C'As(t), we find

(2.82) EN)+DIt) < &(0) + C(As(t) + E(1)DI(t).

Now, we need to estimate A3(t) by Es(t) by using Sobolev embeddings. Due to the
embedding H*(R?) — W1>=(R3) for s > 5/2 we have

(2.83) As(t) < CE(1).

Plugging (2.83) into (2.82), we conclude that (2.5) holds true. This completes the proof
of Proposition 2.2. O
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3. A LOCAL EXISTENCE THEOREM — PROOF OF THEOREM 1.2
In this section, we use the contraction mapping theorem to show Theorem 1.2.

Proof. First, we write problem (1.1) as a first-order evolution equation of the form

d
(3.1) U1 =AU(1) + F(U,VU), >0
U(O) = UOa

where U(t) = (u,v,w)’ = (u,us, uyy)’, Ug = (ug, uy,us)’ and A is the following linear
operator which generates a semigroup (see [28]):

u v
Al v | = w
1 1
w —A(u+ pv) — —w
T T
and F is the nonlinear term
0
F(U,VU) = 0
1B 2
——ovw + =VuVv
TA T
If U is a smooth solution of (1.1), then
t
(3.2) U (t) = ®(U)(t) = U, + / A F(U, VU)(r)dr.
0
We define for s > so = %,
X = {U = (u,v,w) | Vu, Au € C°([0, T], H®),u € W, v € C°([0,T], H**?),

w e €0, T], H*), |[U[[% = EX(T) < oo},

where W is the completion of C§° under the seminorm ||V - |2, and where T' > 0 will be
chosen small enough later on. It is clear that X is a Banach space.
We also define

Y i= {U] U} = DXT) < 0},
where E(T) and Dy(T) are defined in (2.3). It is clear that
IU]ly < CT[[U]|x,

for some C' > 0. Hence, X <— Y, therefore, X NY is a Banach space. Define the complete
metric space

Z={UeXnY;U(z,0) =Uy(z)}.
Hence, from the above computation, especially the estimate (2.5) (see also see (3.5) and

(3.6) below)
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we deduce that ®(U) is well defined and it maps Z into X NY. We define the ball D
as:

DR = {U c YA ||U||me S R}
It is clear that Dpg is a closed subset of the space Z and non-empty for all R > Ry with
Ro == 58(0)
Our goal is to show that:

(1) @ maps the ball Dg into itself,
(2) @ is a contraction in Dpg.

As we will, see properties (1) and (2) are valid for R large enough, depending on the
initial data, and for 7" sufficiently small, and its choice is given later. Once the properties
(1)-(2) are verified, the application of the contraction mapping theorem gives the existence
of a unique solution of (3.1).

For a given U we write

®(U) =U"+gG(U),
where UY and G(U) are given by

t
U=, and  G(U)= [ AR VO
0

U" satisfies the linear equation

(3.3) U - AU =0, U°(2)=Ug(a),

and G(U) satisfies the nonlinear equation with zero initial data, that is
(3.4) 0,6(U) — AG(U) = F(U,VU), G (U) (z,0) = 0.
As in the proof of Theorem 1.1, we have for all ¢ € [0,7),

(3.5) T@OI% + 1T O5 < CEX0).

Now, to bound G in Dpg, we have by imitating once again the proof of Theorem 1.1,
(especially the estimate (2.5)) for all 0 <t < T,

(3.6) IGUO)I% + IGU@)IE < Cted2(1).
Hence, (3.6) yields
IGCUM)IK + ST < CTu]3?
(3.7) < TCR?.
Collecting (3.5) and (3.7), we obtain
12(U)|[5y < CEX(0) + CTRY?.
Choosing R sufficiently large and T sufficiently small such that
CE%(0)+ TCRY? < R?,
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which can be achieved by choosing R? > C£2?(0) and

R® — CE2(0)
b= "omr
we obtain

12U xry < B.

Hence, we have prove that ® (Dg) C Dg.

Now, we need to prove that ® is contractive. We have, as above for U and V in Dpg,
G(U) and G(V) solve the equation, hence, we obtain (3.4)

2,(9(U) = G(V)) = A(G(U) - G(V)) = F(U,VU) - F(V,VV),

(3.8) GU)(t=0)=G(V)(t=0)=0.
We put W(t) = G(U(t)) — G(V(t)). Then, we obtain
(39) W — A(W) = F(U,VU) — F(V,VV),
' W(t =0) = 0.

Let U = (u,v,w)T and V = (u, v, w)T, then we have

F(U,VU) - F(V,VV)
0
= 0
1B _ 2 I
;Z(vw —vw) + ;(VUVU — VuVo)
0
= 0
%E((v —0)w+ v(w —w)) + %((Vu — V)V + Vu(Vo — Vo))

Lemma 3.1. For all0 <t < T, we get
EX(W)(t) + DIW)(1)
(3.10) < OT <ES(U)(t) + ES(V)(t))es(W)@)gs(U —V)(b).
It is clear that (3.10) yields
[Wllxny < CTJU = V][x (1Ullx +[[VIix),
which in turns implies
IG(U(®) — G(V(t)llxry < 2CRT|U = V[xny.
Now, we fix T small enough such that 2CRT = k < 1. Hence, we deduce that

[2(U) = (V)| xry < KIIU = Vllxny.
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Thus, we conclude that ® is a contraction in Dg. The application of the contraction
mapping principle shows that there exists a unique solution U € Z of (1.1). This finishes
the proof of Theorem 1.2. O

Proof of Lemma 3.1. The estimate (3.10) can be obtained following the steps that used
to obtain (2.5). We will just give the proof for the first order energy estimates.
Let W = (u,v,w)” . Then (3.9) can be rewritten as

(3.11)
u; =V,
Ve =W,

TwW; = Au+ AV — w + g((v —0)w + v(w — w)) + 2((Vu — Va)Vo + Vu(Vuv — V1)),

We define
W) = swp ([0 +7w)(@)][f + ATV + [ v(0) [
(3.12) R H_Avk(u + 7)) + IV @+ 7)) [ + IV w0 2,
and

W) = [ (Vv + AV (o) [+ 19wl
(3.13) AV (u+ 7v) ()72 + [VHH (v + rw)(0)] 2 ) do

For the first order energy estimate, we get as in (2.22):

E(W)(t) + D5(W)(t) < C/O (IR1(0)!+!15~1(0')\+\R2(0)|

(3.14) + [Ra(0)| + [Ra(0)] ) dor
with for instance (we will estimate just f(f |R1(0)|do, the other terms can be estimated
similarly)
B NS _ R ~
Ry| = / Z((U —0)w 4 v(w —w)) + 2((Vu — Va)Vo + Vu(Vv — V1)) (v + 7w) dz
R3
<

C‘ /R3 (v —2)w +v(w—w))(v —f—TW)d:L“‘

—|—C’ /R3 (Vu— Va)Vo + Vu(Vo — V1)) (v + 7w) dx‘

= Li+Lot+tI +1op.
—_— Y

=I; =Is
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For instance, we have

L, = / (v —20)w(v+ TW)dz

]R3

< Clwllgzllv=2vlpallvllge + v =2l g2 [[0] Lo [[ W] pa -
This gives by using (2.23)
1] [0 = Bll s 1Vl s < C ] [lo = Bl 1V @ = D) VI 19925
Consequently, we have
t

/O ][ 2 [|v =0 pa [[V][ e do < Ct&EV)()E(V — U)()E(W)(1)

< CTE(V)()E(V — U)(t)E(W)(1).

Similarly, we have
(el P P e P e e P A
Hence, we have
t
/0 [0 =0l 2 @] o [[Wl o do < CTE(V) () E(V — U)(£)E(W)(2).
Therefore, we have
/Ot I 1do < CTE(V)(t)E(V — U) () E(W)(1).
Similarly, we have
/0 Lado < CTE(U)HEV — U)(E(W)({).
Therefore,
[ o < O (€(0) + &6(V) (966(V — D)DEW) )
The estimate for fot I, can be done similarly. Consequently, we deduce that
EHW)(1) + DE(W) (1) < OT (£(0)(1) + Eo(V)(1)) Eo(W)(1)(U — V)(1).

Higher order energy estimates can be done as before. We omit the details.
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4. DECAY RATES — PROOF OF THEOREM 1.3

In this section, we prove decay rates for solutions to (1.1) given in Theorem 1.3. Recall
that

V = (v+ 7w, V(u+71v), Vv)
where u is the global solution according to Theorem 1.1, with v = u; and w = wuy. Let

(41) ||(u,v,w)||i = T(ﬁ - T)||vv||%2(R3) + ||V(U + TU)H%,?(H@) + ”U + 7-UJH%Q(IRg’)‘

define a norm in H = H'(R3) x HY(R?) x L*(R?). It is clear that the norm above is
equivalent to the norm ||V (¢)||2,.

Inspired by the decay estimates of the linear problem (see Propositions A.4 and A.5),
we define

M(t) := sup Z(l + 1)V (0) |2 + [V (0)]| 12).

0<o<t 3

We also define the quantities

Mo(t) = sup (140)2 (['V ()] + 0 ()] ),
0<o<t

Mi(t) = sup (140)’ [V (0)]] = ,
0<o<t

My(t) = sup (1+0)2 ||V*V ()] -
0<o<t

Our goal is to show that M(t) is bounded uniformly in ¢ if |Vo||gsarr = || Vol
Vol is small enough. From (3.2), we have for U = (u,v,w), and for 0 < j < s,

Hs T+

t
IVIU@) [l < [V Up|ly + / Vet =4 F (U, vU)(r)|,, dr
0
. t/2 A
= ||[V7eM U]y + / |V e=AFU, vU)(r)|,, dr
0

t
+ / [V e F (U, VU (7)), dr
/2
= ||Vjet“4U0||H + J1 + JQ.
This gives, by using the estimate (A.5),

IV Ul < C(1+6)"> 42 ([ Vol 1@y + IV Vol 2(es)) -
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Now, for J;, we have (also using the estimate (A.5))

t/2 ' B
J < C/ (14t — ) 34592 F(U, VU) (r) || 11 msydr
0

12 -
+C / e~ ||\ VI F(U, VU) (r)|| g2 msydr
0

Ji1 + Jiz,

where F(U, VU)(t) = (ng + 2VuV, 0, 0).

To estimate J; it is convenient to divide the integral into two parts Ji; and Jio corre-
sponding to [0,¢/2] and [t/2,t] and then estimate each term separately, cf. Lemma 7.4
in [30]. First, we have by using Hélder’s inequality,

IF(U, VO)#)llzr @) < V@172 + [[o@)]7-.

Hence, Ji; can be estimated as follow:

2 o
T = / (1t — 1) 432 (U, VU () 12 oy dr
0

t/2 A
< CMA(t) / (1+t— T)—3/4—]/2(1 i r)_3/2dr
0

IN

t/2 A
C’M2(t) / (1+ t)—3/4—y/2(1 + r)_3/2dr
0

IN

Cpt)2
CM2(1)(1 + )34 / (1+7)"*dr
0

IN

CM*(t)(1 + t)_3/4_j/2.
On the other hand,
IVIF(U, VU)(r)| 2

IN

C (IV! (vw)llz2 + [V (VuVv) | 12)
< C(IVV(v(v+7w)llee + IV () ||z + IV (VuVo)|12) -
This gives, by applying (A.1),
IV/F(U, VU)(#)] 12
Cllollz= (V7 (v + Tw) |2 + V7]l 2)
+C||v + Tw|| oo | V0| 22 + C|| V|| oo || VI V| 22
OVl 1= VIV (u + 70) || 2 + C|IV (u + 70) | 1= ][V V| 2
C(1+ )32 (1 + ) 34792 My (H M)
FC+ )21+ )2 M () M),

IN

IN

Consequently, using these estimates, we deduce that

Jio < C(1+1)72732(My(t) + M (1)) M(2).
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Next, J, is estimated by applying (A.5) with j = 1 and using V/~' F(U, VU)(t) instead
of Vy, to obtain, for j > 1,

dr

L2

t
Jy = / VellmAVITLE(U, VU)(r)
t/2

t
< C/ (1+t—r) 52
t/2

t
‘c / ee(t=)
t/2

= Jo + Ja.

VILE(U, VU)(r) HL dr

VIF(U,VU)(r)|| dr

L2

On the other hand, we have by applying (A.1),

IVIFU VU0l < CUVD)2e + o)AV TV @)llzz + [V 0 ()]22)

< CMP)(1+t) T,

Thus,
t ) o
haos OV [ ari-n R
t/2
o t )
S CM2(t)(1+t/2)_g_]2l/ (1+t_7ﬂ)*%7§ dr
t/2
L [t2
= (1+t/2)gj2/ (1+7) 1 2dr
0
< O(l+t) T (14t Vg
(4.2) < C+t)iE,

For J,5, we have as in the estimate of Jio,
Jog < C(1+ 1) 2732 My(t) + My (1)) M(2).
Therefore, collecting the above estimates, we have
IV U@l < COA+8) 2 ([ Vol + IV Vol|2)
(4.3) +CM2(t)(1 + t)*3/4*j/2 +C(1+ t)*3/4*j/2(]\/[0(t) + M (t)) M(t)
This yields
M(t) < C([[Voll + [V Vollz2)
(4.4) +FOMA(t) + C(My(t) + My (1)) M(t).

3

N _ 3
5=, q=r=2,j=0and p= oo, we get for m > 3

Applying Lemma A.3 with oo =

3 1—3
Ve < CIVTVIE (VI
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and similar estimates can be used for ||v||z~. This yields
My(t) < CM(1),

provided that s > m > %
Next, to estimate M;(t), we apply Lemma A.3 with o = %, g=r=2,7=1and

p = oo, we get for m > g,
9Vl < CIV™VIZE VI
This leads to
M (t) < CM(t),
provided that s > m > 2. Hence, since My(t) + M;(t) < CM(t), then (4.4) implies that
M(t) < C (IVollres) + IV Vol 2 (@s)) + CM3(2).

Consequently, applying Lemma A.2 gives the desired result, provided that [|[Vo||p1(rs) +
VIV 12(rs) is small enough for all 0 < j < s. This finishes the proof of Theorem 1.3.

Acknowledgement: The authors thank Prof. Irena Lasiecka for pointing out a missing
argument in an earlier version of this paper. The authors also thank the reviewers for there

valuable comments and recommendations which allowed for an improvement of the paper.

APPENDIX A. USEFUL INEQUALITIES AND LINEAR DECAY

In the next three lemmas, we recall without proof some important inequalities which
are very useful in the proof of our results. The following lemma has been proved for
instance in [12, Lemma 4.1].

Lemma A.1. Let 1 <p,q,r < o0 and 1/p=1/q+ 1/r. Then, we have

(A1) IV*(uo)llze < C(l[ullzal V¥ - + [vllzelVFul Lr), k>0,
and the commutator estimate

IV, Flgll o IV*(f9) = FV*9llLo
(A.2) < CUIVAV gl + IglleaIV*fller), k=1,

for some constant C' > 0.
The next lemma has been proved in [32, Lemma 3.7].

Lemma A.2. Let M = M(t) be a non-negative continuous function satisfying the in-
equality
M(t) S c1 + CQM(t)H,
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in some interval containing 0, where c; and cy are positive constants and v > 1. If
M(0) < ¢ and
clc;/(’i_l) < (1 —=1/k)r™ YD,

then in the same interval
C1

M(t) < Ty

We will use the Gagliardo—Nirenberg interpolation inequality as follows.

Lemma A.3. ([27]) Let 1 < p, q,r < oo, and let m be a positive integer. Then for any
integer j with 0 < j < m, we have

(A.3) [Viu),, < CIV™ull$, [l

1 g 1 m 1l -«
—==4al|l-—— |+
p n roon q

for a satisfying j/m < a < 1 and C is a positive constant depending only on n, m, j, q, r

where

and . There are the following exceptional cases:

(1) If j =0, rm < n and q = oo, then we made the additional assumption that either
u(z) — 0 as |x| — 0o oru € LY for some 0 < ¢ < oo.

(2) If 1 <r < oo and m —j —n/r is a nonnegative integer, then (A.3) holds only for
j/m<a<l.

We also recall the decay estimates of the linearized problem associated to (1.1a)

Proposition A.4. (|28]) Let u be the solution of the linear problem
(A.4) TUp + Ut — CAu — BAu; = 0.

Assume that 0 < 7 < . Let V. = (us + Tug, V(u + T7uz), Vuy) and assume in addition
that Vo € LY(R™) N H*(R™). Then, for all 0 < j < s, we have

(A.5) VIV ()|l 2 < CA+) 42| V|| + Ce VI V| 2.

Also, differentiating (A.4) with respect ¢ and following the same steps as in the proof
of [28, Theorem 5.5], we have the following result.

Proposition A.5. Let 0 < 7 < 8 and let vy, v1, v € LY(R™)NH*(R™). Also, let (vy,v9) €
LYY R™) with [, vi(x)de =0, 1= 1,2. Then, for 0 < j <'s, the following decay estimate
holds:

V7o )], < Cllwollr + llorllpea + [loalpra) (1 + ) ~/477
(A6) + C("Vjvoy‘[,2 + ”Vj’l}lHLz + ijngLz)e*Ct.

Here vy = wy and vy = vy(t = 0).



34 REINHARD RACKE' & BELKACEM SAID-HOUARI?
APPENDIX B. DERIVATION OF THE MODEL

The motion of a viscous, heat-conducting fluid can be described by four equations: the
conservation of mass (the continuity equation), the conservation of momentum (Newton’s
second law), conservation of energy (first law of thermodynamics or entropy balance) and
an equation of state. Thus, the first three equations: conservation of mass, conservation
of momentum and entropy balance in the model of thermo-viscous flow in compressible
fluid, for the mass density p, the acoustic particle velocity v and the absolute temperature

f, can be written as

o+ V- (ov) =0,
(B.1) o(vy+ (v-V)v) =V - T,
00(n+ (v-V)p) ==V -q+T:D.

Here, 7 is the entropy and ¢ is the heat flux vector. Moreover, D is the deformation tensor
given by

D= 3(Vo+ (Vo))
anf T is the Cauchy—Poisson stress tensor given by
T = (—p+ AV -v)I+2uD
= —pl+ ZM(ID) - %(v : v)]I) +o(V o)L,

where p is the acoustic pressure I is the identity matrix, p is the shear viscosity (the first
coefficient of viscosity), A\ = o — %u, where o is the second coefficient of viscosity (the
bulk viscosity) and the components of T : D are T;;D;; where T;; are the components of
the matrix T and D;; are the components of the matrix D. Hence, we can recast (B.1) as

0 +V - (ov) =0,
(B.2) o(vi+ (v-V)v) = =Vp+ (A + 1) V(V -v) + pAu,
00+ (v-V)n) ==V -q+2uD: D+ NV -v)%

The equation of state (which describes the relationship between the pressure, the density
and the entropy) is

(B.3) p=rp(on).

First, we assume that the deviations of p, p, n and 6 from their equilibrium values
00, Po, Mo and Oy are small.

By taking the Taylor series expansion of (B.3) around values at rest gy and 7y and
ignoring the higher-order terms, we get

plo) = plan, )+ Soen ) ) (o= (G5 (anm) ) =) ( Sotene)) (-
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We have
Jp 2 2 0%p y—1 Op
po = p(0o,mo), A= Qoa—g(go,no) =o00c", B:= 008—92(@0,770), 0= a—n(go,no),
and the pressure p is given by
2
0—0 , B (0o— 00 7—1
B4 = 2 —_ _
B plen—mrad [0 B (E20) LIy,

where Vpy = 0. In the above equations, ¢ is the speed of sound, B/A the parameter of
nonlinearity, x the coefficient of volume expansion and v = ¢,/c, is the ratio of specific
heat, where ¢, and ¢, are the specific heat capacities at constant pressure and constant

volume. Assuming that the flow is rotation free, that is V x v = 0, by introducing the

acoustic velocity potential v = —Vu, it has been shown in [13, 24| that equation (1.1a)
can be derived from the above set of equations by assuming the Cattaneo law of heat
conduction

(B.5) T +q=—KV0,

where K is the thermal conductivity.
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