Qualitative aspects in dual-phase-lag thermoelasticity
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Abstract: We consider the system of dual-phase-lag thermoelasticity proposed by Chandrasekha-
raiah and Tzou. First, we prove that the solutions of the problem are generated by a semigroup
of quasi-contractions. Thus, the problem of third-order in time is well-posed. Then the expontial
stability is investigated. Finally the spatial behavior of solutions is analyzed in a semi-infinite

cylinder and a resuult on the domain of influence is obtained.

1 Introduction

It is well known that the usual theory of heat conduction based on Fourier’s law predicts
infinite heat propagation speed. Heat transmission at low temperature has been observed
to propagate by means of waves. These aspects have caused intense activity in the field of
heat propagation. Extensive reviews on the so-called second sound theories (hyperbolic
heat conduction) are given in Chandrasekharaiah [3] and in the books of Miiller and
Ruggeri [20] and Jou et al. [18]. A theory of heat conduction in which the evolution
equation contains a third order derivative with respect to time was proposed in [8]. Several
instability results have been obtained for the theory, see e.g. [7, 23|, as well as proof of
the nonexistence of global solutions in the nonlinear theory [29].

In 1995, Tzou [34] proposed a theory of heat conduction in which the Fourier law is
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replaced by an approximation of the equation
a(x,t+7,) = —kVO(x,t+ 1), 17,>0, 79 >0, (1.1)

where 7, is the phase-lag of the heat flux and 7y is the phase-lag of the gradient of
temperature. The relation (1.1) states that the gradient of temperature at a point in the
material at time ¢+ 7y corresponds to the heat flux vector at the same point at time ¢+ 7.
The delay time 74 is caused by microstructural interactions such as phonon scattering or
phonon-electron interactions. The delay 7, is interpreted as the relaxation time due to

fast-transient effects of thermal inertia. The thermoelastic model was proposed in [3]

pjj + (A + pug g —mb; = pii; (1.2)
—qii — mbot; = cf (1.3)
g t+1,) =—kb,(-,t + 1) (1.4)

where p, 8y, ¢ are positive constants. u > 0 and A are the Lamé moduli satisfying p* > 0,
where p* is defined in (2.16) depending on the space dimension.

Here and in the sequel we use the Einstein summation convention with indices in the
range 1...n, where n = 1,2,3 denotes the space dimension. Instead of Fourier’s law,
being equivalent to assuming

T, =79 =0 (1.5)

and leading to the classical hyperbolic-parabolic system of thermoelasticity together with
the physical paradoxon of infinite propagation speed through the heat conduction part,

we consider the model proposed by Chandrasekharaiah and Tzou [3], where
Tq > 0, 7>0

are positive relaxation times, and where a second-order approximation for q and a first-
order approximation for 6 is used, turning (1.4) into

2

T )
¢ + Ty + qu.i = —k0; — k70 ; (1.6)

Thus, in this paper, we consider the theory developed by taking a Taylor series ex-
pansion on both sides of (1.1) and retaining terms up to the second-order in 7,, but only
to the first-order in 7y. The model that we consider here involves a system of two coupled
partial differential equations. It is of hyperbolic type (cp. Section 3). One of them is
the usual second order in time equation of motion in the major part of thermoelastic
systems and the other has a third-order derivative with respect to time. This system of

equations have not received much attention in the literature (until now), but Hetnarski
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and Ignaczak consider it within the nonclassical approach of thermoelasticity in their re-
view [10]. However, we can recall several references in the case that we do not consider
mechanical deformations, cp. [15, 25]. It is known that, when 75 = 0, solutions of heat
conduction are not determined by means of a semigroup [9] (see p.125). However in [25], it
was established that whenever 75 > 0, one can obtain solutions by means of a semigroup.
Thus, the term T0/\NO plays a role in the stabilization for the equation. In this paper we
extend some of the results on existence and stability obtained for the heat conduction to
the thermoelastic problem.

The case 79 > 0 but 7, = 0, also leading to a hyperbolic system, the system of Lord
and Shulman, has been studied before, and, for example, the exponential stability has
been obtained for bounded reference configurations as well as the nonlinear stability near
the equilibrium, see [31, 32].

A natural question is the determination of the time parameters 7, and 7y (see [10]) and
our work is motivated by this question. One might expect that mathematical analysis of
existence, uniqueness and stability issues, for example, would furnish certain restrictions
on the parameters. One condition to be satisfied by solutions of a heat equation should
be exponential stability (or at least stability). In [25], exponential stability (for the heat

conduction) was established whenever
Ty > Tq/2. (1.7)

We also recall that in [10] Hetnarski and Ignaczak asked (p.474) for a general domain of
influence theorem as well as a principle of Saint-Venant’s type for this theory. We note
that results of this kind were obtained in [15] for the heat conduction. In this paper we
also extend some of the results concerning the time asymptotic and the spatial behavior
obtained for the heat conduction in order to include mechanical deformations.

Thus, under condition (1.7), one has a heat theory with a third-order derivative in
time in the equation that predicts stability. This is of interest in the light of the results
obtained in the theory proposed in [8]. By means of several exact solutions instability
of solutions was also established in [25] whenever the condition (1.7) is violated. Thus,
one may assume that the condition (1.7) must be satisfied in order to use this model to
describe heat transmission. In fact one of the objects of this paper is to extend stability
results to the thermoelastic problem. In [26] it was demonstrated for a bounded interval
(0, L) C R that for the boundary conditions

u=406,=0 (1.8)

which allows a nice series expansion of the solutions into sin(nz),cos(nx) terms, expo-

nential stability is to be expected since the relevant spectrum of the associated stationary



operator lies strictly in the right-half complex plane.

We shall investigate here the more complicated boundary conditions
u=0, =0 (1.9)

and prove the exponential stability of the associated semigroup.

So in this paper we study three kinds of questions. One is to determine the suitable
frame where the third-order problem of thermoelasticity of Chandrasekharaiah and Tzou
type is well posed and where the solutions are stable. Second is to prove the exponential
stability for bounded reference configurations, and third to determine the spatial behavior
of the solutions of the thermoelasticity in a semi-infinite cylinder in R?.

This paper is organized as follows: in Section 2 we set down the field equations and the
boundary and initial conditions of the problem we consider in this paper. A uniqueness
and existence result is proved in Section 3. In Section 4 we prove the exponential stability
for bounded reference configurations. In Section 5, we obtain some results of Saint-
Venant’s type concerning the spatial behavior of solutions in a semi-infinte cylinder and
some consequences of them as obtained in Section 6. the last section is devoted to the
study of the spatial behavior of solutions of a non-standard problem.

When we study the spatial behavior of solutions of some problems concerning the
dual-phase-lag thermoelastic system we shall denote the three-dimensional semi-infinite
cylinder R with cross-section D. The finite end face of the cylinder is in the plane x5 = 0.
The boundary 0D is supposed regular enough to allow the use of the divergence theorem.
We denote by R(z) the set of points of the cylinder R such that x5 is greater than z and by
D(z) the cross-section of the points such that x3 = z. The spatial evolution with distance
from the end for solutions of elliptic equations is relevant to the study of Saint-Venant’s
principle in continuum mechanics (see, e.g. [6, 11, 12, 13] for reviews of this work). Such
results for parabolic equations have also been obtained (see [6, 11, 12, 13, 14]) and more

recently for hyperbolic equations (see [2] and the references cited therein).

2 Preliminaries

We consider the homogeneous isotropic case. In this paper we study solutions (u, ) =

(u(x,t),0(x,t)) of the thermoelastic system for the C-T theory. The equations are
pi i+ (A4 phugzi —ml; = pii; (2.1)
ké,ii — m@oﬁﬂ- = Cé (22)
We have used the notation

2
f=r+mf F=f+nf+Lf (23
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where 79 > 0, 7, > 0 are the dimensionless time lag parameters.

We study the qualitative behavior of classical solutions subject to the initial conditions

ui(x,0) = ud(x), 1;(x,0) = v)(x),0(x,0) = 6°(x), é(x, 0) = 9°(x), 9(){, 0) = ¢°(x),

(2.4)

and the boundary conditions
ui(x,t) =0(x,t) = 0, x€dD x [0,00), (2.5)
uwi(xy,x2 ,0, t) = fi(xa ,t) O(z1,29,0, t) = g(z4 ,t) on D(0) x [0,00),(2.6)

where the prescribed boundary data f;,g on the end z3 = 0 is such that f;(z,,0) =
ud(z,), 0°(x,) and f;, g are assumed to vanish on 9D(0)x [0, 00). We will not make any
a priori assumption regarding the behavior of solutions as r3 — oc.

Observe that in the limit as 7y and 7, — 0, we recover from (2.1) or (2.2) the usual
thermoelastic system where, in this limiting case, only the three first of (2.4) are assumed
to hold. In this limit the existence, stability and the spatial evolution of solutions has
been studied in a variety of contexts (see, e.g., [17, 24, 4] and the references cited therein).
When 7, and 7y are positive the results to be described in the sequel will be seen to be
similar to those obtained previously for such equations ( see, e.g., [2] and the references
cited therein).

In the course of our calculations, we will use the fact that the eigenvalues of the real

a b
& .

Ai:%(a—l—li\/m), (2.8)

so that the smallest eigenvalue is:

symmetric positive definite matrix

are

)\‘:%(a+l— (a— 17 +47), (2.9)

We will use (2.7) in two particular cases. When

7'2 7'27'
a:Tq_FTQ?b:Eqal: q267 (210)

it can be easily verified on using (1.2) that the matrix (2.7) is indeed positive definite and

so its smallest positive eigenvalue, denoted by g, is given by

Ao = 3 (Tq + 79+ §Tq279 - \/7'(;1 + 72475+ ZT;}T(? + 27,19 — TGTE — 7'57'9). (2.11)

>



When

2 1 1 2 1
a = ; + (1 +719), b= §Tq2 , 1= 57’379 + ;(TgTq - 573), v > 0, (2.12)
the matrix (2.9) is again positive definite with the smallest eigenvalue, denoted by s,
given by
1 ¥ 1
[y = > (2 + (1, + 70) + 57'(1279 + 2(Tp7, — 57’5)
1
_\/[2 + 7(7q +79) — %7_(1279 - 2<797—q - §Tq2)]2 + 72731)- (2.13)

To be used later, it will be worth using the following notation
Ti; = pj + (A + p)diuy,, — md; 0. (2.14)
We have that the estimate
TiiTy < (1+ €)p*[pu jui j + (A + p)uprugs] +3m?(1+ € )62, (2.15)
is satisfied, for every positive €, where

20+ A, n=1
p' =19 max{u,2\+3u}, n=2 (2.16)
max{p, 3\ +4u}, n=3

p1* is the maximal positive eigenvalue of the quadratic form
Q(C) = #Cijcij + (>‘ + ﬂ)CMCss

cp. [4].

When we study the qualitative aspects concerning existence, uniqueness and exponen-
tial stability, and without loss of generality, we assume p = ¢ = 1. However, when we
study the spatial behavior of solutions we relax this condition to assume that mass density
and thermal capacity are positive because we wish to demonstrate the dependence of the

decay parameters on p, ¢ explicitly.

3 Well-posedness

We shall formulate the problem for the semi-infinite cylinder R in three space dimensions,
but the well-posedness holds for general domains, see the remarks following Theorem 3.3.

The well-posedness result for the third-order in time system can be achieved by an ap-
propriately sophisticated choice of variables and spaces which reflect the special structure

of the system.



We first transform the system (2.1)—(2.6) to zero boundary conditions on all of R by
defining

0i(Z4,0,t) = u(xq4,0.t) — fi(Ta,t), Vi (T, 3, 1) = ui(xy, x3.t) for x3 >0, (3.1)

V(24,0,1) == 0(24,0,t) — g(xq, 1), U(xy, x3,t) = O0(x4,x3,1) for x3 >0, (3.2)

and using (u;, 0) instead of (v;, 1) again, we obtain the initial boundary value problem

fui i+ (A + p)ug g —mo,; = ii; — hy, (3.3)
k0 i — mboti;; = 6 — p, (3.4)

ui(x,0) = ud(x), 0(x,0) = v)(x),0(x,0) = 6°(x), é(x, 0) = ¥°(x), 0(x,0) = ¢°(x

(3:5)
(

5
6)

w w T

wi(x,t) = 0(x,t) =0, x € IR x [0,00)

where the given external force h and heat supply p arise from the transformation (3.1),
(3.2) in terms of the boundary data f and g, respectively.
For the transformation to a first-order system that finally will be characterized by a
semigroup, we apply the differential operator ~from (2.3) to the differential equation (3.3)
and obtain

Wt 5 4+ (A + ), i — m@ii = U; + h;. (3.7)

We remark that finding a solution (@, #) allows to determine the desired solutions (u, 6)
of the original system.
Defining

V= (@, i, 6, 0,.0,)

we obtain

V,=AV +F, V(0)=V° (3.8)

with the (yet formal) differential operator A given by the symbol

0 1 0 0 0
PA+ A+ VY 0 —mV  —rmV —EY
Ap o= 0 0 0 1 0
0 0 0 0 1
0 2RV BN EknA-1) -2

the right-hand side F given by



and the initial value
VO(X) = (ﬁ, ﬁt, 9, Qtﬂtt)/(x, O)

with its components being given in terms of the originally prescribed initial data in (3.5)
by using the differential equations.

As underlying Hilbert space we choose
H := (Hy(R)" x (L*(R))™ x Hy(R) x H}(R) x L*(R)
with inner product

4
(VW) o= = ((BVZ2 W) + (QouVVE, VW) 4+ (Bo(A + ) V'V V')

Tq
2 2ok 2%k
VAW + (VYWY 4 (V2 W) 4+ (VY VI
Tq Tq 7'
2k 4 3 3 3
H(S VLV + 5o (VV, V)
q

where (-, -) denotes the usual L*(R)-inner product, and where by is chosen appropriately
large in dependence of the coefficients to assure that the bilinear form (-, ) is positive

definite. The operator A is now given as
A:D(A)CH—H, AV = AV

with
D(A):={V eH|V?e€ Hy(R)", V° € Hy(R), A;V € H}.

The choice of the inner product is special, of course, and extends similar considerations

from [25] for the pure heat conduction problem.

Lemma 3.1 There ezists a constant ¢; > 0 such that for all V € D(A)
AV, V) < e[V [

holds.

Proor: We have

~4mé 4mf 2
(AV,V)y = ——22wvi v2) - v vy - Z(ve 1)
Tq T Tq
2%k
+ 5 (VVE YV 4 bo(VVE, VVF)
q

which implies the assertion.

QED

As a consequence we see that for d > ¢; the operator A — d is dissipative and invertible.
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Lemma 3.2 For all d > ¢; we have that the range of A — d is all of H.

PROOF: The solvability of (A — d)V = F' is equivalent to solving

Viedvt = F'. (3.9
2

)
T M
pAVE 4+ A+ p)VV'VE —mVV? — 7,mVV*E — qTVV5 —dV? = F? (3.10)
Vi—dv? = ) (3.11)
Vi—dvt = F* (3.12)
2mo 2k 2 2
OGNV ZAVE £ (kA — )V ZVE—qVs = FP. (3.13)
Tq Tq Tq Tq
Eliminating V2, V%, and V?°, and using
E:=—uA—-A+pVV
we have to solve
2md? 2md
BV 4 V' + (m+ rymd + 8 SV = B dF (gt Tq2 )V
2m
+qTVF4, (3.14)
2k 2kTyd 2d  2d? 2mbyd
— S+ AV (S B v Tyt =
72 T2 72 T, 2
—— N ~~ ~——
=7 =:01 =41
2 2 2 2
s 2bogipr 2 pa (= +d)(dF? + F*) + Ko \ s (3.15)
72 2 T, 2

Hence we consider for G* € L?(R)3 and G? € H™', the dual space to HZ(R), the system

—EV' 4+ &V + a,VV? G, (3.16)
—YAV? + V4BV VE = GP (3.17)

where ay, 81,71, 01 are positive. If (V1 V3) € (H}(R))" x H}(R) solve (3.16),(3.17), then
V2 V4 and V5 can be determined from the equations (3.9), (3.11) and (3.12), respectively,
and V € D(A) will solve (A —d)V = F.

—F + d? can be regarded as a positive self-adjoint operator the inverse of which maps

L*(R)® — (H?*(R) N H}(R))", hence V! should satisfy

V= (—E+d) (G- a,VV?).



Plugging this into (3.17) it remains to determine V? as a solution in H}(R) of

AV + 6V — a3V (-E +d*)7'VV =G - BV (—E+ &) 'G (3.18)
But (3.18) can be solved easily because the bilinear form

B(g, h) =71 (Vg,Vh) + 61(g,h) + a1 B ((—E + d&*)"/*Vg, (=E + d*)"'/*Vh)

is positive on Hj(R), and hence the Lax & Milgram Lemma yields the solvability of (3.18)
for any right-hand side in H~!. This proves the assertion of the Lemma.

QED

Now we conclude from the last two Lemmata that A generates a Cy-semigroup, and hence

the initial (boundary) value problem (3.8) is uniquely solvable:

Theorem 3.3 For any F € C°([0,00), D(A)) or F' € C'([0,00),H) and any V° € D(A)
there is a unique solution V to (3.8) with V € C'([0,00), H) N C°([0,00), D(A)).

The well-posedness consideration in this section extend naturally to other domains €2 C
R", n = 1,2,3, instead of the three-dimensional cylinder R, e.g. literally to smoothly
bounded domains and to convex domains (where elliptic H*-regularity up to the boundary
holds).

The system under consideration is of hyperbolic type, as we shall demonstrate in the

one-dimensional case. Here the differential equations (3.7), (3.4) turn into

7'2m

Uy = Qyllpy — qTHtm — Tymb; — mb,, (3.19)
2 2 2mby 27ok 2k

Ot = ——0uw— 50— — O + —ZQW + =02z (3.20)
T, p p 72 72

where o, 1= 2p + A and the right-hand sides are assumed to be zero.

Defining
W= (amat,@mgt,‘gtz,ett),
we obtain
W;=BW,_,+ DW
where
0 1 0 0 0 0
. 0 00 0 -u"
0 0 0 0 0 0
B =
0 0 0 0 0 0
0 0 0 0 0 1
0 _2m260 % 0 27—ng 0
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and

00 O 0 0 0
00 -m 0 —-7m O
00 O 0 1 0
D:=|00 0 0 0 1
00 0 0 0 1
00 O 0 0 0
o0 o —-% o0 =2

The eigenvalues of B are

1 27pk 219k 8o, gk
A=A =0, Asupe = iﬁ (m26y + T_qQ +a,) £ \/(m200 + 7_—(12 + )? — -

2
q

which are all real, thus characterizing a hyperbolic system. The hyperbolicity also becomes

apparent in the results on the domains of dependence in the following sections.

4 Exponential stability

We recall that in classical thermoelasticity as well as in several other thermoelastic models
like the Lord-Shulman theory or the model of type III, the exponential stability of the
system could be proved for bounded domains in one space dimension as well as for radially
symmetric situations in higher dimensions, see e.g. [17, 31, 32, 28]. We shall demonstrate
the exponential stability in one space dimension. Let (u,€) satisfy (cp. (3.7), (3.4) or
(3.19), (3.20))

Ty — Qaligy + mby = 0 (4.1)
0, + mbyiiye — kb,p = 0 (4.2)

with boundary conditions
u=60=0 forx =0,L (4.3)

and initial conditions given in terms of the original initial conditions (-, 0), u(+,0), 6(-,0).

As in the previous section we define
V = (ﬁ, ﬁta 9, 9,5.9,5,5),

and we have

4 4 x 2
Tq Tq T4 q q

2E5(1) (4.4)

L (46 46y, 2 27k 4k
IVO)|lx = / {_Oaz g0z 22y %efx + 07 + —5 0200 + boefc} dx
0
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defining the first “energy” term Fy(t). Another energy term is defined by

1 L _ k7_2
E(t) = = /0 {90223 + O, di2 + 07+~ 262 o k(r, + 79)02 + quxem} de.  (4.5)

2

The aim will be to find a suitable Lyapunov functional for the energy terms that proves
the exponential stability.
Multiplying the differential equation (4.1) by 6y, and (4.2) by 6, integrating and

performing partial integrations we obtain
d L T L
th( ) = —k/ 02dx — 7,(m9 — Eq)k/o 02 dx

< / {62+ 67} do (4.6)

for some positive constant ¢y, if the condition (1.7) holds. Then (4.6) reflects the dissi-
pative character of the system. We shall assume (1.7) in the sequel, cp. [26], where the
sufficiency and necessity of (1.7) was investigated for the boundary conditions (1.8).

Multiplying the differential equation (4.2) by 6;; and integrating we get

d1 [* 2 4k 2k Ty
—= 02 + =07 + — 0,0, + —-07 = ——/ 62.d / 62 d
dtQ/O {“jLqut—'—Tq2 ! T2 } Wt ta %
2
_ m290/ ﬂtxgttdx. (47)
T,
q 0
Moreover,
d1 ¥ L bo bo [*
—= = Oppdr < — 2de + — 2 d. 4,
dt2/0 boB:dx /0 bo0,0.dr < > /. 9 x+ 2/0 0;.dx (4.8)
Multiplying (4.1) by ‘%Oﬂt and integrating we obtain
490 2 40006* ~2 2m90 /L - 4m€0 /L -
dr = Oyt dax — 00
dt2/{ o} 72 Jo ez @ 7 Jo @
A L
_ by / 0, ide. (4.9)
7+ Jo

We conclude from (4.7)—(4.9)

d 2 [ 2k b b
ZEx(t) < __/ 0%dr + = /92d +2°/ 02dz + = GQIdx
0

4me 4mb, [t
— m30/ et:(;'&tdaj— m40/ eccatda:
Tq 0 Tq 0
2 [(F bo 4mby. [* 2k by 4mb,. [T
< ——/ dz + (2 + TO)/ B2dr + (5 + = + ”3“’)/ 02 du
74 Jo 2 761" Jo 0 2 To€1 " Jo
L
+2¢; / ardx (4.10)
0

12



where €; > 0 will be chosen later appropriately small. Combining (4.6) and (4.10) we get

d 2 L 4m90 bg L
E KE({) < —= [ 0Xds—[Kk— — 02d
G+ KB0) < =2 [ e — k= (Tt ) [ o
T, 4mby by 2k, [
Kk 7y — 4+ = 02.d
Ak~ )~ Gt 45+ ) [ e
L
+2¢€; / aydx (4.11)
0

where K > 0 will be chosen below appropriately large. Once €; will be fixed, we shall fix
K such that the coefficients in [-]-brackets in front of the two integrals of the right-hand
side in (4.11) will be strictly positive.

Now we follow ansétze described in [17] for classical thermoelasticity but we have to
add essential modifications in order to deal with the higher-order system and the different
structure under investigation.

If we multiply the differential equation (4.1) by aizlm and integrate we obtain after
partial integrations

1d

L 9 L 1 L L

s Jo

where capital C' will denote a positive constant that may change from line to line in

the sequel. Multiplying the differential equation (4.2) by —
(4.1), yields

5; Utz and integrating, using

O% OLUtxdl" = —&*ieo /OL Oyliyda — a*?ZQO%/L éx(&i*'&tt‘F ﬁ*éx)dx
+0437§90 /0 L Orsila + a*?;,]jeo (=t
hence
a2m00dt/ {0t +mb,0.}do < __/ ayyd + — / a dx—i—C/ (02, + 07}da
+C102 ]| oo (10,23 | il | o (g0.23) (4.13)

where || f|| o,y = max{|f(0)|,|f(L)|} denotes the sup-norm on the boundary. Com-
bining (4.12) and (4.13) we obtain

d k 3k 1 [t 1 L
0 0

. aime *9 Oy

L
~ A C
c / (824 02+ Yo + 0oy + <ol oy (4.14)
0

13



where €, > 0 will be chosen appropriately small later. The differential equation (4.2)
yields

L L
/ 02 dx < O/ {02 + @2 Ydux.
0 0
Using this and the Sobolev imbedding W1 ((0, L)) — L>((0, L)) we arrive at
i 112 C [“m 5 2 [* s
102170 ({0,01) < 2/ {6 + 0; }dx + Ce; i g, d.
2

Inserting this into (4.14) we conclude for sufficiently small €,

a?mb, a2 201, T

*

d k 3k 1 [r 1 [E
{ umux 3 — " Dty 4+ ——0,0, e < — / ar dr — 2/ 2 dx
0 0

/ {92 + 9 + (92}(11’ + CEQHUtxHLoo {0 L}) (415)

In order to estimate the boundary term, we use a well-known technique exploiting in
the multipliers a smooth extension of the normal at the boundary which means in one

dimension to use the following function ® with

1 =z
O(z) == ——. 4.16
(0) =57 (116)
Differentiation of (4.1) with respect to ¢, multiplying with ®a, and partially integrating
yields
d ¥ 1 [F 5 s
= — | ay®@udr+ = | @ (a + u2,)dx + —(i,(0) + 2, (L))
dt J, 2 Jo 2
L 72
—l—m/ Oy + 7,01z + gq@ttta:)éﬂmdl’
0
whence
d [*_ Qs o -2 r ~2 | ~2 2
dt U Pz dr < _Z(Umm) + U, (L) + C {tg, + @}, + 07, + 07, }do
0 0
mt? [F
—Tq / Qtttxq)ﬂtxdff (417)
0

14



follows. Using the differential equation (4.2) again, we obtain
L

L d . L N L
m90 / Qttm@ﬂmch = k— th<1>9mdx — k/ Qttxq)etmdfb + / Qttt(I)de:B
0 dt 0 0 0

L L L
+/ 0ttt¢$0tdx + Tq / 0ttt¢9ttxdx + Tq / ettt¢x0ttdl'
0 0 0

72 L
+-L 05, dx
0

4
d L . k L . " k L A
S k— ett:ccbecr:xdx - etxq)et:(;xdx + — etzq)etx:cdx
dt J, 7o Jo To Jo
L
+C / {93 + 9t2t + ettt ttx}dff
k 2 A2
L L
d 0,0, dx — E 041, P0
dt To Jo To Jo
L
C/ {07 4+ 02 4+ 02 + 0%, + 02 _}dz. (4.18)
0
Inserting (4.18) into (4.17) and using (4.1) again we get
kT q2 Qs -0 =9
/ ({10 Dy + em@em+ ST g, @, 3w < — 2 (@2,(0) + 2, (L))
20075 4
L A
+C/ {2, + a2, + 07 4+ 024+ 03 + 02 + 0%, + 02+ 02 Ydx. (4.19)
0

We still have to produce a term — fOL ég,xdx—term on the right-hand side. This is obtained
as follows. We have from (4.2)

- 1-  mby.
eazx = Eet + Toutx
which, inserted into (4.19), yields
kT 112 QX 22 )
/ {uttq)utx etta:q)exm + etmq)ezz}dx S __(utx(0> + utgc(L))
2907’9 4
L
+O/ {2 + a2, + 607 4+ 024+ 0% + 02 + 0%, + 02 }du. (4.20)
0
A multiplication of (4.20) by €3 > 0, and then a combination with (4.15) yields
d 3k 3k - ~ o kT2 R kr? R
{ utxux a*mQOH utt+ 2909 ecc—i_e?)uttq)utx—i_ﬁ?)Q_GZHttx(I)ezx—i_ESTOngetxq)exx}dx
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1 [f 1
< — /ﬂfxdx—§/ T dx—i——/ {02 + 02, + 0, }dm
0

[04*63
4

— Chea(iif, (0) + g, (L))

L
+Cg€3/ (a2, + a2, }dx + 0263/ {07 4+ 02 4+ 02+ 02, + 02+ 0>}dx
0

where (', Cy are positive constants. Now choosing

in{ 1 1 )
‘= min —
E 405*02’ 202
and then
Uy €3
€9 1=
S Te
we obtain
d 3k 3k kt? kt? X
{a umux a*meoe Utt+a*0 9 9 +€3uttq)utx+€3 9 Httmq)ﬁm—l—eg2003_00m<1>9m}dx
1 [t 1 [t
< — / ar dr — —/ w2 dx
doa Jo 4 /o
L ~ ~
+C/ {07 + 02 4+ 02, + 02, + 02+ 07 + 0% }dx. (4.21)
0

We observe that by Poincaré’s estimates and (4.1) we have

L L L L
/ {07 + @2}dr < C / {a;, + @2, }dz, / iz dr < C / {02, +02Ydr.  (4.22)
0 0 0 0

Now let E(t) and Ex(t) be given as defined in (4.4) and (4.5), respectively, and define for
K > 0 (yet to be determined)

Wi(t) = E1(u,0;t) == Ex(t) + KE(t), Wa(t) := Wi (uy, 04;t)

and the final energy term

where we now choose €; small enough such that the terms 2¢; fOL{ﬂf + @3, +dx are absorbed
by arising corresponding negative terms (cp. (4.21), (4.22)). Then we choose K large
enough to make sure that the coefficients in [-]-brackets in (4.11) are positive. Defining

for € > 0 the Lyapunov functional L by

3k 3k
L<t) / {_U’txu:v *me 9 utt + 0 9 9 + €3utt€[)um

+€3 _Httxq)exx + €3,

16



we now find from (4.11), (4.21), (4.22), observing

k L I 1 L.
/ 02, dx < / ar dr + / 02dx
8mbyau. Jo 8a Jo 8mbyav. Jo

and choosing € small enough that

%L(t) < —CyW(t) (4.23)

for some constant C3 > 0. Moreover, we have for € small enough

K, Ky >0Vt >0: KW() < L(t) < KoW(). (4.24)
Combining (4.23) and (4.24) we have thus proved the exponential stability
Theorem 4.1 The system (4.1)-(4.3) is exponentially stable,

Jdy,dy >0Vt >0:  W(t) < die2W(0)

The Dirichlet-Neumann type boundary conditions
U, =0=0 forx =0, L

or
u=460,=0 forx =0,L

could be treated similarly. It is even likely that one can work just with the first energy
Wi (t) (instead of Wi (t) + Wa(t)). Moreover, the radially symmetric case in two or three
space dimensions should be accessible.

The exponential stability result is first a result for § and 4. But we obtain an expo-

nential decay result also for w itself observing that for functions w, h : [0,00) x (0, L) — R

satisfying
2 2
W+ —+ —w="h (:=1u(t 7))
T, T
and

L
ddy,dy >0 Vt>0: / |h($€,t>|2d:(: < dledeQth
0

where Cy depends on the initial data according to Theorem 4.1, we conclude for z :=
(w, ),
L
dds,dy >0 ¥Vt >0: / |z(z,t)|?dr < dse™ M (|2(0)]* + C2).
0

Here d, can be any positive number smaller than min{1/7,, ds} which becomes apparent
observing that the characteristic values for the ODE for w are

1 1
Bro=——+i—.

Tq Tq
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5 First spatial estimates

In this Section we establish results on the spatial evolution of solutions of (2.1)-(2.6),

provided that the initial data of (2.4) is assumed to be bounded in a certain energy norm.

We begin by considering

t
.. 1 . -
0 JD(2) to

From (5.1) we find that

8F(Z,t) ~ 1 o~
— [ (Tt + —kf50)dA,
ot /D(z)( s+ 0, )

and, on using (2.1), the divergence theorem on D(z) and (2.4), (2.5), we obtain

OF(z,t) 1 .. o o oy
9. 9 /D(Z) <PUiUi + pit; U+ (A 4 1)Uy ls s + (9_0(9)
k‘
2+ )V + 3rinl VOP + 72V698) A
90
—/ / £<|V6’|2 + (To7q — l72)|V9.|2>alAds + F1(2)
o Jp(z) O v 9
where .
El(Z):_/ (pU +MUZJ 1] (/\+/’L) 7”7“ ss)dA+
2 Jpe)
o (0(50)2 + k(7 + 7o) VO + L v 4 T2V ) )dA.
290 g 924 q

(5.1)

(5.2)

(5.4)

Note that El(z) depends only on the initial data (2.4) and we note that several time

derivative at the time zero can be obtained assuming the continuity of the solutions at

time t = 0. Re-writing (5.3) with z replaced by the variable 7, and integrating with

respect to n from 0 to z, we get

1 [? ..
P(zt) = F(0,1) = — / /D ( (it + i sisg + O+ )i i ) AV
n

k
/ / 24 k (Tq + 1) VO + S| V6P + k72V0V9>>dV
200 Jo Jow)

1 .
—9—0/ / / <|V9|2+(7'97q—57'(12)|V9|2>d\/ds
0 Jo JD(n)
1 z
+§/ / (pU +Muzg 'L] (/\+M) Uy U ss)dv+
0 JD(n)

18
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20// c(6°)? +k((rq+79)\v90\2+ 7'9|V190\2+T2V90V190))dv.
0

Our next step is to establish an inequality between the time and spatial derivatives of
F(z,t). By virtue of (1.2), the second integral on the right in (5.3) is non-negative. The
last three terms in the integrand in the first integral on the right in (5.3) are a quadratic
form and may be bounded below on using the smallest positive eigenvalue Ay of (2.7),
(2.10) given in (2.11). Thus we find that

OF(z,t) 1 Lo _ L
< —= (puiui + pt; Ui+ (N + )Ty U
82 2 D(z)
k)\o

+—(0)° +

" (|ve>|2 v ))dA+E1(z). (5.6)

Applying Schwarz’s inequality in (5.2) and using (2.3), we get

1 . . s .
| y <3 / (LT T + Lty + ——(0)2 + 2-0405)dA (5.7)
D(2)

| =

€ I o 1 ‘
/ (= (1 + € [ s ; + (N )il o] + — (pist;)
D(z) P €1

1 3m2e6, W C A Ek(1+7T2) kX
_ 1 IR 0 2 0
Ho o+ 2l o Ly LT

where the weighted arithmetic-geometric mean inequality has been employed and where

(IWI2 + [VO)]dA

¢; are arbitrary positive constants.
Now, we equate the coefficients of the energetic terms in the last integral of the (5.7).
We get

1 €1 1 3m2€1‘90 1 EQk(l + 7—92)
C= g = TR e = ST (53)
That is
-1 CAOB (1 + 60),u>|<
_ — _ B= 5.9
€1 ﬁ y €2 ]{3(1 +7 ) ﬁ P ) ( )
where ¢ is the positive root of the second order equation
k(1 + 72 20 20
:1:2+(1—p( ) _ 3m 0)—3m 0 —o. (5.10)
W AoC e wre
In view of (5.6) we can write (5.7) as
oF oF
||+ ﬁa < BE1(2), (5.11)

where (3 is defined at (5.9).

19



The inequality (5.11) implies that

aF ﬂ— < BEi(2) (5.12)

and
oF

= 6— > —(E(2). (5.13)

Integrating (5.12) and recalling the definition of E;(z) in (5.4) we obtain

Pz 67z - 2 // P08 il il (A il il )V, (5.14)

1
20// c(6°)? +/<:((Tq+rg)|v9°|2+ 79|v190|2+72v90v190)>dv
0

where z > z*. Similarly on integrating (5.1) we obtain

1 e
F(Z,ﬂil(z** - Z)) > _5/ /[')( ) (/w —|—,U,UZJ z] ()\—l-,U/) 7"!‘ ss)d‘/: (515)
z n

1
~50 / / 90) + k(g + 70) VO] + 57,70 VIO + 72V90V190))dv
0 D(n)

where z** > z. Let

1 .
S(Z, t) = 5/ (pﬂzﬂ, -+ uﬂmﬂm + ()\ + M)ar,rﬂs,s>dv (516)
R(z)

_ k . .
+— / <c(9)2 + k((Tq +79)|VO]? + Sr27 | VO] + krjveve))dv
R(z) 2

ko[ 1 :
— o — —72)|VO|? )dVds.
w190+ G = e avas
If we now assume that the initial data (2.4) is such that
1
£0,0) = 5 [ (oi00 4wl i, + (i a2, ) av (5.17)
R

L1
26,
Then the inequalities (5.15), (5.16) imply that, for each finite time ¢,

. 1
(0(90)2 + k:((Tq + 70) [V + 72| VP + Tq?veow()))dv < .

lim F(z,t) = 0. (5.18)
Thus, we may rewrite
1 Lo
Fzt) = 5 / (it + e + (A )i )V (5.19)
R(z)
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| _ ! . .
T (c(9)2 + k’((Tq +70) VO + 5727 | VO + mjveve))dv
R(z)
k ! 2 1 2 )12
ol L (IV0 + (ror, = 572)|V01? )V ds
1
- / ) (0050 + a0, + (A + )il i, ) v,
R(z
1 . 1
—o | (@) + k(7 ) IV + S VO + 72V ) V.
200 Jr(z) 21 !

Now the inequality (5.12) implies that

E(z,t) < E(2,0) (5.20)
where z, 2* and t are related by t = 871(z — 2*). In a similar way, we get

E(z,t) > E(2™,0) (5.21)
for t = 371 (2** — 2). From the inequalities (5.19) and (5.21), we conclude that

E(z,t) < E(2",tY) (5.22)
for |t — t*| < 71(2 — 2*). Thus, we have proved:

Theorem 5.1 Let (u,0) be a solution of the initial-boundary-value problem (2.1)-(2.6).
Then the energy function E(z,t) defined in (5.20) satisfies the inequality (5.22) whenever
[t —t*] < 87z — 2%), provided that the initial data satisfy (5.16).

We note that this result gives an answer to the question proposed by Hetnarski and
Ignaczak ([10], p.474) a principle of Saint-Venant’s type in this theory.

If one defines the measure

t
E*(z,t) = / E(z,s)ds, (5.23)
0
the following inequalities can be obtained as in [2]:
E*(z,t) < ﬂ_l/ E(n,0)dn, Pt < z, (5.24)
z—pt
* —1 : < *

E(t) <3t | Em,0)dn + (1 - —)5 (0,1), Bt > =. (5.25)

0 ot
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6 Consequences of the estimates (5.22), (5.24), (5.25)

In this section we show some consequences of the estimates (5.22), (5.24) and (5.25).

First, we assume that the initial conditions (2.4) are homogeneous. In this case we
see that £(0,0) = 0. Estimate (5.22) implies that £(z,t) = 0 whenever gt < z. In view
of the definition (5.20) we obtain that

@;=0, #=0 (6.1)

whenever $t < z. Then for every x = (x1, s, 2) such that 5t < z, the functions u;(x,t)
satisfy the ordinary differential equation @; = 0 with null initial conditions. Thus, we also
conclude that

u; =0, (6.2)

when (Gt < z. This is a result of the kind of the domain of dependence of the solutions.

We have proved:

Theorem 6.1 Let (u,0) be a solution of the initial-boundary-value problem (2.1)-(2.6)

when the initial conditions are null. Then (u,0) = (0,0) whenever ft < z.

We note that this result gives an answer to the question proposed by Hetnarski and
Ignaczak ([10], p.474) concerning a general domain of influence theorem in this theory.

In this situation it is natural to look for estimates for

M= [ (€t (63)
where z < ft. We have that
Bt
et = [ e (6.4
But
E(z,t) < E£(0,2%), (6.5)
when z* >t — 712 > 0. Thus, it follows that
— t —
H(z,t) < ﬁtt "’/ £(0, s)ds = ﬁtt “£4(0,1). (6.6)
0

The second natural question we are interested with is to obtain spatial estimates for
some norm of the solutions. We had obtained the estimates (5.22), (5.24) and (5.25), but
they are expressed in a combination of the solution and its time derivatives. Now, we give
explicit spatial estimates. From (5.20), (5.22), (5.24) and (5.25) we have

I(0) = 55 /R(z) (k((Tq +70)|[VOP + S7oms| VO + ijeve))dv (6.7)
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/ / VO] + (197, — T§)|V9]2>dVds§5(z,t),

for [t —t*| < f71(z — 2z*). Also, we obtain that
(2,t) < B~ / 0)dn, Bt < z, (6.8)
and B
* -1 z *
T(t) <57 [ 0+ (1= Z)E 0.0, Pt » (6.9)
where .
T (z,t) = / J(z,s)ds. (6.10)
0
Now, we will obtain estimates for the mechanical part. To this end, we note that
t ~ t T4 . . T2 .
Jiras = [+ TP+ (0 + mr 050 + 2 )
0 0
2
— (1 (£(0) + 7o (0)(0) + L f2(0)). (6.11)
It is worth noting that the expression
2
VOB N OVORSIE0)

is positive in the sense that it is equivalent to the measure defined by f2(t)+ f2(t). Thus,

if we define

t (S (P
M (z,t) = —/ / (P(uiﬂz‘ + uniuz‘) + pluijug; + uni,jum) + (A + ) (Ur s s
0 JR(z)

4

(O ) (it s+ %ur,rus,s))dvczs

Ty . LT . (A
+§ " (,O(uzu, + TqUiU; + ?uzuz) + M(Ui,jui’j + TqUi ;Ui 5 + ?ui,jui’j)
72
+()\ + M) (ur,Tus,s + Tqur,Tus,s + Equr,rus,s)>d‘/7 (612)
we obtain the estimates
M*(z,t) < g7 E,0)dn +P(z), Bt <=z (6.13)
z—[3t
and .
M (z,t) < B | £, 0)dn + (1 — %)5*(0,15) +P(2), Bt>z, (6.14)
0
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2 -2
P(z) == / <p(v?v? + TqU?Z? + L20N + p(ud )+ Tquo 204+ L% %) (6.15)
R(z)

2 [ad’ 6,J 76 1,5 71, 9 i %,J

7_2
O+ )l 7y o0+ o 00,) ) dV

and
% = (g + (A + p)uy 855 +mdib) ;. (6.16)

It is worth noting that it is also possible to obtain estimates in the L?-norm of the

temperature and its two first times derivatives in a similar way of the estimates (6.13),
(6.14)

7 A non-standard problem for (2.1), (2.2)

In this Section, we briefly discuss the behavior of solutions of (2.1), (2.2) subject to the

boundary condition (2.5), (2.6) and the non-standard conditions

wi(x,T) = au;(x,0), 4 (x,T) = ou,(x,0),

0(x,T) = ab(x,0), O(x,T) = af(x,0), §(x,T) = ab(x,0), (7.1)

where o > 1. Such non-standard conditions have been the subject of much recent atten-
tion (see, e.g. [1, 16, 33] in the context of the heat equation, [21] for generalized heat
conduction and [22] for viscous flows, [19] for the isothermal elasticity and [30], [27] for
some thermoelastic theories).

The boundary data in (2.6) is assumed compatible with (6.1),(6.2).

The analysis begins by considering the function

T
- 1 . -
Fy() = — / / exp(—s)(Tigiis + kb of)d Ads, (7.2)
o Jpe) to
where, guided by results established in [1, 16, 33], the positive constant v is given by

2
v = Tln a. (7.3)

We have

T z
FW(Z) = F’Y(O) —+ z/ / / exp(—vs) (pfmll -+ /'Lﬂi,jai,j + ()\ + ,u)ﬂwﬂ&s (74)
2Jo Jo Jpw)

~ k 1 . )
02+ ((Tq +70) V6P + Sam| V6 + T;veve))dA
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+79—0/ // exp( 78 —|V0|2 (TeTq 73)|V9|2>dVds.

An argument similar to the one used in the case of the standard initial conditions leads
to the estimate

OF,
P <90, 52,

where (3, is defined in the same form of [ defined in (5.9), but changing the parameter

Ao by 1, defined at (2.13).
This inequality is well-known in the study of spatial decay estimates. It implies that

OF,
0z

From (7.6), we can obtain an alternative of Phragmen-Lindel6f type which states (see

(7.5)

OF.
Fy <8, and — By <96, (7.6)

[5]) that the solutions either grow exponentially for z sufficiently large or solutions decay

exponentially in the form
E(2) < & (0) exp (— 775, "2) (7.7)

for all z > 0, where

T z
- 1/ / / exp(—s) (pliss + iyt + A+ Wigyiins  (7.8)
2Jo Jo Jow

Lk
+i(0)2+ ; ((Tq+79)|v9|2+ 7 79|V€|2+72V0V9>>dVd3
0

/// exp( 'ys |V¢9|2 (TeTq——T )| Vo) )dVds

The decay rate in (7.7) depends explicitly on v given in (7.3). Thus, we have proved

Theorem 7.1 Let (u,0) be a solution of the initial-boundary-value problem (2.1), (2.2)
(2.5), (2.6) and (7.1). Then either the solutions grow exponentially or the estimate (7.7)
is satisfied, where €, is defined at (7.8).

Estimate (7.7) implies that
Jy(2) < E&,(0) exp ( _lﬁ;lz) (7.9)

where

T
1 . .
T (z) = l/ / exp(—’ys)(k((7q+79)|V9]2+—Tq279|V6|2+Tq2V6V9)>dVd5 (7.10)
26 R(2) 2

ko[t 2 L ovios2
+— exp(—ys) (|V9| + (197 — 575) VO )dVds.
b Jo Jre 2
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To obtain an estimate on the mechanical part, we first note that

4 2

/0 exp(—7s)(f)*ds = /0 exp(—15) ((f2 + L (1) + (£ + 7 F + ) ds (711)

. 7’2 . . 7_2 .
+exp(=yT) (g (f*(8) + 7 /(D) F(T) + - FA(T)) = (7g(f*(0) + 7 (0) £ (0) + - £(0)).
If we define
1 (T A A
M, (z) = 5/ /R( )eXp(—WS) (P(Wli ) g+ i)
0 z
A
+(A 4 ) (wppus,s + Zqi]dwilsvs)>d\/ds
11 [T . o Th ST
+7 - exp(—vs) | p(tu; + T4uty; + Eu,uz) + g jui 5 + w0 + Eumuw)
-2
F(A 4 1) (U ptls 5 + Tolly U s + Eqar,rus,s))dVds, (7.12)

we obtain the estimate

M., (2) < &,(0) exp ( - ’y’lﬁ;lz>, (7.13)

which is a spatial decay estimate.
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