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Abstract

This work aims at deriving and analysing a reaction-diffusion model for the transmis-
sion dynamics of the Coronavirus (COVID-19) which takes into account the reinfection
and the vaccination process, and to compare it with the ODE model. After formulat-
ing the time-dependent ODE model, we compute the control reproduction number R.
and prove the global stability of the disease-free equilibrium whenever R, < 1. We also
demonstrate that if R, > 1, the disease-free equilibrium becomes unstable and coexists
with at least one endemic equilibrium point. We then use data from Germany to cali-
brate our model and estimate some model parameters. We find that R. = 1.13 expressing
that the disease persists in the population. To determine key parameters which influence
the model dynamics, we perform global sensitivity analysis by computing partial rank
correlation coefficients between model parameters and the control reproduction number
(respectively model state variables). After that, we include in the previous model the mo-
bility in space by transforming it into a reaction-diffusion PDE model. For this last initial
value boundary problem (IVBP), we prove the non-negativity, existence, and uniqueness
of solutions. We also prove the local and global stability of the disease-free equilibrium
whenever R. < 1, and the fact that R, > 1 implies the instability of the DFE and its co-
existence with at least one endemic equilibrium point. To validate our theoretical results,
we perform numerous numerical simulations. We then compare the ODE model with the
PDE model.
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1 Introduction

The Covid-19 pandemic started in 2019, see [21, 36, 34, 48] for the development and mea-
surements of containment. May 2021 is the start date of vaccination in several countries around
the world [46].

Since the beginning of the Covid-19 pandemic, several mathematical models were formulated
and studied to predict the future of the disease, as well as the efficiency of control measures
(see [5, 10, 22, 25, 33, 38] and the references therein). Some authors have worked on time-space
models, also called reaction-diffusion models [6, 7, 9, 15, 18, 26, 29, 43, 49]. In [6], Ahmed et
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al. formulated a SAIR reaction-diffusion model with nonlinear incidence rates in a constant
population. Brusset et al. in [7] formulated a SIS reaction-diffusion model to represent how
the geographic spread of the pandemic, by reducing the workers’ participation to economic life,
undermines the ability of firms and as a result the entire supply networks to satisfy customers’
demands. An SI reaction-diffusion model with cross-diffusion is formulated and studied in [9]
by Cherniha and Davydovych using the Lie symmetry method. In [15], Fitzgibbon et al. de-
veloped a dynamic model of an evolving epidemic in a spatially inhomogeneous environment.
They analyzed it to predict the outbreak and spatio-temporal spread of the COVID-19 epidemic
in Brazil. To take into account the non-local Covid-19 transmission due to the fact that people
often travel long distances in short periods of time, Grave et al. in [18] combined a network
structure within a reaction-diffusion PDE system. They defined the transfer network, the trans-
fer operator, the donor operator, and the receiver operator. Kevrekidis et al. [26] formulated
and studied an SEAIHR reaction-diffusion model with Greece and Andalusia as case examples.
Youcef Mammeri in [29] formulated and studied a SEAIR reaction-diffusion model with mass
action incidences, and France as a case example. Mustafa Turkyilmazoglu in [43] formulated
and studied a simplistic reaction-diffusion model to mathematically explore the spatio-temporal
development of the concentration of indoor aerosols containing infectious COVID-19 respiratory
virus nuclei. Zhu and Zhu in [49] constructed a time delay reaction-diffusion model including
relapse, time delay, home quarantine and temporal-spatial heterogeneous environment that
affect the spread of COVID-19.

Note that the above mentioned authors do not integrate vaccination in their models. In [4],
we formulated and studied a SQV EAIHR — B Covid-19 type compartmental model in which
vaccinated individuals are divided into two different groups: the ones who take the first dose
and the ones who takes the second dose after taken the first dose. Model formulation was done
using both integer and non-integer derivative in the Caputo Sense, with application to German
data. In the present study, we formulate and study an SVEAIR type reaction-diffusion model
to traduce the Covid-19 transmission dynamics. The proposed model here takes into account
the reinfection and the vaccination process with Germany as a case study. One main goal here
is to compare quantitatively the model formulated with ordinary differential equations (ODE)
and the corresponding reaction-diffusion model with partial differential equation (PDE). Our
new contributions are:

1. We first analyse the ODE model by determining the control reproduction number de-
noted by R. and prove the global asymptotic stability of the disease-free equilibrium
point (DFEP) whenever R. < 1. Then, we prove the existence of at least one endemic
equilibrium point (EEP) when R, > 1.

2. We then perform parameter estimation using real data from Germany, as well as sensi-
tivity analysis.

3. After that, we extend the ode model by including the diffusion terms to obtain a reaction-
diffusion PDE model. We prove the non-negativity of state variables, as well as the
existence and uniqueness of solutions. Asymptotic stability results of the DFEP of the
ODE model is extended to obtain the asymptotic stability of the DFEP of the PDE model
whenever the control reproduction number R, is less than one.

4. Numerical simulations are finally performed by considering:

(a) Constant parameters and time-dependent parameters,

(b) Two cases:



i. Initial population is completely susceptible to infection everywhere except for
one small region in the very south of Germany, where there are also infected
persons;

ii. When we add a second peak in western Germany, where a major outbreak of
Covid-19 occurred in early 2020.

The outline of the work is as follows: the formulation of the ODE compartmental model as
well as its theoretical analysis is done in section 2. Section 3 is devoted to model calibration,
forecasting and global sensitivity analysis. The reaction-diffusion model is formulated and
studied in section 4. Section 5 is devoted to the numerical scheme and simulation results. We
end the paper with a conclusion and perspectives.

2 Model formulation

The model we consider here is an extension of an SEIR-type compartmental model, in which
we take into account reinfection as well as the vaccination process. The total population at
each time ¢, denoted by N (¢), is split into six states or compartments as follows: the susceptible
people denoted by S(t), vaccinated people denoted by V(t), infected people in the latent stage
denoted by E(t), infected people without symptoms (asymptomatic) denoted by A(t), infected
people with symptoms (symptomatic) denoted by I(t), and recovered people denoted by R(t).
So, N(t) = S(t)+V(t)+ E(t)+A(t)+1(t)+ R(t). In this model, the compartment I(¢) includes
all detected cases as well as hospitalized cases, while A(t) includes all people who are infectious,
but not tested and do not present any symptoms of the disease. We consider immigration of
vaccinated people into the system. Thus, considering the parameter A as the recruitment rate
of non-infected people, a rate ry of these recruited people is vaccinated while the rest denoted
by 71 is not vaccinated. Among these non-vaccinated people, a rate of ¢; will be vaccinated
while among vaccinated people, a rate of ¢y will lose their immunity conferred by the vaccine
and become again susceptible. Susceptible people can contract the virus by direct contact with
BAD +0l0)
N{(t)
represents the transmission rate, while n represent the modification parameter due to the fact
that people who are tested positive are considered as being less infectious because they must
take control measures (isolation, quarantine, treatment, ...) to limit the disease transmission.
To represent the vaccine efficacy, we introduce the parameter ¢; = (1—¢), where € represents the
Covid-19 vaccine efficacy. Thus, the fraction of ¢;A(f) will become infected after close contact
with an infectious individual. After 1/v days which represents the latent period, infected
people will become either in the A compartment or the I compartment. Asymptomatic people
will move either in the compartment I or the recovered compartment R at the rates aso and
ay0, respectively. Symptomatic people can recover from the infection either naturally or after
treatment at a rate 6. In the opposite case, some of them will die of the disease. So, the
parameter 0 represents the disease-induced death. Recovered people can become reinfected at
a rate ¢oA(t), where ¢ represents the rate of recovered people who will become infected again.
In each compartment, people can die naturally with a natural death rate pu.

either asymptomatic or symptomatic individuals at the rate A(t) =



The Covid-19 transmission dynamics model expressed using ODEs looks as follows:

’ A
%ff) = A+ oV (1) - ETI?LTH—% (A(t);vF O 50),
%ﬁ” — ok 1 S(#) — 77—%?2%16 (4 - nLU) |y ),
diit) _B (A(t)J nl(t)) (S(t) + &1V () + doR(2)) _f;iiT)E(t), W
Oy T,
ﬂ(t’f) — VE(t) + aso A(t) — ml(t%
\ d};—it) = aoA(t) + 01(t) — |+ ¢25(A(t)];r i1 (t)) R(t)

withry +r=1,p+q=1, and a; +as, = 1.

Remark 1. It is important to note that model described by the system (1) is a compact form
of the model studied in [}]. Indeed, in [4], the proposed Covid-19 model included two vaccine
dose compared to the present model (1). In addition, the (1) model does not take into account
people 1n quarantine, people in hospitals, and viruses in the environment.

Setting X = (S,V, E, A, I, R) the vector of state variables and IT = {X € RS : X > Ope},
system (1) can be write in the following compact form

dX /
{ — = F(t.X) = (F(X), Fo(X), .. Fs(X))'. 2)

X(to) = Xo = (So, Vo, Eo, Ao, 1o, Ro)" > Ops,
where F : R® — RS is a continuously differentiable function on RS and (e)" stands for the
transposition operator. According to [45, Theorem II1.10.VI], for X (0) € II, a unique solution
of (1) exists, at least locally, and remains in II for its maximal interval of existence [45, Theorem

I11.10.XVI]. Hence model (1) is biologically well-defined.
Model (1) is defined in the following set

A
W:{(S,V,E,A,I,R)’ER3:0<N::S+V+E+A+[+R§—},
7

which is invariant for the system (1).
The above statement is obtained in the same way as the results obtained in [4, Theorem 2.

2.1 The disease-free equilibrium and the basic reproduction number

In the absence of disease, i.e. for A =1 = B = 0, model (1) always admits the equilibrium

ko) A
& = (S0,V45,0,0,0,0) called the disease-free equilibrium, with Sy = (cara + k) and V =

k‘lk'Q — C1C2
; A A
(kara + err) . Note that kiky —cico = pi® + (ca + 1) pp > 0, and Sy + V= Nop = —.
klkg — C1C2 a




To compute the control reproduction number, denoted by R, we will use the next generation
approach (see [11, 44]). Let us set y = (E, A, I)". The vector Z and W for the new infection
terms and the remaining transfer terms for y are, respectively, given by

A(t) +nl(t
BUG ) (5, 5y 4 gy
Z: 0 y
0
and
ksE
W= —pyE + k4A,

—qVE — a0 A + ksl ,

Their Jacobian matrices evaluated at &, are respectively given by

N N
0 ﬁﬁl 6nﬁl ks 0 0
7 = 0 0 0 0 0 and W = —pY k4 07 ) (3)
0 0 0 —qy —ag0 ks,

with Ny = Sy + ¢1 V. Then, the control reproduction number R, is defined, following [11, 44],
as the spectral radius of the next generation matrix, ZW ! where

N18n (agpoy + kaqy) 4 Nipy Nyazfno N1 Nifn

ZWfl — Nok’3k4]€5 Nokska N0k4]€5 Nol{?4 N()]Cg)
0 0 0
0 0 0

Therefore, the control reproduction number, R, is the sum of two main contributions, namely,
humans and environment, as follows:

_ NSy (aspo + kaq) — N1Spy
R.:=p(ZW1) = , 4
W)= Nk Nokaks W

where p(e) represents the spectral radius operator.
From [44, Theorem 2|, we have the following result.

Lemma 1. (Local stability of the DFE) The stationary point & of system (1) is locally asymp-
totically stable (LAS) if R. < 1, and unstable otherwise.

We also have the following result:

Theorem 1. The disease-free equilibrium &y is globally asymptotically stable in W whenever
Re.<1.

Proof. Considering only the infected compartments of system (1), we obtain

dE

i =)

Pl =z-w)| A®) | = M(S,V,E, A, I, R), (5)
d 1(t)

dt



where Z and W are the same matrices used to compute the control reproduction number (see
Eq. (4)), and

M(S,V,E, A, I,R) = ",
0

N (S+ &1V + ¢R)

If - > 0 in W, then, it follows that M(S,V,E, A, I, R) > Ogs. This

Ny N
means that
dFE
f rio
Al <iz-wy| Aw
dt 1(t)
dt
Note that
k_13 0 0
Wil - ki’]z é O 2 OR3><3
a2poy+kaqy  ag0 1
k‘3k:4k35 k4k5 ks

We also have, from (3), Z > 0. Thus, from [39, Theorem 2.1], there exists a Lyapunov
function for system (1) expressed as Q (S,V, E, A, I, R) = w'W ™ (E, A, I) where w' is the left
eigenvector of the nonnegative matrix W17 corresponding to the eigenvalue R.. This implies
that if R. < 1,

d
d_f = (Re = D' (B,A, 1) —w'W M (S, V.E, A I,R) <0

whenever the condition % — (5 + (bl]‘([ + $21)
principle [27] that every s%lution of (1) with initial conditions in W converges to the DFE &,
when ¢t — +o0. That is (FE, A, 1) — (0,0,0), S — Sy and V' — V when ¢ — +00, which
is equivalent to (S,V, E, A, I, R) — (S0, V5,0,0,0,0) when ¢ — +o00. Thus, by the LaSalle
invariance principle [27], the disease-free equilibrium & is globally asymptotically stable in W
whenever R, < 1. This ends the proof of Theorem 1. m

> (0 holds. It follows from the LaSalle invariance

2.2 Existence of the endemic equilibrium and its stability

Let & = (S*,V* E*, A*, I*, R*)’ be an equilibrium point of model (1) obtained by setting the
right hand-side of (1) equal to zero, that is

( T1A+CQV* —kls* — A\*S* :O,
T’QA + 615* - [k?g + Qf)l)\*] % = O,
AN (S*+ 0 VF+ ¢ R*) — ksE* =0, (6)
pyE* =k A” =0,
qVE* + aso A* — ksI* =0,
| a0 A"+ 01" — [+ ¢ A*] R =0.



Solving the above system gives

( k7

—_—~
711A¢1)‘))< + (CZTQ + 7’1]€2) A 7’1A¢1)\* + k7A

TN (GN A Fo) + RN+ Kiks — cica A (G + ko) + k1A + kg

S*

kg 7
roA+c1S* . AN (ST + oV + 9o RY) @)

pE”
= T 1 L \+1° E* = 7A* = 7
[k + 1 A7] k3 k4
I qVE* + a0 A" . a0 AT+0I" . A0l
( ks ’ [+ g2A*] T
A* I*
where \* .= f3 (;:7) is any nonnegative solutions of the following equation

N
N A5V + Ay (W)2 + AN + Ag] =0, 8)

where

Az = =192 (ripe (1 — ¢1) + 1 (1 + 1) + ¢2) (aanpo + kang + ksp)
X [(0 = 0) (azpoy + kaqy) + kspu(p + k2) + ksyo(1 — arp)]
Ao = kskaksp® (1 + c2 4 1) (rip (1 — ¢1) + é1 (1 + 1) + ¢2) (aonpo + kang + ksp) (Re — 1) .
Assume that 6; > §. Since a1 +a; = 1 and p+ ¢ = 1, it follows that 1 — a;p > 0. Thus

the coefficient A3 is always negative. Coefficient A, is negative (resp. positive) if and only if
R. <1 (resp. R, > 1). Using the Descartes rule of signs, we claim the following:

Proposition 1.

1. If R. > 1, then model (1) admits:

(i) exactly one endemic equilibrium point if and only if (A3 > 0 & A; > 0) or
(A <0 & A; >0) or (A <0 & A <0);

(ii) exactly three endemic equilibrium points if and only if (As > 0 & A; < 0);
2. If R. < 1, then model (1) admits:

(111) ezxactly two endemic equilibrium points if and only if (Ay > 0 & A; > 0) or
(A >0& A; <0) or (A3 <0 & A > 0);

(iv) Otherwise no endemic equilibrium exists.

Item (#ii) of the above Proposition suggests the possibility of occurrence of the backward
bifurcation phenomenon [3] in model (1), i.e when the disease-free equilibrium point co-exists
with two endemic equilibrium points (one is locally stable and the other is unstable) whenever
the biological threshold R. is less than one. Thanks to Theorem 1, we conclude that even if
the disease-free equilibrium co-exists with two endemic equilibrium points when R, < 1, these
last ones are either always unstable or do not belong to the set W.
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Figure 1: Map of the Federal Republic of Germany with its sixteen states.

3 Model calibration, forecasting, and sensitivity analysis

3.1 Model calibration and forecasting

The start date of mass vaccination in Germany was Sunday, 27 December 2020 [16]. Since then,
several constraint measures were taken to ensure that the majority of inhabitants is vaccinated.
We consider the daily infected reported cases in Germany from December 31, 2020, to February
28, 2021 [20]. The map of the Federal Republic of Germany is depicted in Figure 1.

In model (1), there are eighteen parameters. Of these, seven parameters are either estimated
or taken from the existing literature, while the other remaining parameters must be calibrated
using data. Taking the total approximate population of Germany in 2021 equal to N(0) =
83,900,473 [17, 28], the recruitment rate is equal to A = N (0). The initial conditions subject
to data fitting are: S(0) = 83674478, V(0) = 49939, E(0) = 22924, A(0) = 22920, I(0) =
32552, and R(0) = 97660. The nonlinear square method is used to fit the model to the real
data. It provides realistic values of model parameters, which is beneficial when we want to
forecast the evolution of the disease in a given time interval. We perform experiments until the
desired accurate fitting of the model is achieved. After numerically solving the optimization
problem

mFin H -[predict - Idata ||7 (9)

where I' = {3, ¢2,71,a1,¢2,7,0,7, }, we obtain the results in Table 1. The model simulation
versus data fitting is shown in Figure 2. The value of the cumulative control reproduction
number computed with the parameter values in Table 1 is R, = 1.127472860225384.

The prediction (forecasting) of the Covid-19 situation is depicted on Figure 3. It it clear
that, even if the total number of detected cases is decreasing, it is clear that the Covid-19
pandemic will still be relevant and will remain a public health problem for the next years.
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Figure 2: Cumulative reported cases in Germany versus model fitting. ¢ = 0 stands for Decem-
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Table 1: Model parameters and their estimated values.

Parameter Value/per day Source Parameter Value/per day Source
A N(0) x p Estimated,[28] o 0.1428 [41]
1

" ST 28] o 0.52 [14]

15} 0.924293447982239 Fitted c1 0.77 [35]

103 0.000626319868356  Fitted ) 0.0018 [32]

1 0.025344642995677  Fitted To 1—nr From Eq.(1)
ay 0.349489753971447 Fitted ao 1—ay From Eq.(1)
Co 0.185640604312541 Fitted 0 0.557147574601118 Fitted

n 0.356255781186421 Fitted ¥ 0.017296258650737 Fitted

p 0.2 Assumed q 1-p From Eq.(1)
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3.2 Sensitivity analysis

To measure the correlation between the model’s parameters and the control reproduction num-
ber R., as well as the state variables of (1), we perform a global sensitivity analysis by comput-
ing the partial rank correlation coefficient (PRCC) between R, (respectively the state variables)
and model parameters. These are used to measure the nonlinear (but monotonic) relationship
between model parameters and model outputs, cf. [12, 30, 47]. The sampling technique used
here is the Latin Hypercube Sampling (LHS). The number of runs is equal to 5000, and each
model parameter is supposed uniformly distributed with its mean value listed in Table 1.

PRCCs between R, (respectively state variables) and model parameters are depicted in
Figure 8. The most influential parameters are those whose absolute PRCCs are greater than
—0.5 [47] with a p-value less than 0.001.

12
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Figure 8: Partial Rank Corellation coefficients between R, and (a) model parameters, and
(b)-(g) state variables. "dum” is for the dummy parameter.

From figure 8 (panel (a)), it follows that the parameters 3, o, A and p are the parameters
most correlated to the control reproduction number R.. This suggests that intensification of
some control strategies like individual protection (hand washing, wearing a mask), effective
treatment, quarantine, and confinement can lead to a decrease in the control reproduction
number. From panels (b)-(f) of figure 8, it follows that 3, o, A, v and p are the most important
parameters of the model (1). This suggests that all actions which can contribute to reducing
contact between infected people and healthy individuals (wearing masks, social distancing,
quarantine and/or confinement) as well as their identification (massive tests) and treatment,
over a long period of time, could permit to reduce the disease spread in the population.

4 Reaction-diffusion model and its analysis

Now, we extend the ODE model (1) by introducing a diffusion process to obtain a reaction-
diffusion model. State variables thus are time and space-dependent. The Covid-19 reaction-

16



diffusion model is then given as follows:

( asg;,w — ke AS(2, 1) = 1A + eV (w,t) — |k + 5<A(‘C’2[$)"[(x’t))} S(x,1),
avg’ b _ KAV (2, 1) = roA + 1S (2, t) — | ko + ¢16 Alz, 15]2[?;)77]@, t))J V(z,t),
By = AR SR Ar A AR e
QALY e MA@, 1) = B 1) — kAl 1),
o1 o D AT ) = qyE(, ) + aso Al £) — koI (1),
aRgf’ D _ o AR ) = aro A(m, t) + 01(w ) — |+ gy 2AE: 27?;)"[(“‘” t))} R(x,b),
0S(r,1) _ OV(r,1) _ 9B(rt) _9A(,1) _dllnt) _OR(1)

| 96 9 06 05 % (10)

with the following initial conditions
S(x,0) = Sp(x) > 0, V(x,0) = Vy(z) >0, E(z,0) = Ey(z) >0, ew 1)

A(z,0) = Ag(z) >0, I(2,0) = Ip(xz) > 0, R(x,0) = Ry(z) > 0.

In system (10), t denotes a nonnegative time; ¥ denotes a bounded domain of R™ (m > 1) with
smooth boundary 0%, ¢ is the outward normal to 9%; ks > 0, kK, > 0, k. > 0, kK, > 0, K; > 0,
Ky > 0 are the diffusion rates; X;(x,t), j € {1,2,...,6}, denote the number of population in the

T EX

TEX

T EX

TEX
T EX

rTEX

x € 0¥

compartment X in position x at time ¢, with X (z,t) = (S(z,t), V(z,t), E(x,t), A(z, t), (2, t), R(x,1)).

Note that in the first open quadrant, the function f(X) = S(A + nl)/N is continuous
Lipschitz for each X, j € {1,2,...,6}, with X = (S,V,E, A, I, R). Thus, we can extend its
definition to the entire first quadrant by setting f(0, X;) = f(Xg,0) = 0, where Xg = (S, V, R)
and X7 = (F, A, I).

4.1 Qualitative analysis of the model

We examine the basic features of the Initial Bounded Value Problem (IVBP) (10)-(11). Since
the model deals with humans population, all its state variables should be positive for all t > 0.

In what follows, we thus establish the existence, uniqueness, positivity, and boundedness of the
solution of the model (10)-(11).

Theorem 2. For any given initial conditions which satisfy (11), the solution of model (10)-(11)
is nonnegative, unique and bounded in [0, 00).

Proof. The IVBP model (10)-(11) can be rewritten in the Banach space B = C (X) as follows:

dX (1)
{ o = AX() +EX(1), >0 (12)
X(0) = Xo > Opgs,

where X = (S,V,E,A,I,R)", Xo = (So(x), Vo(z), Eo(), Ao(x), Io(7), Ro(x))’, and formally
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AX = (kAS, K, AV, K AE, k,AA, ;AL k. AR), and f = (f1, f5, f3, 3, f5, f5)', with

B(X) = mA+ V(b — |kt (A@’%Z)”I @ g2,

B(X) = A+ erS@t) — ks + 62 (A(”U’?V(;"[ @Dy 0,

£(X) = BA(x,t) +nl(x,t)] (S(Jj\}z)—i_ ¢V (x,1) + g2 R(x,t)) kB 1),
£(X) = pyBle,t) — kiA(x, 1),

£5(X) = qvE(z,t) + a0 Az, t) — ksl(x, 1),

B(X) = aoA(e ) +00(z,t) — | j+ b (A(“”’?V?;)”] ("3”5))} R(z,1).

f is locally Lipschitz in B. For the existence of a local smooth solution see [8, Theorem B.17]
or [31, 40]. The positivity follows from [40, Theorem 14.14]

To prove the boundedness of states variables, we will follows [19, Proposition 2.1]. Setting
N(z,t) = S(x,t)+ V(z,t) + E(z,t) + A(x,t) + I(x,t) + R(z,t), we obtain

8Néf, t) — ksAS(z,t) — K, AV (2, 1) — K AE(2,t) — K, AA(x, t) — ki AI(x,t) — kK, AR(x,t)

=A—uN(x,t) —6l(z,t), x€X, t>0.

Integrating the above equation over ¥, and using the Neumann boundary condition, we obtain
fort >0

i/N(:z:,t)dm:A/CM—;L/N(x,t)dx—(S/I(x,t)dac
dt Js 2 s >
§A|E|—/L/N($,t)d$
s

Integrating the above inequality from 0 and ¢ > 0 yields

/E N(z, t)dz < exp (—pt) /E Nodz + % 1 — exp(—put)] (13)

This implies for j = 1,2,...,6 that

A2
/Xj(l’,t)dl‘ < / N0d1'+ L,
p) p) K

where X(z,t) = (S(z,t),V(x,t), E(x,t), A(x,t),[(z,t), R(z,t)). Thus applying [13, Theorem
1] with 0 = pg = 1 to the compact system (2), we conclude that there exists a positive constant
M depending on initial data such that the solution X = (S,V, E, A, I, R) of (2) satisfies

6
S IX Bl < M, Ve 20 (1)
j=1
Note that (13) implies
AlE
lim [ N(z,t)dz < AE]
t—o0 [y 1%
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which implies that

A
lim X(z,t)dx < L, j=12,...,6.

t— 00 » M

Applying again [37, Lemma 3.1], we can claim that here exists a positive constant My which
does not depend on initial data X]Q, J =1,2,...6 such that

Z [ X5 t)[eosy < Mo, VE=T (15)

for some large 7' > 0. This proves that each variable state of PDE model is bounded and hence,
the solution exists globally, cf. [8]. This ends the proof. ]

From Theorem 2, it follows that the following set

)
wz{(s,v,E,A,J,R)eRG O<N:=S+V+E+A+I+R< L ’}

is positively invariant for system (10), and the IBVP (10)-(11) defines a dynamical system in
it.
4.2 Basic reproduction number and equilibrium points

4.2.1 The basic reproduction number

As for the ODE Covid-19 model (1), the PDE model (10) always has the disease-free equilib-
(CQTQ —f—’l“lk’g)A (k’lT'Q +01T1)A

rium & = (Sp, V4,0,0,0,0) with Sy = and Vy = . The basic
0 = (50t ) Y ppteta) " apteta)
reproduction number is given from (13) by:
R, Nibmy (aspo + kag) | NSy (16)

N0k3k4k’5 ]\/v()k‘gk’zjt7

where Ni = Sp+ ¢1Vp and Ny = Sp+ Vo = —

4.3 Stability analysis of the disease-free equilibrium point

Setting X = (S1, V1, B, Ay, [, Ry) where Sy = S = So, Vi=V =V, B, =E, Ay = A I, =1,
and Ry = R, system (10) can be linearized as follows:

0X
S t) = L (X, 1)) = (AD + T (&) Xl 1), a7)
where A = diag (Ks, Ky, Ke, Ka, Ki, Kr) and
ki o 0 —5%‘; —Bn S;))/ 0
et —ka O —5¢—£ _QSB”V({/ 0
T (&) = So + oVo So + oVo
0 0 ks 3 Ny Bn N
0 0 py —ky 0 0
0 0 qy Ap0 —ks 0
0 0 0 a,o 0 —



Let us denote by Zg the sixth-order identity matrix, 0 = ¢ < ¥y < 93...., the eigenvalues of
—A on ¥ with the zero boundary condition, and z an eigenvalue of L. Then, for all i € N, the

i-characteristic polynomial of the operator L is given by

Vi e N, Pp(z):=det[T (&) — i A — xZg]

—T — Piks — ki 2 0 — 508 —Ljo\,in
c1 —T — YKy — ko 0 — V?Vg‘b —Lﬁg‘f’
- 0 0 —T — Kethi — k3 N]Tlf L]{,f"
0 0 Py —x — Kath; — Ky 0
0 0 qy aso —T — K — ks
0 0 0 a o 0
= [(—2 — Yirs — k1) (=2 — iy — k2) — c1c2] ¥
—& — ket — k3 e M 0
% Py —& — KaWi — k4 0 0
qay azo —& — Kithi — ks 0
0 aio 0 —x — Yiky — U
= [(—z — Yirs — k1) (—x — ik, — ko) — c1¢2] (—x — PYiky — 1) X
—& — ket — k3 RO M
x Py & — Koty — Ky 0
qy azo —z — Kithi — ks

9" (@)

= (z + Viky + p1) [2% + Wik + iks + ko + k1) @ + (V7 ks + k1tds) ko + kathiks + 1 (1 + c1 + ¢2)] x

9 (@)

X [ac3 + wsz + wix + wo]

where wy = (K; + Ke + Ka) Ui + ks + kg + ks,

1
— X
asnpo + kang + ksp

(18)

{[((Ke + Kq) ki + Kake) i + (kg + k3) ki + (ks + ka) ke + (ks + k3) K] (a2nyipo + kamibiq + ksiip)
+ (1 = Re) (p + nq) ksksks + (ks + k3) (ks + aano) ksp + ((ks + k3) kaq + ksaspo) kan},

1
X
asnpo + kanqg + ksp

wo =

{ [ffaffefiﬂﬂ? + ((kake + kska) ki + kskatke) Vi + (ksk; + kske) k:4} (aomibipo + kambiq)

+ [Kakieki] + ((kakie + kska) i + kskake) Ui + (kake + kska) ks| iksp
+hskskqgaonipo + (1 — Re) [aonpo + (kit; + ks) p + (Kati + ka) ng| kskaks }

It is clear that for any ¢ > 1, the roots of Py, are x = —¢ik, — p, and those of gfl) and gg2 :

Since for ¢ > 1, ¥; > 0, it follows that the roots of gfl) have negative real parts.
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A rigorous algebraic computation gives:

W1 — W
1
aznpo + kang + ksp .
{a(Wi(n(ke(kskaks(1 — Re) + kak + (2kF + kska)ks + k3 + 2ksk3) + (kak3 + (2k3 + 2kska)ks + 2kski + k3ka)r
ki (kskaks(1 — Re) + (2kF + kaka)ks + ki + 2ksk + k3ks))
+0((kskak? 4+ k2kaks) (1 — Re) + k2k2 + (K3 + 2ksk?)ks + ks + k2k2)
+((kgke + k‘4/~$a)nm§ + (k:4/i§ 4+ 2kaKkgke + k4/€§)7]/{¢ + (k4f§am§ + k4/{i/{e)n)w§’
+((E2 + kskg)nr? + ((2kgks + 2k 4 2kzky) ke + (2kaks + 2k3 + 2ksky) ko) 1K
+((kaks + k2)k2 4 (2kaks 4 2k3 + 2ksky)kake + (kaks + ksks)x2)n)w?)
+p(Yi(Ke(kskaks(1 — Re) + k3 + (2ks + 2k3)k3 + (k3 + kska)ks) + Ka(kskaks(1 — Re) + k3 + (2ks + 2k3) k3
+(ksky + k2 ks) + ((2ky + 2k3)k2 + (k2 + 2ksky + k2)ks)ri) + (kakd 4+ k3ka)ks(1 — Re) + ((kske + kskia ) K2
+(ksk? + 2kskake + ksk2) ki + kskar? + kskZre )}
+((kg + k3)ksr? 4 (2k2 + (2kg + 2k3)ks) ke + (2k2 + (2ky + 2k3)ks) ko) ki
+ (K2 + kaks )k + (2k3 + (2ka + 2ks)ks)kake + (K3 + ksks)k2)07 + (ks + k3)k3 + (ki + 2kska + k3)k3)
+po(n(Reazkskaks + (kg + k3)?asks + (agks + agks)k2 + asksks + askiky)
+((azke + azka)nry + (a2k? 4 2a2kqke + azky)nk; + (a2kak? + azkokie)n);
+((agks + agk‘g)’l’]:‘i? + ((2a2ks + 2agks + 2a2ks3) ke + (2a2ks + 2a2ky + 2a2ks)kq)Nki
+((azks + agks)k? + (2a2ks + 2agky + 2asks)kake + (asks + azks)w2)n)ib?
+(((2agky + 2agk3)ks + agki + 2aoksks + askd)nk; + ((agk? + (2a2ky + 2aoks)ks + agks + 2asksks) ke
+(agk? + (2a2ky + 2a9k3)ks + 2asksks + a2k‘§)f€a)77)¢i)}

Thus, 91(2) meets the Routh-Hurwitz criteria. It then follows that all roots of the characteristic
polynomial (18) have negative real parts whenever R. < 1, which implies that the disease-free
equilibrium E, is locally stable (see [41]).

Since ¢ = 0, it follows that, if R, > 1,

97(0) = (1 = R.) [agnpo + (ki + ks) p + (kathi + ka) ng] kskaks < 0 and  lim ¢\ (z) = +o0,

T—>+00

which implies that the characteristic polynomial Py, admits at least one root with positive real
part. Thus, the disease-free equilibrium [Eq is not stable.
The above analysis can be summarized as follows:

Theorem 3. The disease-free equilibrium Eq of the PDE model (10) is locally asymptotically
stable in ¥ if R. < 1, and unstable otherwise.
4.3.1 Global stability of the disease-free equilibrium

Theorem 4. If R. < 1, then the disease free equilibrium of the Covid-19 PDE model (10) &
15 globally asymptotically stable provided that

Nt (S, t) + ¢1V(z,t) + paR(x, 1))

> 0. 19

No N(t) - (19)

Proof. Let us denote by (S(x,t),V (z,t), E(z,t), A(x,t), [(z,t), R(z,t))’ any arbitrary nonneg-
ative solution of Covid-19 TVBP (10)-(11), with S, = (22t kA gy e+ ary) A

p(p+co+cr) p(p+eata)
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To prove the global asymptotic stability of the disease-free equilibrium & = (.S, V4,0, 0,0,0)’,
we consider the following Lyapunov functional K(¢) defined as

K(S,V.E, AT, R) = / Q(S(2,1), V(2. 1), B, 1), A, 1), [z, 1), R(z,1)) dx

:/ (W™ (E,A 1)) dx

where w' is the left eigenvector of the nonnegative matrix W17 corresponding to the eigenvalue
R.. From [23, Proposition 2.1], the time derivative of I along the nonnegative solution of model
(10) is given by

dK

E(S, V,E,A,I,R) = / [(Re— D w' (B,AI) —w'W'M(S,V,E, A, I,R)] dx
b

d
This implies that if R. < 1, d_/tC < 0 whenever w'W=M (S,V,E, A, I, R) > Ogs, which is

N
equivalent to the condition — — (5(z,t) + V(2. 8) + $R(, 1)) > 0. Furthermore, ax =0
No N(t) dt
holds if and only if £ = A = I = 0. Then, {&} is the only compact invariant subset of
K
{(S’, V,E, A I,R) €¢RS: i 0}. By LaSalle’s invariance principle [24, 27|, if R, < 1, then
the disease-free equilibrium &, of the IBVP (10)-(11) is globally asymptotically stable in X

provided that condition (19) holds. O

4.4 Existence of endemic equilibrium points

Let €& = E(x) = (S*,V*, B*, A*, I*, R*)" any spatially equilibrium of system (10). Thus £ must
solve the following system

( rlA + CQV* - lﬁS* — \*S* = 0,
T2A + 615* — [k‘z + QS])\*] % = O,
N(S* + oV + g R*) — ks =0, (20)
pYE* — Kk A* =0,
qVE* + ago A* — ksI* =0,
| @0 A"+ 00" — [+ g R* =0

Note that algebraic system (20) is equivalent to (6). Thus from [23], we conclude that, as for
the ODE Covid-19 model (1):

Proposition 2.

1. If R. < 1, then the Covid-19 PDE model (1) admits a disease-free equilibrium which can
co-exist with two endemic equilibrium points, depending of the sign of coefficients Ay and
Ay of the polynomial (8).

2. If R. > 1, then the disease-free equilibrium point of the Covid-19 PDE model (1) can
coexist with one or three endemic equilibrium points, depending of the sign of coefficients
Ay and Ay of the polynomial (8).
5 Numerical scheme and simulations

In this part of the work, we will construct a numerical scheme to simulate the Coronavirus
(COVID-19) spatiotemporal model (10).
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5.1 Description of the numerical method

The system of partial differential equations (10) can be numerically solved using the Partial
Differential Equation Toolbox in MATLAB® (see [42]). Among other things, it can solve systems
of equations of the form

muy + du; — V- (¢ ®@ Vu) + au = f,

using a finite elements approximation. The coefficients m, d, ¢, a and f are allowed to depend
on time, space, and u itself. In our case where u = (S,V, E, A, I, R), we have m = 0, d = 1,
c = diag(ks, kv, K, ka, &1, kr), [ = (r1iA,r2A,0,0,0,0) and

—(kl + )\(U)) Co 0 0 0 0
Cq —(kg + (bl)\(lb)) 0 0 0 0
0 0 py —ki O 0 ’
0 0 qy a90 —]{55 0
0 0 0 a@mo 6 —(u+ P2A(u))

where A(u) = B(us+nus)/(ug +ug +us +ug +us +ug). Together with these coefficients we have
to specify boundary conditions (Neumann is the default) and initial values. For the geometry

on which to solve the equations we use map data from GADM ([1]), reduced in complexity with
the help of Mapshaper ([2]).

5.2 Numerical simulations

In this section provide numerical results of reaction-diffusion model (10). We consider two
approaches: (1) all model parameters are constant and (2) the transmission rate coefficient
B is time-space dependent. For each case, we present the initial distribution of each variable
state at ¢ = 0, and the final distribution of each variable state of the model at t = ¢;,,;. Here
we assume that ks = kK, = ke = kg = kK, = 1 and k; = 0.1, which means that only individuals
who have tested positive are confined (or their movements are restricted). Note that we assume
that the confinement or the restriction is not perfect, hence k; # 0.

5.2.1 Comparison between the ODE model and the PDE models

We begin this part of numerical simulations by comparing the ODE model (1) with the PDE
model (12). To this aim, we plot the total number of every variable obtained with the ODE
model and the ones obtained with the PDE model in the same panels. Figure 9 displays the
total numbers in each compartment for the PDE (blue) and ODE (red) model, as well as the
corresponding disease-free equilibrium points (yellow). For the PDE we chose spatially constant
parameters and initial values to rule out diffusion effects. From Figure 9, it is obvious that the
total numbers in each compartment for the PDE and ODE model coincide.

5.2.2 One peak

For the first test we chose the initial population to be all susceptible to infection, except for one
small region in the very south of Germany, where there are also infected, exposed, ... persons.
The values are adjusted in such a way that the total number of members in every compartment
is the same as before. The results are display in figures 10-15. Figure 10 presents the initial
distribution of the model state variables while figures 11-14 display solution of the PDE model
after t; = 10 days, t; = 250 days, ty = 500 days, and t; = 750 days, respectively. The total
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Figure 9: Comparision of the ODE and PDE with spatially constant initial values. In this case
the models coincide.

number of members in each compartment over time (blue), compared to the ODE model (red)
and the disease-free state (yellow), is displayed in Figure 15.

5.2.3 Two peaks

For the next test we added a second peak in western Germany, close to Aachen/Heinsberg, where
a major outbreak of Covid occurred in early 2020. Again, the total numbers of members in
each compartment did not change. The results are display in Figures 16-21. Figure 16 presents
the initial distribution of model state variables while Figures 11-20 display the solution of the
PDE model after ¢ty = 10 days, ty = 250 days, t; = 500 days, and t; = 750 days, respectively.
The total number of members in each compartment over time (blue), compared to the ODE
model (red) and the disease-free state (yellow) is displayed in figure 21.
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Figure 10: Initial distribution of model state variables where there is one peak in the south.
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Figure 11: Solution after t; = 10 days.
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Figure 13: Solution after ¢t; = 500 days.
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Figure 12: Solution after ¢t; = 250 days.
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Distribution of S at time 750 x10° Distribution of V at time 750 %108 Distribution of E at time 750
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Figure 14: Solution after t; = 750 days.
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Figure 15: Total number of members in each compartment over time (blue), compared to the
ODE model (red) and the disease-free state (yellow).
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Figure 17: Solution after t; = 10 days.
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Figure 16: Initial distribution of model state variables where there are two peaks (south and
west).

5.2.4 Bavaria

Figures 22-28 display a series of images where only the state of Bavaria holds exposed, asymp-
tomatic infected, and symptomatic infected individuals. Initial distribution of model state
variables are displayed on figures 22, while solution after t; = 10 days, t; = 250 days, t; = 500
days, ty = 750 days, and t; = 1000 days, respectively, are display in figure 23-27. We see that
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Figure 18: Solution after ¢; = 250 days.
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Figure 19: Solution after ¢; = 500 days.
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Figure 20: Solution after t; = 750 days.
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Figure 21: Total number of members in each compartment over time (blue), compared to the
ODE model (red) and the disease-free state (yellow).
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Figure 22: Initial distribution of model state variables where only the state of Bavaria holds
exposed, asymptomatic infected, and symptomatic infected individuals.

more time passes, the more the infection spreads to the rest of the country. Note that the total
numbers in each compartment are slightly different to the ones before, this is because MATLAB
smoothes out the initial value along the Bavarian border. The total number of members in
each compartment over time (blue), compared to the ODE model (red) and the disease-free
state (yellow), is displayed in Figure 28.

5.2.5 Time-dependent parameters

There has been proved that temperature plays an important role in the Covid-19 spread in
Germany [17]. To take this into account, we suppose that the transmission rate coefficient
B is time-dependent. We choose for this case 5(t) = Beie + 0.1c0s(0.01 * t), where [ei =
0.819792192423568 is the critical value of § for which there is R. = 1. Figures 29-32 illustrate
the distribution of model states when the final time ¢y, is equal to 10, 250, 500 and 750
days, respectively. Note that for ¢4, = 750 days (see figure 32), the transmission rate § is
equal to 0.8544557242070706, which corresponds to a value of the control reproduction number
greater than one (R, = 1.042283315337544); While for ¢ 4;,,, = 3299 days, we obtain /5 equal to
0.8194644792794378 less than [3.,;;, and which corresponds to a value of the control reproduction
number less than one (R, = 0.9996002485176618). This can be interpreted by the fact that
it will take a long time for the existing control measures to assure the eradication of the
coronavirus disease. Indeed, the forecasting (see figure 3) indicates that over than 2000 days
are needed to have the number of detected case close to zero.

The total number of members in each compartment over time (blue), compared to the ODE
model (red) and the disease-free state (yellow) when 3(t) = Beit + 0.1 cos(0.01 * t) is depicted
in figure 33.
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Figure 23: Solution after ¢t; = 10 days.
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Figure 24: Solution after ¢y = 250 days.
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Figure 25: Solution after ¢; = 500 days.
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Figure 26: Solution after ¢t; = 750 days.

33

x10°
1.440155

1.44015
1.440145
1.44014
1.440135
1.44013

1.440125

x10°

1.411045
1.411044
1.411043
1.411042
1.411041
1.41104

1.411039
1.411038
1.411037
1.411036

Distribution of E at time 500

4

Distribution of R at time 500

4

Distribution of E at time 750

4

Distribution of R at time 750

4

6531
6530
6529
6528
6527
6526
6525
6524
6523

x10%
4.0475
4.047
4.0465
4.046
4.0455
4.045
4.0445
4.044

x10*
7.3662

7.3661
7.366

7.3659
7.3658
7.3657
7.3656
7.3655
7.3654
7.3653



Final distribution of S x10° Final distribution of V x10° Final distribution of E x10"

3.30967 1.1768
3.30066 1.372965 11767
3.30065 1.372964 11766
3.30064 1.372963 11765
330063 1.372962 ——
330062 1.372961 —
3.30061 137296 1.1762
3.3006 1.372959 T
330050 1.372958 -
330058 1.372957 454750

1.372956
Final distribution of A Final distribution of | Final distribution of R x10°

- 1
= 34 1:181
e 340 1.18099
e 339 1.18098
. 338 1.18097
e 337 1.18096
2 336 1.18095
= 335 1.18094
0 334 1.18093
279

Figure 27: Final state of the solution after t; = 1000 days.
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Figure 28: Total number of members in each compartment over time (blue), compared to the
numbers only in Bavaria adjusted for size (red), the ODE model (yellow) and the disease-free
state (purple).
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Figure 29: Final distribution of model state variables when all parameter values are ones of
Table 1 except B(t) = Berie + 0.1c0s(0.01 x t), where S = 0.819792192423568 is the critical
value of 8 for which there is R, = 1 with ;s = 10 days.
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Figure 30: Final distribution of model state variables when all parameter values are ones of
Table 1 except B(t) = Berie + 0.1c0s(0.01 x t), where .., = 0.819792192423568 is the critical
value of 8 for which there is R, = 1 with ;s = 250 days.
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Figure 31: Final distribution of model state variables when all parameter values are ones of
Table 1 except B(t) = Berie + 0.1c0s(0.01 x t), where S = 0.819792192423568 is the critical
value of 8 for which there is R, = 1 with ;s = 500 days.
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Figure 32: Final distribution of model state variables when all parameter values are ones of
Table 1 except B(t) = Berie + 0.1c0s(0.01 x t), where .., = 0.819792192423568 is the critical
value of 8 for which there is R, = 1 with ¢, = 750 days.
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Figure 33: Total number of members in each compartment over time (blue), compared to the
ODE model (red) and the disease-free state (yellow). All parameter values are ones of Table 1
except B(t) = Berit +0.1c0s(0.01 xt), where S,y = 0.819792192423568 is the critical value of
for which there is R, = 1.

6 Conclusion and perspectives

In this work, we formulated two Covid-19 transmission dynamics models first using ordinary
differential equations, and secondly, partial differential equations (reaction-diffusion model).
For both models, we computed the control reproduction number and proved the global asymp-
totic stability of the disease-free equilibrium point whenever the control reproduction number
is less than one. We also proved that both models admit at least one endemic equilibrium
point whenever the control reproduction number is greater than one, which implies that the
disease-free equilibrium becomes unstable. Using the daily infected reported cases in Germany
from December 31, 2020, to February 28, 2021, we calibrated the ODE model by estimated
model parameters. We found that the control reproduction number is approximately equal
to 1.13 which confirms that, even if the vaccination level is high, Covid-19 will be present in
the country, and this for the next years. To determine key parameters which influence the
model dynamics, we performed a global sensitivity analysis by computing partial rank correla-
tion coefficients between model parameters and the control reproduction number (respectively
model state variables). It follows that the parameters 3, o, A, and « are the most important
parameters to influence the disease dynamics.

The final part of the work concerns numerical studies. After presenting the numerical
method use to simulate the models, we performed various numerical simulations to validate
our theoretical results. Indeed, several cases are considered: First of all, we considered the case
when all parameters are constant, with different final times , followed by the case when the
transmission rate coefficient g is time-dependent. Thirdly, we considered the case in which the
initial population is entirely susceptible to infection, except for one small region in the very south
of Germany, where there are also infected, exposed, ...persons, and the case when we added
a second peak in western Germany. These two cases were followed by the case when only the
state of Bavaria holds exposed, asymptomatic infected, and symptomatic infected individuals.
For each of the above cases, we compared the ODE model with the PDE model by drawing in
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the same panel the total numbers in each compartment for the PDE and ODE model, as well
as the corresponding disease-free equilibrium points (yellow). In order to directly compare the
two models, we chose spatially constant parameters and initial values for the PDE to rule out
diffusion effects. This permits to conclude that the total numbers in each compartment for the
PDE and ODE model coincide in this case, and in a quantitative point of view, the ODE model
and the PDE model then give the same results.

In the present study, we did not take into account the fact that model parameters can
depend on time and space. Indeed, the transmission rate 3, for example, should not be the
same in a country as Germany which has sixteen federal states with different population sizes
and densities. Thus, estimating some model parameters for each German state, taking into
account population movement between each state, constitutes a direct perspective of this work.
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