BLOW-UP OF SOLUTIONS FOR RELAXED COMPRESSIBLE
NAVIER-STOKES EQUATIONS
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ABSTRACT. We present a blow-up result for large data for relaxed compressible Navier-Stokes
models avoiding the possibility of reaching the boundary of hyperbolicity. Thus a previous
result is improved and further examples are given illustrating possible effects of a relaxation and
contrasting the classical compressible Navier-Stokes equations without relaxation where solutions
for large data exist globally.
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1. INTRODUCTION

We consider the system of one-dimensional non-isentropic compressible Navier-Stokes equations,

pe + (pu)e =0,
put + puty + Py = S:va (11)
E; + (uE +pu+q— Su), =0.

with (¢,2) € Ry xR. Here, p,u, p, F represent the fluid density, velocity, pressure and total energy,

respectively. Equations for the stress S and the heat flux ¢ should be given to make the system
(1.1) closed. We shall use the following model:

m1(0)(pg: + pu - qz) + g + K(0)0 =0, (1.2)

and
To(pSt + pu - Sz) + 5 = puy,. (1.3)

Here 71(0), 72 > 0 are relaxation parameters, x(6) > 0 and u > 0 denote the heat conduction
and the viscosity coefficient, respectively. 75 and p are assumed to be constants. The constitutive
equation (1.3) was proposed by Freistithler [7, 8] for the isentropic case, see also Ruggeri [19] and
Miiller[17] for a similar model in the non-isentropic case.

Furthermore, we assume that the total energy is given by

_ } 2, 72 o2
E=gpu”+ 2;/05 + pe(f,q), (1.4)
and the specific internal energy e and the pressure p are given by
e(0) = G0 + a(6)q?, p(p,0) = Rpo, (1.5)
where ) )
Z 1 . T1
=—— -7 h Z(9) = .
a(h) 7 5 (0) wit (9) 0)
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Here, C, > 0, R > 0 denotes the heat capacity at constant volume and the gas constant, respec-
tively. p and e satisfy the usual thermodynamic equation
p2€p =p — Opy.

The dependence of the internal energy on ¢? is indicated by Coleman et al. [5], where they
rigorously prove that for heat equations with Cattaneo-type law, the formulation (1.5) is consistent
with the second law of thermodynamics, see also [3, 6, 22].

In the constitutive relation (1.3), in its linearized form: 79S5; + S = pu,, the positive parameter
To is the relaxation time describing the time lag in the response of the stress tensor to the velocity
gradient, cf. also Christov and Jordan [4]. Pelton et al. [18] showed that such a”time lag” cannot
be neglected, even for simple fluids, in the experiments of high-frequency vibration of nano-scale
mechanical devices immersed in water-glycerol mixtures. It turned out that, cf. also [2], equation
(1.3) provides a general formalism to characterize the fluid-structure interaction of nano-scale
mechanical devices vibrating in simple fluids. A similar relaxed constitutive relation was already
proposed by Maxwell in [16], in order to describe the relation of stress tensor and velocity gradient
for a non-simple fluid.

We shall consider the Cauchy problem for the functions

(pyu,0,5,q) :Rx[0,400) =Ry xRx Ry xR xR
with initial conditions

(P(iU, 0),U(IC,0), 9(1’, O)a S(SU,O), Q(x, O)) = (PO, Uo, 00a SOa QO)' (16)

Neglecting p in the constitutive relations (1.2)-(1.3) and assuming 71, to be constants, the
authors and Wang[12] established a blow-up result under the assumption that (p—1,6—1,4,5) € Q
with Q a ”small” domain. Therefore, the solutions in [12] might ”blow up” in the sense that one
may reach the boundary of Q2. The aim of this paper is to:

e establish a symmetric hyperbolic system without smallness condition,

e find a physical entropy which gives lower energy estimates and some dissipation,
e show a global existence result for small data,

e mainly prove a blow-up of classical solutions for large data.

It should be noted that the constitutive relations (1.2)-(1.3) have many merits. For example, as
mentioned by Freistiihler [7], they are Galilean invariant and in a conservation form which allows
one to define weak solutions. Moreover, the use of constitutive relations (1.2)-(1.3) in this paper is
originally coming from the idea that putting the system into a symmetric hyperbolic system, for
which the pressure p should not depend on ¢ and S. In this regard, to satisfy the thermodynamic
relation p?e, = p — Opp, the specific internal energy e should not depend on p (for an ideal gas).
Therefore, we removed the variable p in the formulation of e in our previous paper [12]. Then, to
have an entropy equation and a ”good” equation for €, we just need the new constitutive relations
(1.2)-(1.3) which coincide with the model proposed by Freistiihler, at least for the isentropic case.

The most interesting aspect might be that the blow-up result contrasts the situation without
relaxation. i.e. for the classical compressible Navier-Stokes system corresponding to 7 = 75 = 0,
where large global solutions exist, see Kazhikhov [15]. This really nonlinear effect — loosing the
global existence for large data —, not anticipated from the linearized version, shows the possible
impact a relaxation might have. For several linear systems of various type an effect is visible in
loosing exponential stability in bounded domains or becoming of regularity loss type in the Cauchy
problem, see the discussion in our paper [12].

The method we use to prove the blow-up result is mainly motivated by Sideris’ paper [20] where
he showed that any C! solutions of compressible Euler equations must blow up in finite time. A
blow-up result for a similar system has also been stated recently by Freistiihler [9] applying the
general result for symmetric hyperbolic systems with sources in one space dimension by Bérlin [1].
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A solution remains bounded, but the solution does not remain in C!, provided the data are small
enough. We shall show that the system (1.1)-(1.6) is a symmetric hyperbolic system which has the
important property of finite propagation speed. This allows us to define some averaged quantities
(different from that in [20]) and finally show a blow-up of solutions in finite time by establishing a
Riccati-type inequality. In contrast to [9, 1], our blow-up requires large initial velocities; moreover,
here the largeness is described explicitly. For initial data being small in higher-order Sobolev spaces
(H?), there exist global solutions. The method used here also extends to higher dimensions, see
[11].

The paper is organized as follows. In Section 2, we derive an entropy equation for system (1.1)-
(1.6) and then present the local existence theorem in Section 3 together with some remarks on
global existence for small data. In Section 4 we show the blow-up result.

Finally, we introduce some notation. WP = W"™P(R), 0 < m < oo, 1 < p < oo, denotes the
usual Sobolev space with norm || - ||yym.», H™ and LP stand for W2 resp. WO>.

2. LOCAL EXISTENCE

5 (Zée))/ >0 (2.1)

In the following, we shall assume that for 6 > 0
, 1
a(@) > 0,a'(0) >0, =

The assumption a’(#) > 0 implies e > C, > 0, which make the system (1.1)-(1.3) uniformly
hyperbolic without small condition. The third inequality in (2.1) will give the L? estimates of
q from Lemma 3.2 below, which will be used in the blow-up result. Note also that by choosing
Z(0) = :((09)) = k6~ with k be any constant and 1 < a < 2, the assumption (2.1) holds.

Now, we transform the equations (1.1)-(1.3) into a first-order symmetric hyperbolic system.
First, we rewrite the equation (1.1), for 6 as

2a(0) ) 2a(0) , 1 _,
egl; + | pueg — ——=q | 0, + RpOu, + q. = + —5“. 2.2
pegbs (p "= 70)" p Ly (2.2)
Then, we have
AYU)U + ANU)U, + B(U)U = F(U), (2.3)
where U = (p,u, 0, q,S) and
RO peg T1(0)p T2p
A°U) = diag{— T2p
(U) la’g{ p 7p7 9 I K}(a) b )
Au  Re 0 0 0
RO pu Rp 0 -1
ue 2a(0
Al(U)y=1 0 Rp (pes _ez((e)) ) 9 0 1,
0 0 : niou 0
0 -1 0 0 %pu
, 11 , 2a(0) , 52
B =d —,—hF =d — - — .

Therefore, the local existence follows immediately, see [14, 21, 13].
Theorem 2.1. Let s > 2. Suppose that
(po — 1, u0,00 — 1,40, 50) € H*(R)
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with ming (po(x), 8o(x)) > 0, there exists a unique local solution (p,u,8,q,S) to (1.1)-(1.6) in some
time interval [0,T) with
(p—1,u,0 —1,q,5) € C°([0,T], H*(R)) N C*([0,T], H*~*(R)), (2.4)
min(p(t, z),0(t, x)) > 0, vt > 0.

3. ENTROPY EQUATION AND GLOBAL EXISTENCE

In this part, we first derive an entropy equation for system (1.1)-(1.3). Defining the entropy
z0)\
n:=CyInf — Rlnp— 20) 7. (3.1
20
Similar to [12], we have for a local solution

Lemma 3.1. The entropy n defined above satisfies
2 2
e - 5
(pm)e + (pun+ ). " moE b

Proof. From the energy equation (1.3), we easily get the equation for e as follows:
1
per + puey + puy + gz = ;52. (3.3)

Dividing the above equation by 6 and using formula (1.5), one has

o _ Lg2

£(Cu0 +a(0)q?): + T2 (0 + al0)?)s + Rpu, + % v

9( 0
Now, we calculate the following term

£ @O) + a0

P <a(99)q2) +p 9(2) %0, + pu (“;Z)f)w + pu@q%
=p (ag)qQ)t —p (ZQé?qQ)t + p%f)cm + pu (a(;)qz)z — pu <Z2(992) qQ)x + puzg(f)qqz

(5 5)0) (P 2)0)
(0)

) a(9

where we have used the identity (

. On the other hand, using the mass equation
(1.1),, we have

Rpu; = —Rp((Inp); + u(ln p),)

Combining the above estimates and noting that

020 __ (20

0 262 20

we get the desired result. O

Remark 3.1. Once we use the constitutive relation (1.2), there are three unknown thermodynamic
variable (for example, the density, temperature and heat flux) rather than two in the classical

system. Thus, with the entropy defined in (3.1), we can get an extended Gibbs relation used in
extended irreversible thermodynamics (see [19, 17]) as

Z(0
fdn = de 4 pdv — quq, (3.4)
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where v = % and n is the physical entropy. When 11 (8) = 0, the equation (3.4) reduces to the
classical Gibbs relation.

The entropy equation implies the following lower energy estimates:

Lemma 3.2. Let (p,u,0,q,5) be local solutions to (1.1)-(1.6), then we have

1
/ {C’vp(G —Inf—1)+ R(plnp—p+1)+ pa(f)q* + ES2 + ZpUZ} dz
R

/ / ( M;) dzdt = I, (3.5)

1
Iy = / (Cvpo((g() —1In6y — 1) + R(poInpo — po + 1) + poa(fo)qs + SO 2P 0u0> dz.
R

where

Moreover, for |p—1| < £,|6 — 1| < 1, we have

/((9 — 124+ (p—-1)*+ ¢+ 5% +uP)dz + /t/(qQ + §%)dzdt < Cl,. (3.6)
R 0 JR

Proof. Combing the entropy equation (3.2), the momentum equation (1.1), and the energy equa-
tion (1.1),, we have

1(20)\ 1
{Cvp(H —Inf0—-1)+ R(plnp—p+1)+p (a(@) + 3 ( é )> ) + Q—pS2 2pu2] +
t
/
[Cvpu(ﬁ —In6 — 1)+ Rpulnp — Rpu + pu (a(&) + % (@) > + 2—,0uS2 lpu +pu+q— Su— %}
2 2
q 5
e e =Y
Then, using assumption (2.1), we get (3.5) immediately. Moreover, using Taylor expansions, we get
f—Ing—1 252(9—1) (3.7)
_1 2
plnp—p+1—2n(p 17 (3:8)
where £ € (1,0),n € (1,p). Therefore, by assuming |p — 1| < %,|9 -1 < %, we get the L? estimates
(3.6). O

We give a remark on global existence for small data.

Remark 3.2. Since the system is symmetric hyperbolic, zero-order estimates (from the entropy
equation) together with Kawashima’s dissipation structure (from our linear analysis in [12]: The
linearized system are the same) would imply the global existence of strong solutions for small initial
data which we do not state in detail.

4. BLOW-UP FOR LARGE DATA

Here we now show that there exist large initial data (po, ug, 8o, qo, So) such that the local solution
(p,u,0,q,S)(t, ) must blow up in finite time.

Since the system is symmetric hyperbolic, the local solutions of (1.1)-(1.3) possess the finite
propagation speed property:
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Proposition 4.1. Let (pg, uo, 0o, qo, So0) be given as in Theorem 2.1 and (p,u,0,q,5) be local
solutions to (1.1)-(1.6) on [0,Ty). Let M > 0. We further assume the initial data (po — 1, ug, 0o —
1,40, So) are compactly supported in (—M,M). Then, there exists a constant o such that

(p(-,t),u(-,t),@(-,t),q(-,t),S(~,t) = (LO’LO’O) = (ﬁ,ﬂ,é, q; S)
on D(t) ={z e R|[z| > M +ot}, 0<t<Tp.

Now, we define some averaged quantities as follows:
F(t) = /pu cxdr — T /dex, (4.1)
G(t) = /R(E(x,t) — E)dux, (4.2)
where

1 T2
E = —pu® + = pS? 9
SPu” + Q#pS + pe(b,q)
is the total energy and

_ 1

E:=ple+ 5112) = C,.

The functional F' with the second term involving S is different from those used in [20, 12].

We mention that the functional defined above exists since the solution (p — 1,u,0 —1,¢,S) is
zero on the set D(t) defined in Proposition 4.1.

Now, we are ready to show our main result.

Theorem 4.2. We assume that the initial data satisfy the assumption in Theorem 2.1 and Propo-
sition 4.1 . Moreover, we assume that assumption (2.1) holds and

G(0) > 0. (4.3)

Then, there exists (po,uo, 6o, qo, So) satisfying

2
F(0) > 320 Mmax po , o (4.4)
3—7
and
(3 —=7)um max pg 12802 max pg M
4<M2 +y = 1) (Ho+ — luol|72) < — 3, (4.5)

where Hy is defined in (4.7), such that the length Ty of the mazimal interval of existence of a
smooth solution (p,u,8,q,S) of (1.1)-(1.6) is finite, provided the compact support of the initial
data is sufficiently large and v := 1+ C%is sufficiently close to 1.

Proof. From equations (1.1), and (1.1),, we can get the equation for E:
Ei+ (uE +up —uS +q), =0,
which implies that G is a constant and

G(t) = G(0) > 0. (4.6)
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In the following, | denotes fR for simplicity. Using the momentum equation (1.1),, the constitutive
equation (1.3), Lemma 3.2 and (2.1), we can derive

Flt) = / (pw)s - wdz — 7 / (pS).dz
f/( o —p+ S)a - xdx+/Sdz
/pu +/p p)d
— / pudx + / (Rpf — RpO)dx
= [ [ (oo - Fawo - F 7205 as

/,mfdx (=1 /(E ~B)dz— (y— 1) / %qudx (- 1)/ <a(9)pq2 + ;Zpﬁ) dz

3—
> o7 puldx — (v — 1)/ a(0)pg® + BpS2 dz
2 2u
3 — max
> 257 [ pulda = (= (o + P2 ol )

where v = Cﬁ + 1 and

1 /Z(6 ! T
Hy := /Cupo(eo —Infp — 1) + R(poInpo — po + 1) + po (a(QO) t3 ( ( 0)) >q§ + i%dﬂ

bo
(4.7)
On the other hand,
2
F2(t) <2 </pu-xdx) —|—27'22 ( dex)
< 4 max po(M +at)3/pu2dx—|—2 Sde/pdx
< 4max po(M + ot)? /qudx + 4pre(Ho + ax P lluol%2) max pg - 2(M + at)
which implies
/ e F(t)? _ 2u72(Ho + ™50 |uol|7-)
P - 4maxp0(M + ot)3 (M + ot)?
Combining the above results, we derive
3—7 (3 —=v)ur max po
F'(t) > FP)— | s +7— 1) (H 2 4.8
02 gm0 - (S22 - 1) (ot P P ol (48)
— c3 2
= —— —F@{) - K(
(14 cat)? ®) ®)

where ¢ := 77, c3 1= sm'j;:%' With this Riccati inequality, we can show the blow-up result.

Indeed, assuming a priori that

C3 2
2K(1) < o P, (4.9)
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then we have

C3

F'(t) > ———_F?(t
() = 2(1 + eot)3 ®),
which gives
1 1 1 Cs c3

Fo = Fy F(t) = 4cy  4dea(1+ cot)?
for which the maximal existence time 7' can not be infinity provided
4 32 M?
Fy > ey _ 320maxpoM”
c3 3—7v

Here Fy = F(0). Moreover, we have

1 1 C3 C3

< - _ .
F(t) - FO 462 + 462(1 + Cgt)Q,
which implies that

462(1 + Cgt)Q

F(t) >
C3

(4.10)

(4.11)

(4.12)

(4.13)

To show that the a priori estimate (4.9) holds, we use the bootstrap method expressed in the

following simple lemma.

Lemma 4.3. Let f € C°([0,00),[0,00)) and 0 < a < b such that the following holds for any

0<a<f<o:

f(0)<a and Vtela,f]: ft)<b = Vie|a,f]: f(t)<a.).

Then we have

VE>0: f(t) <a.

That is, under the a priori assumption (4.9), we need to show that

c3
SF2 ().

KOS s

We need the above equality holds in particular for ¢ = 0, that is,

A ((3 —VpTs max o

2 +7—1)(H0+

Next, using (4.13), one only need to show

1 )2 16c3
syl 10
C3 Cc3

which is sufficient to show

(3 =) maxpy, o 166
(B = 1) o+ P ) < 1

luoll72) < esF -

(4.14)

(4.15)

(4.16)

(4.17)
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Note that (4.11) and (4.17) imply (4.15), we need to find some ug such that the assumptions (4.11)
and (4.17) hold. As in [10], we choose ug € H*(R) N C'(R) as follows:

O, HAS (—OO,—M},
L cos(m(z+ M)) - £ x € (—M,—M +1],
—L, xe(-M+1,-1],
ug(z) := { Leos(§(z — 1)), xz e (—1,1], (4.18)
L, xe(1,M—1],
Leos(r(z—M+1)+% ze(M-1,M],
0, x € (M, 0),

where L is a positive constant to be determined later. We assume M > 4. Assumption (4.3) can
easily be satisfied since it is equivalent to requiring

1
/ (poeo — pe + u%) dx > 0,
R 2

which is satisfied by choosing pofy > pf = 1. Since

and

/(:ﬂpo(x)uo(a:))dx > gmin poM?
R

M
S/ PodeJrTz/PoSgdx < max po(1 + pHF) M.
-M

T2 / poSodiC

We choose L large enough, and independent of M, such that

320 max pg
3=

}

L
Zminpo > max{max po(1 + pHZ),

Therefore, (4.11) hold. Now, after having chosen o large enough, fix L. Then we choose M
sufficiently large and v — 1 sufficiently small such that (4.17) holds. O
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