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Abstract

We consider the Cauchy problem related to the JMGT-viscoelastic plate coupled with
a heat equation with two kinds of thermal laws, which are thermoelasticity of type III
and the Gurtin-Pipkin thermal law, respectively. We prove optimal results on decay
rates for both the thermoelasticity type III system and the Gurtin-Pipkin thermal law
system. More precisely, for the type III system, we show that the decay property is not
of regularity-loss type in both the subcritical and critical cases. The result matches with
the system in a bounded domain, where the system is known to be exponentially stable
in the subcritical case. For the Gurtin-Pipkin thermal law system, there is a regularity-
loss phenomenon in the critical case. We also study the asymptotic expansion of the
eigenvalues to prove the optimality of the obtained decay rates for both models.
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1 Introduction
The linear Jordan-Moore-Gibson-Thompson equation (JMGT) has the following form
TUpt + Oy + ﬂAUt + ’)/AU =0, (11)

where 7,4, 8,7 are strictly positive constants and A is a strictly positive operator defined in
a Hilbert space H. The equation arises as a model for wave propagation in viscous thermally
relaxing fluids and can be regarded as the linearized version of the Jordan-Moore-Gibson-
Thompson equation, which comes from the combination of the usual balance equations, the
equation of state as well as Maxwell-Cattaneo law (cp.[L1, 12]). In this application, A = —A

with appropriate boundary conditions in a bounded domain.
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There are other interpretations of the same equation. One is that the equation is known
as the standard linear solid model or the standard linear model of viscoelasticity(cp. [9]). The
other one is that the equation is obtained through the introduction of a relaxation parameter
in the Green-Naghdi type III theory (cp. [B, 20]).

Increasing attention was paid to the problem (@) in a bounded domain. In [11], the
authors considered the problem ([L.1]) and obtained a critical parameter

_ T
X =0 f,
which is critical for the stability of this problem. More precisely, they established the ex-
ponential decay result in the subcritical case (xy > 0) and showed that the energy remains
constant in the critical case (xy = 0). Alves et al. [[1] studied the standard linear solid model
of viscoelasticity coupled with Fourier law and established an exponential stability result by
using multiplier techniques in the subcritical case. Apalara et al. [3] investigated the stan-
dard linear solid vibrating systems of thermoelasticity of type III in a bounded domain. They
established the well-posedness and the exponential stability result in the subcritical case.

In [4], the authors considered the MGT-viscoelastic plate coupled with the Fourier law
and heat conduction of type III, respectively. They proved the well-posedness and that the
corresponding semigroups are analytic, for both models in the subcritical case.

For the results about the MGT equation with memory in a bounded domain, see [2, [7, 13,
14, 15] and the references therein.

In recent years, the Cauchy problem related to the problem (Iﬂ) in all of R™ has also
become an active area of research. Pellicer and Said-Houari [17] studied the Cauchy problem
for the problem (@) The authors obtained well-posedness and the optimal decay rate by
using the energy method in Fourier space in the subcritical case. Recently, they investigated
the standard linear solid model coupled with heat conduction modeled by the Fourier law in
[18] and by the Cattaneo law in [19], respectively. The authors proved the well-posedness
of both models in the subcritical case and in the critical case. They established the optimal
decay rate and found that the decay results of the Cattaneo system exhibit a regularity-loss
phenomenon. We refer the readers to [10, 21, 22, 23, 25] for further results for the Cauchy
problem.

Motivated by the results above, we study the following Cauchy problems for the JMGT-

thermoviscoelastic plate, first with thermoelasticity of type III,

{ Tpuy + puy = —k*A%u — kA%, — mAS, (x,t) € R" x RT, (12)

cl; = I*Aa + IAO + m7mAuy + mAuy (z,t) € R" x RT,

where « represents the time primitive of the empirical temperature 6 and has the following

integral form
t
a(z,t) = a(x,0) +/ 0(z, s)ds,
0

with initial data

(U,Ut,utt;aa 9)(1’,0) = (UO,Ul,UQ,OéO,QO)(l'), T E Rna (13)



and, second, the following Cauchy problem for the JMGT-thermoviscoelastic plate with the
Gurtin-Pipkin thermal law,

Tpum + pun = —k*A*u — kA%u, — mAD, (z,t) e R" x RT,
1 [ 14
0; — l/ g(s)A0(t — s)ds — mTAuy — mAu, =0, (z,t) e R" x R, 4
0

with initial data
u(z,0) = up(x), w(x,0) =ui(z), uw(x,0)=u2(x), 0(z,t)li<o = bo(z,t), =z €R", (1.5)

where 6 is a prescribed past history of § for t < 0 and g(s) is the heat conductivity relaxation

kernel. We want to point out that the corresponding critical parameter is given by
K:=k-—7k".

We have
x>0&s K >0.

We are interested in the optimal decay rates for both models and whether the decay
properties of both models are of regularity-loss type. To achieve our goals, we use the energy
method in Fourier space with sophisticated functionals to get the decay results for both models
in two cases: the subcritical case K > 0 and the critical case K = 0. We obtain that the
decay property of the type I1I system is not of regularity-loss type for both the subcritical and
the critical cases. When K = 0, the decay property of the Gurtin-Pipkin thermal law system
shows a regularity-loss phenomenon. Furthermore, we analyse eigenvalues to show that the
decay results are optimal. It is the first time we discuss the optimality of the decay rates for

the Gurtin-Pipkin thermal law system. Summarizing we contribute

e the first discussion of the Cauchy problem of a coupled system of JMGT type with the
heat conduction model of type III and of Gurtin-Pipkin, resprectively,

e the proof of optimal decay rates for these systems,

o the discussion of the relationship to bounded domains in view of a loss of regularity (or

not), and
¢ the discussion of both the subcritical and the critical case.

The paper is organized as follows. In Section 2, we first prove the optimal decay result
for the type III system in the subcritical case K > 0, and then in the critical case K = 0.
Afterwards we prove the optimality of the decay rates obtained. In Section 3, we study
the system with the Gurtin-Pipkin thermal law. We prove the decay estimates for both
cases, which are the subcritical case K > 0 in Subsection and the critical case K =0 in
Subsection . Finally, we discuss the optimality of the decay rates by giving the asymptotic
expansions of the eigenvalues.

Throughout this paper, we denote the Fourier transform f = f (&) of a function f = f(x)
by

FIf1E) = £(©) e ()

SR
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By C we denote a generic positive constant, the value of which may vary from one place to

another.

2 The JMGT-thermoviscoelastic plate with thermoelasticity
of type III

We can rewrite the system (), (E) as

Tpups + pug = —k*A%u — kA%, — mAay, (x,t) € R" x R, @.1)
cay = U Aa + 1Aay + mTAuy + mAuy, (z,t) € R™ x RT, '
with initial data
(w, ug, ugg, oy ) (2, 0) = (uo, w1, ue, ap, 0o)(z), =€ R™ (2.2)
Taking the Fourier transform of system (@), (@), we obtain
Tpiges + plye + k* €M+ k€ — mEPdy = 0, 23)
Chyy + 1*E26 + 1€20; + mT€2y + me2a, = 0, '
with initial data
(ﬂa ’Ilt, ’[Ltta &7 @t)(£7 O) = (aOa ala ’&2, dOv 00)(5)7 (24)

where £ € R"™. The well-posedness is easy to obtain (cp.[18, 19]), so we omit the details
here. In this section, we first consider the decay result of the norm related to (@), () We
discuss two cases, the subcritical case K > 0 in Subsection and the critical case K =0 in
Subsection . After that, we investigate the associated characteristic equation and prove
the optimality of the decay estimates.

2.1 Decay estimates

We introduce the following new variables

~ /l*
Y = Uy, W = Utt, Q,Z}:Oét, = EZga

Thus, (@) takes the form
(U — =0,
Gy —w =0,

1 k* k m o -
Wy 4+~ + —&Hi + —&rp — — €2 =0,
T TP D TP
N . Lo~ mrt o, Mo,
-/ =igz + e+ o + Dt =,
c c c c

5 — \/ngw =0.
C




2.1.1 The case K >0

In this subsection, we assume that K > 0 and we have the following pointwise estimate

and decay result:

Theorem 2.1. Assume that K > 0. Let U := (i + T, Mg, A6+ T, 6, V&)T, where
(4(€,1), 0(E,t)) is the Fourier image of the solution (u(x,t),o(x,t)). Then U satisfies the

following pointwise estimate

U (&) < Ce & T (€) P, (2.6)
for any t > 0, where p1(§) == ﬁ, and where C > 0 is independent of t,& and the initial

data.

Furthermore, let U = (u + Tug, Aug, A(u + Tuy), ap, Vo) I', where (u(x,t), ax,t)) is the
solution of problem (@), (), and Uy = U(x,0) € H*(R*)NLY(R™), where s is nonnegative,
then U satisfies the following decay estimate

_n_k _
IV U017 28y < C(L+ )52 |Uol| 71 gy +Ce™ I V*UolI72(n); (2.7)
forall0 < k <s.

Remark 2.2. The decay estimate (@) indicates there is no reqularity-loss phenomenon,
which is the decay result does mot require a higher regularity of the initial data. Taking
the result in bounded domain into account, the decay estimate here is consistent with the

exponential stability for the MGT-viscoelastic plate with the heat conduction law of type II1

(cf-14])-

For our purpose, we state and prove some lemmas needed to establish our main result.
Lemma 2.3. Assume that K > 0. Let (1, @,w,@ﬁ,i) be the solution of (@), and define the
energy functional of system (@) as

;- A 2 Toeay a2, K s A2, €2, €42
E(& 1) == ¢+ 70| + —K&|@|" + —&|a+ 70" + — [ + — |2,
p p p p
then there exist two positive constants Cq and Co such that
C1lU (&, 1)]> < B(&,1) < ColU (6, 1),

and E(&,t) satisfies
d - 1 I o -
—F t:—7K4A2——2 2'
B =~ KeloP e

Remark 2.4. Although the functionals Fy(t) and Fy(t) have the same form compared with
18, 119], the estimates are different. The functionals F3(t) and Fy(t) are different from those

1N Previous papers.
Lemma 2.5. The functional

Fi(t) := Re((¢ + ) (a" + 7¢7))
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satisfies

d k* . R R R R ;
G0+ (5 —2e) el roP <lp b raf + CEEIP +CEE @9

for any g1 > 0.

Proof. Adding (@)2 and (@)3 X T together, we have
. . Y k4. o om oo
(p+7d) = ——&4i — ~&'p + —&%. (2.9)
p p p
Multiplying (@)2 by 7, and summing up the resulting equality and (@)1, we obtain
(6 + 7¢) = T + P (2.10)

Multiplying (@) and () by (4*+7¢*) and ($*+7w"), respectively, combining the resulting
equations and taking real parts, we have

d k* 4. . . . 1 s s m a s
a0+t o |t Tl = — KeRe(B(@"+7¢7) + € Re((@ +7¢7)). (2:11)
Thanks to Young’s inequality our conclusion holds. O

Lemma 2.6. Define the functional
Fy(t) := Re(—7(¢ + 1) "),

then

d R R R . . A
ZBo(t) + (1= &3)|p+ 7if* < Clea,e)(1+ 8% + €)@ + eo€’|i+ 79 + e [PF, (212)

for any 2,63 > 0 and some positive constant C' = C(e2,¢€3).

Proof. Multiplying (@)2 and (@) by —7(¢* + 7w*) and —7¢*, respectively, adding the
resulting equations up and taking the real part, we arrive at

d . . TK 4 . Tk* R N ax . . ™ ~
%Fﬂt) + ¢+l - 754|80’2 = 7§4Re((u +7¢)¢%) —Re((¢p+ 7)$") — 7§2Re(1/)g0 )-
(2.13)
Thus we deduce ()
Lemma 2.7. The following inequality holds true:
d I* . - . .
SR+ (\/c - s4> 5P < Clea,zs)(€ +ENIP +esla+ ol (214)

where

Fy(t) := Re (@pz + z'%g?’(a n w)z*) .



Proof. We multiply (@) 4 and (@)5 by i€2* and —iy*, respectively, add the results and
take the real part. This yields

ﬁ C e sk “2A2_\/F2A2__l e e 300a I\
dtRe(zwzH\[ 132 — | LI = — Re(i€%)2") - TRe(i (¢ + T0)2).  (215)

Multiplying () and (@)5 by 1%532* and —i%{g(d* + 7¢"), respectively, combining the
resulting equations and taking real parts, we have

d LS T svax) M e30a P
%Re (z;ﬁ (W4 T1$)2 ) = ;Re(zg (p+Tw)2") +

Adding () and () up, we arrive at

I* m2 R
*FS( )+ €2| = \/>€2|1/1!2 ~Re(i€*)2") + \/ 5 Re(P(a* +76%).  (217)
Hence we arrive at ( . O

Now, we give the proof of our main result.
Proof of Theorem @ We define the Lyapunov functional

¢ ¢ €2
(1+¢%)? (1+¢2)? (1+¢%)?

where N, N1, Ny and N3 are positive constants that will be fixed later. Taking advantage of

1*m2

§4Re(1[1(7l* +7¢%).  (2.16)

Li(t) := NE(t) + Ny Fi(t) + Ny Fy(t) + N3 F5(t),

the above lemmas, we have

d k* & e
—L Ni|——2 — Noeg — N —_—
a 1(t) + [ 1 < ’ 61) 262 365} a _1_52)25 |t + 7§

+-N(1—5)—N}£4|¢+7w12+{]\7 \/T*—g }&W
R F N SR S\WVe T a+e

‘N
+ —K — NiC(e1) — NzC(Ez,ES)]§4|@\2
:Nl

+ s N1C(e1) — Naes — N3C(647€5)] Sl
<0, (2.18)
where we have used the fact that 1%2 < 1. At this moment, we want to choose the constants
in () First, we choose
k* [1*
e < —, 63<1, eq < —.
2p c
Next, we fix Ny = N3 =
€9 < il °1 d e5< il €
— —  an — — £,
2 2pN2 NQ g 2p !

Finally, we choose N large enough such that
pIN1C(e1) + NaoC'l(ea,e3)] p[IN1C(e1) + Naes + N3C(eq, €5)]
K ’ l ’
7

N>max{



So we arrive at, with a positive constant aq,

%Ll(t) + oM (t) <0, (2.19)
where
M) = it P e P+ P e + P
(1+¢€2)2 (1+&%)? (1+&%)?
4
> C’(lfWE(t).
On the other hand, we find that
|L1(t) — NE(t)| < CE(t).
Therefore, () becomes ,
%E(t) + CwaE(t) <0. (2.20)

At last, estimate () gives the desired result (@) and we can obtain the decay estimate

(9. 0

2.1.2 The case K =0
For the problem (@)-(@) in the case K = 0, we have the following result:

Theorem 2.8. Assume that K = 0. Let V = (G + T, AT + T1), 6y, V&)T, where
(W(€,t), &(€,1)) is the Fourier image of the solution (u(x,t),a(x,t)). Then V has the fol-

lowing pointwise estimate

V(& 1)]> < Cem O T8, (2.21)
for any t > 0, where pa(§) := % Furthermore, let V = (us + Tug, A(u + Tug), g, Va) T,

where (u(z,t),a(z,t)) is the solution of problem (@)—(@), and Vo = V(z,0) € H*(R™) N

LY (R™), where s is nonnegative, then V satisfies the following decay estimate
_n_k —
IV () 22y < OO+ 07875 [Vol2s gy OOV Vo 2y (2:22)
forall0 < k <s.
According to Lemma @, @ and K = 0, we have the following result:

Lemma 2.9. Assume that K = 0. Let (4, A,w,lﬁ,é) be the solution of (@), and the energy
functional of system (@) becomes

4 . . k* 4. R c - c. .
Et) = o+ 1 + —&Ha+ 7ol + | + — |77,
p p p
then £(&,t) and Fi(t) satisfy

d s ___z 20,712
GRS

d i S )
G0+ (5 - &) el roP <16+ 7ol + OEDIGP,

8



Lemma 2.10. The functional

Fy(t) := Re ((@ + 7)) + \/fig(a + r¢)2*>

satisfies
d - m N N 1+ 2 n ~ % A%
G0+ (T =) €19+ ral < C) (€4 5 ) WP + 258600 + 7Py (229

for any € > 0.
Proof. Multiplying (@) and (@)4 by ¢* and (¢* + Tw*), respectively, adding the results

and taking the real part, we have

d ~ Ntk m .o, . .
—Re((p+rw)y") + ;f% + T

=Tt etme((at m)i) + | SReties(e + 7o) - et + o). (220

Multiplying () and (@)5 by \/%ifé* and —,/ %zf(ﬂ* + 7¢*), respectively, combining the
resulting equations and taking real parts, we arrive at

d l* ~ AN ok | l: ~ AN o% EZ Tk ~k
%Re (\/ZZ&(U—FTQO)Z ) = Re (\/sz(g0+7'w)z ) + CE Re(y(u* + 7¢%)). (2.25)
Summing up () and (), we have

ERo(t) + 5+
N k* N [* . l .
:%gzw - ;£4Re<<ﬂ +7@)Y") + —ERe(P(U” +7¢%) = ~ERe(P($" + Ti")).

2

Since ]ﬁj

< 1 we obtain () The proof is complete. O
Proof of Theorem @ We define the Lyapunov functional as
Lo(t) := N(1+&2)3E(t) + Ni&SFy(t) + Not* Fo(t) + N3&*F(t),

which is obviously equivalent to the energy functional & (t). Now, a combination of the above

lemmas, we obtain

d - [k - o N
&Lz(t) + [Nl (p - 5’1) — 2Ngey — N385]§6§4|U + 7o

_ /m _ . . - [ 1* .
+ [N2 (? —6/2> —N1:| €6|<p+7'w\2 +N3 ( ; —€4> 56’Z|2

+ []Zl — N1C(g}) — NoC(eh) — N3Cl(ey, aﬁ] E(1+ )%

<0. (2.26)



By choosing our constants carefully like before, we can derive

d
JLa(t) + 02D (1) <0, (2.27)

where as is a positive constant and

My(t) = €84 + 7o + €81 + r|? + €822 + €2(1 + €2)* |y
> CEO&(t).

Exploiting the equivalence Ly(t) ~ (14 £2)3£(t), we arrive at

& s

d -
—&(t)+ Cmé’(t) <0. (2.28)

dt

Therefore, making use of Gronwall’s inequality, we obtain the desired pointwise estimate
(R.21]) and we conclude the desired decay estimate () O

2.2 Eigenvalue Expansions

In what follows, we study the asymptotic expansion of the eigenvalues to confirm that our

pointwise estimates (@) and () are optimal.

Putting Z = (a, g&,uﬁ,qﬁ,é)T and Zy = (ﬁo,g&o,wo,z[}o,éo)T, we can rewrite system (@)—

(24 as

{Zt+LZ+i§AZ+SZBZ+§4DZ:O, (2.29)
Z(€,0) = Zo(®),
where
0000 0 0 -1 0 00
000 O 0
000 o 0 00 =100
A= = =0 0 100/,
000 0 —\/; 00 0 00
00 0 _\/g 0 00 0 00
00 0 0 0 0 0 000
00 0 0 0 0 0 000
— _m — | E
B=|0 0 0 -2 0|, D=|[% £ 000
o0 = m L g 0 0 000
00 0 0 0 0 0 000

The solution to () is Z(&,t) = et‘i’(’f)Zo(g), where ®(i€) = —(L +ifA + £2B + £*D).
(1) Setting ¢ = i&, we get

d()=—(L+CA-CB+¢C'D).

Let A;(¢) denote the eigenvalues of the matrix &(¢). Then the eigenvalues Ni(€),7=1,2,3,4,5,

are the solutions of the characteristic equation

Tpedet(A — ®(C))

10



=7pcX’ + (pe — TplC )N 4 [(Tm® + k)¢ = (Tpl* + pl) IV
4 [=KIC + (ck* +m2) ¢t — pl*CHIN2 — (KX 1+ ") CON — E*1% (O
=0. (2.30)

When |¢| = 0, A;(¢) has the following asymptotic expansion:
20 =AY AW A2 g A (2.31)

Substituting () into () and calculating the coefficients )\gh)(h =0,1,2,---), we have

* 2 *
0) _ (1) _ @_, [F e w__K, m K&,
Aj Aj 0, A Py A 0, A 2 20\ 3
j=2,3, when K> 0;

* 2 *
©0) _ (1) _ 2 _ k ®3) _ @ _ , m° k.

Ik*m?2  m*—ck*m?2 |k~
AV =0, A = + i, j=2,3, when K=0;
J ’ J 2021+2 20212 P ) ,0, when ;

©0) _ a_ @ _ L .
AP =0, A fi,/;, N =5 i=45.

Consequently, when K > 0, we have

1 .
~Z+ 0P, i=1,
.

K
Re; (i€) = —;p\&l‘* +O0(€P°), =23 (2.32)

L, 9 3 .
_— s 4
| e+ 0ger), =45
for |£| — 0. And when K = 0, we have

1 )
——+0(eP). =1,
’7'

. Ik*m? s 7 ,
Red(i6) = —5 mpale + O, 7=23, (2.33)

Lo 3N

for || — 0.

(2) When |¢| — oo, we define the matrix ¥(¢™') = B— ("' A— (2L — (2D, which satisfies
the relation ®(¢) = ¢2W(¢).

Let p;(¢71), for j = 1,2,3,4,5, be the eigenvalues of the matrix ﬁ/((_l), which are the

solutions to the characteristic equation
Tpedet(ul — d(¢7))

=rpcp® + (pe¢ 2 = 7pl)u* + [(rm? + ck) — (rpl” + pl)¢ 2
11



[kl + (k" +m2)¢2 = pl ¢ — (K 4+ IR)C 20— KT
=0.
When [¢| — 00, u;(¢1) has the following asymptotic expansion:
(¢ = i + T T T
From the relation \;(¢) = ¢, (¢1), we have the asymptotic expansion of \;(¢) for [¢| — oo
Aj(¢) = M§2)C2 + u§~1)C + u§0) + u§71)C’1 o
By direct computations, we have

nP =g i=1,23,
k,*
0 _g Mg O

1y 1y Bt =0 =4
0 ro.
M§2) = 07 :U’gl) = 07 /Jé ) = _77 J= 57

where x; are the roots of equation TpeX3 — 7plX?% 4+ (Tm? + ck)X — kl = 0. To see that
Re(x;) > 0, we set f(X) 1= 7pcX3 — 7pl X% + (tm? + ck) X — kl. Since

Tm?2l

f(0)=—kl <0 and f(i)z > 0,

c

we have that f has at least least one real root X = y; and x1 € <O, i) We rewrite f as

FX) = (X = x1)(1pcX? + di1 X + dy),

kL

where d; = —7pl 4+ x17pc < 0 and dy = e

For the other two roots x2 and x3, we have

dq do
X2t+xz3s=—->0, xoaxzs=—2>0.
TpC TpC

We conclude that if x2 and x5 are real, they are both positive; if yo and xs are complex
conjugate and

Re(x2) = Re(x3) = ;(i - X1> > 0.

Consequently, for |{| — oo, we have
_Re(X])+O(1)7 ] = 172737
k* _ .
Re);(i€) = ¢ ~ % +O(IE]™), j=4, (2.34)
l*

_7+O(|€’71)7 .7:5

Remark 2.11. It follows from Theorem @ that
54
(1+€2)%
12

m(&) = when K > 0.



Then p1(&) ~ |€]* for [€] — 0 and p1(€) ~ 1 for |¢| — oo. We find that it is consistent with the
real parts of the “slowest” eigenvalues, which behave like ||* for |¢€| — 0 and 1 for |¢] — oo
from (I‘E) and (M), respectively. Therefore, the pointwise estimate in Theorem @ is the

optimal pointwise estimates of solutions in Fourier space.
Theorem @ yields

56
(1+&2)%
Then p2(&) ~ |€]° for |€] — 0 and pa(€) ~ 1 for |€] — oo. Since it matches with the real parts
of the slowest eigenvalues in (m) and (M), the pointwise estimate in Theorem @ is also

optimal.

p2(§) = when K =0.

3 The JMGT-viscoelastic plate with Gurtin-Pipkin thermal
law

Following the same process (cp.[18, [19]) and the treatment of Gurtin-Pipkin thermal law
(cp.[26]), it is easy to prove the well-posedness of system (@)—(@) We start directly with
decay estimates.

3.1 Decay estimate

Here we prove the decay estimates in two cases, which are the subcritical case K > 0
in Subsection and the critical case K = 0 in Subsection . Before we state our
main result about system (@)—(@), we need some notations and hypotheses to deal with

the memory term. First we introduce the following new variable (cp. [6, 8])

S t
n(m,t,s):/ O(x,t—a)da:/ 0(z,0)do, (z,t,5) € R" x [0, 400) x RY,  (3.1)
0 t

—S

which satisfies
m=—1s+0, (z,t,5) €R" xR xRY,

and the conditions
limn(x,t,s) =0, (x,t)€R" x[0,+00),
s—0

and s
n(x,0,5) = mo(s) = / bo(z,0)do, (z,s) € R" x R*.
0

Assuming g(oo) = 0, it follows from integration by parts that

/OO g(s)AO(t — s)ds = — /00 g (s)An(s)ds.
0 0

Setting u(s) = —¢'(s), we obtain

/Oo g(s)Al(t — s)ds = /00 w(s)An(s)ds.
0 0

13



Let the linear operator T' defined as T'n = —ns. Then, system (@), (@) is equivalent to the
following;:

TPy + pug + k¥ A%u 4+ kA% u + mAO = 0, (z,t) € R" x RT,
1 o)
0, — l/ w(s)An(s)ds — mrAuy — mAug =0, (z,t) € R" x RT, (3.2)
0
n=1Tn+0, (z,t,5) € R" x RT x R,
with the conditions
(U,Ut,utt,e)(l‘,O) — (uo,ul,u2,90)(x), HAS an
li ,t,8) =0, ,t) € R" x [0, +00),
lim n(z, ¢, 5) (z,1) [0, +00) (3.3)
S
no(x,s) = / 0o(z,0)do, (z,s) € R" x RT.
0
For the memory kernel g, we use the following assumptions as in [g§]:
(G1) ¢ is an absolutely continuous function on R* so that
g(s) <0, ¢"(s) =0, ¢'(0)=limg'(s) € (=00,0).
5—
(G2) There exists v > 0 such that the differential inequality
g9"(s) +vg'(s) 20
holds for almost every s > 0. A typical example is given by g(s) = e™"5.
We take the Fourier transform of system (@)—( ) to obtain
TPl + puy + k*E4 + k&t — mE?0 = 0,
. 2 00
b+ 5 [ (s + mrei + met =0, (3.4)
0
i+ 15 = 0,
with initial data R R
(’[La ata attv 9)(£a 0) = ({LOa ﬂla ’[L27 HU)(£)7
. 54 (3.5)
in(.5) = [ dufé.o)do
0
where £ € R™. By introducing the following new variables
0= /&t) W= /&Jtta
(@) can be rewritten as
Uy — 0 =0,
0 —w =0,
k* k -
T+ + — 4 et — g2 =0,
p p p (3.6)

. 2

0 + l/ w(8)i(s)ds + mrE2w + me2o = 0,
0

fie + s = 6.
14



3.1.1 The case K >0

In this subsection, we first state the following pointwise estimate and decay result in the
case K > 0.

Theorem 3.1. Assume that K > 0. Let U = (U + T, Ay, A0 + T&t),é, V)T, where
(0(&,1),0(¢,1)) is the Fourier image of the solution (u(x,t),0(z,t)). Then U has the following

pointwise estimate

U D < Cem T (€) P, (37)
for any t > 0, where pi(€§) = ﬁ Furthermore, let U = (u + Tuy, Aug, Alu +

Tuy), 0, V)T, where (u(x,t),0(x,t)) is the solution of problem (@)-(@), and Uy = U(x,0) €

H*(R™) N LY(R™), where s is nonnegative, then U satisfies the following decay estimate
IVFU @) 172y < CA+ 672 T0 )11y +CA+ ) IV U0 2@ny,  (3.8)

for all0 < k <s.

Remark 3.2. The above decay estimate is of regularity-loss type. From the asymptotic

expansion of the eigenvalues later in this section, we observe that the asymptotic behavior in

() is not the same as in the exponent p1(§) in (@), which means that the exponent is not

optimal. Although the above pointwise estimate is not optimal, we notice that the decay rate

mn (@) 1s optimal. The reqularity-loss estimate of the solutions may be improved.

Lemma 3.3. Assume that K > 0. Let (ﬁ,ﬁ,w,é,ﬁ) be the solution of (@), and define the

energy functional of system (@) as

. R R ™K , . k* 4 R 1, . &2 [ .
B 1) 1= [0+ rof? + €0+ S rof + 2108+ 5 [T atslice s

then there exist two positive constants C1 and Cy such that
C1lU (&, 1)]> < B(&,t) < ColU (6, 1),
then E(&,t) satisfies

d - K 4. o .
GEE0 =2 i+ o [ it o)
p 0
Lemma 3.4. Define the functional
Fi(&,t) == Re((0 4+ tw) (4" + 70%)),

then for any €1 > 0, there exists C(e1) > 0 such that

d k* .
(ﬂm@¢»+(p—aa)éa+4m2§w+wa+0@némP+0@nw3 (3.9)

Lemma 3.5. The functional

Fy(&,t) := Re(—7(0 + Tw)d™)

satisfies
d 2
T P26 ) + (1L =e5)[o+7d]* < Clez,e3)€7(1 +§2)2’@|2+€2§4W+T@|2+€31i€2|9|2, (3.10)

for any e2,e3 > 0 and 0(62,83) > 0.
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Lemma 3.6. For anyeyg,e5 > 0, there exist C(g4),C(g5) > 0 such that the following inequality
holds true

S R(E.1) + (9(0) — )P
o0 2
<(3 0o+ [ ueat s + e gl + ol
+ClEeNg O [ e)lie)Pds )

where

Pa&w:ﬂw(—AmM@ﬁ@mﬁ)

Proof of Theorem @ We define the Lyapunov functional
L1(t) := N1E2F1(t) + No£2Fy(t) 4+ N3E2F3(t),

where Ny, No and N3 are positive constants that will be fixed later. It follows from the above
estimates that

d k* . .
aﬁl(f t) [Nl (p —281) —N2€2:| 5254"&4-7'1)‘2

+ Ng(l — 63) — Ny — N3€5:| §2|’[) + 7'117|2

+ | N3(g(0) —e4) — N1C(e1) — N253] 0P

+ | = NiC(e1) — NoC(eo, 53)] (1+ &3¢0

—M{}+a%0 2(1 4 ¢2 / e2u(s

—maaWﬂmé( 4 (5))(3) s

<0, (3.12)

2ds

where we used the fact that 1i£2 < 1. Moreover, according to (G2), we deduce

| enwliteropas < [ s)eie P, (3.13)
0 vV Jo
Hence, () becomes

%51(5 )+ [Nl (Ij - 261) - N262] 264 a + 1o

+ |:N2(1 — 63) — Ny — N3€5:| 52’@ + T’LZ)|2 + [Ng(g(O) — 64) — N10(51) — N2€3:| §2|é|2

— C(Ny, No,e1,€2,e3) (1 + €2)%¢Y0|* — O(N3,e4,65,v) (1 + £2) / E (=i (s))]n(& L, s)|*ds
<0. (3.14)

By choosing the constants carefully as before, we obtain

%ﬁl(f t) +Oz1M1(§ t)
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<C(N1,Na,e1,€2,63)(1 + €)% 0* + C(N3, e4,85,0) (1 + €°)° /OO E (= ()l (€ 1, 5)|*ds,
’ (3.15)
where
M (&,t) = E2(EYa + o + |0 + 7] + |0)?).
We define the Lyapunov functional L;(&,t) as
Li(:) == N(1+ &)’ E(€, 1) + L1(&. 1),

where N is a positive constant that will be fixed later. By virtue of Lemma @ and (),

we have

%Ll (55 t) + alMl (55 t) + []\Z( - C(Nl) NQa €1,€&2, 83):| (1 + £2)2€4|{)|2
N oo
+ |~ ez @+ €2€ [T -uolite noPas
<0. (3.16)
Finally, () becomes
S Lie )+ OLBE ) <0, Vi >0 (3.17)

by choosing N large enough.
On the other hand, for N large enough, we can find two positive constants C; and Cs
such that
Cr(1+E)E( ) < Li(6,1) < Co(1+ P E(E,1), Vi20.

Therefore, () becomes

iE(eg t)+CiE(§ t) <0, Vt>0
at Arep &y =s V=t

Consequently, making use of the equivalence of F (&,t) and |U |2 and Gronwall’s inequality, we
obtain the desired result (@) Hence we arrive at the desired decay estimate (@) O

3.1.2 The case K =0

In this subsection, we assume that K = 0 and we have the following pointwise estimate

and decay result:

Theorem 3.7. Assume that K = 0. Let V = (i + Tly, A6 + 78),0, V)T, where
(0(&,1),0(¢,1)) is the Fourier image of the solution (u(x,t),0(z,t)). Then V has the fol-
lowing pointwise estimate

V(D) < Cem @OV (e)P, (3.18)
for any t > 0, where pa(§) := ﬁ Furthermore, let V = (uy + Tug, A(u + 7ut),0, V)T,

where (u(z,t),0(x,t)) is the solution of problem (@)—(@), and Vo = V(z,0) € H*(R") N
LY(R™), where s is nonnegative, then V satisfies the following decay estimate

IVEV (@) 72n) < CL+ )72 [Voll 1 @ny+C (1 + )7 IV V0172 gy, (3.19)

forall0 < k <s.
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Remark 3.8. We note that the above result exhibits a regularity-loss phenomenon. And
according to the asymptotic expansion of the eigenvalues in the next section, the exponent in
pointwise estimate () is optimal. Hence, the decay estimate () is also optimal.

We get the following consequence from Lemma @ and @

~

Lemma 3.9. Assume that K = 0. Let (u,0,1,60,7) be the solution of (@), and the energy
functional of system (@) becomes

. . . L* . . 2 .
E( 1) = |U+Tw!2+?€4lu+ﬂ)l2 \9\2 s /0 u(s)A(&,t, s)ds,

then E(€,t) and Fi(t) satisfy

2 o9
Feen =g [l pas

%Fl(f t) + <]; — 51> 4+ 702 < [0+ o> + C(h)]0)2.

Lemma 3.10. The following inequality holds true:
d

() + (m— )0+ T < ep¢li+ 70l* + C(H)€710] + C(e5)6%(0) /0 u(s)l(s)|*ds,
(3.20)
for any €, &5 > 0, where
Fy(t) := Re((d + T)6*).
Proof. Combining (@)2 + (@)3 with (@) 4, We arrive at
A ~ * 4 A ~ m 2 A
(U—FT'U})t-F;{ (4 +70) — ;f 6=0,
(3.21)

Multiplying ()1 and ()2 by 6* and (0* 4+ Ti*), respectively, adding the results and
taking the real part, we get

d
%FQ( )+ mé& |0 + T |?
252 K 4 N A\ A ¢ . . .
Ff |6]* — ?f Re((a + 70)6%) — Re< l /0 w(s)n(s)ds(o* + )>
Young’s inequality yields, for any &5, &5 > 0,
—&"Re((+ 70)0") < heCla + Tol” + C(5)E2|0P,
52 ! ¢2 2 2 > 2
oS [T ueioas(r 7)) < o+ ral + CE)0) [ ueliGe)as.

A combination of all the above estimates gives the desired result. O
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At this position, we are ready to prove Theorem @
Proof of Theorem @ We define the Lyapunov functional

2
£alt) = Nup g FA(D) + Ny g Folt) + NaFs(),

where Ny, Ny and N3 are positive constants that will be fixed later. By virtue of the above
estimates, we obtain

¥ 2
%Eg(f t) + [Nl (k; 5'1) N26g:| £ a+ 1|2

52
2
+ |:N2(m—6/2)—N1 N3€5:| i§2‘1}+7’w’2
i {Ng<g<0> e - MO N20<eg>] 6P
—N3<}+0(55)> )(1+ €2 / 2u(s)|i(s)2ds

— NC(e)g'(0) / (=4 ())](s)[2ds

_ N20<e'2>1+1€29<o> /0 2 u(s)li(s)

<0

2ds

)

where we used the fact that 1§r£2 < 1. It follows from () that

« 2

%L’g(f,t) + {]\71 <k;) — 5'1> — N2€3:| ¢ 52§4|u + 702
2

+ [Ng(m — &) — N1 — N355] 3 e o + T

+ [Watal0) - 21 - Mo - N2C(€§)] o

— C(N2, N3, &9, €4,€5,V) +§2/ (= (s))|A(&, t, )| *ds
<0.

By choosing our constants carefully as what we did before, we can derive

i@(f t) + aaMs(&,1)

dt
<C(Ny, Ny, &y ea, 25, 7)(1 + €2 / (=l (s)|A(E, 1, ) ds, (3.22)
where )
5 4 ~ ~12 ~ ~12 N2
My (&,t) = 1+€2(£ |t + 70|° + |0+ Tw|” + |0]°).

Then we define the Lyapunov functional Ly (€, )
La(&,1) == N(1+E)E(E 1) + La(6,1),
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where N is a positive constant that will be fixed later. Applying Lemma @ and (), we

have

%L2<£7 t) + O‘QMQ(é.v t)
b [ O, Ny, e zson)| 1+ €8 [ (e o) Pas
2Pl 254V35C95C49Chy 0 H me,tu,
<0. (3.23)

Finally, by choosing N large enough, we arrive at

d 2
L2<£,t)+01j§2

c < > 0.
g E,t) <0, Vt>0

Moreover, by the equivalence of Lo(€,t) and (1 + £2)E(€,t), we find that

ié(eg t)+0ié(§ £) <0, Vt>0
at< 'S 1repcet=h =0

Therefore, we obtain the desired pointwise estimate (B.1§) and the desired decay estimate
(B.19). 0
3.2 Asymptotic behavior of the eigenvalues

We assume here
g(s) = d1e™ %", (3.24)

where for 1,602 > 0, as typical memory type kernel. From (Q)1 and (@)2, it follows that
— mAO = Tpug + pug + kA% + kA%, (3.25)

and

— mAl; + 77/ g(s)A%0(t — s)ds + m>TA%uy + m?A%u, = 0. (3.26)
0

Substituting () into (), we arrive at
* A2 2 2_A2 2 A2
Tputttt—i-puttt—i-k A Ut+kA U + M TA Uge + M A Ut

1 o
—7 / 516_525(7,0Auttt + pAuy + k*Adu + k‘Agut)(t —s)ds =0,
0
or

T PUttt + PULt + E*A%uy + kA% uy + m2m A%y + m2A2%u,

1 t
- = / §1e02(t=7) (TpAuyy + pAuy + k* Adu + kA3u) (r)dr = 0.

L)oo

Taking the derivative of the above equation with respect to t, we have

Tpugsss + ( +m>T) A%y + (B + m? + kg + m>72) A%uy 4+ (k*02 + m202) A2uy
_ Tp51 ,051 51k 51](5*

I Auttt — TAUtt — TA?’ut — TA3U + p(SQUttt + (p + Tpég)’u,tttt =0. (327)
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Taking the Fourier transform of (), we arrive at

d° dt 2 4, TPOL 19 °
TPl +(p+ T,O(SQ)@U + [(m T+ k) + TE + pdo FTEL
) d?
- [(k:* +m? + kdy + m?72)€* + ;pgz] il
o1k d o1k*
+ [; €0+ (K*62 + m252)§4] &ﬁ + 711 ¢Sa =o.

Let ¢ = i&, then the characteristic equation is
TpIN + (pl + TpSal )N + [(mPrl + k1) — 7p61 (% + poal] AP

+ [(k*L + m?1 + kdol + m>7650)C* — 61p¢%] N?
+ [=61kC0 + (K02l + m2821) ¢ A — 61k*¢ = 0.

(1)When |¢| — 0, we denote the eigenvalues of the above equation as A\;(¢), j =1,---,5,
which has the following asymptotic expansion:
2O = A AV A2 A
Here each coefficient is given by direct computations as
A =2 =0, AP =g, j=123
A = —%, j=4,
/\éo) = =0y, Jj=5,
where Re(¢;) > 0.
Consequently, we have
—Re(¢;)[¢[* + O(g]*),  j=1,2.3,
Redi(i€) ={ —= +0(P), j=4 (3.28)

~02+0(EP), j=5
(2) When |(| — oo, taking v = (71 = (i¢) ™!, the characteristic equation is
Tplp® + (pl + Tpdal)C 2t + [(mPrl + kl) — 7p61¢ 2 + pdal¢ ]

+ [(K*L+ mPL+ kol +mP70,0)¢ % — 61p¢ 4] 1?
+ [01kCT2 + (K2l + m20o0) ¢4 o — S1k* ¢t =0,

where p(v) = v2\ = (72X is a solution. \;(¢) has the following asymptotic expansion:

2O = 1P+ 1Vl Ve

Here each coefficient is given by direct computations as

1
@ _ [fmitk o ) Kl , (o)
H ol T 2r(rlm? + kD2 O (rim? + kD)3
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7=1,2, when K >0

Im?2 + ki 1)z _
7pl (TIm?2 + kl)2

Re (1) = A(7°p010alm* + 72p01 8P m?k) + (2 pdil*m + 7pdi kI*m?)
’ 2(tlm? + kl)3 )
j=1,2, when K =0;

(2) (1) [ 0k 0) §100kl(tm? + k) + K&1lm?
Hj o rim2+ kM 201k(TIm? + k) IS

@ _ (1) (0) k*
J=p) =0, p) =——,
k

j=5.

Consequently, when K > 0, we have
K
27(rlm? + kl)?
_51(52kl(7'm2 + ki) + K&llmQ
261 k(Tim? + k)

+0(¢1™), j=1,2,

Re),(i€) = +0(l¢]7Y,  j =34, (3.29)

k* _ .
— o3, =5,

for |£] — co. And when K = 0, we have

([ —Re (17?) g2+ 00¢™), =12
5152kl(7m2 + ]{Z)

y 3 p— - _1 1 = 4
K L
|~ TOUET), =5,

for €| — oo.

Remark 3.11. From (B.2§) and (), we find that the real parts of the slowest eigenvalues
are |€|? for |€] — 0 and 1 for |¢| — oo respectively. Observe that the exponent is

52

m, when K >0

p1(§) =
in Theorem @ Then p1(€) ~ [€]? for |€] — 0 and p1(€) ~ |€|72 for |€] — oo, which means the
exponent does not match with the real parts of the slowest eigenvalues. Hence, the pointwise
estimate in Theorem @ is not yet optimal with respect to p1.
It follows from Theorem @ that

52

m, When K=0.

p2(§) =
Then pa(€) ~ €2 for |€] — 0 and pa(€) ~ [€]72 for |€| = co. Since it is in line with the real
parts of the slowest eigenvalues in (B2d) and (|33d), the pointwise estimate in Theorem @
s optimal.
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