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EQUATIONS WITH HYPERBOLIC HEAT CONDUCTION
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ABSTRACT. We study an initial boundary value problem for the 3-dimensional compress-
ible Navier-Stokes equations with hyperbolic heat conduction, where the classical Fourier
law is replaced by the Cattaneo-Christov constitutive relation. We focus on spherically
symmetric solutions. We establish the existence of uniform global small solutions to the
resulting system. Furthermore, based on uniform a priori estimates, we rigorously justify
both the relaxation limit and the vanishing viscosity limit.
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1. INTRODUCTION

The basic equations governing three-dimensional compressible fluid dynamics are given
by

Op + div(pu) = 0,
O(pu) + div(pu @ u) + Vp = div S, (1.1)
O (p€) + div(pu€ + pu + g — Su) = 0,

for (z,t) € Q(C R3) x (0,00). The quantities p, u, p, 6, and € represent the fluid density,
velocity, pressure, temperature, and specific energy, respectively. The quantities ¢ and
S denote the heat flux and stress tensor, respectively, and must be specified through
constitutive relations to close the system .

We assume the flow is Newtonian, which implies that the stress tensor S is given by

S = () <Vu + (Vu)T — gdivuI;),) + A(0)divuls, (1.2)

where 1 and A are the shear and bulk viscosities, respectively, and both are functions of
the temperature 6.

The formulation of the heat flux ¢ is more intricate. Instead of employing the classi-
cal Fourier law for heat conduction, we adopt the Cattaneo-Christov (CC) constitutive
relation:

T7(0)p (Org+u-Vq—q-Vu+ (divu)q) + ¢+ £(6) VO = 0, (1.3)
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where 7(0) is the relaxation parameter accounting for the time lag in the response of
heat flux to the temperature gradient, and x(6) is the heat conductivity coefficient. Both
parameters depend on the temperature.

The Cattaneo-Christov relation was originally proposed in the linearized case by
Cattaneo [I] to resolve the paradox of infinite heat propagation speed implied by Fourier’s
law, and was later extended to an objective (frame-indifferent) nonlinear formulation by
Christov [3]. The CC model has been shown to be particularly relevant in extreme physical
scenarios, such as instantaneous heating by laser pulses [22], heat conduction in nanometer-
scale materials [20], and the Rayleigh-Bénard convection near MEMS devices [§]. In fact,
the dimensionless Cattaneo number, defined by C' = 75 where L is a reference length
scale, is used to quantify the significance of the CC model relative to Fourier’s law [21].
When &« is large or L is small, the CC model can become particularly important.

Note that the second law of thermodynamics may not hold for the new CC model if
the classical thermodynamic equation remains unchanged; see [4, [13, [14] 26]. Inspired by
Coleman et al. [4], we assume that the specific total energy is given by

1
E= §u2 +e, (1.4)
with the specific internal energy e and the pressure p given by
e=Cy0+a(0)¢®, p=Rph, (1.5)

where a(f) = @ —17/(6) and Z(9) = %. Cy, and R denote the heat capacity at
constant volume and the gas constant, respectively. The quantities p and e satisfy the
usual thermodynamic relation

p*e, = p— Opy.

For 7(6) = 0, the system (L.1)-(L.5] reduces to the classical compressible Navier-Stokes-
Fourier system, for which the global well-posedness, blow-up of smooth solutions, and
large-time behavior have been extensively studied. In particular, the local existence and
uniqueness of smooth solutions were established by Serrin [30], Nash [27] and Itaya [17]
for initial data away from vacuum. Later, Matsumura and Nishida [25] obtained global
smooth solutions for small initial data without vacuum. For large initial data, Xin [32],
and Cho and Jin [2], showed that smooth solutions must blow up in finite time if the
initial data contains vacuum. See [9] 10} 23, 18, 19} [6] for results on the global existence
of weak solutions.

On the other hand, for 7(6) > 0, there are relatively few results. The authors first
studied in [I2] the well-posedness of strong solutions in Sobolev spaces, as well as the
relaxation limit, under a linearized form of . The decay properties of the resulting
solutions were established in [24] 31]. Crin-Barat, Kawashima, and Xu [5] obtained global-
in-time well-posedness for small initial data in Besov spaces, along with a strong global
relaxation limit. In this sense, the Cauchy problem for the system — has been
extensively investigated, cf. the survey on our results in [28]. However, to the best of our
knowledge, initial boundary value problems have not yet been addressed. We note that the
initial boundary value problem for compressible Navier-Stokes equations with Maxwell’s
law — i.e. relaxation for the stress tensor — has been considered recently, see [11} 15 [16]. As
a first step in this direction, we study the initial boundary value problem for system —
under the assumption of spherical symmetry. We consider spherically symmetric
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solutions of the following form:

plt,z) = plt,r), u(t,:v):u(t,r)g, o(t,z) = 0(t,r), q(t,:v)zq(t,r)%, (1.6)

where z € Q;= B(0,1)° or Q := B(0,2) \ B(0,1), with B(0,r) denoting the open ball of
radius r centered at the origin. Under this symmetry, the system ((1.1)-(1.5) reduces to:

(ot + (pu)r + 2pu =0,

pug + puny + pr = ((31(0) + A(0)) (ur + %u))r ,

peqls + (pueg — g0 q)0r + p (ur + 2U) +q +2q= (1.7)
(% + %u) a(0)q® + u(0) (2u + 2u — % (ur + u) ) + A(0) (ur + %u)2 ,

7(0)p (q¢ + ugr + 2uq) +q + K(6)8, = 0.

We supplement system (1.7]) with the initial data

(pv u707Q)|t=0 = (p07u07007q0)7 (18)

possibly depending on 7, and the boundary conditions
uloo = qloa =0, (1.9)

with the domain € reduced to either (1,00) or to (1,2).
To establish estimates independent of 7(6), ©(#), and A(f) and to facilitate taking the
limit, we assume the following relations:

7(0) = 79(0), p(0) = ph(0), A(0) = N(0),

where g, h, and [ are smooth (and positive) functions of 6, and 7, u, and A are positive
constants. The following assumptions are used throughout the paper:

Assumption 1.1.
(1) The initial and boundary data satisfy the usual compatibility conditions:

k _
Ofu(0, )5, = 07 q(0,2)|,, =0, k=01, (1.10)
where Oyu(0,x) and 0,q(0,z) are defined recursively using equations (1.7)), and (1.7)),,

respectively.

(2) The possible dependence of the initial data on T is compatible in the following sense:

I (g0 + £(60) (B0)r )| g1 = O(V7),  as T —0. (1.11)

To formulate our theorem, we introduce the following energy functional:

Et) = sup [ir(p—1,u,0 - Lalzz + llr(ors ur, 0, )72 + 1w, @172 + [l (ur, ar) |72
8>

+ ||T(pTT7UTT>HTT7QTT)||%2 + Hr(ptautvgb \/th)H%Z + ||T(pt7’>ut7‘a9tra \/thr)H%Z

4 2
+ 7_2H7n(ptta Utt, Htta \/tht)H%Q =+ <3M =+ A) Hr(urrm Tutrr) ”%2
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The corresponding dissipation functional is defined as:
D(t) ::HrqH%Q + ||TD(p7 u, 07 Q)H%,Q + ||(u> Q)H%Q + ||r(p7“1"> Upr, 97’% qT?")H%?
| (s @y e, @) 172 + 7 (Pt wars Oy @) 72 + 117 (0t e 0t |17 2

4
+ 7'2||7"QttH%2 + <3,LL + )\> ||T(ut7"r‘7 Uttr)”%z

where D := (0, 0,).

Our first result concerns the global-in-time small well-posedness of the initial boundary
value problem ({1.7)-(1.9)), with estimates that are uniform with respect to the parameters
7, A, and pu.

Theorem 1.2. Let Assumption hold and r(po — 1,00 — 1,q0) € H3, rug € H*. Then
there exists a small constant g > 0 such that if

r(po — 1,00 — 1,40)|[ s TUo || 74 < €0,
I7(po — 1,680 = 1, q0) I35 + lIruoll7s <

there exists a unique global solution (p,u,8,q) to the initial boundary value problem (1.7))-
(1.9) such that

2 1
(p—1,0—1,q) € [ C¥([0,00), H* ), u e (] C*([0,00), H**) (| C2([0, 00), L?)
k=0 k=0
and satisfy the uniform estimate

B(t) + /O T D()dt < CE(0),

where C' is a constant independent of the parameters T, \, and p.

Building on the uniform estimates established in Theorem we now state our second
result regarding the vanishing viscosity limit.

Theorem 1.3. FizT > 0. Lete = (u, \) and (p2,us, 05, ¢5) be the global solutions obtained

T

in Theorem then there exists (p2,u2, 02, %) € L>((0,00); H?) N C°((0, 00); H>~°) for

T

any 0 > 0, such that, as € — 0, up to subsequences, for any T > 0,
(P20, 0, 5) — (o2, 00,%) strongly in  C(0,T),HZ)  (1.12)

loc

where (p2,u2, 09, %) is a strong solution to the three-dimensional hyperbolized compressible
Euler-Cattaneo-Christov system (4.2)) (below), satisfying the initial and boundary condi-

tions (1.8) and (1.9).

The next result shows the global relaxation limit.

Theorem 1.4. Fiz p > 0, > 0. Let e = (u, A) and (pS,us,05,45) be the global solu-
tions obtained in Theorem then there exists (p§ — 1,05 — 1,45) € L>=((0,00); H?) N
C((0,00); H?79) and u§ € L>®((0,00); H3) N C°((0,00); H37%)for any 6 > 0, such that,
as T — 0, up to subsequences, for any T > 0,

(9565, 45) = (5 05, 45) strongly in (0, T], HZ.?) (1.13)

loc
and
us — ug  strongly in C([O,T],Hg_é)

loc
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where qf = —k(65)0,05, a.e., and (pf, uf, 05) is a strong solution to the three-dimensional
compressible Navier-Stokes-Fourier system in spherical symmetry (4.5)) (below), satisfying
the initial and boundary conditions (L1.8)) and (1.9) with g0 = —k(60)(6p).

The paper is organized as follows. In Section 2 we state the local existence theorem for
the system -. The central Section 3 provides a priori estimates, being necessary
for extending a local solution to a global one and for carrying out the singular limits. In
Section 4 the proofs the main theorems are given.

Finally, we introduce some notation. W™P = W"™P(Q),0 < m < oo,1 < p < o0,
denotes the usual Sobolev space with norm ||-||yymp, H™ and LP stand for W™? resp.
wor,

2. LOCAL WELL-POSEDNESS

In this section, we establish the local well-posedness for system (1.7))-(1.9). We note
that, to our knowledge, general results for the initial boundary value problem of hyperbolic-
parabolic coupled systems are lacking. To obtain the desired well-posedness, we follow the

2
approach in [33] (pp. 119-124). First, Let Mo := > [[D*(p — 1,u,60 — 1,q)}1=0|%, < <.
k=0
Let M be a positive constant such that when supg<;<p, [[(p — 1,u,0 — 1,q)| g2 < My,

i i t in 0(t i t =:v>0.
mln{[ol:ll'}}lilg p( ’T)u [OI,li’Ll]IBQ ( ,’I"), [OI,Il%]ISQ 69( ’T)} v

Introduce the space

2
Xn(My, M) = {(p,u,e, Dl(p=1,0~1,q) € () C*(0,h], H*"*),u € C([0, h], H?),

k=0
u; € C([0,h), H?), uy € C([0, k], L?) N L*([0, ], H'))
2
sup Z HDk(p —1u,0— 17‘])“%2 < Ms,
0<t<h;—

h
sup ([tigme|Z2 + taslZ2) + / gttt < My
0<t<h 0

(pﬂh 97‘])’15:0 = (PO,UOa HO’QO)7 (U, q)|8Q = Oa}

where My < My, M3 are positive constant specified in the course of the proof.
Now, we are ready to state the local well-posedness theorem.

Theorem 2.1. Assume (pg— 1,00 —1,q0) € H?, ug € H* and the compatibility condition
hold. Then, there exists a positive constant ey and tg depending on €y such that when
My < €g, problem — admits a unique local solution (p,u,0,q) € X, (C1 Mo, CaMy)
where C1,Co only depends on .

Proof. We present a concise proof of this theorem, though detailed proofs for similar
systems can be found in [33] and references therein. Specifically, we divide the proof into
four steps.
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Step 1: For any (p, a, 6, q) € Xp(Ma, Ms), consider the auxiliary linear problem

2a(0) ~

pégty + (pucy — ﬁq)& +q = fi,
7(0)p(q + tigy) + K(0)8, = fo, (2.1)

(0,9)|i=0 = (00,90), 4qloa =0,

{ﬁut — (§11(0) + AO))urr = fa, (2.2)
ult=0 = uo, ulgn = 0,
and
{pt + apr = fa, (2.3)
pli=o0 = po,
where

fo=—7(0)p- 2ag — q,
f3= (%,U(é) =+ )‘(9) (%ﬂr - %271) + /\/(é)ér (ﬂr + 2'11) + %M/(é)ér (ﬂr - %)
—Rph, — ROp, — pitl,,

f4 = _%ﬁa - ﬁar

We deal with the system , , , respectively. First, problem is a linear
symmetric hyperbolic system of first order (by dividing 2 by #(6)). We first check that
the boundary condition ¢|sqn = 0 is non-characteristic and satisfy the maximal nonnegative
condition (admissible in the sense of Friedrich, see [33][7]). Indeed, we rewrite system
with U = (0, q) as

AU, + AU, = F, (2.4)

where

~x ~~ = 2a(f) ~
PEY 0 pu€y — —=-q 1 )
AO - < 0 T(i)ﬁ) 7A1 = ( 2(6) ) aF = dlag{flan}‘
0)

The boundary condition reduces to

PUlpq = 0, with P = <0 0) .

0 1
Note that by virtue of (@, §)|sgq = 0, we have det ((AO)_lAl) loo # 0. Consequently, the
boundary condition ¢|gq = 0 is non-characteristic. Now, we show the boundary condition
is maximally nonnegative, i.e., the matrix A! - v|gq is positive semidefinite on the null
space K of P but not on any space containing K. Here v = —1. Let £ = (£,0)T € K =
span{(1,0)T}, then,

TAY . v)pae = 0.
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On the other hand, R? is the only space containing K as a proper subspace. Take 1) =
(1,1)7 we get

YT AL v)gqy = =2 < 0.

Thus, the maximally nonnegative property is satisfied. Furthermore, since the coefficients
belong to ﬂ C*([0,n), H*%) and D?f, € L?([0,h], L?) and the compatibility condition
satisfied up to first-order, by Theorem 1.3.10 in [33] (pp. 18-19) (originally coming from
[29]) , problem admits a unique solution (§ — 1,q) € kﬁo C*([0, h], H?>7*) satisfying

2
Z ID*(6 —1,9)]17:
<C (Z”Dk —1 q ’t OHLZ +ZHth1|t 0||H1 k +t/ ZHlel”L dt) CMQt

k=0

where C is a positive constant depending on ~.
Concerning the initial-boundary value problem for linear parabolic system (2.2)), we
deduce from energy methods that the unique solution u satisfies

ZuD’fuuLQ +/ (U, U, Ut Ut Upa) || 720t < CeM {ZHD uli=ol| 2 +M2t}

k=0 k=0
2
||u:rm||%2 + ||“tm||%2 < C(Mz)(1+ Z ||Dku||i2),
k=1

where C(My) is a positive constant depending on Ma.
Finally, for the transport equation (2.3),, we define the characteristic line

dX (t,r)
dt
Then, we can derive an explicit solution for ({2.3)),

=u(t,X(t,r)), X(O0,r)=r

t
plt.1) = polro) + [ a5, X (s,70) s, (2
0
where 79 denotes the unique point on the r-axis (¢ = 0) such that the characteristic line

passing through (0,7¢) and (t,7). Moreover, from usual energy estimates, we can easily
get,

2
> ID (o = 1)I3s
k=0
2 1 ;2
<C (Z ID*(p = Dli=oll72 + Y IIDF fale=oll3p - + t/o > Hle4H%zdt> (CMot.
1=0

k=0 k=0
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Step 2: We first choose

2 1 2
My =2C <Z ID*(p = 1,6 = 1,)le=oll72 + D IDF(f1, f)li=ollFnx + D HDku|t0HL2>
k=0 k=0 k=0

= ClMo.

Then, choose
M3 = maX{Mg, C(MQ)(l + Mg)} =: Cy9My.

Finally, choose h depending on My such that for ¢t < h,

t 2
Crecst [TSTID G, e < 2, e < B cetty < 1
0 & 2 4 4
Therefore, the linear operator defined by — maps Xp,(Ma, M3) into itself.

Step 3: Following the above two steps, we can get an iterative sequence (pp, Up, On, Gn) €
X1 (Ms, M3). By usual compactness argument, the sequence(p, — 1,6, — 1, g,) converge in
([0, h], H"YnC* ([0, h], L?) and u,, converge in C ([0, h], H*)NC([0, k], L>)NL2([0, h], H?)
and the limit function (p,u,,q) satisfy the system —. Moreover, the function
(p,u,0,q) belongs to the class: for 0 < k < 2,

DF(p—1,u,0 —1,q) € L=((0,h), L?), Upae, tize € LZ((0,h), L?), ug € L*((0, h), L?)

and is the unique pair of solutions for problem — in this class.

Step 4: Substituting this (p,u, 0, q) into the coefficients in , the reduced linearized
problems admits a unique pair of solutions in X} (Mas, M3). By uniqueness, (p,u,0,q) €
Xn(Ma, Ms).

Therefore, by choosing My sufficiently small so that Ms := C1 My < Mj, the proof of
the theorem is complete.

O

3. A PRIORI ESTIMATES

In order to extend the local solution obtained in Theorem to a global solution, we
need the following a priori estimates.

Proposition 3.1. Let Assumption hold and (p,u,8,q) be the local solution to system
(1.7) — (L.9) given in Theorem . Then, there exists a 6 > 0 such that if E(t) <9,

E(t) + /0 "Dls)ds < CE0), (3.1)

where C' is a constant independent of T, \, .
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Without loss of generality, we assume ¢(1) = k(1) = h(1) = (1) =1, 7 < 1. Moreover,
there exists d; such that if E(t) < d;, one has

3 5
< < Z .
1S p(t,x),0(t,x) < 7 (3.2)
C, 7(6) T
20y > €9 > -, 27 > Z(9) = 0 2 5 leag| + |eaq| + leono| + |egoq| + leagql < C,  (3.3)
zZ@O)\ 1 1 11 , 1
a(9)+( 2 ) S0 =) Z0)+ 5(5-1Z(0) = o7, (3.4)

where C' denotes a universal constant which is independent of 7, p and A. Note that (3.4)
can be satisfied by choosing 6 sufficiently close to 1.
The proof of Proposition [3.1] is divided into the following Lemmas.

Lemma 3.2. There exists some constant C such that

t
/Q?”2 ((p=1°+u?+ (6 —1)*+7¢%) dr +/0 /Qr2q2drds < CEp. (3.5)

Proof. From (1.7); 4, we get

2 2 4 2 2 \?
per + pue, + p(ur + —u) + g + —q = p(6) (2u3 + —2u2 - = (ur + u) )
r r T 3 r
9 \2
+A(0) <ur + Tu) . (3.6)

Dividing the above equation by 6, and using formula ([1.5)), one has

u 2 1 2
(Cb + a(0)g")+75 (C8 + a(O)8%) + Rpluy + ~u) + 5 (- + ~q) =

HO) (o2, A2 20 2\, MO 2\’
0 (2ur+r2u 3 ur—l—ru + 0 ur—i-ru '

For the above equations, first, we have

I

%cvet = C,(In o),
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() kx
= (), o (), o (550) o (),
(770), o () % (o),
(5) - (500) 0 30,

o (5-5)0) (8- 40) )+
Using the equation 4, one has

where we have used the identity
Z0)\' _ _a®)
202 ) 92
Z(0)

1 2 0
,) = = 1) -z
02 Q(pqt + puq ) 5(0)92 < T(e)pur ) q 02q

0 6 0y
+ péa(9)q2 + pu <a( ) 2) + puza(6)g®
t r

Thus, we derive that

2
p(Cylnd + A(0)g*): + pu(CyIn 0 + A(0)q*), + Rp(u, + ;u) + (g) +-=

1 2 14(6) 4 2 2 \*\  A®0) 2 \°
| )2+ B 92 4 22 2 z 277 z
PO ( +T(9)pur>q + 9 uT—I-Tzu 3 (ur—s—ru) + 7 ur+ru ,

where ,
_a0) z0O)  (Z()
A®) = 9 202 20 )
Multiplying the above equation by r2, it yields

(r’p (CoInf + A(G)qz))t + (r?pu (C,In6 + A(G)qz))r + Rp(ru), + (73%)

_ 1 2 RACR 2 i2_2 2 ? A9) 5 % ?
O (r +T(9)pu2r)q —i——a r 2ur+r2u 3 ur—l—ru + 0 " ur—l—ru .

Then, using the mass equation,

(r*p)e + (r°pu), = 0,
and the energy equation,

1 1
(rzp(C’qﬂ +a(0)q® + 2u2)> + (T’qu (CUH +a(0)q® + 2u2> +r2(pu + q)—
¢

P (GO - 4+ 20w+ 20))) =0

T
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we conclude that

1
(erCU(H —Inf—1)+7r*R(plnp—p+1) +r2p(a(f) — A(0))g* + 2r2pu2)
t

+ <r2pu (CU(H —Inf—-1)+Rlnp—-1+ %uz + (a(8) — A(@))q2> +r(pu+q) — 7'2%—

2u <§u(0)(ur — %) + A(0)(u + iu))) + 5(91)92 (72 + r(@)pu%) ¢

T

2 2
#O) 2 (g2 Ao 2 2 AO) - 2\ =
+ 7 2ur+r2u 3 ur—i—ru + 0" ur—l—ru =0. (3.7

A Taylor expansion together with (3.2)) imply

Colp—1)> < plnp—p+1<Ci(p—1)7,
Co(0—1)><0—1nf—1<Ci(0—1)%

where Cp, C are two positive constants. Furthermore, since |u|p~ < CE %, we can choose
d (in Proposition [3.1)) small enough such that

r2.

1
2+ 7(0) pu2r > 5

Therefore, integrating the equation (3.7]) over 2 x (0, ¢) and noting (3.4)), we get the desired
result (3.5)) in Lemma [3.2] O

Lemma 3.3. There exists some constant C such that

/Q (7 ((u)® + (o) + (0 + 7(q:)*) ) dr + /0 t /Q () + @L + A2 )drdt

t
< C(Bo+ B3 (t) / D(s)ds).  (3.10)
0
Proof. Taking the t-derivative of (1.7]), we have

prt + purt + upry + 2puy = F1,

pust + putiyy + ROpye + Rplre — (31(0) + A(0)) (trr + 2up — Fu), = F,
pegbst + B(p,u,0,q)0r + p (ur + %U)t + (gr + %q)t = F3,

7(0)p (g + ugre +u (2q),) + @ + £(0)0, = Fy,

(3.11)
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2a(6)

where we denote B := pueg — Z0) 4 and

2
Fy = —Pillr = Utpr = it
Fy i = —pyuy — (pu)iur — ROpr — R0,
4 2 2 , 2 4, u
n <3u(9) + A(é’))t (u + Su - ﬂu) + <>\ ()6, (u + Tu) + 51 (0)6; (u - r>>t’

F3: = —(peg)i0; — B, — 20) 4 (242 (0)¢*

3+ = —(P€y )tV tUr — Pt | Ur TU 7(0) TUCL q .

4 2 2 \? 2 \?
2 2 ) 2_* s - T -
+<u(9)<ur+r2u 3<u +Tu )—i—)\(ﬁ) (u —|—ru> )t,

2
Fy:=—(1(0)p)eae — (1(0)pu)ear — (7(O)pu)e—q — #(6):0r-
Multiplying (3.11)), by r?u;, integrating with respect to r, we get
/ (pug + puurt)rzutdr + / ROpr2usdr + / RpOypsr*usdr
Q Q Q
- (g,u(H) +A0) { wrr + —ur — Zu ) U = | Forfudr. (3.12)
Q T T t Q

We estimate each term as follows.
First, the mass equation ([1.7)); gives

1 1 d 1
/(putt+puurt)r2utdr: / pr? (uf) +r2pu uf) dr = / —priuZdr.  (3.13)
a o \2"), 20 ) Tt Jo 2

Second, using again the boundary condition u¢|gq = 0, one has

/R9r2prtutdr: —/pt(R07“2ut)rdr: —/ RptHTrgutdr—/RptH(rgut)Tdr
0 0 0 0

Y

1 1 1
*CE%( ) ( ) / Rpte <p7"2ptt — ;7"2”[)157“ + pT2F1> dr

Y

—C’E2 dt / R—er%fdr. (3.14)
Similarly, one has
1 2 2\ ,
—Agmw+mw(w+rm—ﬂ0fut
4
=— /Q(S,u(ﬁ) + A(6)) ((TQuT)rt — Qut) wpdr

> [ GGul) + XO) (22 + 2u)dr — CEL D). (3.15)
Q
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So, we have from ((3.12))-(3.15))

G | Gori et ) [ Boberudrs [ (Gu0) + 20)020 + 2
< CE2(t)D(1). (3.16)

Multiplying (3.11)4 by gﬁet, we have

1 2 1 2
/ 77‘ etteth’ + / erBGTthdr + / RpT’Q(UT + u)thdr—i—/ er(qT + *(])teth
Q 0 Q r 0 r

/ =T F39tdr (317)
We estimate each term as follows. First,

2P0 d Peo 242 PEON 2,0
0,:0,d 02dr — | (P9 12924
/Q o T T g )y 20 /(29)7"”"

d ,092
> — — 2 . .
> | g0k - CEE (D) (3.18)

Second, using the fact B|sq = 0, one has

/7" Bﬁrtﬁtdr—/ Lep 19,? dr——/ Lop lefdrz —CE2(t)D(t). (3.19)
N 21, o \0 .2

Third, using the fact u|so = 0, we get

2
| Bor?ten 4 Sutidr = [ RotrPu)ntidr == | RGP ui(o,00+ o)
Q Q Q

—/ Rpr?u,dr — CE%(t)D(t). (3.20)
Q
The last term on the left-hand side of equation (3.17)) reduces to
1 2 1
/ *7”2 <qr + q> eth‘ = / 7(T2q)7nt0td7‘. (321)
0 0 T ¢ Q 0
Thus, we derive from (3.17))-(3.21])
d 1
reo r207dr — / Rpr?uyfydr + / —(r2q)ptbpdr < CE%(t)D(t). (3.22)
dt Jo 26 qf

Multiplying (3.11f), by 0 )9"" Gt, one gets
() o / 7(0) 2 / 7(0) 2 2
/Qﬁw)epr qrqrdr + o R0 qreqedr + o O™\ tqtdr

1 99 / 1 / 1 5
d - O, dr = Fyqdr. 2
+/QH(0)9T gy dr + QQT g0 dr o 1(0) rolyqdr (3.23)

We estimate each term as follows.

>
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First,

7(0) 7& 7(0) 21 9 _/ () 1,
/QH(Q)HPT QttQtdr dt (Q)GPT qt dr Q H(@)gpr thth

> 5 Q;g); 2 Sdr - CEHHD()

Second, using the boundary condition u|gq = 0, one has

/. Té@?@”” Grr _/ <(90>)9’3“’” @q) @

0pu7’> fqtdr> C’E?() (t).

Third,

7(0) 2 (2 I 59 / 2 I 59 / 1 2
/M(e)epu’” (ﬂ)f“ e’ @i = | (7Ol 1) Cgradr 2 | S

For the last term on the left hand side of equation (3.23)), one has

1
/1r2qt6?rtdr—/ 1 r2qt9tdr—/ 1(7“2(],5)T0td7"2 —/ f(TQq)Tthdr—CE%(t)D(t).
o 0 o\d). G0 o0

Thus, we derive that

d PT(G) 2 2 / 1 5 / 1 2 2 1
I . + dr < CEz(t)D(t).
dt 925(0)67" G dr Qe(r @ribrdr Qzﬁ(e)er grdr < CE2(1)D(t)

Therefore, combining (3.16)), (3.22) and (3.24]), we have

d P 2 2 RG Peo 2 2, pT(0) / L 2o
i 02 d d
at < Tty AT QR(G)QT ai ) dr+ 2x(0)0 1

Nl ~—
>

4
+/Q(3u(9) + X0))(r*u?, + 2u)dr < CE
Integrating over (0,t), and noticing the fact that

P 2 2 R9 P€022 P(9)22
— —r<f t= dr < CE,
/3:2<2 ut + 2p P + 29 t+ 2 (e)er qt ( O,T) 7’_C 0,

we get the desired result (3.10) in Lemma

Lemma 3.4. There exists some constant C such that

/ ((r*u? +2u®) +r°p2 + r202 + 7(r’q + 2¢%)) dr +/ / r2q? + 2¢%)drdt
Q

< C(Ey+ E2(t)/0 D(s)ds).

(3.24)

(3.25)

(3.26)
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Proof. Taking the r-derivative of (1.7]), we get

Ptr + UPry + PUPr + %P’U«r — T,%pu =Gy,

Pty + Pty + prr — (211(0) + A(8)) (urr + 20, — 2u)), = Ga,

pegby + B(p,u,0,q)0p +p (ur + 2u)_+ (¢ + 2q), = G3,
7(0)p(qr + ugrr) + gr + £(0)0,r = Gu,

(3.27)

where

2
G1: = —2pur — —pru,
T

2 4
Gy : = —prug — (pu)ru, + ()\'(G)HT <uT + ru) + g,u/(G)HT (uT — u>> ,

r

. <M(9) <2u N §u2 _ ; (ur + iu>2> + A(0) (ur + iu)2>r

G = (O~ (@)t — (rOpua) - K (016

G3: = —(peq)rbt — Br(p,u,0,9)0r — pr(ur + %u) + <<¢(29) T 4u> a(e)q2>r

Multiplying (3.27), by r?u,, we get
/putrrzurdr+/puumquurdr—f—/pwrzurdr:/Ggrzurdr. (3.28)
Q Q Q Q

We estimate the different terms as follows.
First, one has

1 1 d 1
/ (,OutrT2’LL7» + puuwr2ur) dr = / pr2 fuz + pur2 fu% dr = pr u2dr
Q Q 2 t 2 r d’l“

Second, since (u, u, 0;)|sq = 0, we derive from the momentum equation ([1.7]) that

(pr ~ (Cu(6) +2®)) (u + 2, - %)) =0

so one gets
[ (o= (Gror+30) (s + 20 - Za)) ) rtusar
- _/Q <R(0pr + pbr) — (%u(e) + M) (u 4 %u _ Z“)) (%), dr-

Using the following equation, arising from the mass equation,

2 per 4 2r% pruty + r2upyr + p(rQur)r + 2rpyu — 2pu =0, (3.29)
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we have
—/ RQpT(T‘QuT)Tdr = —/ ROp,(2ru, +r2u,«r)d7‘
Q Q

1
= / Repr; (r2ptr + 2r2prur + rzupw + 2rpru — 2pu) dr
Q

0 6, 0
:/ B 2( p?) dr+/ d prurdr+/ —pyr umrerr/ 0 e (2roru — 2pu)ar
o p \2 )/, Q P Q

> — —T prdr — / 2ROp,udr — CEﬁ(t)D(t).
dt Q

Moreover, we have

/Q <§ > <u TR 2u> (r¥uy)pdr
gAC

#0)
RACED)
> /Q <§u(9) + /\(9)> (;r%ﬁ +u > dr —/Q (;‘M(e) + A(G)) %u2 — CE3(t)D(t).

Thus, we derive

2
<um« + —u, — 7“2u> (r2urr + 2ru,)dr

4
< -+ 4u + Artp Uy — 22Uty — uur) dr
T

% [ <1pr2ug + ;pﬂpg) dr — /QRpG (r2uy)pdr — /QQRQ,oTudr
+/Q <§M(9) + A(@)) (ér2u2 o > ar —/Q (gu(e) + /\(9)> 2 < CEY(HD().
(3.30)

Multiplying (3.27))5 by %TQQT, one has

1 1 2
/peggtrr29Tdr+/B(p,u,0,q)9wr29rdr+/Rp7"2 Up + —u | O.dr
Q 0 Q 0 Q r

r

2\ 1 1
+ / (qr+q> —r20,dr = / G3-r?0,dr.  (3.31)
Q T r 0 Q 0

We estimate each term in the above equation as follows.
First, one has

1 d
/Qpeeetrgﬂerdr:/Q”;@ 2( 92> dr> - p%" r202dr — CE3(t)D(t).

Second, using the fact B(p,u, 6, q)|sq = 0, we have

1 B 1
/ B(p,u,0,q)0~120,dr = —/ ((p,mﬁ,q)rQ) ~02dr > —CE%(t)D(t).
Q 0 QO 0 , 2
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2 2 2
/ Rpr? (ur + u> Opdr = / Rpr® (trr + —up — —Zu)QrdT
o r ), Q T T

—/Rp((rzur)r—Qu)Hrdr—/Rp(rQUT)TQTdr—/2Rpu9rdr.
Q Q Q

Similarly, one has

2\ 1, 1, 2
.= —r*fdr = | =(r°q;).0,dr — | =q0,dr.
/Q<Q+rq>r9r ' /99(“1) ' /Qeq '

So, we derive that

d Peo 292 / 2 L o / 2
Hd 7"7“97" n 7‘1”97‘ d - 2 9r n erd
dt/ 29 r+ A Rp(r“u,) +9(Tq) r Q( Rpu +9q )dr

< CEx()D(t). (3.32)

Third,

Multiplying (3.27)), by - ) 7“ qr, one get

7(0) 2 / 1 2 2 / 1 2 / 1 2
T rr rd Td *err r d = A r d .
/Qﬁ(g)em“ (qtr + ugry)grdr + o T+ )7 (r g, )dr rrT Gydr
(3.33)

We estimate each term in the above equation as follows.
First, using the mass equation, one has

/ T((Hg))epT (@t + ugrr)grdr = / ) %")t + U(l 2)r)dr

o Ir

=5 ((jfe > q2dr — CE3 ()D(1).

Second, use the fact 0,|pq = 0, we have

1
/ *‘97"7"742(]7'(17' > _/
Q 0 Q

Thus, we derive that

0,(r2q,)rdr — CE2 (1)D(t).

SR

d 7(9) 2 / / 2 2 i
— dr — r)rd dr < CE2(t)D(t). 3.34
= (epqr e+ [ rtatar < cEYODO). (330
Combining , and -, we obtain
d 1 0 P Peo 2 2, 7(6) / L 2o _/ 2
% ( priu? +2 repy + — T 0; (G)HPT ¢ ) dr+ Qn(ﬂ)ﬁr q.dr A 2upr+0q9T dr

+ / é/QL(Q) + A(0) 1TQufr +u? ) dr — / é;1(0) + A(0) 3u2 < CE? t)D(t). (3.35)
Q 3 5 Q 3 7"2
On the other hand, multiplying (1.7), by 2u, one gets

/2putudr+/ 2,0uurudr—|—/ 2p,udr
Q Q Q

= /Q <(§M(‘9) + A(G)) <um> + %ur - ZU> + X (0)6, (u,« + iu) + %M(@)Gr (ur — :f)) 2udr,
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For the term on the right hand side of the above equation, we have

/ <(§u(e) i )\(9)> (u 20, - f;u> N ()8, <u N fu> 100 (v - ”;f)) -
= _/Q (3“(9) + W)) (M + iuz’) dr + CE*(t)D(1).

Thus, we derive
T pu dr+ [ 2pyudr + g,u,(ﬁ) +A(0) ) | 2us + U dr < CEz(t)D(t). (3.36)
Q Q

Then, multiplying (1.7), by ﬁq, one has

2 2 2 2
0 , C2g)———qd —— ¢4 Zq¢0,dr =0,
/QT( )p(qr + ugr +u Tq)ﬂ(g)eq r+/ﬂﬁ(0)9q r+/99q r=20

from which we get

d [ pr(0) , 2 /2 1
— d ——q“d —qb,dr < CE2(t)D(t). .
dt Jo r(6)07 H/M(e)eq r+ ), gbrdr < CEX(OPE) (3:37)
Therefore, combining (3.35)), (3.36]) and (3.37)), we conclude that
d 1 4 PEo 292 7(9)
2 — —ro; 2 d
dr ( plrur +2u’) + 2p AT +2m(0)9(rq’“+“ "
4 1 1 1
—u(0) + X0) ) | oriu? 2)d / 22 + 2¢%)dr < CE=(t)D(t).
+ [ (Grerea®) (3 3 )ars [ e v atiar < cE oD
Integrating the above result with respect to t, the proof of Lemma is finished. O

Using the equation (1.7), and (1.7), and Lemmas we obtain

Lemma 3.5. There exists some constant C such that
t

/ r2(q% + ¢2)dr < C(Ey + E2(t) / D(s)ds + E2(t)). (3.38)
Q 0

Now we continue with

Lemma 3.6. There exists some constant C' such that

/0 t /Q (21D (p, 1,0, 9)2 + 12 + ¢?)drdt < C(Ep + E* (1) /O "D(s)ds). (3.39)
Proof. Using equation 4 and Lemmas we have
/Ot/foQ( r202drdt < C/ / r?q® + 73(0)p’rq; + 72(0)p*r?q? + 7(0) p*uPdq?) drdt

< C(Eo + E3 (1) /0 D(s)ds). (3.40)
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Multiplying (1.7)4 by p%Q(TQU)T and integrating the result, we get

/ t /Q %(ur + %u)(rzu)rdr
/ /Gt o drdt_/ / Pl 2, drdt_/ / —(gr + 2q)( w)pdrdt
//Qp@g <7-+ u> a(0)g*(r*u),drdt

[ (M ( hie 2 (o iu)z) 20 (v + 3u)2) ()t

(3.41)

We estimate each term in the above equation as follows. First, one has

2
/ / (ur + Su )(r?u, + 2ru)drdt
Q

= / / —(T2u$ + 4u® + druu,)drdt
0 Ja €9
t t
:/ /RH(TQUE-I-QuQ)det—/ / <R€> rou’drdt
0 Ja €9 o Ja\€ /,
! R 54 2 1 !
> — (r*us + 2u®)drdt — E2(t) [ D(s)ds,
0 Ja Cu 0

where we use the fact that

1
17(prs tp, Oy @) || Lo < CEZ(2).

For the right hand side of (3.41]), using the boundary condition u;|sq = 0, we have

t t t
/ /Ht(rzu)rdrdt:/ d/@(rzu)rdrdtJr/ /H(Tzu)mgdrdt
0 Ja o dt Ja 0 Ja
t t
- / / 0,r2u,drdt + C(Ey + E2(t) / D(s)ds)
0 Ja 0

t ¢
2u? 3 s)ds).
§n/0 /Qr uidrdt + C(n)(Ep + E (t)/o D(s)ds)

where 7 is a small constant to be determined later.
For the second term of the right hand side of (3.41)), one has

/ / )rdrdt = / / (r*u, 4 2ru)drdt
Q pPeo Q Peo

2 /0 /Q E(TQ“E + 2u?)drdt + C(Eo + B3 (t) /Ot D(s)ds).
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Similarly, we have

—/t/ L(q —|—gq)(7‘2u) drdt

0 Ja pPee ' '

I R

- —(r*u? + 2u? drdt—i—C rqr—i-q )drdt
4 Jo Ja Cu

t
1/ / E(vﬂu? —|—2u2)d7’dt+C(EO +E2(t)/ D(s)ds),
4 0 JQ Cy 0

ot/ o ((2) + 4“) a()q” (r*u) drdt
//C (r2u? + 2u?) drdt+0// Ydrdt

t
16 /0 /Q o (rPur + 2u)drdt + C(Ep + E3 (1) /0 D(s)ds).

In the same way, one has

/t/ (u(9) <2u n iu2 - % (ur + iu>2> +A(0) (ur + iu>2> (r’u),drdt

7"2U u2 T % t s)as).
< 16//0 +202)drdt + C(Eo+ E (t)/o D(s)ds)

Thus, we derive that

1 t R t t
/ / —(r*u? + 2u*)drdt < n/ / riutdrdt + C(Eg + E%(t)/ D(s)ds). (3.42)
8 Jo Ja Cv 0 Ja 0

Now, multiplying the mass equation (1.7]); by r2ps, one has

t t t t
/ /7’2p?d7‘dt:—/ /uprr2ptdrdt—/ /purr2ptdrdt—/ /27‘puptd7“dt
0 JQ 0 JQ 0 JQ 0 JQ
1 rt t t
< / /r2p?drdt+0/ /TZ(U%+2u2)drdt—|—Eé(t)/ D(s)ds
2Jo Jo 0 Jo 0

which, combined with (3.42)), implies

1 [t t t
/ / r2p2drdt < Cn/ / r2uldrdt + C(Ey + Eé(t)/ D(s)ds). (3.43)
2 Jo Ja 0 Ja 0

Multiplying the equation (1.7), by r?u;, we get

t
/ /przufdrdt / /puu,r utdrdt—/ /Rﬁp,T uthdt—/ Rpb, 12 updrdt+
0 Ja Q Q
t 4 2 2 4 u\\ o
/0 /Q <<3u(9) + )\(9)> <u,«r + ~Ur = 3u ) + N(0)6, <ur + u) + e '(0)6, (u,« - r)> U

(3.44)

IN

IN

and

| /\

IN
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We estimate each term in (3.44]) as follows. First, it is easy to see that

t t
/ /puu,,TQutdrdth%(t)/ D(s)ds
0 JQ 0
Using the boundary condition u|gg = 0, (3.42)) and (3.43)), one has
t
—/ /RGpTTQUtdrdt
0 JQ
tq t t
——/ / RGpﬂ“Qudet—{—/ /RHtprr2udtdt+/ /Rﬂprtr2udrdt
o dt Jq 0 Jo 0 Jo

t t
- / / ROp;(r*u),drdt + C(Eq + E%(t) / D(s)ds)
0 JQ 0
t t
< Cn/ / r2uidrdt + C(Ep + Eé(t)/ D(s)ds).
0 JQ 0
Using (3.40)), we have

t 1 t
/ / Rpb,r*updrdt < 3 /pr2ut2drdt + C(Ey + Eé(t)/ D(s)ds).
0o Ja 0

For the last term of (3.44), one has

/ot/g ((;lu(e) - A(9)> (“ e 7?2“) O (u ’ iu>

4, u 9
+§,u (0)6, (ur — 7“)) rupdrdt

t 4 t
< / / <3p(9)+>\(9)> (FPuy)r — 2u) wdrdt + CE3 (1) / D(s)ds
0 JO 0
td 4 Lo o 2 1 !
- = —u(0) + X(0) ) (zrus +u*)drdt + CE2(t) | D(s)ds
o dt Jo \3 2 0
t
< C(Ey+ E3 (1) / D(s)ds).
0
Now, we can choose 7 sufficiently small and get
t . t
/ / rPuldrdt < C(Fy+ E2(t) / D(s)ds).
0 JO 0
This together with (3.42)) and (3.43]) imply

¢
/ / ((r*u? + 2u?) +r2p?)drdt§C(Eo+E%(t)/ D(s)ds).
0

21

(3.45)

(3.46)

Until now, we have get the dissipation estimates of r(u¢, uy, pt, 0;) and u. Multiplying

the momentum equation (1.7), by 7?p;, using (3.40)), (3.45)) and mass equation (L.7)),, we
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derive that
/ / ROr*p?drdt = / / pus + puu, + Rpb,.) r?p.drdt
0 Ja

L esm) o v 29
24006, (ur — :f)) r?prdrdt
/ /R6r2p2drdt+/t/g(;l () + A

3
+C(Eo+ E*(t) t D(s)ds)

2 2
9)) (uTT + = T2u> 2 ppdrdt
/ / R9r2p2drdt+/ / (;1

1 2
) <) <ptr + Upryr + 2pruyr + U,Dr> TQPTdet
P r
+C(Bo + E* (t)
4

D( )ds)
//R9r2p2drdt—/ / 3“ )prdrdt—kC(Eo—i—E /D (s)ds)
< 5/0 /QR0r2pfdrdt+C(Eo+E§(t)/0 D(s)ds),

which gives

=

(=)

7;

/\O\

t t
/ / r2p2drdt < C(Eo + E2 (t) / D(s)ds). (3.47)
0 Ja 0
Finally, using the energy equation (|1.7))5, (3.46|) and Lemma we have

t t t
/ / r20?drdt < / /(r2u$ +2u® + 122 + 2¢%)drdt + CE%(t) / D(s)ds
0 JQ 0 JQ 0

t
< C(Ey+ E2(¢) / D(s)ds). (3.48)

0
This finishes the proof of Lemma O

The following lemmas give the second-order a priori estimates.

Lemma 3.7. There exists a constant C such that

/ (r?p%. + (r?ud. + 2u?) + 1?07 + 7(r’q;. + 2¢7)) dr + / / r2qk 4 2¢7)drdt
Q

< u—i—)\)/ / r2ul. 4 ul, drdt<C(E0+E2 /D (s)ds + E2(t)). (3.49)

Proof. Taking derivative with respect to (¢,7), one gets

Pitr + UPtrr + PUtrr + %purt - r%put = Hy,
PUttr + PUULrr + Pirr — ((%M(e) + )\(0)) (Urr + %ur — T%u))tr = H>,

e+ Blor . o+ 20), 4 (' 20), =
T(G)Io(qttr + UQtrr) + qur + %(9)91‘“« = H47

(3.50)
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where
Hy = — <pturr + 2pptUpt + 2Up iy + U P — %Ptu + %uptr + %ptur + iprut> ;
Hy := — (prugy + prug + ueper + (pu)ster + (o) e + (pu)rur)
+ (Y00, (ur+20) + 300 (1= 1))
Hjz := — ((Pee)tetr + (peg)rOu + (peg)urOi + Bibrr + By + Bty + pr(ur + %U)r

+py(ur + %u)t + pir <(“T * iu)>> i <<T(29) ! iu> a(e)(f)t’"

+ ( () <2u + iu2 — ; <u + iu)2> + A(6) (u + iU>2> )

Hy = —((1(0)p)tarr + (7(0)p)rare + (T(0)p)trae + (7(0) pw)tqrr + (T(0pu)rger + (7(0) pu)irqr

2
/‘f,(e)(eterr + 29r9tr) + /ﬁ'xﬁetez + ( PTUQ> >
Multiplying equation (3.50), by r?u,, one gets

2 2
/ PUr T Ugrdr + / PUULyyT Uy
Q Q

4 2 2
—|—/ <pmn — ((3#((9) + )\((9)) (Urr + —Up — 2U>) > T’2Utrdr = / H2r2utrd7".
(¢} T T tr 0

(3.51)

We estimate each term in the above equation as follows.
First,

1 1 d 1
/ pr2(uttrutr + wgppugy )dr = / pr? <(2u?T) +u <2ufr> ) dr = dt/ 2pr2ugrdr
Q Q t r Q

Second, using the boundary condition

<prt - <<§M(9) + >\(9)> (urr + %ur - ;u)>t> oo = 0,

/Q (pm - ((;lu(e) + A(G)) (u + %u - iu))t> Ve dr
B _/Q (p " <<§“(") " W) (u + 20— 7“22“») (r2uge ).

we have
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Using equation (3.50)),, we have

/ Pir (rPug)pdr

Q

= —/ (Optr + pOir + Opy + pi0,) (r?uyy ), dr
Q

d
—/ R(Opy + pﬂtr)(rzutr)rdr ~ % / R(O:p, + pter)rzurrdr + / R(O:p, + ptﬁr)tr2urrdr
Q Q Q

1 1
> / ROpy, (TQPttr + g7“QPtrr — 2uy — 7"2H1) dr — [ RpO(r’us),
Q P P P Q

_ 4 / R(0up, + pi0y)rupdr — CE? (£)D(t)
Q

Re 2 2 ¢ 2 ¢ 2 1 2 / 2
> — —7 dr — -r —+ | —ur —pr.dr — O (7 r)pdr
pt’r’ / R (( , u pt’r‘ Rp t ( Ut )

/ 2ROpsurdr — T / R(O:pr + piby)r2u,dr — CE? t)D(t)

- (Rer2 )

T R(O:pr + piby)r urr> dr — / (RpOs(r?usy), + 2ROpspus)dr — CE%(t)D(t).
Q

On the other hand, using the boundary condition u|g, = 0, one has

4 2 2
/Q <<3,u(9) + )\(9)> (urr + U = 7"2u>>t (r2ug ) pdr
4 2 2 9 1
> gu(e) +A0) ) | wgrr + L X (reugyr + 2rug )dr — CE2(t)D(t).
Q
= /Q (iu(@) + )\(0)> (TQU%W + 4u? 4+ Aruge sy — 2t — iututr> dr — CE%(t)D(t).

> /Q (gu(a) 4 A(G)) <;r2uf,,r +ul - fg u§> dr — CES(1)D(1).

Thus, we derive that

d RO 1
<p7”‘2,0?7, - R(etpr + pter)r2u7‘r + 2/)7’ utr) dr — / Rpeﬁ’ T utT’)Tdr

dt
4 1, 2, 1
— | 2ROpyudr + g,u(H) + A(6) £ Uiry +u? — U dr < CE? (t)D(t).
Q Q
(3.52)
Multiplying equation (3.50)5 by %TQOW, and integrating the results, we obtain
2
pzeattrr 0,dr + / = Oy 20 dr + / Rp <ur+ u> 20, dr
Q rt

1 2
+/ 7 <Q7’ + Q) TQGtTdT = / Hg*?"z@trdr. (353)
Q 0 ")t Q 0

We estimate each term in the above equation as follows. First,

/p;" 20, 0,.dr > / PC0,202 4 — CE3 (£)D(t).
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Using the fact that Blpg = 0, one has

B B, 1
/ = Opyyr20ppdr = — / ( 1“2) ~02dr > —CEz(t)D(t).
Q 0 Q 0 r 2

2 2 2
/ Rp <uT + u) r20,dr = / Rp <utw + — U — 2ut> r20,,dr
Q T rt 0 T T

= Rp(rQUTt)TQtrdr—/ 2RpuOs-dr.
Q Q

Second,

Similarly, one get

1 2 5 1,5 /2
g += Opedr = | = )rOgdr — | —q0ydr.
/99<“’+rq)rf i /Qe(”” T ot

One should pay attention to the term

1
/ H3*T‘29t71d7",
Q 0

since there will appear third-order terms. The typical third-order term can be dealt with

as follows:
/ ((4u(9) + A(Q)) uz) 720,,.dr
Q 3 tr

4
< 0/ <3ﬂ(9) + A(9>) (rtitrr + utrtiry )r*Ggydr
Q

<o [ (30 +30)) i+ CpERODO),

where we use Young’s inequality and the following estimate,

4 4
1 (5204 2®) Pusrinbils < cn\/ (540) + X6) s el 1210

< CE2D(t).
Thus, we conclude that

d [ peo

1
— r29t2rdt+/Rp(rQutr)THtrdr—/2Rput0trdr+/ f(r2qrt)7«9t7«dr

—n/Q (;LM(G) + A(G)) r*ug,, dr — /Q %(It‘gtrdr < C’E%(t)D(t). (3.54)

Multiplying equation (3.50)), by mﬂqm one gets

7(0) o / I / 1, / I
r r rr)d il 3 rOrrdr = rHy.
/QH(Q)@r o p<qtt a ) " Q 5(9)9r Gur T Q QT (GurBtrr €T Q K(Q)QT fer 4
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We estimate again each term in the above equation separately. First, using the mass
equation, one has

/Q /;(gi)erzqtrp(qm + ugyry)dr = /Q IZ((;))GPTQ((;%?M + u(%qtzr)r)dr

d 7(6)
=t Jo k(6)8”

1
rziqt?rdr — C’E%(t)D(t).
Second, using the fact that 6;.|spq = 0, we have

/ =T thGterr > — / %(Tth’I‘)TGtTdT - CE%(t)D(t)
Q

Thus, we derive

d 7(6) 1
ar - T T < E2 . .
at Jo 2%(0)9 priq;.dr / 7 Gy )0y dr+/ H(H)HT 22 dr < CE=(t)D(t) (3.56)

Combining (3.52)), (3.54) and (3.56)), and choosing 7 sufficiently small, we derive

d RO 1 0
< 2p Qp?r R(Qtpr“‘pter)ﬁurr"'*pr T e 292 + () pTQQth) @

at 2 20 215(0)0
2 1
— /Q <2RUt(9ﬂtr + pbyr) + thetr> dr +/Q R(9)0r2qt2rdr
4 1 2
+ / 200)+20) ) (S22 42 — 202) dr < CER(0)D(0). (3.57)
0 3 10 r2

From the momentum equation, one has

pust + putyy + pr = —(prue + (pu)ruy)

¥ <(§u<0> ¥ Aw)) <u 420, - 2u) N (00, (u ; 2u> o) (v - jf))t.

Multiplying the above equation by 2u; yields

4 1
%/ pudr +/ 2uy R(pOy + Opyy)dr +/ <3u(9) + A(@)) (2ufT + 7.22“3) dr < CE2(t)D(t),
Q

where we use the fact that

/Q ((;‘u(e) + /\(9)) (u + 2, - fQu) LN (0)6, (u + fu> +SH 06, (v~ :f))tmtdr
< _/Q (;‘M(e) + )\(9)) <2ufr + fut) dr + CE* ()D(1).

Similarly, taking the derivative with respect to ¢ in equation (|1.7]),, and multiplying the
result by ( w(oydt> one obtains

— d ——q;d —0,qudr < CE2(t)D(1). .
G | Zageiar+ | —dars [ Sowar<cpiope. @)
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Therefore, by using (3.57), (3.58) and (3.59)), one derives

d Rf 722 1 Pey 202 7(‘9) 2 2 2
— R(0:p, rr .+ 2u .+ 2
G L (ot = RO+ 00, )%+ (e + 268) + 50208+ T 0%+ 24 ) ar

4 L oo 1 2 2 2 1
il — < 2 .
+/Q <3u(9) +)\(9)> (107" w2 +3utr> dr—i—/ﬂ 73+ 20 < CEHOD()
(3.60)
Integrating this over (0, t), we get the desired result. The proof of Lemmis finished. [

Similarly, we can derive

d L 9o  RY Peo 242 T(0) 59
dat Jo <2PT Uy + T Pt+ 20 O + " (9)9P7' qy | dr

2p
—1—/9 <§,u(9) +>\(9)) (r*u) dr"'/gm(;gr Girdr < S

Note that the factor 2 in (3.6I) arises from the 72 weight assigned to |rgy||2, in the
definition of D(t). Furthermore, motivated by the definition of E(t), we integrate (3.61)
and multiply the resulting equation by 72 to establish the following lemma.

E()D(t). (3.61)

Lemma 3.8. There exists a constant C such that

¢
/ 2 (r P2+ r2ul + 204 4 ik dr+/ / g2 drdt

( u+/\>// r?u, ) drdt < C(Eo + E2 (t /D )ds). (3.62)

Furthermore, we have

Lemma 3.9. There exists a constant C such that

t
/ (r?p2, + (r’ul, + 2u2) + 1202, + 7(r*¢2, + 2¢2)) dr < C(Ep + E3(¢) / D(s)ds + E3(t)).
Q 0

(3.63)
and
4 2
/ <3,u+)\> r2(u, + 7 utr,,)dr<C’(E0—|—E2 / D(s)ds + E*(t)). (3.64)
Q
Proof. From equation (3.27),, we have
2.2 2 2\’ 2 2
P U + —up — —u | dr = [ 7 (=py — uppr + G1)"dr. (3.65)
Q r r Q

For the left-hand side of the above equation, one has

2 2 \?
/ p2r2 (urr + —u, — 2u> dr
Q T T

4 4 4 4 8
_ 2.2 2 2 2
= /Qp r (urr + 772”7" + ﬁu + ;ururr - ﬁuum‘ - T3uu7"> dr

1 1
= /9’02 (r2ugr + 8u$ + 4uruw) dr > 4/9 <37«2u%r + 2u3) dr,
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where we used the e-Young inequality

1
—(4u7~)2,

Aru,up, < s(rurr)2 + "

and take ¢ := 2.

For the right hand side of , using Lemma one has
[ 7 Con =+ G ar < OB+ BH) [ Ds)ds + B0,
where we use the fact
/ ’I’QG%dT < / rQ(—Qprur — ngu)zdr < CEz(t).
Q Q r
Thus, we derive that
/Q(r%ﬂ +ud)dr < C(Ey + E3 (¢ / D(s)ds + E*(t)). (3.66)
From equation (3.27)),, using Lemmas (3 one immediately gets
/ 2(0)r?02 dr < C/ 7'27“2qt2r + 72ur? gt 4+ g + TQGZ) dr
< C(Ey+ B3 (1) /0 "Dls)ds + B2(1)). (3.67)

Multiplying the momentum equation (3.27), by r%p., using (3.67), Lemma and the
mass equation ([1.7));, we derive

/ R9r2pirdr = — / (putr + putiyr + RpOypy + 2Rp,0,. — Go) 2 pppdr
Q Q

# [ (Gro+ 30 (e 20 = Z)) o

/ ROr22 dr + / (iu(e) +/\(9)> <u 2, - ;u>rr2prrdr
+CE+ B | " Dis)ds + E(1))

=5 [ roritars [ (Guora0) ((=5) (ot e+ 20+ 20 ) ) 2o
o+ B | " D(s)ds + E(1))

/ ROr?p? dr — —/ (gu(e) + /\(9)> ip?Tdr +C(Eo+ E* (t) /Ot D(s)ds + E*(t)).

Therefore, Gronwall’s inequality implies that

/ r2p2.dr < C(Ey + E(t) / tD(s)ds + E2(t)). (3.68)
Q 0
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Finally, from equation ([3.27)),, one has

2 \? 2 2
/ r’ <QT + Q) dr = / r’ <G3 — pegby — BO. —p (ur + u) ) dr. (3'69)
Q r r Q " r

Similar to (3.65)), we have

2 \? 1
/ 7 (qr + q) dr > /(rQq,?r + 2¢2)dr.
Q ), o 3

While, using (3.66)) and Lemma one has

9 2
/ r? <G3 — pegby — BO,. — p <u,« + Tu) > dr
Q r

< C'/ (T2(G§ + (9?7_ + BQGzT) + r2u3T + uz) dr
Q

< C(Eo+ Ex(t) /t D(s)ds + E(t)).
0

So, we derive that
t
/ (122 + ¢¥)dr < C(Ey + E2 (1) / D(s)ds + E*(t)). (3.70)
Q 0

By virtue of (3.66])-(3.70), the estimate (3.63) in Lemma is verified. Furthermore,
combining the second equations of (3.11)) and (3.27) with Lemmas we directly
derive inequality (3.64]). This completes the proof of Lemma O

Lemma 3.10. There exists a constant C' such that

t
/ | PP 0,00 1268+ (0 + 0 ) drdt < C(Bo+ BH (1) [ Dishas + B0
0

(3.71)
Proof. From (3.27), and using Lemma |3.7] E 7| and [3.4] -, we have
/ / )26 drdt = /0 /97“2(04 — 7(0)p(qer + ugrr) — gr)*dr
< C(Ep + E%(t) /t D(s)ds + E*(t)). (3.72)
Similarly, from equation , and using Lemmas and one gets
/0 t /Q r20%,drdt < C(Fo + B4 (¢) /O "Dls)ds + F2(1)). (3.73)

Multiplying (3.11)); by r?(u, 4+ 2u), using Lemma 3.7 and (3.73), one has
t 2
/ / pr? (ur + 2u> drdt
0 Jo o/,
K 2 2
—/ / <p€99tt + BO,; + (qr + q> — Fg) r? <ur + u) drdt
0 JQ r t r t
t 1/ 2 \? Lot
—/ / pegbi (r’u) pdrdt + f/ / pr? (ur + u) drdt + C(Ey + E2 (t)/ D(s)ds + E*(t)).
0 Jo 2Jo Ja L 0



30 YUXI HU AND REINHARD RACKE

Using the boundary condition u|gq = 0, (3.73)) and Lemmas one has

/ / peabi( r? u)ppdrdt
t
:—/ <dt/p€09t(7“ u)trdr> dt+/ / peg) b (r u)rtdrdt+/ /peé)et(TQU)ttrdet
’ Q

t
- / / pegbyr2ugdrdt + C(Eg + Eﬁ(t) / D(s)ds + E*(t))
0 JQ 0

! 2.2 1 ! $)ds 2
gn/o /Qr 2drdt + C(n)(Eo + B (t)/o D(s)ds + E(1)).

On the other hand, using the boundary condition w|s, = 0, we obtain

t 2 2 t 4 4
/ /pr2 <ur + u> drdt = / /prz(u?t T - wue + ﬁu?)drdt
0 Jo r " "

/ / (r2u2, + 2u?)dzdt — CE2 (1)D(t).

Therefore, we derived that

/ / r’uf. + 2uf)dzdt < n/ot/gﬁuftdrdtJrC(n)(Eo +E2(t) /OtD(s)derEQ(t)).
(3.74)

Multiplying (3.11), by r?uy, using (3.73)), Lemma and the boundary condition
ugtloo = 0, one gets

t t
/ / pr2u?tdrdt = —/ / (puuy + Rpby + ROpy — Fy) r2ugdrdt
0 Jo
2 2
/ / 0)) <um~ + —u, — 2u) r2uydrdt
r
/ / R9prt7“ ugedrdt + = / / p?”Qu%tdrdt + C’E2 / D(s
1

t 1 t
—/ / ROppsrugdrdt + 2/ / priuZdrdt + C(Ey + E2 / D(s)ds + E*(t)).
0o Jo 0 Jo

| /\

IN
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Using equation (3.11]);, Lemmas and (3.74)), we have
t t 2
—/ /Rﬁprtrguttdrdt:/ /R0 <(pu)T—|—pu> r2ugdrdt
0o JQ 0 JQ r r
t ) t
</ /Rep(um«+2uT)r2uttdrdt+CE2(t)/ D(s)ds
0 Ja 0
tq t ) t
</ /Rﬁp('rQuT)rutdrdt—/ /R@p(rQUT)Mutdrdt+CE2(t)/ D(s)ds
o dt Jo 0 Jo 0
t t
< / / ROp(r2u,)rupedrdt + C(Fo + B3 (2) / D(s)ds + E2(t))
0 Ja 0

! 2,2 1 ! s)ds 2
SCn/O /Qr updrdt + C(n)(Ep + E (t)/o D(s)ds + E=(t)).

Therefore, by choosing 7 sufficiently small, we get

t t
/ / (r2(u. + u) + u2)drdt < C(Ey + B3 (1) / D(s)ds + E2(t)). (3.75)

0 Jo 0
Multiplying the momentum equation (3.11)), by r?py, using (3.73)), (3.75) and Lemma

one has

t t
/ / R0r2pt2Tdrdt =— / / (puy + puuy + Rpbyr + Fg)r2ptrdrdt
0 JOQ 0 JQ
+/t/(4 0) 4 M0) (s + 2y — 20 ) P pdrdt
= Uppr + —Upr — U | T7pedr
0 o 3:“ r 7"2 . Pt
1 t t
<3 / / ROr2p2 drdt + C(Eo + E2(t) / D(s)ds + E*(t))
0 JQ 0
t 4 1 2 9
— —p(0) + X(O) | —(ptr + wprr + 2ppur + —prw)r? pydrdt
0o Ja \3 p r
t t
g% / / ROr?p2 drdt + C(Eo + E2(t) / D(s)ds + E(1))
0 JQ 0
td 4 1 5,
- = = — t
|5 [ (G +3@)) 5rtotara
t t
g% / / ROr*p2 drdt + C(Eo + E2(t) / D(s)ds + E*(t)),
0 JQ 0

which gives

/ t / ROr2p2 drdt < C(Ey + E2(t) / tD(s)ds+E2(t)). (3.76)
0 JQ 0

In a similar way, we can derive that

/ t / ROPp2 drdt < C(Ey+ EX (1) / "Dls)ds + B2 (1)), (3.77)
0 JO 0
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Similarly, (3.11));, (3.27), together with (3.75) and (3.76]) imply
t t
/ / (P22, + p2) + u2)drdt < C(Eo + E3 (1) / D(s)ds + E(1)). (3.78)
0 Ja 0

Finally, using the energy equation (3.27)); and the above estimates, we have

t t t
/ / (r’q. + q7)drdt < / / (r2(02. + u2,) + u?)drdt + CE%(t) / D(s)ds
0 Q 0 Q 0

¢
< C(Ey+ Ex(t) / D(s)ds + E%(t)). (3.79)

0
Thus, the proof of Lemma is finished. O

Now, combining Lemmas [3.2] - with the choice

1 2
5:min{(51, (20) , 1}

where C' is the universal constant from these lemmas, we complete the proof of Proposition

B.1

4. PROOF OF THE MAIN THEOREMS
Proof of Theorem By the definition of F(0), we know that
E(0) < C1 (lIr(po — 1,60 = 1,40) |35 + llruoll7a) < Cieo

with C] a universal constant independent of 7, A, u. Now, choosing ¢y sufficiently small
such that 5
C1Cey < 5,
then, by virtue of Proposition m E(t) < g which close the a priori assumption E(t) <.
Therefore, the estimate (3.1 holds for the local solution (p,u, 8, q). By usual continuation
methods, the local solution can be extended uniquely to the global one satisfying the
estimate (3.1). Thus, the proof of Theorem is finished.
Proof of Theorem : Fix 7 > 0. Let € = (p, A) and (pS,us, 65, ¢5) be the global

solutions obtained in Theorem Then, we have

o
sup ||(,0fr - 1vu'6r797€- - 1aq76-)H§{2 + / HD(p,er,ufr,er,qfr)H%ﬁdt < CE(O), (4-1)
0<t<oo 0

where C is a constant independent of e. Thus, there exists (p2,u2, 0%, ¢%) € L>([0, 00), H?)
such that

(9, 05, 5) — (62,0, 00,2)  weak — in L®([0,00), H?)

€
T
ness argument, (pS,us, 05, ¢¢) are relatively compact in C([0, 7], H. 120;50) for any T' > 0 and

0 < dg < 2. As a consequence, as € — 0 and up to subsequences,
(s, 05,.65) — (p9,u0,607,47)  strongly in C°([0, 7], H*~*)

On the other hand, quantities involving € = (i, \), such as ((%,u(@) +A(9)) (ur + %u))r,
converge to zero almost everywhere as e — 0. Therefore, it is sufficient to pass to the limit

Furthermore, since 9;(pS,us, 0<, q¢) are bounded in L?([0,00); H!), by classical compact-



SPHERICALLY SOLUTIONS FOR RELAXED CNS SYSTEM 33

in (I.7) and (p2,u%, 09, ¢%) satisfies the following hyperbolized Euler-Cattaneo-Christov
equations
pi + (pu)r + 2pu =0,
pug + puty + pr = 0,
pead + (pueo — S @)0r + p (wr + 2u) + gr + 2 = (m + %u) a(0)q®,
7(0)p (g + ugr + Fuq) + g + K(6)8; = 0.

This finishes the proof of Theorem
Proof of Theore Fix € = (u,A). Let (pS,us, 05, 4¢5) be the global solutions
obtained in Theorem [I.2] Then, we have

o0
sup (o5 — 1,65 — 1,45)[I72 +/ 1D (p5, 05, 45) |7 dt < CE(0), (4.3)
0

0<t<o0o

(4.2)

and
sl + [ 1Dt et < CEO), (4.4
0

where C' is a constant independent of 7 but possible depends on €. Thus, there exists
(p5 — 1,05 — 1,45) € L>=([0,00), H?) and u§ € L°°(]0, o0), H?) such that

([)7—, 97'? qv-) (pga 9(6)7 q(E)) weak — % in LOO([07 OO), Hz)
and
us — u§ weak — % in L*°([0,00), H?).

Furthermore, since 9;(pS, 0<, ¢¢) and dyus are bounded in L?([0, 00); H') and L2([0, o0); H?),
respectively, by classical compactness argument, (p$, 65, ¢5) and uS are relatively compact
in C([0,T7, HZQOC‘;O) and C([0,T], Hl?;céo) respectively, for any 7> 0 and 0 < §p < 2. As a
consequence, as 7 — 0 and up to subsequences,

(05,05, 45) = (05, 65,45)  strongly  in C°([0,T], Hy, )

loc

and
us — uf strongly in C°([0,T], H>~%)

loc

On the other hand, as 7 — 0, we have
2 .
T(07)P% (007 + uz0rgs + —utgr) =0 in D((0,00) x Q),

which gives ¢ = —k(0§) 0,65, a.e.. Therefore, it is sufficient to pass to the limit in (1.7)) and
(p§, ug, 05) satisfies the compressible Navier-Stokes-Fourier equations in spherical symme-
try as

pi + (pu)r + 2pu =0,

put + putly + pp = ((* ) (ur + u))
pCoby + puCy, + p (un + u)—r%( 25(0)6,), (4.5)

= u(6) <2u + 2u - % (ur + 2u) ) + A(0) (ur + %U)Q
This finishes the proof of Theorem
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