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Abstract. We study an initial boundary value problem for the 3-dimensional compress-
ible Navier-Stokes equations with hyperbolic heat conduction, where the classical Fourier
law is replaced by the Cattaneo-Christov constitutive relation. We focus on spherically
symmetric solutions. We establish the existence of uniform global small solutions to the
resulting system. Furthermore, based on uniform a priori estimates, we rigorously justify
both the relaxation limit and the vanishing viscosity limit.
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1. Introduction

The basic equations governing three-dimensional compressible fluid dynamics are given
by 

∂tρ+ div(ρu) = 0,

∂t(ρu) + div(ρu⊗ u) +∇p = divS,

∂t(ρE) + div(ρuE + pu+ q − Su) = 0,

(1.1)

for (x, t) ∈ Ω(⊂ R3)× (0,∞). The quantities ρ, u, p, θ, and E represent the fluid density,
velocity, pressure, temperature, and specific energy, respectively. The quantities q and
S denote the heat flux and stress tensor, respectively, and must be specified through
constitutive relations to close the system (1.1).

We assume the flow is Newtonian, which implies that the stress tensor S is given by

S = µ(θ)

(
∇u+ (∇u)T − 2

3
divuI3

)
+ λ(θ)divuI3, (1.2)

where µ and λ are the shear and bulk viscosities, respectively, and both are functions of
the temperature θ.

The formulation of the heat flux q is more intricate. Instead of employing the classi-
cal Fourier law for heat conduction, we adopt the Cattaneo-Christov (CC) constitutive
relation:

τ(θ)ρ (∂tq + u · ∇q − q · ∇u+ (divu)q) + q + κ(θ)∇θ = 0, (1.3)
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where τ(θ) is the relaxation parameter accounting for the time lag in the response of
heat flux to the temperature gradient, and κ(θ) is the heat conductivity coefficient. Both
parameters depend on the temperature.

The Cattaneo-Christov relation (1.3) was originally proposed in the linearized case by
Cattaneo [1] to resolve the paradox of infinite heat propagation speed implied by Fourier’s
law, and was later extended to an objective (frame-indifferent) nonlinear formulation by
Christov [3]. The CC model has been shown to be particularly relevant in extreme physical
scenarios, such as instantaneous heating by laser pulses [22], heat conduction in nanometer-
scale materials [20], and the Rayleigh-Bénard convection near MEMS devices [8]. In fact,
the dimensionless Cattaneo number, defined by C = τκ

L2 where L is a reference length
scale, is used to quantify the significance of the CC model relative to Fourier’s law [21].
When κ is large or L is small, the CC model can become particularly important.

Note that the second law of thermodynamics may not hold for the new CC model if
the classical thermodynamic equation remains unchanged; see [4, 13, 14, 26]. Inspired by
Coleman et al. [4], we assume that the specific total energy is given by

E =
1

2
u2 + e, (1.4)

with the specific internal energy e and the pressure p given by

e = Cvθ + a(θ)q2, p = Rρθ, (1.5)

where a(θ) = Z(θ)
θ − 1

2Z
′(θ) and Z(θ) = τ(θ)

κ(θ) . Cv and R denote the heat capacity at

constant volume and the gas constant, respectively. The quantities p and e satisfy the
usual thermodynamic relation

ρ2eρ = p− θpθ.

For τ(θ) = 0, the system (1.1)-(1.5) reduces to the classical compressible Navier-Stokes-
Fourier system, for which the global well-posedness, blow-up of smooth solutions, and
large-time behavior have been extensively studied. In particular, the local existence and
uniqueness of smooth solutions were established by Serrin [30], Nash [27] and Itaya [17]
for initial data away from vacuum. Later, Matsumura and Nishida [25] obtained global
smooth solutions for small initial data without vacuum. For large initial data, Xin [32],
and Cho and Jin [2], showed that smooth solutions must blow up in finite time if the
initial data contains vacuum. See [9, 10, 23, 18, 19, 6] for results on the global existence
of weak solutions.

On the other hand, for τ(θ) > 0, there are relatively few results. The authors first
studied in [12] the well-posedness of strong solutions in Sobolev spaces, as well as the
relaxation limit, under a linearized form of (1.3). The decay properties of the resulting
solutions were established in [24, 31]. Crin-Barat, Kawashima, and Xu [5] obtained global-
in-time well-posedness for small initial data in Besov spaces, along with a strong global
relaxation limit. In this sense, the Cauchy problem for the system (1.1)-(1.5) has been
extensively investigated, cf. the survey on our results in [28]. However, to the best of our
knowledge, initial boundary value problems have not yet been addressed. We note that the
initial boundary value problem for compressible Navier-Stokes equations with Maxwell’s
law – i.e. relaxation for the stress tensor – has been considered recently, see [11, 15, 16]. As
a first step in this direction, we study the initial boundary value problem for system (1.1)-
(1.5) under the assumption of spherical symmetry. We consider spherically symmetric
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solutions of the following form:

ρ(t, x) = ρ(t, r), u(t, x) = u(t, r)
x

r
, θ(t, x) = θ(t, r), q(t, x) = q(t, r)

x

r
, (1.6)

where x ∈ Ω;= B(0, 1)
c
or Ω := B(0, 2) \ B(0, 1), with B(0, r) denoting the open ball of

radius r centered at the origin. Under this symmetry, the system (1.1)-(1.5) reduces to:

ρt + (ρu)r +
2
rρu = 0,

ρut + ρuur + pr =
((

4
3µ(θ) + λ(θ)

) (
ur +

2
ru
))

r
,

ρeθθt + (ρueθ − 2a(θ)
Z(θ) q)θr + p

(
ur +

2
ru
)
+ qr +

2
r q =(

2
τ(θ) +

4
ru
)
a(θ)q2 + µ(θ)

(
2u2r +

4
r2
u2 − 2

3

(
ur +

2
ru
)2)

+ λ(θ)
(
ur +

2
ru
)2
,

τ(θ)ρ
(
qt + uqr +

2
ruq
)
+ q + κ(θ)θr = 0.

(1.7)

We supplement system (1.7) with the initial data

(ρ, u, θ, q)|t=0 = (ρ0, u0, θ0, q0), (1.8)

possibly depending on τ , and the boundary conditions

u|∂Ω = q|∂Ω = 0, (1.9)

with the domain Ω reduced to either (1,∞) or to (1, 2).
To establish estimates independent of τ(θ), µ(θ), and λ(θ) and to facilitate taking the

limit, we assume the following relations:

τ(θ) = τg(θ), µ(θ) = µh(θ), λ(θ) = λl(θ),

where g, h, and l are smooth (and positive) functions of θ, and τ , µ, and λ are positive
constants. The following assumptions are used throughout the paper:

Assumption 1.1.
(1) The initial and boundary data satisfy the usual compatibility conditions:

∂kt u(0, x)
∣∣
∂Ω

= ∂kt q(0, x)
∣∣
∂Ω

= 0, k = 0, 1, (1.10)

where ∂tu(0, x) and ∂tq(0, x) are defined recursively using equations (1.7)2 and (1.7)4,
respectively.

(2) The possible dependence of the initial data on τ is compatible in the following sense:

∥r (q0 + κ(θ0)(θ0)r)∥H1 = O(
√
τ), as τ → 0. (1.11)

To formulate our theorem, we introduce the following energy functional:

E(t) := sup
0≤s≤t

∥r(ρ− 1, u, θ − 1, q)∥2L2 + ∥r(ρr, ur, θr, qr)∥2L2 + ∥(u, q)∥2L2 + ∥(ur, qr)∥2L2

+ ∥r(ρrr, urr, θrr, qrr)∥2L2 + ∥r(ρt, ut, θt,
√
τqt)∥2L2 + ∥r(ρtr, utr, θtr,

√
τqtr)∥2L2

+ τ2∥r(ρtt, utt, θtt,
√
τqtt)∥2L2 +

(
4

3
µ+ λ

)2

∥r(urrr, τutrr)∥2L2
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The corresponding dissipation functional is defined as:

D(t) :=∥rq∥2L2 + ∥rD(ρ, u, θ, q)∥2L2 + ∥(u, q)∥2L2 + ∥r(ρrr, urr, θrr, qrr)∥2L2

+ ∥(ur, qr, ut, qt)∥2L2 + ∥r(ρtr, utr, θtr, qtr)∥2L2 + ∥r(ρtt, utt, θtt)∥2L2

+ τ2∥rqtt∥2L2 +

(
4

3
µ+ λ

)
∥r(utrr, uttr)∥2L2

where D := (∂t, ∂r).
Our first result concerns the global-in-time small well-posedness of the initial boundary

value problem (1.7)-(1.9), with estimates that are uniform with respect to the parameters
τ , λ, and µ.

Theorem 1.2. Let Assumption 1.1 hold and r(ρ0 − 1, θ0 − 1, q0) ∈ H3, ru0 ∈ H4. Then
there exists a small constant ϵ0 > 0 such that if

∥r(ρ0 − 1, θ0 − 1, q0)∥2H3 + ∥ru0∥2H4 ≤ ϵ0,

there exists a unique global solution (ρ, u, θ, q) to the initial boundary value problem (1.7)-
(1.9) such that

(ρ− 1, θ − 1, q) ∈
2⋂

k=0

Ck([0,∞), H2−k), u ∈
1⋂

k=0

Ck([0,∞), H3−k)
⋂
C2([0,∞), L2)

and satisfy the uniform estimate

E(t) +

∫ ∞

0
D(t)dt ≤ CE(0),

where C is a constant independent of the parameters τ , λ, and µ.

Building on the uniform estimates established in Theorem 1.2, we now state our second
result regarding the vanishing viscosity limit.

Theorem 1.3. Fix τ > 0. Let ε = (µ, λ) and (ρετ , u
ε
τ , θ

ε
τ , q

ε
τ ) be the global solutions obtained

in Theorem 1.2, then there exists (ρ0τ , u
0
τ , θ

0
τ , q

0
τ ) ∈ L∞((0,∞);H2) ∩C0((0,∞);H2−δ) for

any δ > 0, such that, as ε→ 0, up to subsequences, for any T > 0,

(ρετ , u
ε
τ , θ

ε
τ , q

ε
τ ) → (ρ0τ , u

0
τ , θ

0
τ , q

0
τ ) strongly in C([0, T ], H2−δ

loc ) (1.12)

where (ρ0τ , u
0
τ , θ

0
τ , q

0
τ ) is a strong solution to the three-dimensional hyperbolized compressible

Euler-Cattaneo-Christov system (4.2) (below), satisfying the initial and boundary condi-
tions (1.8) and (1.9).

The next result shows the global relaxation limit.

Theorem 1.4. Fix µ > 0, λ > 0. Let ε = (µ, λ) and (ρετ , u
ε
τ , θ

ε
τ , q

ε
τ ) be the global solu-

tions obtained in Theorem 1.2, then there exists (ρϵ0 − 1, θϵ0 − 1, qϵ0) ∈ L∞((0,∞);H2) ∩
C0((0,∞);H2−δ) and uϵ0 ∈ L∞((0,∞);H3) ∩ C0((0,∞);H3−δ)for any δ > 0, such that,
as τ → 0, up to subsequences, for any T > 0,

(ρετ , θ
ε
τ , q

ε
τ ) → (ρϵ0, θ

ϵ
0, q

ϵ
0) strongly in C([0, T ], H2−δ

loc ) (1.13)

and

uετ → uϵ0 strongly in C([0, T ], H3−δ
loc )
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where qϵ0 = −κ(θϵ0)∂rθϵ0, a.e., and (ρϵ0, u
ϵ
0, θ

ϵ
0) is a strong solution to the three-dimensional

compressible Navier-Stokes-Fourier system in spherical symmetry (4.5) (below), satisfying
the initial and boundary conditions (1.8) and (1.9) with q0 = −κ(θ0)(θ0)r.

The paper is organized as follows. In Section 2 we state the local existence theorem for
the system (1.7)-(1.9). The central Section 3 provides a priori estimates, being necessary
for extending a local solution to a global one and for carrying out the singular limits. In
Section 4 the proofs the main theorems are given.

Finally, we introduce some notation. Wm,p = Wm,p(Ω), 0 ≤ m ≤ ∞, 1 ≤ p ≤ ∞,
denotes the usual Sobolev space with norm ∥·∥Wm,p , Hm and Lp stand for Wm,2 resp.
W 0,p.

2. Local well-posedness

In this section, we establish the local well-posedness for system (1.7)-(1.9). We note
that, to our knowledge, general results for the initial boundary value problem of hyperbolic-
parabolic coupled systems are lacking. To obtain the desired well-posedness, we follow the

approach in [33] (pp. 119-124). First, Let M0 :=
2∑

k=0

∥Dk(ρ − 1, u, θ − 1, q)|t=0∥2L2 < ∞.

Let M1 be a positive constant such that when sup0≤t≤h ∥(ρ− 1, u, θ − 1, q)∥H2 ≤M1,

min{ min
[0,h]×Ω

ρ(t, r), min
[0,h]×Ω

θ(t, r), min
[0,h]×Ω

eθ(t, r)} =: γ > 0.

Introduce the space

Xh(M2,M3) =

{
(ρ, u, θ, q)|(ρ− 1, θ − 1, q) ∈

2⋂
k=0

Ck([0, h], H2−k), u ∈ C([0, h], H3),

ut ∈ C([0, h], H2), utt ∈ C([0, h], L2) ∩ L2([0, h], H1))

sup
0≤t≤h

2∑
k=0

∥Dk(ρ− 1, u, θ − 1, q)∥2L2 ≤M2,

sup
0≤t≤h

(∥uxxx∥2L2 + ∥utxx∥2L2) +

∫ h

0
∥uxtt∥2L2dt ≤M3

(ρ, u, θ, q)|t=0 = (ρ0, u0, θ0, q0), (u, q)|∂Ω = 0, }

where M2 < M1, M3 are positive constant specified in the course of the proof.
Now, we are ready to state the local well-posedness theorem.

Theorem 2.1. Assume (ρ0 − 1, θ0 − 1, q0) ∈ H3, u0 ∈ H4 and the compatibility condition
(1.10) hold. Then, there exists a positive constant ϵ0 and t0 depending on ϵ0 such that when
M0 ≤ ϵ0, problem (1.7)-(1.9) admits a unique local solution (ρ, u, θ, q) ∈ Xt0(C1M0, C2M0)
where C1, C2 only depends on γ.

Proof. We present a concise proof of this theorem, though detailed proofs for similar
systems can be found in [33] and references therein. Specifically, we divide the proof into
four steps.
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Step 1: For any (ρ̃, ũ, θ̃, q̃) ∈ Xh(M2,M3), consider the auxiliary linear problem
ρ̃ẽθθt + (ρ̃ũẽθ − 2a(θ̃)

Z(θ̃)
q̃)θr + qr = f1,

τ(θ̃)ρ̃(qt + ũqr) + κ(θ̃)θr = f2,

(θ, q)|t=0 = (θ0, q0), q|∂Ω = 0,

(2.1)

{
ρ̃ut − (43µ(θ̃) + λ(θ̃))urr = f3,

u|t=0 = u0, u|∂Ω = 0,
(2.2)

and {
ρt + ũρr = f4,

ρ|t=0 = ρ0,
(2.3)

where

f1 =
(

2
τ(θ̃)

+ 4
r ũ
)
a(θ̃)q̃2 + µ(θ̃)

(
2ũ2r +

4
r2
ũ2 − 2

3

(
ũr +

2
r ũ
)2)

+λ(θ̃)
(
ũr +

2
r ũ
)2 − (ũr +

2
r ũ)p̃−

2
r q̃,

f2 = −τ(θ̃)ρ̃ · 2
r ũq̃ − q̃,

f3 =
(
4
3µ(θ̃) + λ(θ̃)

) (
2
r ũr −

2
r2
ũ
)
+ λ′(θ̃)θ̃r

(
ũr +

2
r ũ
)
+ 4

3µ
′(θ̃)θ̃r

(
ũr − ũ

r

)
−Rρ̃θ̃r −Rθ̃ρ̃r − ρ̃ũũr,

f4 = −2
r ρ̃ũ− ρ̃ũr.

We deal with the system (2.1), (2.2), (2.3), respectively. First, problem (2.1) is a linear

symmetric hyperbolic system of first order (by dividing (2.1)2 by κ(θ̃)). We first check that
the boundary condition q|∂Ω = 0 is non-characteristic and satisfy the maximal nonnegative
condition (admissible in the sense of Friedrich, see [33, 7]). Indeed, we rewrite system (2.1)
with U = (θ, q) as

A0Ut +A1Ur = F, (2.4)

where

A0 =

(
ρ̃ẽθ 0

0 τ(θ̃)ρ̃

κ(θ̃)

)
, A1 =

(ρ̃ũẽθ − 2a(θ̃)

Z(θ̃)
q̃
)

1

1 τ(θ̃)ρ̃ũ

κ(θ̃)

 , F = diag{f1, f2}.

The boundary condition reduces to

PU |∂Ω = 0, withP =

(
0 0
0 1

)
.

Note that by virtue of (ũ, q̃)|∂Ω = 0, we have det
(
(A0)−1A1

)
|∂Ω ̸= 0. Consequently, the

boundary condition q|∂Ω = 0 is non-characteristic. Now, we show the boundary condition
is maximally nonnegative, i.e., the matrix A1 · ν|∂Ω is positive semidefinite on the null
space K of P but not on any space containing K. Here ν = −1. Let ξ = (ξ1, 0)

T ∈ K =
span{(1, 0)T }, then,

ξTA1 · ν|∂Ωξ = 0.
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On the other hand, R2 is the only space containing K as a proper subspace. Take ψ =
(1, 1)T , we get

ψTA1 · ν|∂Ωψ = −2 < 0.

Thus, the maximally nonnegative property is satisfied. Furthermore, since the coefficients

belong to
2⋂

k=0

Ck([0, h], H2−k) and D2f1 ∈ L2([0, h], L2) and the compatibility condition

satisfied up to first-order, by Theorem 1.3.10 in [33] (pp. 18-19) (originally coming from

[29]) , problem (2.1) admits a unique solution (θ − 1, q) ∈
2⋂

k=0

Ck([0, h], H2−k) satisfying

2∑
k=0

∥Dk(θ − 1, q)∥2L2

≤ C

(
2∑

k=0

∥Dk(θ − 1, q)|t=0∥2L2 +
1∑

k=0

∥Dk
t f1|t=0∥2H1−k + t

∫ t

0

2∑
l=0

∥Dlf1∥2L2dt

)
eCM2t,

where C is a positive constant depending on γ.
Concerning the initial-boundary value problem for linear parabolic system (2.2), we

deduce from energy methods that the unique solution u satisfies

2∑
k=0

∥Dku∥2L2 +

∫ t

0
∥(ux, uxx, utx, uttx, utxx)∥2L2dt ≤ CeCM2t

{
2∑

k=0

∥Dku|t=0∥L2 +M2t

}
,

∥uxxx∥2L2 + ∥utxx∥2L2 ≤ C(M2)(1 +
2∑

k=1

∥Dku∥2L2),

where C(M2) is a positive constant depending on M2.
Finally, for the transport equation (2.3)1, we define the characteristic line

dX(t, r)

dt
= ũ(t,X(t, r)), X(0, r) = r.

Then, we can derive an explicit solution for (2.3),

ρ(t, r) = ρ0(r0) +

∫ t

0
f4(s,X(s, r0))ds, (2.5)

where r0 denotes the unique point on the r-axis (t = 0) such that the characteristic line
passing through (0, r0) and (t, r). Moreover, from usual energy estimates, we can easily
get

2∑
k=0

∥Dk(ρ− 1)∥2L2

≤ C

(
2∑

k=0

∥Dk(ρ− 1)|t=0∥2L2 +

1∑
k=0

∥Dk
t f4|t=0∥2H1−k + t

∫ t

0

2∑
l=0

∥Dlf4∥2L2dt

)
eCM2t.
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Step 2: We first choose

M2 = 2C

(
2∑

k=0

∥Dk(ρ− 1, θ − 1, q)|t=0∥2L2 +

1∑
k=0

∥Dk
t (f1, f4)|t=0∥2H1−k +

2∑
k=0

∥Dku|t=0∥L2

)
=: C1M0.

Then, choose

M3 = max{M2, C(M2)(1 +M2)} =: C2M0.

Finally, choose h depending on M0 such that for t ≤ h,

CteCM2t

∫ t

0

2∑
l=0

∥Dl(f1, f4)∥2L2dt ≤
M2

2
, eCM2t ≤ 5

4
, CeCM2tt ≤ 1

4
.

Therefore, the linear operator defined by (2.1)-(2.3) maps Xh(M2,M3) into itself.
Step 3: Following the above two steps, we can get an iterative sequence (ρn, un, θn, qn) ∈

Xh(M2,M3). By usual compactness argument, the sequence(ρn−1, θn−1, qn) converge in
C([0, h], H1)∩C1([0, h], L2) and un converge in C([0, h], H2)∩C1([0, h], L2)∩L2([0, h], H3)
and the limit function (ρ, u, θ, q) satisfy the system (1.7)-(1.9). Moreover, the function
(ρ, u, θ, q) belongs to the class: for 0 ≤ k ≤ 2,

Dk(ρ− 1, u, θ − 1, q) ∈ L∞((0, h), L2), uxxx, utxx ∈ L∞((0, h), L2), uxtt ∈ L2((0, h), L2)

and is the unique pair of solutions for problem (1.7)-(1.9) in this class.
Step 4: Substituting this (ρ, u, θ, q) into the coefficients in (1.7), the reduced linearized

problems admits a unique pair of solutions in Xh(M2,M3). By uniqueness, (ρ, u, θ, q) ∈
Xh(M2,M3).

Therefore, by choosing M0 sufficiently small so that M2 := C1M0 ≤ M1, the proof of
the theorem is complete.

□

3. A priori estimates

In order to extend the local solution obtained in Theorem 2.1 to a global solution, we
need the following a priori estimates.

Proposition 3.1. Let Assumption 1.1 hold and (ρ, u, θ, q) be the local solution to system
(1.7)− (1.9) given in Theorem 2.1. Then, there exists a δ > 0 such that if E(t) < δ,

E(t) +

∫ t

0
D(s)ds ≤ CE(0), (3.1)

where C is a constant independent of τ, λ, µ.
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Without loss of generality, we assume g(1) = κ(1) = h(1) = l(1) = 1, τ ≤ 1. Moreover,
there exists δ1 such that if E(t) ≤ δ1, one has

3

4
≤ ρ(t, x), θ(t, x) ≤ 5

4
, (3.2)

2Cv ≥ eθ ≥
Cv

2
, 2τ ≥ Z(θ) =

τ(θ)

κ(θ)
≥ τ

2
, |eθθ|+ |eθq|+ |eθθθ|+ |eθθq|+ |eθqq| ≤ C, (3.3)

a(θ) +

(
Z(θ)

2θ

)′
=

1

θ
(1− 1

2θ
)Z(θ) +

1

2
(
1

θ
− 1)Z ′(θ) ≥ 1

4
τ, (3.4)

where C denotes a universal constant which is independent of τ , µ and λ. Note that (3.4)
can be satisfied by choosing θ sufficiently close to 1.

The proof of Proposition 3.1 is divided into the following Lemmas.

Lemma 3.2. There exists some constant C such that

∫
Ω
r2
(
(ρ− 1)2 + u2 + (θ − 1)2 + τq2

)
dr +

∫ t

0

∫
Ω
r2q2drds ≤ CE0. (3.5)

Proof. From (1.7)3,4, we get

ρet + ρuer + p(ur +
2

r
u) + qr +

2

r
q = µ(θ)

(
2u2r +

4

r2
u2 − 2

3

(
ur +

2

r
u

)2
)

+λ(θ)

(
ur +

2

r
u

)2

. (3.6)

Dividing the above equation by θ, and using formula (1.5), one has

ρ

θ
(Cvθ + a(θ)q2)t+

ρu

θ
(Cvθ + a(θ)q2)r +Rρ(ur +

2

r
u) +

1

θ
(qr +

2

r
q) =

µ(θ)

θ

(
2u2r +

4

r2
u2 − 2

3

(
ur +

2

r
u

)2
)

+
λ(θ)

θ

(
ur +

2

r
u

)2

.

For the above equations, first, we have

1

θ
Cvθt = Cv(ln θ)t,



10 YUXI HU AND REINHARD RACKE

and
ρ

θ
(a(θ)q2)t +

ρu

θ
(a(θ)q2)r

= ρ

(
a(θ)

θ
q2
)

t

+ ρ
θt
θ2
a(θ)q2 + ρu

(
a(θ)

θ
q2
)

r

+ ρu
θr
θ2
a(θ)q2

= ρ

(
a(θ)

θ
q2
)

t

− ρ

(
Z(θ)

2θ2

)
t

q2 + ρu

(
a(θ)

θ
q2
)

r

− ρu

(
Z(θ)

2θ2

)
r

q2

= ρ

(
a(θ)

θ
q2
)

t

− ρ

(
Z(θ)

2θ2
q2
)

t

+ ρ
Z(θ)

θ2

(
1

2
q2
)

t

+ ρu

(
a(θ)

θ
q2
)

r

− ρu

(
Z(θ)

2θ2
q2
)

r

+ ρu
Z(θ)

θ2

(
1

2
q2
)

r

= ρ

((
a(θ)

θ
− Z(θ)

2θ2

)
q2
)

t

+ ρu

((
a(θ)

θ
− Z(θ)

2θ2

)
q2
)

r

+
Z(θ)

θ2
q(ρqt + ρuqr),

where we have used the identity (
Z(θ)

2θ2

)′
= −a(θ)

θ2
.

Using the equation (1.7)4, one has

Z(θ)

θ2
q(ρqt + ρuqr) =

1

κ(θ)θ2

(
−τ(θ)ρu2

r
− 1

)
q2 − θr

θ2
q.

Thus, we derive that

ρ(Cv ln θ +A(θ)q2)t + ρu(Cv ln θ +A(θ)q2)r +Rρ(ur +
2

r
u) +

(q
θ

)
r
+

2

r

q

θ

=
1

κ(θ)θ2

(
1 + τ(θ)ρu

2

r

)
q2 +

µ(θ)

θ

(
2u2r +

4

r2
u2 − 2

3

(
ur +

2

r
u

)2
)

+
λ(θ)

θ

(
ur +

2

r
u

)2

,

where

A(θ) :=
a(θ)

θ
− Z(θ)

2θ2
= −

(
Z(θ)

2θ

)′
.

Multiplying the above equation by r2, it yields(
r2ρ

(
Cv ln θ +A(θ)q2

))
t
+
(
r2ρu

(
Cv ln θ +A(θ)q2

))
r
+Rρ(r2u)r +

(
r2
q

θ

)
r

=
1

κ(θ)θ2
(
r2 + τ(θ)ρu2r

)
q2 +

µ(θ)

θ
r2

(
2u2r +

4

r2
u2 − 2

3

(
ur +

2

r
u

)2
)

+
λ(θ)

θ
r2
(
ur +

2

r
u

)2

.

Then, using the mass equation,

(r2ρ)t + (r2ρu)r = 0,

and the energy equation,(
r2ρ(Cvθ + a(θ)q2 +

1

2
u2)

)
t

+

(
r2ρu

(
Cvθ + a(θ)q2 +

1

2
u2
)
+ r2(pu+ q)−

r2u

(
4

3
µ(θ)(ur −

u

r
) + λ(θ)(ur +

2

r
u)

))
r

= 0,
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we conclude that

(
r2ρCv(θ − ln θ − 1) + r2R(ρ ln ρ− ρ+ 1) + r2ρ(a(θ)−A(θ))q2 +

1

2
r2ρu2

)
t

+

(
r2ρu

(
Cv(θ − ln θ − 1) +R ln ρ− 1 +

1

2
u2 + (a(θ)−A(θ))q2

)
+ r2(pu+ q)− r2

q

θ
−

r2u

(
4

3
µ(θ)(ur −

u

r
) + λ(θ)(ur +

2

r
u)

))
r

+
1

κ(θ)θ2
(
r2 + τ(θ)ρu2r

)
q2

+
µ(θ)

θ
r2

(
2u2r +

4

r2
u2 − 2

3

(
ur +

2

r
u

)2
)

+
λ(θ)

θ
r2
(
ur +

2

r
u

)2

= 0. (3.7)

A Taylor expansion together with (3.2) imply

C0(ρ− 1)2 ≤ ρ ln ρ− ρ+ 1 ≤ C1(ρ− 1)2, (3.8)

C0(θ − 1)2 ≤ θ − ln θ − 1 ≤ C1(θ − 1)2, (3.9)

where C0, C1 are two positive constants. Furthermore, since |u|L∞ ≤ CE
1
2 , we can choose

δ (in Proposition 3.1) small enough such that

r2 + τ(θ)ρu2r ≥ 1

2
r2.

Therefore, integrating the equation (3.7) over Ω×(0, t) and noting (3.4), we get the desired
result (3.5) in Lemma 3.2. □

Lemma 3.3. There exists some constant C such that

∫
Ω

(
r2
(
(ut)

2 + (ρt)
2 + (θt)

2 + τ(qt)
2
))

dr +

∫ t

0

∫
Ω
r2((qt)

2 + (
4

3
µ+ λ)u2tr)drdt

≤ C(E0 + E
1
2 (t)

∫ t

0
D(s)ds). (3.10)

Proof. Taking the t-derivative of (1.7), we have


ρtt + ρurt + uρrt +

2
rρut = F1,

ρutt + ρuurt +Rθρrt +Rρθrt − (43µ(θ) + λ(θ))
(
urr +

2
rur −

2
r2
u
)
t
= F2,

ρeθθtt +B(ρ, u, θ, q)θrt + p
(
ur +

2
ru
)
t
+
(
qr +

2
r q
)
t
= F3,

τ(θ)ρ
(
qtt + uqrt + u

(
2
r q
)
t

)
+ qt + κ(θ)θrt = F4,

(3.11)
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where we denote B := ρueθ − 2a(θ)
Z(θ) q and

F1 : = −ρtur − utρr −
2

r
ρtu,

F2 : = −ρtut − (ρu)tur −Rθtρr −Rρtθr

+

(
4

3
µ(θ) + λ(θ)

)
t

(
urr +

2

r
ur −

2

r2
u

)
+

(
λ′(θ)θr

(
ur +

2

r
u

)
+

4

3
µ′(θ)θr

(
ur −

u

r

))
t

,

F3 : = −(ρeθ)tθt −Btθr − ρt

(
ur +

2

r
u

)
+

((
2

τ(θ)
+

4

r
u

)
a(θ)q2

)
t

+

(
µ(θ)

(
2u2r +

4

r2
u2 − 2

3

(
ur +

2

r
u

)2
)

+ λ(θ)

(
ur +

2

r
u

)2
)

t

,

F4 : = −(τ(θ)ρ)tqt − (τ(θ)ρu)tqr − (τ(θ)ρu)t
2

r
q − κ(θ)tθr.

Multiplying (3.11)2 by r2ut, integrating with respect to r, we get∫
Ω
(ρutt + ρuurt)r

2utdr +

∫
Ω
Rθρrtr

2utdr +

∫
Ω
Rρθrtr

2utdr

−
∫
Ω
(
4

3
µ(θ) + λ(θ))

(
urr +

2

r
ur −

2

r2
u

)
t

r2ut =

∫
Ω
F2r

2utdr. (3.12)

We estimate each term as follows.
First, the mass equation (1.7)1 gives∫
Ω
(ρutt + ρuurt)r

2utdr =

∫
Ω
ρr2

(
1

2
u2t

)
t

+ r2ρu

(
1

2
u2t

)
r

dr =
d

dt

∫
Ω

1

2
ρr2u2tdr. (3.13)

Second, using again the boundary condition ut|∂Ω = 0, one has∫
Ω
Rθr2ρrtutdr = −

∫
Ω
ρt(Rθr

2ut)rdr = −
∫
Ω
Rρtθrr

2utdr −
∫
Ω
Rρtθ(r

2ut)rdr

≥ −CE
1
2 (t)D(t)−

∫
Ω
Rρtθ

(
−1

ρ
r2ρtt −

1

ρ
r2uρtr +

1

ρ
r2F1

)
dr

≥ −CE
1
2 (t)D(t) +

d

dt

∫
Ω

Rθ

2ρ
r2ρ2tdr. (3.14)

Similarly, one has

−
∫
Ω
(
4

3
µ(θ) + λ(θ))

(
urr +

2

r
ur −

2

r2
u

)
t

r2ut

= −
∫
Ω
(
4

3
µ(θ) + λ(θ))

(
(r2ur)rt − 2ut

)
utdr

≥
∫
Ω
(
4

3
µ(θ) + λ(θ))(r2u2rt + 2u2t )dr − CE

1
2 (t)D(t). (3.15)
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So, we have from (3.12)-(3.15)

d

dt

∫
Ω

(
1

2
ρr2u2t +

θ

2ρ
r2ρ2t

)
dr +

∫
Ω
Rρθrtr

2utdr+

∫
Ω
(
4

3
µ(θ) + λ(θ))(r2u2rt + 2u2t )dr

≤ CE
1
2 (t)D(t). (3.16)

Multiplying (3.11)3 by 1
θr

2θt, we have∫
Ω

ρeθ
θ
r2θttθtdr +

∫
Ω

1

θ
r2Bθrtθtdr +

∫
Ω
Rρr2(ur +

2

r
u)tθtdr+

∫
Ω

1

θ
r2(qr +

2

r
q)tθtdr

=

∫
Ω

1

θ
r2F3θtdr. (3.17)

We estimate each term as follows. First,∫
Ω
r2
ρeθ
θ
θttθtdr =

d

dt

∫
Ω

ρeθ
2θ

r2θ2t dr −
∫
Ω

(ρeθ
2θ

)
t
r2θ2t dr

≥ d

dt

∫
Ω

ρeθ
2θ

r2θ2t dr − CE
1
2 (t)D(t). (3.18)

Second, using the fact B|∂Ω = 0, one has∫
Ω

1

θ
r2Bθrtθtdr =

∫
Ω

1

θ
r2B

(
1

2
θ2t

)
r

dr = −
∫
Ω

(
1

θ
r2B

)
r

1

2
θ2t dr ≥ −CE

1
2 (t)D(t). (3.19)

Third, using the fact ut|∂Ω = 0, we get∫
Ω
Rρr2(ur +

2

r
u)tθtdr =

∫
Ω
Rρ(r2u)rtθtdr = −

∫
Ω
R(r2u)t(ρrθt + ρθtr)dr

≥ −
∫
Ω
Rρr2utθtrdr − CE

1
2 (t)D(t). (3.20)

The last term on the left-hand side of equation (3.17) reduces to∫
Ω

1

θ
r2
(
qr +

2

r
q

)
t

θtdr =

∫
Ω

1

θ
(r2q)rtθtdr. (3.21)

Thus, we derive from (3.17)-(3.21)

d

dt

∫
Ω

ρeθ
2θ

r2θ2t dr −
∫
Ω
Rρr2utθtrdr +

∫
Ω

1

θ
(r2q)rtθtdr ≤ CE

1
2 (t)D(t). (3.22)

Multiplying (3.11)4 by 1
κ(θ)θr

2qt, one gets∫
Ω

τ(θ)

κ(θ)θ
ρr2qttqtdr +

∫
Ω

τ(θ)

κ(θ)θ
ρur2qrtqtdr +

∫
Ω

τ(θ)

κ(θ)θ
ρur2

(
2

r
q

)
t

qtdr

+

∫
Ω

1

κ(θ)θ
r2q2t dr +

∫
Ω

1

θ
r2qtθrtdr =

∫
Ω

1

κ(θ)θ
r2F4qtdr. (3.23)

We estimate each term as follows.
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First, ∫
Ω

τ(θ)

κ(θ)θ
ρr2qttqtdr =

d

dt

∫
Ω

τ(θ)

κ(θ)θ
ρr2

1

2
q2t dr −

∫
Ω

(
τ(θ)

κ(θ)θ
ρr2
)

t

1

2
q2t dr

≥ d

dt

∫
Ω

τ(θ)

κ(θ)θ
ρr2

1

2
q2t dr − CE

1
2 (t)D(t).

Second, using the boundary condition u|∂Ω = 0, one has∫
Ω

τ(θ)

κ(θ)θ
ρur2qtrqtdr =

∫
Ω

τ(θ)

κ(θ)θ
ρur2

(
1

2
q2t

)
r

dr

= −
∫
Ω

(
τ(θ)

κ(θ)θ
ρur2

)
r

1

2
q2t dr ≥ −CE

1
2 (t)D(t).

Third,∫
Ω

τ(θ)

κ(θ)θ
ρur2

(
2

r
q

)
t

qt +
1

κ(θ)θ
r2q2t dr =

∫
Ω

(
τ(θ)ρu

2

r
+ 1

)
1

κ(θ)θ
r2q2t dr ≥

∫
Ω

1

2κ(θ)θ
r2q2t dr.

For the last term on the left hand side of equation (3.23), one has∫
Ω

1

θ
r2qtθrtdr =

∫
Ω

(
1

θ

)
r

r2qtθtdr −
∫
Ω

1

θ
(r2qt)rθtdr ≥ −

∫
Ω

1

θ
(r2q)rtθtdr − CE

1
2 (t)D(t).

Thus, we derive that

d

dt

∫
Ω

ρτ(θ)

2κ(θ)θ
r2q2t dr −

∫
Ω

1

θ
(r2q)rtθtdr +

∫
Ω

1

2κ(θ)θ
r2q2t dr ≤ CE

1
2 (t)D(t). (3.24)

Therefore, combining (3.16), (3.22) and (3.24), we have

d

dt

∫
Ω

(
ρ

2
r2u2t +

Rθ

2ρ
r2ρ2t +

ρeθ
2θ

r2θ2t +
ρτ(θ)

2κ(θ)θ
r2q2t

)
dr +

∫
Ω

1

2κ(θ)θ
r2q2t dr

+

∫
Ω
(
4

3
µ(θ) + λ(θ))(r2u2rt + 2u2t )dr ≤ CE

1
2 (t)D(t). (3.25)

Integrating over (0, t), and noticing the fact that∫
Ω

(
ρ

2
r2u2t +

Rθ

2ρ
r2ρ2t +

ρeθ
2θ

r2θ2t +
ρτ(θ)

2κ(θ)θ
r2q2t

)
(t = 0, r)dr ≤ CE0,

we get the desired result (3.10) in Lemma 3.3. □

Lemma 3.4. There exists some constant C such that∫
Ω

((
r2u2r + 2u2

)
+ r2ρ2r + r2θ2r + τ(r2q2r + 2q2)

)
dr +

∫ t

0

∫
Ω
(r2q2r + 2q2)drdt

≤ C(E0 + E
1
2 (t)

∫ t

0
D(s)ds). (3.26)
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Proof. Taking the r-derivative of (1.7), we get
ρtr + uρrr + ρurr +

2
rρur −

2
r2
ρu = G1,

ρutr + ρuurr + prr −
(
(43µ(θ) + λ(θ))

(
urr +

2
rur −

2
r2
u
))

r
= G2,

ρeθθtr +B(ρ, u, θ, q)θrr + p
(
ur +

2
ru
)
r
+
(
qr +

2
r q
)
r
= G3,

τ(θ)ρ(qtr + uqrr) + qr + κ(θ)θrr = G4,

(3.27)

where

G1 : = −2ρrur −
2

r
ρru,

G2 : = −ρrut − (ρu)rur +

(
λ′(θ)θr

(
ur +

2

r
u

)
+

4

3
µ′(θ)θr

(
ur −

u

r

))
r

,

G3 : = −(ρeθ)rθt −Br(ρ, u, θ, q)θr − pr(ur +
2

r
u) +

((
2

τ(θ)
+

4

r
u

)
a(θ)q2

)
r

+

(
µ(θ)

(
2u2r +

4

r2
u2 − 2

3

(
ur +

2

r
u

)2
)

+ λ(θ)

(
ur +

2

r
u

)2
)

r

G4 : = −(τ(θ)ρ)rqt − (τ(θ)ρu)rqr −
(
τ(θ)ρu

2

r
q

)
r

− κ′(θ)θ2r .

Multiplying (3.27)2 by r2ur, we get∫
Ω
ρutrr

2urdr +

∫
Ω
ρuurrr

2urdr +

∫
Ω
prrr

2urdr =

∫
Ω
G2r

2urdr. (3.28)

We estimate the different terms as follows.
First, one has∫
Ω

(
ρutrr

2ur + ρuurrr
2ur
)
dr =

∫
Ω
ρr2

(
1

2
u2r

)
t

+ ρur2
(
1

2
u2r

)
r

dr =
d

dr

∫
Ω

1

2
ρr2u2rdr.

Second, since (u, ut, θr)|∂Ω = 0, we derive from the momentum equation (1.7) that(
pr − (

4

3
µ(θ) + λ(θ))

(
urr +

2

r
ur −

2

r2
u

)) ∣∣∣
∂Ω

= 0,

so one gets∫
Ω

(
prr −

(
(
4

3
µ(θ) + λ(θ))

(
urr +

2

r
ur −

2

r2
u

))
r

)
r2urdr

= −
∫
Ω

(
R(θρr + ρθr)− (

4

3
µ(θ) + λ(θ))

(
urr +

2

r
ur −

2

r2
u

))
(r2ur)rdr.

Using the following equation, arising from the mass equation,

r2ρtr + 2r2ρrur + r2uρrr + ρ(r2ur)r + 2rρru− 2ρu = 0, (3.29)
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we have

−
∫
Ω
Rθρr(r

2ur)rdr = −
∫
Ω
Rθρr(2rur + r2urr)dr

=

∫
Ω
Rθρr

1

ρ

(
r2ρtr + 2r2ρrur + r2uρrr + 2rρru− 2ρu

)
dr

=

∫
Ω

Rθ

ρ
r2
(
1

2
ρ2r

)
t

dr +

∫
Ω

Rθ

ρ
2r2ρ2rurdr +

∫
Ω

Rθ

ρ
ρrr

2uρrrdr +

∫
Ω

Rθ

ρ
ρr(2rρru− 2ρu)dr

≥ d

dt

∫
Ω

Rθ

2ρ
r2ρ2rdr −

∫
Ω
2Rθρrudr − CE

1
2 (t)D(t).

Moreover, we have∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
urr +

2

r
ur −

2

r2
u

)
(r2ur)rdr

=

∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
urr +

2

r
ur −

2

r2
u

)
(r2urr + 2rur)dr

=

∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
r2u2rr + 4u2r + 4rurrur − 2uurr −

4

r
uur

)
dr

≥
∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
1

5
r2u2rr + u2r

)
dr −

∫
Ω

(
4

3
µ(θ) + λ(θ)

)
2

r2
u2 − CE

1
2 (t)D(t).

Thus, we derive

d

dt

∫
Ω

(
1

2
ρr2u2r +

θ

2ρ
r2ρ2r

)
dr −

∫
Ω
Rρθr(r

2ur)rdr −
∫
Ω
2Rθρrudr

+

∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
1

5
r2u2rr + u2r

)
dr −

∫
Ω

(
4

3
µ(θ) + λ(θ)

)
2

r2
u2 ≤ CE

1
2 (t)D(t).

(3.30)

Multiplying (3.27)3 by 1
θr

2θr, one has∫
Ω
ρeθθtr

1

θ
r2θrdr +

∫
Ω
B(ρ, u, θ, q)θrr

1

θ
r2θrdr +

∫
Ω
Rρr2

(
ur +

2

r
u

)
r

θrdr

+

∫
Ω

(
qr +

2

r
q

)
r

1

θ
r2θrdr =

∫
Ω
G3

1

θ
r2θrdr. (3.31)

We estimate each term in the above equation as follows.
First, one has∫

Ω
ρeθθtr

1

θ
r2θrdr =

∫
Ω

ρeθ
θ
r2
(
1

2
θ2r

)
t

dr ≥ d

dt

∫
Ω

ρeθ
2θ

r2θ2rdr − CE
1
2 (t)D(t).

Second, using the fact B(ρ, u, θ, q)|∂Ω = 0, we have∫
Ω
B(ρ, u, θ, q)θrr

1

θ
r2θrdr = −

∫
Ω

(
B(ρ, u, θ, q)

θ
r2
)

r

1

2
θ2rdr ≥ −CE

1
2 (t)D(t).
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Third, ∫
Ω
Rρr2

(
ur +

2

r
u

)
r

θrdr =

∫
Ω
Rρr2(urr +

2

r
ur −

2

r2
u)θrdr

=

∫
Ω
Rρ((r2ur)r − 2u)θrdr =

∫
Ω
Rρ(r2ur)rθrdr −

∫
Ω
2Rρuθrdr.

Similarly, one has∫
Ω

(
qr +

2

r
q

)
r

1

θ
r2θrdr =

∫
Ω

1

θ
(r2qr)rθrdr −

∫
Ω

2

θ
qθrdr.

So, we derive that

d

dt

∫
Ω

ρeθ
2θ

r2θ2rdr +

∫
Ω

(
Rρ(r2ur)rθr +

1

θ
(r2qr)rθr

)
dr −

∫
Ω
(2Rρuθr +

2

θ
qθr)dr

≤ CE
1
2 (t)D(t). (3.32)

Multiplying (3.27)4 by 1
κ(θ)θr

2qr, one get∫
Ω

τ(θ)

κ(θ)θ
ρr2(qtr + uqrr)qrdr +

∫
Ω

1

κ(θ)θ
r2q2rdr +

∫
Ω

1

θ
θrr(r

2qr)dr =

∫
Ω

1

κ(θ)θ
r2qrG4dr.

(3.33)

We estimate each term in the above equation as follows.
First, using the mass equation, one has∫

Ω

τ(θ)

κ(θ)θ
ρr2(qtr + uqrr)qrdr =

∫
Ω

τ(θ)

κ(θ)θ
ρr2((

1

2
q2r )t + u(

1

2
q2r )r)dr

≥ d

dt

∫
Ω

τ(θ)

κ(θ)θ
ρr2

1

2
q2rdr − CE

1
2 (t)D(t).

Second, use the fact θr|∂Ω = 0, we have∫
Ω

1

θ
θrrr

2qrdr ≥ −
∫
Ω

1

θ
θr(r

2qr)rdr − CE
1
2 (t)D(t).

Thus, we derive that

d

dt

∫
Ω

τ(θ)

2κ(θ)θ
ρr2q2rdr −

∫
Ω

1

θ
θr(r

2qr)rdr +

∫
Ω

1

κ(θ)θ
r2q2rdr ≤ CE

1
2 (t)D(t). (3.34)

Combining (3.30), (3.32) and (3.34), we obtain

d

dt

∫
Ω

(
1

2
ρr2u2r +

θ

2ρ
r2ρ2r +

ρeθ
2θ

r2θ2r +
τ(θ)

2κ(θ)θ
ρr2q2r

)
dr +

∫
Ω

1

κ(θ)θ
r2q2rdr −

∫
Ω

(
2upr +

2

θ
qθr

)
dr

+

∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
1

5
r2u2rr + u2r

)
dr −

∫
Ω

(
4

3
µ(θ) + λ(θ)

)
2

r2
u2 ≤ CE

1
2 (t)D(t). (3.35)

On the other hand, multiplying (1.7)2 by 2u, one gets∫
Ω

2ρutudr +

∫
Ω

2ρuurudr +

∫
Ω

2prudr

=

∫
Ω

((
4

3
µ(θ) + λ(θ)

)(
urr +

2

r
ur −

2

r2
u

)
+ λ′(θ)θr

(
ur +

2

r
u

)
+

4

3
µ′(θ)θr

(
ur −

u

r

))
2udr,
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For the term on the right hand side of the above equation, we have∫
Ω

((
4

3
µ(θ) + λ(θ)

)(
urr +

2

r
ur −

2

r2
u

)
+ λ′(θ)θr

(
ur +

2

r
u

)
+

4

3
µ′(θ)θr

(
ur −

u

r

))
2udr

≤ −
∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
2u2r +

2

r2
u2
)
dr + CE

1
2 (t)D(t).

Thus, we derive

d

dt

∫
Ω
ρu2dr +

∫
Ω
2prudr +

∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
2u2r +

2

r2
u2
)
dr ≤ CE

1
2 (t)D(t). (3.36)

Then, multiplying (1.7)4 by 2
κ(θ)θq, one has∫

Ω
τ(θ)ρ(qt + uqr + u · 2

r
q)

2

κ(θ)θ
qdr +

∫
Ω

2

κ(θ)θ
q2dr +

∫
Ω

2

θ
qθrdr = 0,

from which we get

d

dt

∫
Ω

ρτ(θ)

κ(θ)θ
q2dr +

∫
Ω

2

κ(θ)θ
q2dr +

∫
Ω

2

θ
qθrdr ≤ CE

1
2 (t)D(t). (3.37)

Therefore, combining (3.35), (3.36) and (3.37), we conclude that

d

dt

∫
Ω

(
1

2
ρ(r2u2r + 2u2) +

θ

2ρ
r2ρ2r +

ρeθ
2θ

r2θ2r +
τ(θ)

2κ(θ)θ
(r2q2r + 2q2)

)
dr

+

∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
1

5
r2u2rr + 3u2r

)
dr +

∫
Ω

1

κ(θ)θ
(r2q2r + 2q2)dr ≤ CE

1
2 (t)D(t).

Integrating the above result with respect to t, the proof of Lemma 3.4 is finished. □

Using the equation (1.7)3 and (1.7)4 and Lemmas 3.2-3.4, we obtain

Lemma 3.5. There exists some constant C such that∫
Ω
r2(q2 + q2r )dr ≤ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t)). (3.38)

Now we continue with

Lemma 3.6. There exists some constant C such that∫ t

0

∫
Ω
(r2|D(ρ, u, θ, q)|2 + u2 + q2)drdt ≤ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds). (3.39)

Proof. Using equation (1.7)4 and Lemmas 3.2-3.4, we have∫ t

0

∫
Ω
κ2(θ)r2θ2rdrdt ≤ C

∫ t

0

∫
Ω

(
r2q2 + τ2(θ)ρ2r2q2t + τ2(θ)ρ2r2q2r + τ2(θ)ρ2u24q2

)
drdt

≤ C(E0 + E
1
2 (t)

∫ t

0
D(s)ds). (3.40)
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Multiplying (1.7)3 by 1
ρeθ

(r2u)r and integrating the result, we get∫ t

0

∫
Ω

p

ρeθ
(ur +

2

r
u)(r2u)rdr

=−
∫ t

0

∫
Ω
θt(r

2u)rdrdt−
∫ t

0

∫
Ω

B(ρ, u, θ, q)

ρeθ
θr(r

2u)rdrdt−
∫ t

0

∫
Ω

1

ρeθ
(qr +

2

r
q)(r2u)rdrdt

+

∫ t

0

∫
Ω

1

ρeθ

(
2

τ(θ)
+

4

r
u

)
a(θ)q2(r2u)rdrdt

+

∫ t

0

∫
Ω

(
µ(θ)

(
2u2r +

4

r2
u2 − 2

3

(
ur +

2

r
u

)2
)

+ λ(θ)

(
ur +

2

r
u

)2
)
(r2u)rdrdt.

(3.41)

We estimate each term in the above equation as follows. First, one has∫ t

0

∫
Ω

Rθ

eθ
(ur +

2

r
u)(r2ur + 2ru)drdt

=

∫ t

0

∫
Ω

Rθ

eθ
(r2u2r + 4u2 + 4ruur)drdt

=

∫ t

0

∫
Ω

Rθ

eθ
(r2u2r + 2u2)drdt−

∫ t

0

∫
Ω

(
Rθ

eθ

)
r

r2u2drdt

≥
∫ t

0

∫
Ω

R

Cv
(r2u2r + 2u2)drdt− E

1
2 (t)

∫ t

0
D(s)ds,

where we use the fact that

∥r(ρr, ur, θr, qr)∥L∞ ≤ CE
1
2 (t).

For the right hand side of (3.41), using the boundary condition ut|∂Ω = 0, we have

−
∫ t

0

∫
Ω
θt(r

2u)rdrdt = −
∫ t

0

d

dt

∫
Ω
θ(r2u)rdrdt+

∫ t

0

∫
Ω
θ(r2u)rtdrdt

≤ −
∫ t

0

∫
Ω
θrr

2utdrdt+ C(E0 + E
1
2 (t)

∫ t

0
D(s)ds)

≤ η

∫ t

0

∫
Ω
r2u2tdrdt+ C(η)(E0 + E

1
2 (t)

∫ t

0
D(s)ds).

where η is a small constant to be determined later.
For the second term of the right hand side of (3.41), one has

−
∫ t

0

∫
Ω

B

ρeθ
θr(r

2u)rdrdt = −
∫ t

0

∫
Ω

B

ρeθ
θr(r

2ur + 2ru)drdt

≤ 1

2

∫ t

0

∫
Ω

R

Cv
(r2u2r + 2u2)drdt+ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds).
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Similarly, we have

−
∫ t

0

∫
Ω

1

ρeθ
(qr +

2

r
q)(r2u)rdrdt

≤ 1

4

∫ t

0

∫
Ω

R

Cv
(r2u2r + 2u2)drdt+ C

∫ t

0

∫
Ω
(r2q2r + q2)drdt

≤ 1

4

∫ t

0

∫
Ω

R

Cv
(r2u2r + 2u2)drdt+ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds),

and ∫ t

0

∫
Ω

1

ρeθ

(
2

τ(θ)
+

4

r
u

)
a(θ)q2(r2u)rdrdt

≤ 1

16

∫ t

0

∫
Ω

R

Cv
(r2u2r + 2u2)drdt+ C

∫ t

0

∫
Ω
(r2q4)drdt

≤ 1

16

∫ t

0

∫
Ω

R

Cv
(r2u2r + 2u2)drdt+ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds).

In the same way, one has∫ t

0

∫
Ω

(
µ(θ)

(
2u2r +

4

r2
u2 − 2

3

(
ur +

2

r
u

)2
)

+ λ(θ)

(
ur +

2

r
u

)2
)
(r2u)rdrdt

≤ 1

16

∫ t

0

∫
Ω

R

Cv
(r2u2r + 2u2)drdt+ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds).

Thus, we derive that

1

8

∫ t

0

∫
Ω

R

Cv
(r2u2r + 2u2)drdt ≤ η

∫ t

0

∫
Ω
r2u2tdrdt+ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds). (3.42)

Now, multiplying the mass equation (1.7)1 by r2ρt, one has∫ t

0

∫
Ω
r2ρ2tdrdt = −

∫ t

0

∫
Ω
uρrr

2ρtdrdt−
∫ t

0

∫
Ω
ρurr

2ρtdrdt−
∫ t

0

∫
Ω
2rρuρtdrdt

≤ 1

2

∫ t

0

∫
Ω
r2ρ2tdrdt+ C

∫ t

0

∫
Ω
r2(u2r + 2u2)drdt+ E

1
2 (t)

∫ t

0
D(s)ds,

which, combined with (3.42), implies

1

2

∫ t

0

∫
Ω
r2ρ2tdrdt ≤ Cη

∫ t

0

∫
Ω
r2u2tdrdt+ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds). (3.43)

Multiplying the equation (1.7)2 by r2ut, we get∫ t

0

∫
Ω

ρr2u2tdrdt = −
∫ t

0

∫
Ω

ρuurr
2utdrdt−

∫ t

0

∫
Ω

Rθρrr
2utdrdt−

∫ t

0

∫
Ω

Rρθrr
2utdrdt+∫ t

0

∫
Ω

((
4

3
µ(θ) + λ(θ)

)(
urr +

2

r
ur −

2

r2
u

)
+ λ′(θ)θr

(
ur +

2

r
u

)
+

4

3
µ′(θ)θr

(
ur −

u

r

))
r2ut.

(3.44)
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We estimate each term in (3.44) as follows. First, it is easy to see that∫ t

0

∫
Ω
ρuurr

2utdrdt ≤ E
1
2 (t)

∫ t

0
D(s)ds.

Using the boundary condition u|∂Ω = 0, (3.42) and (3.43), one has

−
∫ t

0

∫
Ω
Rθρrr

2utdrdt

= −
∫ t

0

d

dt

∫
Ω
Rθρrr

2udrdt+

∫ t

0

∫
Ω
Rθtρrr

2udtdt+

∫ t

0

∫
Ω
Rθρrtr

2udrdt

≤ −
∫ t

0

∫
Ω
Rθρt(r

2u)rdrdt+ C(E0 + E
1
2 (t)

∫ t

0
D(s)ds)

≤ Cη

∫ t

0

∫
Ω
r2u2tdrdt+ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds).

Using (3.40), we have∫ t

0

∫
Ω
Rρθrr

2utdrdt ≤
1

2

∫
ρr2u2tdrdt+ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds).

For the last term of (3.44), one has∫ t

0

∫
Ω

((
4

3
µ(θ) + λ(θ)

)(
urr +

2

r
ur −

2

r2
u

)
+ λ′(θ)θr

(
ur +

2

r
u

)
+
4

3
µ′(θ)θr

(
ur −

u

r

))
r2utdrdt

≤
∫ t

0

∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
(r2ur)r − 2u

)
utdrdt+ CE

1
2 (t)

∫ t

0
D(s)ds

≤ −
∫ t

0

d

dt

∫
Ω

(
4

3
µ(θ) + λ(θ)

)
(
1

2
r2u2r + u2)drdt+ CE

1
2 (t)

∫ t

0
D(s)ds

≤ C(E0 + E
1
2 (t)

∫ t

0
D(s)ds).

Now, we can choose η sufficiently small and get∫ t

0

∫
Ω
r2u2tdrdt ≤ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds). (3.45)

This together with (3.42) and (3.43) imply∫ t

0

∫
Ω
((r2u2r + 2u2) + r2ρ2t )drdt ≤ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds). (3.46)

Until now, we have get the dissipation estimates of r(ut, ur, ρt, θr) and u. Multiplying
the momentum equation (1.7)2 by r2ρr, using (3.40), (3.45) and mass equation (1.7)1, we
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derive that∫ t

0

∫
Ω

Rθr2ρ2rdrdt = −
∫ t

0

∫
Ω

(ρut + ρuur +Rρθr) r
2ρrdrdt

+

∫ t

0

∫
Ω

((
4

3
µ(θ) + λ(θ)

)(
urr +

2

r
ur −

2

r2
u

)
+ λ′(θ)θr

(
ur +

2

r
u

)
+
4

3
µ′(θ)θr

(
ur −

u

r

))
r2ρrdrdt

≤ 1

2

∫ t

0

∫
Ω

Rθr2ρ2rdrdt+

∫ t

0

∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
urr +

2

r
ur −

2

r2
u

)
r2ρrdrdt

+ C(E0 + E
1
2 (t)

∫ t

0

D(s)ds)

=
1

2

∫ t

0

∫
Ω

Rθr2ρ2rdrdt+

∫ t

0

∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
−1

ρ

)(
ρtr + uρrr + 2ρrur +

2

r
uρr

)
r2ρrdrdt

+ C(E0 + E
1
2 (t)

∫ t

0

D(s)ds)

≤ 1

2

∫ t

0

∫
Ω

Rθr2ρ2rdrdt−
∫ t

0

d

dt

∫
Ω

(
4

3
µ(θ) + λ(θ)

)
1

2ρ
ρ2rdrdt+ C(E0 + E

1
2 (t)

∫ t

0

D(s)ds)

≤ 1

2

∫ t

0

∫
Ω

Rθr2ρ2rdrdt+ C(E0 + E
1
2 (t)

∫ t

0

D(s)ds),

which gives ∫ t

0

∫
Ω
r2ρ2rdrdt ≤ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds). (3.47)

Finally, using the energy equation (1.7)3, (3.46) and Lemma 3.4, we have∫ t

0

∫
Ω
r2θ2t drdt ≤

∫ t

0

∫
Ω
(r2u2r + 2u2 + r2q2r + 2q2)drdt+ CE

1
2 (t)

∫ t

0
D(s)ds

≤ C(E0 + E
1
2 (t)

∫ t

0
D(s)ds). (3.48)

This finishes the proof of Lemma 3.6. □

The following lemmas give the second-order a priori estimates.

Lemma 3.7. There exists a constant C such that∫
Ω

(
r2ρ2tr + (r2u2tr + 2u2t ) + r2θ2tr + τ(r2q2tr + 2q2t )

)
dr +

∫ t

0

∫
Ω
(r2q2tr + 2q2t )drdt

+

(
4

3
µ+ λ

)∫ t

0

∫
Ω
(r2u2trr + u2tr)drdt ≤ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t)). (3.49)

Proof. Taking derivative with respect to (t, r), one gets
ρttr + uρtrr + ρutrr +

2
rρurt −

2
r2
ρut = H1,

ρuttr + ρuutrr + ptrr −
((

4
3µ(θ) + λ(θ)

) (
urr +

2
rur −

2
r2
u
))

tr
= H2,

ρeθθttr +B(ρ, u, θ, q)θtrr + p
(
ur +

2
ru
)
tr
+
(
qr +

2
r q
)
tr
= H3,

τ(θ)ρ(qttr + uqtrr) + qtr + κ(θ)θtrr = H4,

(3.50)
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where

H1 := −
(
ρturr + 2ρrurt + 2urρtr + utρrr −

2

r2
ρtu+

2

r
uρtr +

2

r
ρtur +

2

r
ρrut

)
,

H2 := − (ρtutr + ρrutt + utρtr + (ρu)turr + (ρu)rutr + (ρu)trur)

+

(
λ′(θ)θr

(
ur +

2

r
u

)
+

4

3
µ′(θ)θr

(
ur −

u

r

))
tr

,

H3 := −
(
(ρeθ)tθtr + (ρeθ)rθtt + (ρeθ)trθt +Btθrr +Brθtr +Btrθr + pt(ur +

2

r
u)r

+pr(ur +
2

r
u)t + ptr

(
(ur +

2

r
u)

))
+

((
2

τ(θ)
+

4

r
u

)
a(θ)q2

)
tr

+

(
µ(θ)

(
2u2r +

4

r2
u2 − 2

3

(
ur +

2

r
u

)2
)

+ λ(θ)

(
ur +

2

r
u

)2
)

tr

,

H4 := − ((τ(θ)ρ)tqtr + (τ(θ)ρ)rqtt + (τ(θ)ρ)trqt + (τ(θ)ρu)tqrr + (τ(θρu)rqtr + (τ(θ)ρu)trqr

+κ′(θ)(θtθrr + 2θrθtr) + κ′′θtθ
2
r +

(
τ(θ)ρ

2

r
uq

)
tr

)
.

Multiplying equation (3.50)2 by r2utr, one gets∫
Ω
ρuttrr

2utrdr +

∫
Ω
ρuutrrr

2utrdr

+

∫
Ω

(
ptrr −

((
4

3
µ(θ) + λ(θ)

)(
urr +

2

r
ur −

2

r2
u

))
tr

)
r2utrdr =

∫
Ω
H2r

2utrdr.

(3.51)

We estimate each term in the above equation as follows.
First,∫
Ω
ρr2(uttrutr + uutrrutr)dr =

∫
Ω
ρr2

((
1

2
u2tr

)
t

+ u

(
1

2
u2tr

)
r

)
dr =

d

dt

∫
Ω

1

2
ρr2u2trdr.

Second, using the boundary condition(
prt −

((
4

3
µ(θ) + λ(θ)

)(
urr +

2

r
ur −

2

r2
u

))
t

)
|∂Ω = 0,

we have ∫
Ω

(
ptrr −

((
4

3
µ(θ) + λ(θ)

)(
urr +

2

r
ur −

2

r2
u

))
tr

)
r2utrdr

= −
∫
Ω

(
ptr −

((
4

3
µ(θ) + λ(θ)

)(
urr +

2

r
ur −

2

r2
u

))
t

)
(r2utr)rdr.
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Using equation (3.50)1, we have

−
∫
Ω

ptr(r
2utr)rdr

= −
∫
Ω

R (θρtr + ρθtr + θtρr + ρtθr) (r
2utr)rdr

= −
∫
Ω

R(θρtr + ρθtr)(r
2utr)rdr −

d

dt

∫
Ω

R(θtρr + ρtθr)r
2urrdr +

∫
Ω

R(θtρr + ρtθr)tr
2urrdr

≥
∫
Ω

Rθρtr

(
1

ρ
r2ρttr +

u

ρ
r2ρtrr − 2ut −

1

ρ
r2H1

)
dr −

∫
Ω

Rρθtr(r
2utr)r

− d

dt

∫
Ω

R(θtρr + ρtθr)r
2urrdr − CE

1
2 (t)D(t)

≥ d

dt

∫
Ω

Rθ

2ρ
r2ρ2trdr −

∫
Ω

R

((
θ

ρ
r2
)

t

+

(
θ

ρ
ur2
)

r

)
1

2
ρ2trdr −

∫
Ω

Rρθtr(r
2utr)rdr

−
∫
Ω

2Rθρtrutdr −
d

dt

∫
Ω

R(θtρr + ρtθr)r
2urrdr − CE

1
2 (t)D(t)

≥ d

dt

∫
Ω

(
Rθ

2ρ
r2ρ2tr −R(θtρr + ρtθr)r

2urr

)
dr −

∫
Ω

(Rρθtr(r
2utr)r + 2Rθρtrut)dr − CE

1
2 (t)D(t).

On the other hand, using the boundary condition ut|∂Ω = 0, one has∫
Ω

((
4

3
µ(θ) + λ(θ)

)(
urr +

2

r
ur −

2

r2
u

))
t

(r2utr)rdr

≥
∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
utrr +

2

r
utr −

2

r2
ut

)
(r2utrr + 2rutr)dr − CE

1
2 (t)D(t).

=

∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
r2u2trr + 4u2tr + 4rutrrutr − 2ututrr −

4

r
ututr

)
dr − CE

1
2 (t)D(t).

≥
∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
1

5
r2u2trr + u2tr −

2

r2
u2t

)
dr − CE

1
2 (t)D(t).

Thus, we derive that

d

dt

∫
Ω

(
Rθ

2ρ
r2ρ2tr −R(θtρr + ρtθr)r

2urr +
1

2
ρr2u2tr

)
dr −

∫
Ω
Rρθtr(r

2utr)rdr

−
∫
Ω
2Rθρtrutdr +

∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
1

5
r2u2trr + u2tr −

2

r2
u2t

)
dr ≤ CE

1
2 (t)D(t).

(3.52)

Multiplying equation (3.50)3 by 1
θr

2θtr, and integrating the results, we obtain∫
Ω

ρeθ
θ
θttrr

2θtrdr +

∫
Ω

B

θ
θtrrr

2θtrdr +

∫
Ω
Rρ

(
ur +

2

r
u

)
rt

r2θtrdr

+

∫
Ω

1

θ

(
qr +

2

r
q

)
rt

r2θtrdr =

∫
Ω
H3

1

θ
r2θtrdr. (3.53)

We estimate each term in the above equation as follows. First,∫
Ω

ρeθ
θ
r2θttrθtrdr ≥

d

dt

∫
Ω

ρeθ
2θ

r2θ2trdr − CE
1
2 (t)D(t).
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Using the fact that B|∂Ω = 0, one has∫
Ω

B

θ
θtrrr

2θtrdr = −
∫
Ω

(
B

θ
r2
)

r

1

2
θ2trdr ≥ −CE

1
2 (t)D(t).

Second, ∫
Ω
Rρ

(
ur +

2

r
u

)
rt

r2θtrdr =

∫
Ω
Rρ

(
utrr +

2

r
utr −

2

r2
ut

)
r2θtrdr

=

∫
Ω
Rρ(r2urt)rθtrdr −

∫
Ω
2Rρutθtrdr.

Similarly, one get∫
Ω

1

θ

(
qr +

2

r
q

)
rt

r2θtrdr =

∫
Ω

1

θ
(r2qtr)rθtrdr −

∫
Ω

2

θ
qtθtrdr.

One should pay attention to the term∫
Ω
H3

1

θ
r2θtrdr,

since there will appear third-order terms. The typical third-order term can be dealt with
as follows: ∫

Ω

((
4

3
µ(θ) + λ(θ)

)
u2r

)
tr

r2θtrdr

≤ C

∫
Ω

(
4

3
µ(θ) + λ(θ)

)
(urutrr + utrurr)r

2θtrdr

≤ η

∫
Ω

(
4

3
µ(θ) + λ(θ)

)
r2u2trrdr + C(η)E

1
2 (t)D(t),

where we use Young’s inequality and the following estimate,

∥
(
4

3
µ(θ) + λ(θ)

)
r2utrurrθtr∥L1 ≤ C∥

√(
4

3
µ(θ) + λ(θ)

)
utr∥L∞∥rurr∥L2∥rθtr∥L2

≤ CE
1
2D(t).

Thus, we conclude that

d

dt

∫
Ω

ρeθ
2θ

r2θ2trdt+

∫
Ω
Rρ(r2utr)rθtrdr −

∫
Ω
2Rρutθtrdr +

∫
Ω

1

θ
(r2qrt)rθtrdr

−η
∫
Ω

(
4

3
µ(θ) + λ(θ)

)
r2u2trrdr −

∫
Ω

2

θ
qtθtrdr ≤ CE

1
2 (t)D(t). (3.54)

Multiplying equation (3.50)4 by 1
κ(θ)θr

2qtr, one gets∫
Ω

τ(θ)

κ(θ)θ
r2qtrρ(qttr + uqtrr)dr +

∫
Ω

1

κ(θ)θ
r2q2trdr +

∫
Ω

1

θ
r2qtrθtrrdr =

∫
Ω

1

κ(θ)θ
r2qtrH4.

(3.55)
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We estimate again each term in the above equation separately. First, using the mass
equation, one has∫

Ω

τ(θ)

κ(θ)θ
r2qtrρ(qttr + uqtrr)dr =

∫
Ω

τ(θ)

κ(θ)θ
ρr2((

1

2
q2tr)t + u(

1

2
q2tr)r)dr

≥ d

dt

∫
Ω

τ(θ)

κ(θ)θ
ρr2

1

2
q2trdr − CE

1
2 (t)D(t).

Second, using the fact that θtr|∂Ω = 0, we have∫
Ω

1

θ
r2qtrθtrrdr ≥ −

∫
Ω

1

θ
(r2qtr)rθtrdr − CE

1
2 (t)D(t).

Thus, we derive

d

dt

∫
Ω

τ(θ)

2κ(θ)θ
ρr2q2trdr −

∫
Ω

1

θ
(r2qtr)rθtrdr +

∫
Ω

1

κ(θ)θ
r2q2trdr ≤ CE

1
2 (t)D(t). (3.56)

Combining (3.52), (3.54) and (3.56), and choosing η sufficiently small, we derive

d

dt

∫
Ω

(
Rθ

2ρ
r2ρ2tr −R(θtρr + ρtθr)r

2urr +
1

2
ρr2u2tr +

ρeθ
2θ

r2θ2tr +
τ(θ)

2κ(θ)θ
ρr2q2tr

)
dr

−
∫
Ω

(
2Rut(θρtr + ρθtr) +

2

θ
qtθtr

)
dr +

∫
Ω

1

κ(θ)θ
r2q2trdr

+

∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
1

10
r2u2trr + u2tr −

2

r2
u2t

)
dr ≤ CE

1
2 (t)D(t). (3.57)

From the momentum equation, one has

ρutt + ρuutr + ptr = −(ρtut + (ρu)tur)

+

((
4

3
µ(θ) + λ(θ)

)(
urr +

2

r
ur −

2

r2
u

)
+ λ′(θ)θr

(
ur +

2

r
u

)
+

4

3
µ′(θ)θr

(
ur −

u

r

))
t

.

Multiplying the above equation by 2ut yields

d

dt

∫
Ω

ρu2tdr +

∫
Ω

2utR(ρθtr + θρtr)dr +

∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
2u2tr +

2

r2
u2t

)
dr ≤ CE

1
2 (t)D(t),

(3.58)

where we use the fact that∫
Ω

((
4

3
µ(θ) + λ(θ)

)(
urr +

2

r
ur −

2

r2
u

)
+ λ′(θ)θr

(
ur +

2

r
u

)
+

4

3
µ′(θ)θr

(
ur −

u

r

))
t

2utdr

≤ −
∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
2u2tr +

2

r2
u2t

)
dr + CE

1
2 (t)D(t).

Similarly, taking the derivative with respect to t in equation (1.7)4, and multiplying the

result by 2
κ(θ)θqt, one obtains

d

dt

∫
Ω

τ(θ)

κ(θ)θ
ρq2t dr +

∫
Ω

2

κ(θ)θ
q2t dr +

∫
Ω

2

θ
θrtqtdr ≤ CE

1
2 (t)D(t). (3.59)
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Therefore, by using (3.57), (3.58) and (3.59), one derives

d

dt

∫
Ω

(
Rθ

2ρ
r2ρ2tr −R(θtρr + ρtθr)r

2urr +
1

2
ρ(r2u2tr + 2u2t ) +

ρeθ
2θ

r2θ2tr +
τ(θ)

2κ(θ)θ
ρ(r2q2tr + 2q2t )

)
dr

+

∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
1

10
r2u2trr + 3u2tr

)
dr +

∫
Ω

1

κ(θ)θ
(r2q2tr + 2q2t )dr ≤ CE

1
2 (t)D(t).

(3.60)

Integrating this over (0, t), we get the desired result. The proof of Lemm 3.7 is finished. □

Similarly, we can derive

d

dt

∫
Ω

(
1

2
ρr2u2tt +

Rθ

2ρ
r2ρ2tt +

ρeθ
2θ

r2θ2tt +
τ(θ)

2κ(θ)θ
ρr2q2tt

)
dr

+

∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
r2u2ttr

)
dr +

∫
Ω

1

κ(θ)θ
r2q2ttdr ≤

C

τ
E

1
2 (t)D(t). (3.61)

Note that the factor 1
τ in (3.61) arises from the τ2 weight assigned to ∥rqtt∥2L2 in the

definition of D(t). Furthermore, motivated by the definition of E(t), we integrate (3.61)
and multiply the resulting equation by τ2 to establish the following lemma.

Lemma 3.8. There exists a constant C such that∫
Ω
τ2
(
r2ρ2tt + r2u2tt + r2θ2tt + τr2q2tt

)
dr +

∫ t

0

∫
Ω
τ2r2q2ttdrdt

+

(
4

3
µ+ λ

)∫ t

0

∫
Ω

(
r2u2ttr

)
drdt ≤ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds). (3.62)

Furthermore, we have

Lemma 3.9. There exists a constant C such that∫
Ω

(
r2ρ2rr + (r2u2rr + 2u2r) + r2θ2rr + τ(r2q2rr + 2q2r)

)
dr ≤ C(E0 + E

1
2 (t)

∫ t

0

D(s)ds+ E2(t)).

(3.63)

and ∫
Ω

(
4

3
µ+ λ

)2

r2(u2rrr + τ2u2trr)dr ≤ C(E0 + E
1
2 (t)

∫ t

0
D(s)ds+ E2(t)). (3.64)

Proof. From equation (3.27)1, we have∫
Ω
ρ2r2

(
urr +

2

r
ur −

2

r2
u

)2

dr =

∫
Ω
r2 (−ρtr − uρrr +G1)

2 dr. (3.65)

For the left-hand side of the above equation, one has∫
Ω
ρ2r2

(
urr +

2

r
ur −

2

r2
u

)2

dr

=

∫
Ω
ρ2r2

(
u2rr +

4

r2
u2r +

4

r4
u2 +

4

r
ururr −

4

r2
uurr −

8

r3
uur

)
dr

=

∫
Ω
ρ2
(
r2u2rr + 8u2r + 4ururr

)
dr ≥ 1

4

∫
Ω

(
1

3
r2u2rr + 2u2r

)
dr,
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where we used the ε-Young inequality

4rururr ≤ ε(rurr)
2 +

1

4ε
(4ur)

2,

and take ε := 2
3 .

For the right hand side of (3.63), using Lemma 3.7, one has∫
Ω
r2 (−ρtr − uρrr +G1)

2 dr ≤ C(E0 + E
1
2 (t)

∫ t

0
D(s)ds+ E2(t)),

where we use the fact∫
Ω
r2G2

1dr ≤
∫
Ω
r2(−2ρrur −

2

r
ρru)

2dr ≤ CE2(t).

Thus, we derive that∫
Ω
(r2u2rr + u2r)dr ≤ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t)). (3.66)

From equation (3.27)4, using Lemmas 3.3-3.7, one immediately gets∫
Ω
κ2(θ)r2θ2rrdr ≤ C

∫
Ω

(
τ2r2q2tr + τ2u2r2q2rr + r2q2r + r2G2

4

)
dr

≤ C(E0 + E
1
2 (t)

∫ t

0
D(s)ds+ E2(t)). (3.67)

Multiplying the momentum equation (3.27)2 by r2ρrr, using (3.67), Lemma 3.7 and the
mass equation (1.7)1, we derive∫

Ω

Rθr2ρ2rrdr = −
∫
Ω

(ρutr + ρuurr +Rρθrr + 2Rρrθr −G2) r
2ρrrdr

+

∫
Ω

(
(
4

3
µ(θ) + λ(θ))

(
urr +

2

r
ur −

2

r2
u

))
r

r2ρrrdr

≤ 1

2

∫
Ω

Rθr2ρ2rrdr +

∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
urr +

2

r
ur −

2

r2
u

)
r

r2ρrrdr

+ C(E0 + E
1
2 (t)

∫ t

0

D(s)ds+ E2(t))

=
1

2

∫
Ω

Rθr2ρ2rrdr +

∫
Ω

(
4

3
µ(θ) + λ(θ)

)((
−1

ρ

)(
ρtr + uρrr + 2ρrur +

2

r
uρr

))
r

r2ρrrdr

+ C(E0 + E
1
2 (t)

∫ t

0

D(s)ds+ E2(t))

≤ 1

2

∫
Ω

Rθr2ρ2rrdr −
d

dt

∫
Ω

(
4

3
µ(θ) + λ(θ)

)
1

2ρ
ρ2rrdr + C(E0 + E

1
2 (t)

∫ t

0

D(s)ds+ E2(t)).

Therefore, Gronwall’s inequality implies that∫
Ω
r2ρ2rrdr ≤ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t)). (3.68)
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Finally, from equation (3.27)3, one has∫
Ω
r2
(
qr +

2

r
q

)2

r

dr =

∫
Ω
r2
(
G3 − ρeθθtr −Bθrr − p

(
ur +

2

r
u

)
r

)2

dr. (3.69)

Similar to (3.65), we have∫
Ω
r2
(
qr +

2

r
q

)2

r

dr ≥
∫
Ω
(
1

3
r2q2rr + 2q2r )dr.

While, using (3.66) and Lemma 3.7, one has∫
Ω
r2
(
G3 − ρeθθtr −Bθrr − p

(
ur +

2

r
u

)
r

)2

dr

≤ C

∫
Ω

(
r2(G2

3 + θ2tr +B2θ2rr) + r2u2rr + u2r
)
dr

≤ C(E0 + E
1
2 (t)

∫ t

0
D(s)ds+ E2(t)).

So, we derive that∫
Ω
(r2q2rr + q2r )dr ≤ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t)). (3.70)

By virtue of (3.66)-(3.70), the estimate (3.63) in Lemma 3.9 is verified. Furthermore,
combining the second equations of (3.11) and (3.27) with Lemmas 3.3-3.7, we directly
derive inequality (3.64). This completes the proof of Lemma 3.9. □

Lemma 3.10. There exists a constant C such that∫ t

0

∫
Ω

(
r2|D2(ρ, u, θ)|2 + r2q2rr + (u2r + u2t + q2r )

)
drdt ≤ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t)).

(3.71)

Proof. From (3.27)4 and using Lemma 3.7 and 3.4, we have∫ t

0

∫
Ω
κ2(θ)r2θ2rrdrdt =

∫ t

0

∫
Ω
r2(G4 − τ(θ)ρ(qtr + uqrr)− qr)

2dr

≤ C(E0 + E
1
2 (t)

∫ t

0
D(s)ds+ E2(t)). (3.72)

Similarly, from equation (3.11)4 and using Lemmas 3.3, 3.7 and 3.8, one gets∫ t

0

∫
Ω
r2θ2rtdrdt ≤ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t)). (3.73)

Multiplying (3.11)3 by r2(ur +
2
ru)t, using Lemma 3.7 and (3.73), one has∫ t

0

∫
Ω

pr2
(
ur +

2

r
u

)2

t

drdt

= −
∫ t

0

∫
Ω

(
ρeθθtt +Bθrt +

(
qr +

2

r
q

)
t

− F3

)
r2
(
ur +

2

r
u

)
t

drdt

≤ −
∫ t

0

∫
Ω

ρeθθtt(r
2u)rtdrdt+

1

2

∫ t

0

∫
Ω

pr2
(
ur +

2

r
u

)2

t

drdt+ C(E0 + E
1
2 (t)

∫ t

0

D(s)ds+ E2(t)).
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Using the boundary condition u|∂Ω = 0, (3.73) and Lemmas 3.3, 3.7, one has

−
∫ t

0

∫
Ω
ρeθθtt(r

2u)rtdrdt

= −
∫ t

0

(
d

dt

∫
Ω
ρeθθt(r

2u)trdr

)
dt+

∫ t

0

∫
Ω
(ρeθ)tθt(r

2u)rtdrdt+

∫ t

0

∫
Ω
ρeθθt(r

2u)ttrdrdt

≤ −
∫ t

0

∫
Ω
ρeθθtrr

2uttdrdt+ C(E0 + E
1
2 (t)

∫ t

0
D(s)ds+ E2(t))

≤ η

∫ t

0

∫
Ω
r2u2ttdrdt+ C(η)(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t)).

On the other hand, using the boundary condition ut|∂Ω = 0, we obtain

∫ t

0

∫
Ω
pr2

(
ur +

2

r
u

)2

t

drdt =

∫ t

0

∫
Ω
pr2(u2rt +

4

r
ututr +

4

r2
u2t )drdt

≥
∫ t

0

∫
Ω
p(r2u2tr + 2u2t )dxdt− CE

1
2 (t)D(t).

Therefore, we derived that

∫ t

0

∫
Ω
(r2u2tr + 2u2t )dxdt ≤ η

∫ t

0

∫
Ω
r2u2ttdrdt+ C(η)(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t)).

(3.74)

Multiplying (3.11)2 by r2utt, using (3.73), Lemma 3.7, and the boundary condition
utt|∂Ω = 0, one gets

∫ t

0

∫
Ω
ρr2u2ttdrdt = −

∫ t

0

∫
Ω
(ρuutr +Rρθtr +Rθρtr − F2) r

2uttdrdt

+

∫ t

0

∫
Ω
(
4

3
µ(θ) + λ(θ))

(
urr +

2

r
ur −

2

r2
u

)
t

r2uttdrdt

≤ −
∫ t

0

∫
Ω
Rθρrtr

2uttdrdt+
1

2

∫ t

0

∫
Ω
ρr2u2ttdrdt+ CE

1
2 (t)

∫ t

0
D(s)ds

−
∫ t

0

d

dt

∫
Ω

(
4

3
µ(θ) + λ(θ)

)(
1

2
r2u2rt + u2t

)
drdt

≤ −
∫ t

0

∫
Ω
Rθρrtr

2uttdrdt+
1

2

∫ t

0

∫
Ω
ρr2u2ttdrdt+ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t)).



SPHERICALLY SOLUTIONS FOR RELAXED CNS SYSTEM 31

Using equation (3.11)1, Lemmas 3.7-3.8 and (3.74), we have

−
∫ t

0

∫
Ω
Rθρrtr

2uttdrdt =

∫ t

0

∫
Ω
Rθ

(
(ρu)r +

2

r
ρu

)
r

r2uttdrdt

≤
∫ t

0

∫
Ω
Rθρ(urr + 2ur)r

2uttdrdt+ CE
1
2 (t)

∫ t

0
D(s)ds

≤
∫ t

0

d

dt

∫
Ω
Rθρ(r2ur)rutdrdt−

∫ t

0

∫
Ω
Rθρ(r2ur)rtutdrdt+ CE

1
2 (t)

∫ t

0
D(s)ds

≤
∫ t

0

∫
Ω
Rθρ(r2ur)turtdrdt+ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t))

≤ Cη

∫ t

0

∫
Ω
r2u2ttdrdt+ C(η)(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t)).

Therefore, by choosing η sufficiently small, we get∫ t

0

∫
Ω
(r2(u2tr + u2tt) + u2t )drdt ≤ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t)). (3.75)

Multiplying the momentum equation (3.11)2 by r
2ρtr, using (3.73), (3.75) and Lemma 3.7,

one has∫ t

0

∫
Ω
Rθr2ρ2trdrdt =−

∫ t

0

∫
Ω
(ρutt + ρuutr +Rρθtr + F2)r

2ρtrdrdt

+

∫ t

0

∫
Ω
(
4

3
µ(θ) + λ(θ))

(
urr +

2

r
ur −

2

r2
u

)
t

r2ρtrdrdt

≤1

2

∫ t

0

∫
Ω
Rθr2ρ2trdrdt+ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t))

−
∫ t

0

∫
Ω

(
4

3
µ(θ) + λ(θ)

)
1

ρ
(ρtr + uρrr + 2ρrur +

2

r
ρru)tr

2ρtrdrdt

≤1

2

∫ t

0

∫
Ω
Rθr2ρ2trdrdt+ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t))

−
∫ t

0

d

dt

∫
Ω

(
4

3
µ(θ) + λ(θ)

)
1

2ρ
r2ρ2trdrdt

≤1

2

∫ t

0

∫
Ω
Rθr2ρ2trdrdt+ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t)),

which gives ∫ t

0

∫
Ω
Rθr2ρ2trdrdt ≤ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t)). (3.76)

In a similar way, we can derive that∫ t

0

∫
Ω
Rθr2ρ2rrdrdt ≤ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t)). (3.77)
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Similarly, (3.11)1, (3.27)1 together with (3.75) and (3.76) imply∫ t

0

∫
Ω
(r2(u2rr + ρ2tt) + u2r)drdt ≤ C(E0 + E

1
2 (t)

∫ t

0
D(s)ds+ E2(t)). (3.78)

Finally, using the energy equation (3.27)3 and the above estimates, we have∫ t

0

∫
Ω
(r2q2rr + q2r )drdt ≤

∫ t

0

∫
Ω
(r2(θ2tr + u2rr) + u2r)drdt+ CE

1
2 (t)

∫ t

0
D(s)ds

≤ C(E0 + E
1
2 (t)

∫ t

0
D(s)ds+ E2(t)). (3.79)

Thus, the proof of Lemma 3.10 is finished. □

Now, combining Lemmas 3.2 - 3.10 with the choice

δ = min

{
δ1,

(
1

2C

)2
, 1

}
where C is the universal constant from these lemmas, we complete the proof of Proposition
3.1.

4. Proof of the main theorems

Proof of Theorem 1.2: By the definition of E(0), we know that

E(0) ≤ C1

(
∥r(ρ0 − 1, θ0 − 1, q0)∥2H3 + ∥ru0∥2H4

)
≤ C1ϵ0

with C1 a universal constant independent of τ, λ, µ. Now, choosing ϵ0 sufficiently small
such that

C1Cϵ0 <
δ

2
,

then, by virtue of Proposition 3.1, E(t) < δ
2 which close the a priori assumption E(t) ≤ δ.

Therefore, the estimate (3.1) holds for the local solution (ρ, u, θ, q). By usual continuation
methods, the local solution can be extended uniquely to the global one satisfying the
estimate (3.1). Thus, the proof of Theorem 1.2 is finished.

Proof of Theorem 1.3 : Fix τ > 0. Let ϵ = (µ, λ) and (ρϵτ , u
ϵ
τ , θ

ϵ
τ , q

ϵ
τ ) be the global

solutions obtained in Theorem 1.2. Then, we have

sup
0≤t<∞

∥(ρϵτ − 1, uϵτ , θ
ϵ
τ − 1, qϵτ )∥2H2 +

∫ ∞

0
∥D(ρϵτ , u

ϵ
τ , θ

ϵ
τ , q

ϵ
τ )∥2H1dt ≤ CE(0), (4.1)

where C is a constant independent of ϵ. Thus, there exists (ρ0τ , u
0
τ , θ

0
τ , q

0
τ ) ∈ L∞([0,∞), H2)

such that

(ρϵτ , u
ϵ
τ , θ

ϵ
τ , q

ϵ
τ ) → (ρ0τ , u

0
τ , θ

0
τ , q

0
τ ) weak− ∗ in L∞([0,∞), H2)

Furthermore, since ∂t(ρ
ϵ
τ , u

ϵ
τ , θ

ϵ
τ , q

ϵ
τ ) are bounded in L2([0,∞);H1), by classical compact-

ness argument, (ρϵτ , u
ϵ
τ , θ

ϵ
τ , q

ϵ
τ ) are relatively compact in C([0, T ], H2−δ0

loc ) for any T > 0 and
0 < δ0 < 2. As a consequence, as ϵ→ 0 and up to subsequences,

(ρϵτ , u
ϵ
τ , θ

ϵ
τ , q

ϵ
τ ) → (ρ0τ , u

0
τ , θ

0
τ , q

0
τ ) strongly in C0([0, T ], H2−δ0)

On the other hand, quantities involving ϵ = (µ, λ), such as
((

4
3µ(θ) + λ(θ)

) (
ur +

2
ru
))

r
,

converge to zero almost everywhere as ϵ→ 0. Therefore, it is sufficient to pass to the limit
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in (1.7) and (ρ0τ , u
0
τ , θ

0
τ , q

0
τ ) satisfies the following hyperbolized Euler-Cattaneo-Christov

equations
ρt + (ρu)r +

2
rρu = 0,

ρut + ρuur + pr = 0,

ρeθθt + (ρueθ − 2a(θ)
Z(θ) q)θr + p

(
ur +

2
ru
)
+ qr +

2
r q =

(
2

τ(θ) +
4
ru
)
a(θ)q2,

τ(θ)ρ
(
qt + uqr +

2
ruq
)
+ q + κ(θ)θr = 0.

(4.2)

This finishes the proof of Theorem 1.3.
Proof of Theorem1.4: Fix ϵ = (µ, λ). Let (ρϵτ , u

ϵ
τ , θ

ϵ
τ , q

ϵ
τ ) be the global solutions

obtained in Theorem 1.2. Then, we have

sup
0≤t<∞

∥(ρϵτ − 1, θϵτ − 1, qϵτ )∥2H2 +

∫ ∞

0
∥D(ρϵτ , θ

ϵ
τ , q

ϵ
τ )∥2H1dt ≤ CE(0), (4.3)

and

∥uϵτ∥2H3 +

∫ ∞

0
∥Duϵτ∥2H2dt ≤ CE(0), (4.4)

where C is a constant independent of τ but possible depends on ϵ. Thus, there exists
(ρϵ0 − 1, θϵ0 − 1, qϵ0) ∈ L∞([0,∞), H2) and uϵ0 ∈ L∞([0,∞), H3) such that

(ρϵτ , θ
ϵ
τ , q

ϵ
τ ) → (ρϵ0, θ

ϵ
0, q

ϵ
0) weak− ∗ in L∞([0,∞), H2)

and

uϵτ → uϵ0 weak− ∗ in L∞([0,∞), H3).

Furthermore, since ∂t(ρ
ϵ
τ , θ

ϵ
τ , q

ϵ
τ ) and ∂tu

ϵ
τ are bounded in L2([0,∞);H1) and L2([0,∞);H2),

respectively, by classical compactness argument, (ρϵτ , θ
ϵ
τ , q

ϵ
τ ) and u

ϵ
τ are relatively compact

in C([0, T ], H2−δ0
loc ) and C([0, T ], H3−δ0

loc ), respectively, for any T > 0 and 0 < δ0 < 2. As a
consequence, as τ → 0 and up to subsequences,

(ρϵτ , θ
ϵ
τ , q

ϵ
τ ) → (ρϵ0, θ

ϵ
0, q

ϵ
0) strongly in C0([0, T ], H2−δ0

loc )

and

uϵτ → uϵ0 strongly in C0([0, T ], H3−δ0
loc )

On the other hand, as τ → 0, we have

τ(θϵτ )ρ
ϵ
τ (∂tq

ϵ
τ + uϵτ∂rq

ϵ
τ +

2

r
uϵτq

ϵ
τ )⇀ 0 in D′((0,∞)× Ω),

which gives qϵ0 = −κ(θϵ0)∂rθϵ0, a.e.. Therefore, it is sufficient to pass to the limit in (1.7) and
(ρϵ0, u

ϵ
0, θ

ϵ
0) satisfies the compressible Navier-Stokes-Fourier equations in spherical symme-

try as
ρt + (ρu)r +

2
rρu = 0,

ρut + ρuur + pr =
((

4
3µ(θ) + λ(θ)

) (
ur +

2
ru
))

r
,

ρCvθt + ρuCvθr + p
(
ur +

2
ru
)
− 1

r2
(r2κ(θ)θr)r

= µ(θ)
(
2u2r +

4
r2
u2 − 2

3

(
ur +

2
ru
)2)

+ λ(θ)
(
ur +

2
ru
)2
.

(4.5)

This finishes the proof of Theorem 1.4.
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