Exponential Stability for Wave Equations with Non-Dissipative Damping!

JAIME E. MUNOZ RIVERA

Department of Research and Development, National Laboratory for Scientific Computation
Rua Getulio Vargas 333, Quitandinha, CEP 25651-070 Petrépolis, RJ, and
UFRJ, Rio de Janeiro, Brazil

rivera@lnce.br
REINHARD RACKE

Department of Mathematics and Statistics
University of Konstanz
78457 Konstanz, Germany
reinhard.racke@uni-konstanz.de

Abstract: We consider the nonlinear wave equation u; — o(ug), + a(x)u; = 0 in a bounded interval
L

(0,L) C R!. The function a is allowed to change sign, but has to satisfy @ = + [ a(z)dz > 0. For this
0

non-dissipative situation we prove the exponential stability of the corresponding linearized system for: (I)
possibly large ||a|| L with small ||a(-)—@]| 2, and (IT) a class of pairs (a, L) with possibly negative moment
fOL a(x)sin®(mz /L) dz. Estimates for the decay rate are also given in terms of @. Moreover, we show the
global existence of smooth, small solutions to the corresponding nonlinear system if, additionally, the
negative part of a is small enough.
1 Introduction
We consider the following nonlinear wave equation
U — 0(Ug)g + a(x)ur =0 (1.1)
for a function v = u(t,z), t>0, =z € (0,L)CR! L >0 fixed, with initial conditions
u(t=0)=ug, w(t=0)=wu (1.2)
and Dirichlet type boundary conditions
u(-,0) =u(-,L) =0. (1.3)

We assume that a € L*((0,L)) for the part on the exponential stability of the associated
semigroup, and a € C3([0, L]) for the discussion of the nonlinear system, as well as

1

a =

|

L
/a(x)da? > 0, (1.4)
0
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in particular @ may change sign in [0, L] or be zero in open subsets. The nonlinear function o is
assumed to satisfy

o€ C3(R), do := ¢’(0) > 0, and ¢”(0) = 0. (1.5)

Remark: This is, for instance, satisfied for o corresponding to a vibrating string,
oly) = ———;.
V1+y?

Rewriting (1.1) as
g — doUgy + auy = b(Ug ) Uy (1.6)
with
b(uy) = o' (uy) — do = o' (uz) — 0’(0) (1.7)
the associated linearized system is
Ut — doUgy + auy = 0 (1.8)

together with the initial conditions (1.2) and the boundary conditions (1.3). Since a may change
sign we have a non-dissipative system still regarding au; to be a non-local but indefinite damping.
There are many papers on solutions to (1.1) or on decay rates for (1.1) or (1.8) if a > 0 i.e. if a
does not change sign, see for example the papers of Cox and Overton [3], Cox and Zuazua [5],
Kawashima, Nakao and Ono [9], Nakao [13, 14], da Silva Ferreira [19] or Zuazua [21] and the
references therein. If a(z) > ag > 0 is strictly positive, the exponential decay of solutions to
(1.8) and also to (1.1), for small data, easily follows.

The non-dissipative case with indefinite a seems to have been posed first by Chen, Fulling,
Narcovich and Sun [2] where it was conjectured that the energy

(u? 4+ u2)(t, x)dx (1.9)

O\h

decays exponentially if
L
dy>0Vn=1,2,...: /a(w)sinz(nwx/L)da:Z’y (1.10)
0

holds. Later Freitas [6] found that (1.10) is not sufficient to guarantee exponential stability when
|la|| = is large. Replacing a by ea, Freitas and Zuazua [7] proved that when a is of bounded
variation and (1.10) holds, then there is ¢* = £*(a) such that for all € € (0,e*) the energy decays
indeed exponentially. This result was extended to a differential equation of the type

Ut — Ugy + ca(z)uy + b(x)u =0

by Benaddi and Rao [1]. K. Liu, Z. Liu and Rao [10] gave an abstract treatment of these

results under certain conditions on the abstract damping operator. An extension to higher



space dimensions was presented by Liu, Rao and Zhang [11].
Here we show that solutions to the linearized system (1.8), (1.2), (1.3) decay exponentially for
(I) possibly large ||a||fe with small ||a(-) — @||z2, and
(IT) a class of pairs (a, L) with possibly negative moment fOL a(x)sin®(nz /L) dx.
Part (II) is not a contradiction to a result of Freitas in [6] saying that if (1.10) is not valid, then
the solution is not exponentially decaying for sufficiently small ||a|| 1, because in our examples of
admissible pairs (a, L), leading to exponential decay, a, resp.||a||r, and L are not independent.
Estimates for the decay rate are also given in terms of @. Moreover, we show the global existence
of smooth, small solutions to the corresponding nonlinear system if, additionally, the negative
part of a is small enough. More precisely: If o denotes the decay rate for the linear system,

L
[ +)to) <aer, oo,
0

then a~ has to satisfy in particular
la™ ||z < a0, (1.11)

see Section 3.

The paper is organized as follows: In Section 2 we shall prove the exponential stability for the
linearized system under either of the situations (I) or (II) above. This is the crucial part, and
the method will be the spectral one characterizing exponentially stable semigroups in terms of
the spectrum of the associated generator of the semigroup. It is possible to give an explicit lower
bound on the decay rate which, in turn, is necessary to make (1.11) a reasonable condition in
the nonlinear case.

In Section 3 the global existence of small solutions to the nonlinear system is investigated.
Using the result from Section 2 and pertubation arguments the condition (1.11) is shown to be
sufficient to guarantee the global existence and also the exponential stability of the nonlinear
system.

Summarizing the contributions of our paper we present results on exponential stability for the
wave equation when the function ¢ may change sign under conditions that extend the existing
results to cases with indfinite damping a with possibly large L°°-norm, and give examples of pairs
(a, L) for which exponential stability holds but the moment fOL a(z)sin®(rx/L) dx is negative.
We also present an explicit description of the decay rate and of the type of the associated
semigroup, and also a discussion of a corresponding nonlinear problem with global existence
and stability. Finally, our approach can be applied to other one-dimensional models.

We use standard notations. e.g. for Sobolev spaces.

2 Exponential stability for the linearized system

We first consider the linearized system. Without loss of generality we assume dy = o/(0) = 1.

Ut — Uge +a(x)ug =0 in (0,00) x (0, L) (2.1)

u(0,-) =up, w(0,-)=w; in (0,L) (2.2)



u(-,0) =u(-,L) =0 in (0,00). (2.3)

We assume that a € L*>((0, L)) and satisfies (1.4). The aim is to prove that the energy given in
(1.9) decays to zero exponentially as time ¢ tends to infinity in either

e Case (I):  |la(-) — @l|z2 is sufficiently small — but ||a||z~ may be large —, or

e Case (I):  ||a||ze is small, (a, L) satisfy certain relations — but the moment
fOL a(x)sin?(rx/L) dz may be negative.
We introduce the variables
P = U — Uy, q = Ut + Uy

such that
Pt + pe = —a(x)uy, QG — @ = —a(x)uy. (2.4)

(1) e A) e (0

and let A denote the operator given by

Let

AU:-K@-%BU

with domain

L
D(A) := { (Z) € H((0,2)) x H'(0,2)) | p(0) + 4(0) = p(L) + a(L) =0, [ p(s) ~ als)ds = o}
0

in the Hilbert space

L
H = { <§) € L*((0,L)) x L*((0, L)) | /p(s) —q(s)ds = 0}
0

with the L2((0,L)) inner product. D(A) is dense in H and A is the infinitesimal generator of a
Co-semigroup {e'};>0. We can rewrite (2.1) as
Uy = AU, U(0)=Us, U e D(A) (2.5)

To verify the equivalence of the systems (2.1)—(2.3) and (2.5), let U solve (2.5) for appropriate

initial conditions. Let
. P e

Then

hence there exists a function uw with



We can choose u such that «(0,0) = 0. It is not difficult to see that u satisfies (2.1). Moreover,
0 = w(t,0) = u(t,0), 0=w(t,L) =ut,L).

Using u(0,0) = 0 we obtain
u(t,0)=0, t>0.

Since U € D(A) we conclude
L
0= /ux(t,s)ds —u(t,I) —u(t,0) = u(t,I)=0, ¢>0,
0

therefore the system (2.1)—(2.3) is equivalent to (2.5).
Lemma 2.1 A~! is compact.

PROOF: AU = —F is solvable for F € H, A~! is bounded:
With
Mo(x) = a(:U)KB _ a(z) ( 1 1 )
2 2 -1 -1

AU = —F is equivalent to
Ux + Mo(w)U =KF

or

T T

— [ Mo(s)ds T — [ Mo(t)dt
U(x)=e © Uo+/e s KF(s)ds
0

where Uy has to be determined appropriately. Since Mg = 0, the corresponding series e~ Jo
/

has only two terms and therefore we have for U = (p,q)’, Uy = (po,q)’;, F = (f,g)" that

p B 1/ 11 o
(q)(m) = (Id—20/a(s)ds< I )) (q())
+/ (Id—;/a(t)dt< _1 _i )) ( —£EZ; )ds.
0 S

The boundary conditions require pg 4+ go = 0, hence
VR R S (OB W N OB IO R N
<q><x)‘ ( —p0>+0/< ~9(s) )d 0/< ~F(s) + (5 ) p [ otas

Then p(L) + q(L) = 0 is satisfied since F' € H. Finally the condition [p(s) — ¢q(s)ds = 0
0

My(s)ds

determines pg uniquely by

T

po:21L{/L/x(f(s)—g(s))/a(t)dtdsdm—i—/L/zf(s)+g(s)dsda:}.
00 00

S



Hence AU = —F is uniquely solvable and
U] < cl[F|,

where || - || denotes the L?((0, L))-norm. Thus 0 € o(A) (resolvent set).

Now we prove A1 is compact:

Let (F,), C H be bounded, let U, := A~'F,. Then (U,), is bounded according to (ii).
This implies that (py,gs)n is bounded in H'((0, L)) and hence has a convergent subsequence in

L2((0,L)). Q.E.D.

Lemma 2.1 implies that the spectrum o(.A) of A consists of eigenvalues (\y,), only, without any
finite accumulation point.

First we consider Case (I), where finally ||a(-) — @l||z2 will be chosen sufficiently small, and we
will show below, by using fixed point arguments, that for € > 0

! .= {E—I—OH—Z'B; a>R (—;—i- ()2—22) and ﬂeR} C o(A),
and also that
sup ||(M — A)7Y| < oo.
Xerl
This will imply, see e.g. the results by Priiss [17] or [12, Thm 1.3.1], that the corresponding
semigroup decays exponentially.
We shall regard A as a perturbation of A} defined by

AlU .= KU, — gBU

on

D(A4g) = { (2) € H'((0,L)) x H'((0,L))] p(0) + q(0) = p(L) +¢(L) = 0}

Lemma 2.2 Let o(A}) denote the spectrum of AL. Then we have that

1 1.\? k2n?
a(Aé):{—Qai <2a> —kLZ ]keN}

PROOF: As for A, one can show that Aé has a compact inverse. We now consider the equation

N - AU =F (2.6)
where F' € H, which is equivalent to finding a function U such that
U:+MU=KF

where M := K (A + 2B). The solution to this equation is given by

U(x) = e M2y, —I—/ e ME=)KF(s) ds (2.7)
0



This is the solution of an initial value problem. To find the set of A\ belonging to the resolvent
set, is equivalent to the problem of finding A such that U satisfies the boundary conditions of
the problem and can be estimated appropriately by F. Denoting

- (2) ()
q 4o
we have to find U € D(A}). To get this we have to satisfy first pg + go = 0 which implies
Po = —qo
Now the problem reduces to find pg for which we have
p(L) 4+ q(L) = 0. (2.8)

Let us denote by

Bla,s) = e~ M) = ( eules) cizlrs) )

e91(x,s) egn(x,s)

(5)-meo( )( AT o

Using the expression above to verify relation

Note that

) we conclude that pg should satisfy
{ell(L, O) - 612(L, 0) + €21 (L, 0) — 622(L, O)}po

= /{ell(L, s)+ean(L,s)} f(s) —{ewa(L,s) + ean(L,s)}g(s)ds (2.10)
0

It is not difficult to see that the above problem has a solution if and only if
611(L, 0) — 612(L, 0) + 621(L, 0) — 622(L, O) #0 (2.11)

and that therefore A € p(.A) holds if and only if condition (2.11) holds. To characterize the
spectrum precisely, we need to calculate the matrix FE(x,s) explicitly. To do this we note that

M:<a5 ﬁa) where oz—/\+1 6=

To get the explicit representation of the exponential matrix F we will use the eigenvector rep-

a (2.12)

l\.')
l\D\H

resentation. Therefore our next step is to calculate the eigenvalues and eigenvectors. Since

det < ;:ﬁa M_fa ) =u? — (a® - %)

it follows that the eigenvalues are given by u = ++/a2 — 32. Let us denote by pg := /a2 — (32
with non-negative real part. Then we have that the eigenvector are given by

w1:<Mo_;a>, w2:<—lt3;-a>



Letting

p._( Hota —mta Dl__ 1 B po—« .
(—ﬂ -8 - Wi\ B po+a

we have the representation

which implies

F(z,0) = cosh(pox) + m sinh(pox) % sinh(pox) (2.13)
’ % sinh(uox) cosh(pox) — o= sinh(poz) | ‘

The condition (2.11) now turns into
@ . 2u0L
2—sinh(ppl) =0 = et =1
Ho
Therefore we conclude that pugL = ki, for integers k, or
paL? = —k*n?.
Recalling the definition of py we get and using (2.12) we get

1 1.\2 K272
272 _ 2 92 _ _ _
NI+ Lixa+ k=0 = )\——ga:t (2a> 7

Finally, note that if k¥ = 0 then we will have o = 0 and therefore A = 0. But A =0 € p(Ay).
Q.E.D.

Lemma 2.3 Let A\ = v +in with v > —%, and let

99
po = A(n) +iB(n)

define A and B. Then we have

A? + B* = \/774 + [272 + 2ya + @%n? + (72 + va)2. (2.14)
\ _
m (221, lim |2 =0, fim|X]=1 lim A—~y+ 2 (2.15)
N0 Lo n—00 " Lig n—00 " Lo 7—00 2
- -
| sinh(p0z)| =z, lim sup | sinh(uox)| < \/1 + sinh?(y + g)L (2.16)
(ym)—(0,0)  [wol n—o00 2

PRrOOF: Recalling that
o = /a2 — 32 = VA2 + \a.

we have

Ho = \/a2—ﬂ2:\/72+67+i77(6+2’y)—772:A+iB



Squaring the above expression we get
A2 yay—n? = A B?
n(@—+2vy) =2AB

Solving the equation for A we conclude that

_ ey —? [0t + (292 + 9@+ @2 + (12 + va)?
2 2

P ay | P+ 292+ a4 @ + (7 + 7a)?
+
2 2
Summing up the above identities we get (2.14). Note that

B? =—

Vit + 292 + 290 + @2 + (42 + a)? _ VP +72 +7a+ D2 —a(y + 32

2 - 2
772+72+76+§
2

On the other hand we have

V202 + @+ @t + (12 +9a)? _ V297 + 2an? + (32 +7a)”
2 = 2

Therefore we obtain

Similarly we have

Thus we conclude

lim |22 = lim ~ 22 Ty
proving (2.15). Finally,

sinh(pozr) = % {eAm(cos(Bm) + isin(Bz)) — e~ % (cos(Bz) + isin(Bx))}
= cos(Bx)sinh(Ax) + isin(Bz) cosh(Ax).

implies

|sinh(pox)| = \/cos2 Bz)sinh?(Ax) 4 sin?(Bx) cosh?(Ax)

= \/smh Az) + sin?(Bxz)



similarly we have

| cosh(poz)| = \/sinhZ(Aa;) + cos?(Bx).)
yielding (2.16).
Q.E.D.

Lemma 2.4 Let F = (f1, f2) and A = v+ in as above, and let

1 Jy (a —@)(cosh((L — s)po) + SET sinh(po(L — 5)) 1 ds

IAF) = 2 — sinh(/Z;)L)
1 Jy (a—a@)(cosh(uo(L — 5)) + 7o sinh(po(L — 5))) f da
2 — e sinh(poL)

Then we have

timsup (100 F) <l alal Pl

1+ aL)
(7,m)—(0,0) a

) _ 1 +sinh(y 4+ &)L
limsup [I(A, F)| < |a—a||L2||F||L2< :

sinh((y + §)L)

700
alL
limsup |E(z,s)] < 14+ 4
(Am)—(0.0) 2

limsup |E(z,s)| < 2\/1+sinh2((7+a)L)
n—00 2

PROOF: We have

lla —al| 12 (2]| cosh(poz) [0 + PHEHAL | sinh (o) || o0) | Fl 12

1 o]
I\ F - :
HABL <5 = [[sinh(juoL)
where || - || denotes the sup-norm with respect to z. Our conclusion now follows from Lemma
2.3 using ~
| sinh(poL)| > | sinh(A(n)L)| — sinh((y + %)L) as 1 — oo.
Q.E.D.

Corollary 2.5 There exists a positive constant Cy, depending essentially only on |y — %], such
that for any n € R and any (z,s) we have

[I(A, )| < Colla —al| 2| Fl 2,

|E(z,s)| < Cy.

10



Remark: For the interval (0,1) and 0 < p < %, let the function ay, : [0,1] — R be given by

-1 0<z<
au(z) 3:{ "

1 p<ae<l1
Then
ay=1-2p  and lap —@ullzz =24/ (1 — p)p < 1,
hence, as u — 0,
lapllze =1 and lay, —aull2 — 0.

Lemma 2.6 There exists T > 0 such that when |la — @2 < T, we have
(i) T1 C o(A),

(ii) sup [[(A — A)7Y| < oo.
xer!
PROOF: It suffices to show that for sufficiently small 7 > 0 and for A € T the equation
(A—A)U = F is solvable for any F' € H, and ||U|| < C||F|| with a constant C' at most depending
on € and 7. We shall use a fixed point argument to prove this. Now let F' = (f, g)’ € H be given
as well as A € T'L. Let
d: H—H, VU=V

be defined as solution U = (Uy, Us)’ to

a—a

(AN=Ay)U =F — BV
which is well defined since A € p(Ap). Using the explicit representation of U we have

Uz) = (BV)(z) = Eo(2)Up + /0 " B —s) <KF(5) - ‘“%‘“KBV(S)) ds  (2.17)

where Uy = (po, —po) with pg = I(A\, V), cp. (2.10),

mo= e (16 - T 1)

a(s) —a

e ea)(L = 9) (905) = T Vls) + Vals) ) ds |/
(e11(L) — e12(L) + ea1(L) — ea2(L)), (2.18)

where V = (V1,V5)'. Let
Ul =oVI, j=1,2.

Then

a(s) —a

UN(x) — U2(x) = Eol2) (UL — U2) + /Ow Byl — ) < KB(V2(s) — Vl(s))> ds.

This implies

U () — U ()| < | Bo(=,0)(Uy — Ug)| + 1 /Ox |(a —@)Eq(z,5)(Vi(s) = V(s))lds  (2.19)

11



and c; denotes here and in the sequel a positive constant at most depending on 7 and . We
conclude from Corollary 2.5 that

Uy = Ug| < erlla —all 2|V = V| 2. (2.20)
The last two inequalities yield and using Corollary 2.5 once more we have
[Ut = U?|? < Calla —al 2 |[VF = V2 2
Hence @ is a contraction mapping if
cilla — 6||%2 <1
determining 7 as 7 = % Let U = (p,q)’ be the unique fixed point. It satisfies

AU+K%+%BU:E (2.21)

By definition we have U € D(Ap). Since F' € H we obtain by integration of (2.21)
L L L
0= [ &) =g@ds = A [ p(s) = a@)ds+ [ o+ aals)ds
L
= 3 [ p) — als)as.

Without loss of generality we can assume that A # 0. Then we conclude
UeD(A) and (A\— AU =F.
Finally, we estimate the inverse (A —.A)~. Let U be still the fixed point, and let

U := ®(0)

or, in other words,

(A= Ag)U = F.

Then we get
U =1UI < |[U-Ull = [*U - 20)]| <d|U]|

where d < 1 describes the contraction mapping property. It follows
1 ~
Ul < ——||U]|l.
U] < =117
On the other hand we obtain from (2.17), (2.18) (cp. (2.19), (2.20))
IU|| < allF|

Hence we have proved

A=A <

1-d
which proves the Lemma.

Q.E.D.

As a consequence we obtain the following Theorem on the exponential decay.

12



Theorem 2.7 There exists T > 0 such that when ||a — al||z2 < 7, we have that the solution to
the linearized system decays exponentially, that is to say

Jeop>03ap>0Vt>0:  Ey(t) < cope 2t Ey(0).

In particular we can take any

Y P
Oé(]>§R( 2+ (2) LQ),
e.g. ap=—7 fOL a(z) dx when fOL a(x) de < 2m.

PROOF: The assertion follows from Lemma 2.6 by well known characterizations of the exponen-
tial stability of semigroups, see the results by Priss [17], cp. [12, Thm 1.3.1].

Q.E.D.

Now we consider Case (II), where finally ||a||z- will have to be sufficiently small, related to
L, that is, (a, L) will satisfy certain relations. Contrasting these restrictions with respect to
previous results for small a, e.g. by Freitas and Zuazua [7], we shall obtain examples where the
moment fOL a(x)sin?(rx/L) dx is negative.

Similary as in Case (I) above, we wish to prove that for small 1 > 0 and any gy > &1 we can
choose (a, L) with a small enough such that for any ¢ € [e1, &g

a

.= 2+5+i77 | neR}C o(A) (2.22)
and that
sup  |[(A =AY < oo (2.23)
e€le1,eo], Aellld
We choose _
a
€=, 0= max{2¢1, 3|a|o }, (2.24)
where |a|o := ||a||s, and we observe that A — 3|a| is dissipative.

Now we shall regard A as a perturbation of the following operator A}, given by
AHU:—K@—%U

with domain
D@%UF=DO%)={<Z)GfﬂKQLDXfﬂGQLDHMD+QW)=pU0+QUJ=0}

in the same Hilbert space
H = L*((0,1)) x L*((0, L))

For U € D(A) we have
AU = AU = SWU

W:<(1)(1)>

Ao~ ! is compact which can be shown as for A above.

with

13



Lemma 2.8 o(A)) = {—% +8 ke Z}

PROOF: We investigate the the solvability of (A — Ag)U = F for any F = (f,g)' € H. Using
similar ideas as in the proof of Lemma 2.2 we obtain

L el k 3
AedAw¢>(”b%“@@:1©A:Ak:—%+i?,keZ

Q.E.D.

For given, 0 < 79 < 1 we define the set of admissible a and L as

L
Khmvﬁﬁ={WJU\WEQ/M¢Mm§awL§7ﬂ-
0

We shall prove that, after fixing 9 and 7y, we can determine the maximal possible L*°-norm of
a, and the admissible values of L, that imply exponential decay.

Lemma 2.9 There are pairs (a, L) € K(y0,71) such that
(i)Ve € [er,e0] : Te ={-%+e+in | n€R} C o(A).

(i1) sup (A=A~ < oc.

e€le1,e0], AeTe

PrOOF: We will show, for any admitted ¢, that for A € T/ the equation (A — A)U = F is
solvable for any F' € H, and the postulated estimate on the inverse holds. We shall use again a
fixed point argument to prove this. Now let F' = (f, g)’ € H be given as well as A € T'.. Let

d:H—H, V-U=030V
be defined as solution U = (U1, Us)’ to
M—A@U:F—%WV
which is well defined since A € p(Ap). Let us consider
Ulz) = (BV)(x) = Eol,0, \)To + /0 " Eo(w,5,\) (KF(s) _ a(;)KWV(s)> ds  (2.25)
where Uy = (po, —po) with

P e ) () = S(s)) = ea(L,5,2) (9(s) — “S2Vi(s)) ds
po= e2(L,0,\) — e1(L, 0, \) '

(2.26)

Let
Ul .=oVI, j=1,2.

Then

w@y¢W@:%@@nwﬁw@+A%M@&nG?KWWWQ—W@O@.

14



This implies
U (z) — U?(2)] < crela=teoll |yl — U2] 4 cpel@teolly / Vi(s) = V3(s)lds  (2.27)
0

where co denotes here and in the sequel a generic positive constant, in particular not depending
on a or L. We conclude from (2.26)

(asote0)Ly, L
Ul - U2 < 951444444181/‘ Vi(s) — V(s)|ds. 2.28
0 - U1 < e Vi) - VA las (228)
The last two inequalities yield
aooL el
U - U2 <05 |yt -2
Hence @ is a contraction mapping if
aco L Lo L
R L |
sinh(e; L)
Observing (2.24), this is satisfied for (a, L) in K if
M 37
02'6 e Mg <1
sinh(vo/8)
or, equivalently, if
sinh(y0/2)
o0 C2€7M1 =: ¢o(70,71) (2.29)

(i) Now fixing o and =1, the last inequality determines the maximal possible L*°-norm of a.

(ii) Then the condition

N <t (2.30)

oo (oo
determines the possible values of L.
(iii) Now fixing L, since aooL > 70, we can choose a satisfying (i) as well as

L
/a(m)dw > (2.31)
0

Altogether we have found in (i)—(iii) pairs (a, L) € K for which ® is a contraction.
Let U = (p,q)’ be the unique fixed point. It satisfies

AU+K%+%BU:F (2.32)
By definition we have U € D(Ap). Since F' € H we obtain by integration of (2.32)
L L L
0:A ﬂﬁ—gwﬂs:=AA;M®—QQM&+A(p+@AQ®
L
= 3 [ p) — as)as.
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Without loss of generality we can assume that A # 0. Then we conclude
UeD(A) and (A\— AU =F.

Finally, we obtain the uniform boundedness of the inverses as in Case (I),namely let U be still
the fixed point, and let U := ®(0). Using the same arguments as in the proof of Lemma 2.6 we
get

Ul < es||F'|

where c¢3 depends at most on a, L,7p,y1. This proves assertion (ii).

Q.E.D.
As in Case (I) we conclude the exponential stability. Let

E(t) = U, )] = | U0l

be the associated energy to problem (2.5). Then

Et) = ‘

Theorem 2.10 For sufficiently small |a|s and admissible (a, L) € K(v0,71), we have

Jeg > 039 >0Vt >0: E(t) < coe 20tE(0).

Using Lemma 2.9 which gives information on the spectral radius w,(4) := sup R, a result of
Aeo(A)
Neves, Ribeiro and Lopes [16] saying that the essential type w,(.A) is given by
1 L
we(A) = —5= [ a(y)dy. (2.33)
2L Jo

as well as using the general characterization (see [15])
wo(A) = max{we(A),ws(A)},

where wp(A) denotes the type of the semigroup,

1 At
wolA) = Tim 2T

t—o00

Using this we can establish

Theorem 2.11 Under the conditions of Theorem 2.10 we have

L

1

dep > 03Jag=ap (L/a(x)dx> >0VE>0: E(t) < coe 20tE(0).
0

ag can be chosen as any number —a with

1 L L
0>a> ——/ a(z)dr +e1, eg. —op:= —/ a(x)dz

16



We can now present an example of a function a : [0,1] — R, for which exponential stability
holds, but for which (1.10) is violated since we shall have

1
/ a(x) sin? () dz < 0. (2.34)
0

This will not be a contradiction to a result of Freitas in [6] saying that if (1.10) is not valid, then
the solution is not exponentially decaying if one replaces a by ea for sufficiently small ¢ > 0,
because in our example replacing a by ea is not allowed in general because of the admissibility
criteria to be observed in the construction of (a, L) in Case (II).

Let 0 < 01 < d9, to be fixed later, and let

o 61 forx €0,1/4) U (3/4,1]
UV =N L5y forae [1/4,3/4]

Then 0 < fol a(z)dr = (61 — d2)/2 provided 01 > J2. Moreover, we have

1
/a(x) sin? (r2)dz = — (1 — )3y — (7 + 1)85) < 0
0

2

if and only if

Hence choosing 41, d2 such that

02 (2.35)

we have a function a satisfying
) 1
0< / a(z)dr and /a(a:) sin?(rx)dz < 0.
0
0

Choose 02 := «ad; such that (2.35) is satisfied, e.g. « := 1/1.92 for the rest of the exposition.
Then 97 is still free. Let us define the function a as

a(x) := a(xL/L) for x € (0, L)

where L will be chosen to satisfy (2.30). Since as = 01 we have do, = d1/L. We are free to
choose 7y and 71. Fix 71. The condition (2.31) can be satisfied if

23
< (81— 89)/2 = ==
Y0 < (61 —d2)/ 9651

i.e. we choose 81 := 3370, condition (2.29) can now be satisfied if

) )
21 < c0(70,71) = ¢y, sinh(7y0/2)
h
where )
Coy 1=
m co2 exp(y1) exp(371)

17



Since, for small vy,
sinh(70/2) > %

it is hence sufficient to require

L> (2.36)

23c.,

The last condition (2.30) can now be satisfied if %’yo <7 e.g. take vy := X%’Yl with arbitrary,

but then fixed x € (0,1]. As conclusion from the discussion of Case (II) above we get that with
such an L and the given a the solution to

Ut — Ugy + a(x)uy =0 in (0, L)

plus initial and boundary conditions has exponentially decaying energy. In the way we have
chosen a resp. a, we have now found u solving

Ut — Ugg +a(x)uy =0 in (0,1)

with exponentially decaying energy for a function a satisfying
) 1
0< / a(x)dr and /a(x) sin?(rz)dx < 0.
0
0

We finish this section giving some higher norm estimates valid in both Cases (I) and (II),
i.e. whenever exponential stability is given. Differentiating the differential equation (2.1) with
respect to ¢,

(O )it — (O u)ea + al@)(@lu) =0, jEN,

and using the fact that derivatives with respect to x can be computed from the differential
equation successively, we get as a consequence of a € CY([0, L],R), and a € C*~2([0, L], R) if
s > 2 the following theorem.

Theorem 2.12 Under the conditions of the Theorems 2.7 and 2.10, respectively, we have

U
UQ,z

where aq is given in Theorem 2.11, and the data are assumed to be sufficiently smooth and to

< C’Se*aot

VseN 3C,>0 VE>0: H(“t>(t,.)
e He((0,L))

H*(0,L)

satisfy the usual compatibility conditions.
Remarks:
1. We only used a € L*>((0,L)).
2. Without loss of generality we studied the equation
uy — dotgy + a(z)uy =0, x € (0,L),

for dy = 1, because if dg > 0 is arbitrary we may define
v(t,y) = ult,V/doy), ye€ (0, L) :
Vdo

18



Then v satisfies

- L
Uy — Vyy +a(y)ve =0, ye€ (0, \/%> ,

for which Theorem 2.11 can be applied directly replacing a by @ and L by L/v/dy. The

- L/Vdo L
decay rate &g = ap @ [ a(y)dy | turns into ay = ao | 7 [a(y)dy | again since
0 0

3 Global existence for the nonlinear system

We now return to the nonlinear system (1.1)—(1.3) assuming again the positivity of the mean
value (1.4) and also the condition (1.5) on the nonlinearity, which, for example, is satisfied in
the classical model for a nonlinear string, where

o(ug) =

Uy
VI+u2

After recalling the local well-posedness it is the aim to prove a global existence result for data
(ug,u1) being sufficiently small in H*((0, L)), and, quasi simultaneously, to obtain the exponen-
tial stability. The method used imitates that one which is well-known for nonlinear evolution
equations and systems, see [18] for a presentation of the general approach for Cauchy problems
(x € R™, no boundary). Here we shall have to prove so-called high energy estimates and a
weighted a priori estimate — describing the expected exponential decay — for a boundary value
problem and a non-dissipative problem reflected in the possible negativity of the function a. To
deal with the latter the condition (1.11) on the negative part of a, i.e.

la™ ||z < ao,

will be used.

We assume that the conditions on a and on (a, L), respectively, are satisfied which assured the
exponential stability of the linearized systems as given in Theorem 2.12.

Observing that the term a(z)u; is of lower order, we can recall the following local existence
theorem, see for instance [4] or [8, p.97].

Theorem 3.1 There is T =T (||(uo,u1)||gaxms) > 0 such that (1.1)-(1.83) has a unique local
solution \
we () CH([0,T), H**((0, L)) N Hy((0, L)) N C*([0,T], L*((0, L))
k=0
Remark: Of course ug, u; have to satisfy the usual compatibility conditions.
Now we turn to the high energy estimates. For this purpose it is useful to rewrite (1.1)—(1.3)

as a first-order system for
Vo= (ug, ug)'.
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Then V satisfies

V(t = 0) = (ul,é)wuo)’ = Vb

The first formally defined operator A generates a Cy-semigroup as usual, for F' = 0 the solution
V' is given by
V(t) = etV

and the (local) solution to (1.1)—(1.3) satisfies
t
O (R R A VAT (3.1)
0

From Section 2 we conclude that
V= (ug, uy)

as solution of the linear system (1.1)—(1.3) written in first-order form satisfies
V(t) =Vt =0)
with a Cp-semigroup {ef4};>¢ satisfying
IV ()llrs < cse™ ||V (E = 0)]lms (3.2)

for s = 0,1,2 (cp. below). This follows from Theorem 2.1 for s = 0 and obtained for s = 1,2
by differentiating the equation (1.8) with respect to ¢ one and then twice, as well as using the
differential equation to obtain information for derivatives in x. Let

as = |la” || ee (3.3)

in the sequel we assume without loss of generality that u, is small enough a priori, i.e. such
that o'(u,) remains strictly positive (near u, = 0, c¢p. (1.5)), or in other terms we can assume
that there is n > 0 such that

do

do — b(ug) > 5 > 0 if luz| <m < 1. (3.4)

Lemma 3.2 There are constants ca,c3 > 0, not depending on Vo or T, such that the local
solution given in Theorem 3.1 satisfies for t € [0,T):

VO < cal[ Vol Zpaetec? Jo IV Oz +IV O +HIV I, dr
Proor: Multiplying

Uy — doUgy + auy = b(Ug ) Uy (3.5)
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L
by u; in L? we obtain (f = f)
0

1d
5%/U?+douidaz = /autdx—i—/ Uy ) Uz UpdT (3.6)
< /agout —/ Ozb(um))uxutdw—/b(uw)uxuxt
= [1+12+13,
1 /
12 < b (um)umHLoo/u +ulde (3.7)

< ||V |z /u + uldx
where ¢ will denote a constant not depending on V° or on 7.

. ta w2
13 = 2dt/b (ug)usdr + - /&g (ug)) (3.8)
= 1314132

The term 1.3.2 can be estimated in the same way as 1.2 in (3.7):

13.2] < chHHz/ui. (3.9)

The term 1.3.1 can be incorporated into and be dominated by the left-hand side of inequality
(3.6) after an integration with respect to ¢ later on, since

/131 :—f/bugcud:z—i— /buz = 0))u2(t = 0)dz. (3.10)

Summarizing (3.6)—(3.10) we have proved

IV(®)ll72 < cllVoll72 + /(a; + V2V (7)1 2dr. (3.11)

In order to get estimates for the higher-order derivatives of V' (resp. u) we differentiate equation
(3.5) with respect to ¢ to get

Uggt — doUtee + iy = b (U ) Ugtlize + b(Ug ) Utee- (3.12)

Multiplying by uy in L? we obtain

1d

5%/“% +doufmd:z: < /a;ou?tdz—|—/b(uz)utmuttdaz+/b'(ux)uxtumuttdx (3.13)

= [44+15+16.

The term 1.5 can be treated like the term 1.2 + 1.3 from (3.6), see (3.7)—(3.11).

|1.6] < c||V]| g2 /uft + u? dz. (3.14)
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Observe that the differential equation (3.5) yields the estimate
[ugel® < c(lus|* + |uel?).

Thus we obtain from (3.11), (3.13), (3.14)

t
VOl < cllVollz + /(aSo +ellV ) ) [V ()13 dre
0

Differentiating the differential equation (3.12) once more with respect to ¢t we get

Uttt — douttxx + augr = b//(uac)uituxx + b/(ux)uxttumc + 2b/(ux)uxtu:1:xt + b(ux)uttxx-

Multiplying by wus; in L? we obtain

1d B
5%/“?& +doufmdm < /aooufttdl'—i'/b"(ux)ugtumutttdx
+ / bl(“x)uzttumutttdﬂi

+2 / V (Ug) ugttggrupede + / b(ug)Uttzpterrda
= [7+I1I8+194+T1.10+1.11.

The term 1.11 is again dealt with like 1.2 + 1.3 in (3.7)— (3.11).
L8] + [1.9] + [1.10] < c(||V[32 + IV [|222) /“it Uy + Uy UGy + gy

Hence we obtain from (3.16), (3.19) using (3.12) to estimate gy,

t
VOl < cllVollz + /a;o + eIV llae + VO F) IV (r)lI2dr.
0

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

The final estimate is obtained after differentiating the differential equation a last time with

respect to ¢ yielding

—am 3 1"
Utert — doUsttze + AUy = O (Up)UpyUgy + 30 (Up ) Ugt Ut Uny

+3b”(u:c)u§tuzxt + b,(uz)umtttuxm + 3bl(um)umttummt

+3b,(ua:)uxtuxxtt + b(ux)utttmx

18
> 05

j=12

(3.21)

Remark: The derivatives of order five are formally not defined but the estimates aimed at will

only involve derivatives of order four. A usual approximation argument with data Vo € H*((0,2))

and the lower semicontinuity of the norms justifies our calculation finally for Vo € H?3((0,2))

only.
A multiplication of (3.21) by wugy in L? yields
1d 2 2 — 2 -
Sdi Ugpy + U d < | Aoy + Z Ojureeda.

j=12

22
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The term [ 01gusrdx can be dealt with like 1.2, + 1.3 in (3.7)-(3.11). The terms [ 6;uydx for
j # 16, 18 can be estimated easily as before by

17
> /quttttdl“ < cIVIlaz + VI + VIV I s (3.23)
j=12
Jj#16

The only more difficult term is

/
/ O16uttee = 3 / b (Uﬂ?)uzttumtuttttdx

involving three factors of order at least three. This term is estimated as follows using the
Gagliardo-Nirenberg inequality.

‘/b/(U$)UttxUtxxuttttd33 < CHb,(Uz)Uthm||Utttt||L2 (3.24)

A

< b (ue)uttatites || 22 ||V || 13-

IA

Haw(b,(um)utt)&r(utx)||L2 + Hb//(uw)umuttuthL? (3.25)
102 (b (v ) uge) Do (g || 2 + €l[V 172 [V |-

||b/(u:v)utt:vutm [l 2

IN

Using Young’s inequality and the Gagliardo-Nirenberg inequality, and observing L>® «— H!, we

conclude
100 (8 (ua Yuse) 0 (uea) | 2 < 1100 (0 (e | 110 () | 4 (3.26)
< llb (ug)ueel g2 IV (o Yot | oo Nae | et |
= (V' (ua)usell e urall =) 2 (18 (oYt | a2 o) 2
< e (I (ug el oo g | 2 + el oo 10 (i uee | 1r2)
< VgV .

From (3.20) and (3.22)—(3.26) we conclude
t
V@)l < cllVollzs + /ac?o +e(IVIlaz + IV Iz + IVIZR) @IV ()| Fadr
0

which yields the assertion of Lemma 3.2 using Gronwall’s inequality.

Q.E.D.

Next we want to prove a weighted a priori estimate for ||V (¢)|| 2.
Remark: Observe that we did not yet use the assumption (1.5) requiring & (0) = ¢”(0) = 0.
Indeed, with this assumption it would be possible to remove the linear term ||V (t)|/3;2 in the

exponential in the estimate for |V (¢)| g3 in Lemma 4.2, i.e. the estimate would read

t
_ Cf(||V(7“)H2 HIV(P)]I3,5)dr
V()|%s < C||Vo||%set=te 0 e e 3.27
H H
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and without loss of generality the a priori boundedness — being proved a posteriori — of
IV (t)]| gz would be used to achieve

t
_ Cf(HV(T‘)II2 dr
VO 2 < ClVol2pe=te 0 (3.28)

Since we aim at exponential decay it will not matter if we use (3.28), (3.27) or the statement of
Lemma 3.2.

Using the representation (3.1) and Theorem 2.12 — observing that the nonlinearity satisfies the
compatibility conditions to estimate the H?-norm — we can estimate

t
V)l < ||6A%HH2+/II€“_’")A?(W Ve) ()|l 2 dr (3.29)
0

t
< e Vol + o / e~ | BV, V)| godr
0

and it will be in the following estimate for || F(V, V;)|| g2, where we really use assumption (1.5)
to get an estimate we need later on in the weighted a priori estimate.

Lemma 3.3 3¢ > 0VW € H? : |F(W,W,)|l g2 < cl|[W |25 |W |5
PROOF: (cp. [18] in R?) Let u := W1

1
Using b(7) = [V (purv)dvpdut? we obtain
0

16(uz)tiaz|lgz - < e(llb(ua)lloolluaz | 2 + [[b(ua) || 52 | uze || <)

IN

c(lluallZoe el s + Izl oo 1zl oo 1z | r2)

IN

el W12 W1 s
Q.E.D.

Using Lemma 3.3 we conclude from (3.29)
t
IV (©)llzz < ce Vol gz + 0/6_“°(t_r)!!V(7")\\?{2HWT)HH&*dr (3.30)
0

which is the starting point to prove the following weighted a priori estimate.
Lemma 3.4 For 0 <t <T let

Ma(t) = sup (e[ V(1) 2)

where 0 < 19 < . Let (1.11) be satisfied, i.e. az, < do. Then there are My > 0 and 6 > 0 such
that if ||Vollgs < 0 we have for all0 <t <T':

M(t) < My < o0
My is independent of T (and of V).
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PRrROOF: From (3.30) and the energy estimate in Lemma 3.2 we conclude

-
9

t
VO)lla < CHVoHHw’“Ot+C/ff’“O(H)HV(T)HﬁszoneT x
0

T

e [UVEO 2 +IVOIZ o HIV (I3 )dr
X e 0 dr

If |[Vollgs <6 (0 to be determined) we get

t
e LUV 2 +IV DI HIV@E)dr agr
V)|gz < cde 0t 4 e o " e e e~ 0= e 5V (1) |2 2dr
H

0

t
ot (Mo (t)+M3(t)+M3(t) [ e=0m+e~2007+e=30 dr
cde” M + che 0

< X
t —
O e
0
which implies
My(t) < b+ c5ecMOFMFOFMI®) (3.31)

t

gt ooy

x M3(t) sup eaot/e a0(t=r) o =52 g 2007 g,
0< t<oo

Since by assumption (1.11) it easily follows that

t
o (t—r) oo, _
sup eo‘ot/e ao(t=r) e 52T =2007 g < ¢ < 00
0<t<o0

we obtain from (3.31) for 0 < ¢ < T
My (t) < ¢6 + c5MZ(t)eeMM+M5 O+ MZ®) (3.32)
By standard arguments (cp. e.g. [18]), considering the function
flx) :=cd(1+ caZQGC(:HxQﬂg)) —x

it follows that Mj(t) is uniformly bounded by the first zero My of f provided § and M2(0) are
sufficiently small.
This proves Lemma 3.4.

Q.E.D.

Now we can formulate and prove the main theorem on global existence and exponential decay.

Theorem 3.5 Let the assumptions (1.5) and (1.11) be satisfied. Then there exists § > 0 such
that if ||Vol||gs < 0 there is a unique global solution u to (1.1)-(1.3) satisfying

ue (3] c* ([0, o), H*%((0,L)) n HE((0, L)) nct ([o, o), L2((0, L))) .
k=0
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Moreover there are constants co = co(Vo) > 0 and ¢ > 0 such that
V()| 2 < coe™ "

and
V)l < al|Voll gse®t, > 0.

Proor: From Lemma 3.2 and Lemma 3.4 we conclude for the local solution

t

-, e LUV g2V @2 +HIV )13,5)dr

IV ls < c||[Vollgse®=te 0
< ||V aetoetecMotMi+Mg)
< ol Vollgae™",

¢ being independent of ¢ or Vj, from where the global existence follows by the usual continuation
argument. The claim on the exponential decay of ||V (¢)|| 2 now is a consequence of Lemma 3.4.

Q.E.D.
The assumption (1.11), i.e.
as, < 20
together with the explicit estimates for ag from Section 2 just requires that the possibly existing

negative part of a is not too large in comparison to its positive part.

Acknowledment: The authors thank Farid Ammar Khodja and Assia Benabdallah for discus-
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