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Abstract: We consider the Cauchy problem in nonlinear thermoelasticity with second sound in one space
dimension. Due to Cattaneo’s law, replacing Fourier’s law for heat conduction, the system is hyperbolic.
We first investigate the local well-posedness as a strictly hyperbolic system, and then discuss the relation
between energy estimates for non-symmetric hyperbolic systems and well-posedness. For the global small

solution we describe the long time behavior and obtain decay rates of the L2-norm.

1 Introduction

The nonlinear system of thermoelasticity in R™ where heat conduction is modeled by Cattaneo’s law is
given by differential equations for the displacement vector u = u(t, z) € R™, the temperature T' = T'(¢, ),
and the heat flux ¢ = q(¢t,z) € R",¢t > 0,2 € R™. First we have the balance law of linear momentum in
the absence of exterior forces,

puy — divS =0 (1.1)

where p is the material density and assumed to be equal to one in the sequel; S is the Piola-Kirchhoff

stress tensor. Second we have the balance of energy in the absence of external heat supplies as
er —tr{SF;} +divg =0 (1.2)

where £ denotes the internal energy, tr(-) stands for the trace of a matrix, and F is the deformation
gradient,
F=1+4+Vu

Denoting by 7 the specific entropy we get by
Yi=e—Tn

the free energy. The first constitutive assumption, namely that S, e, 7 (and ¢) are functions of (Vu, 8, g, V),
where
0=T—T,

denotes the temperature difference, Ty > 0 the constant reference temperature — we shall assume ho-
mogeneity, i.e. no extra dependence on x — is turned into the following relations after the second law of
thermodynamics resp. the dissipation principle are applied (cp. [1, 2, 8, 15])

¥ =14(Vu,0,q)
is independent of V6, and

n= W(VUaGaQ) = —¢0(VU797Q)» S = S(vuaaaq) = qu(vuaaaq) (13)
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Using this, (1.2) turns into
0+ To){a(Vu,0,q)0; — tr[Sp - Vuy]} + div ¢ = b(Vu, 0, q)q (1.4)

where
a = —’(/}997 b = (0 + TO)¢9q - d’q (15)

For the heat flux, Cathaneo’s law is assumed,
T(Vu,)qe + ¢+ k(Vu,0)Ve =0 (1.6)

with the tensor of relaxation times 7 and the heat conductivity tensor k. (1.6) is replacing the Fourier
law

q+kVO=0 (1.7)

formally arising from (1.6) by setting 7 = 0, and then leading to the classical hyperbolic-parabolic-system
for (u, @) of thermoelasticity, cp. [8]. Here we use Cattaneo’s law (1.6) avoiding the paradox of infinite
propagation speed, and leading to a hyperbolic system (1.1), (1.4), (1.6) for (u,6,q). We shall consider
the one-dimensional Cauchy problem, i.e. (1.1), (1.4), (1.6) for n = 1, together with initial conditions

u(t =0) = ug, u(t =0) =uq, 0(t =0) =0, q(t =0) = qo (1.8)

In one space dimension (1.1), (1.4), (1.6) turn into the following, using P := (u, 0, q) as abbreviation,

gy — a1 (Pugy + ao(P)0, + 01(P)g, =0 (1.9)
01 + as(P)ue + as(P)gz + 02(P)bs + as(P)g =0 (1.10)
@ + a6(uz, )0, + az(us, 0)g = 0 (1.11)
where S, )
ay := Sy,, az = —Sp, az = Voo o1=—95, a4 = O+ To)vwo (1.12)
a5:7_(9+_7;0)w09, aG:; a7:%, 02:7_(9_:73%%9 (1.13)

where we assume |6| < Ty which will be a posteriori justified for the global small solution. The precise
assumptions on the coefficients will be given in section 2, they are the natural ones from the physical
model like a; > 0, and so on.

First we shall be interested in the local well-posedness for (1.8) - (1.11), for data (us,ut,8,q)(t = 0) in
W#2(R!), the usual Sobolev space with s > 2. A local existence result was stated in the work of Tarabek
[19], just with a hint to the paper of Hughes, Kato and Marsden [7] which needs some explanation, at
least in the way we present a proof below.

For initial-boundary value problems in bounded reference configurations (intervals)  C R, local exis-
tence theorems were stated in [15] and by Messaoudi and Said-Houari [12]; these are justified a posteriori
by the possibility of proving appropriate (exponential type) energy estimates there.

We shall demonstrate here that the system (1.9) - (1.11) is strictly hyperbolic provided |oq]| is small

enough for which, in turn, |(u,, 8, q)| being small is sufficient because we have
01(0,0,0) = 0. (1.14)

Observe that o7 # 0 perturbs the more or less given symmetric-hyperbolic structure of (1.9) - (1.11)

when o1 = 0. The term o1¢, (actually: (1.9)) not appearing for pure heat conductions allowed Coleman,



Hrusa and Owen [3] to conclude the local well-posedness from the symmetric-hyperbolic setting.
The possibility of proving local existence for nonlinear hyperbolic systems is closely related to the possi-
bility of proving energy estimates in H*-norms, which can be guaranteed for symmetrizable hyperbolic
systems, cp. the work of Taylor [20, Chapter 5], or Kato [9, 10].
In Section 2 we shall prove the strict hyperbolicity of (1.9) - (1.11), and in Section 3 we look at a (linear)
model example that will illustrate the interplay between energy estimates and well-posedness, giving
insight into possible future extensions to higher space dimensions.
Having given the global solution for small data (u,u,0,q)(t = 0) in H? from Tarabek [19], we shall
describe in Section 4 the asymptotic behavior of V(t) = (ug, us, 0, ¢)(t) as time t — oo.
For the corresponding linearized system Yang and Wang [24], also W. Wang and Z. Wang [21], gave decay
rates for L%-norms of V' (¢) (cp. also Wang and Yang [23] in three space dimensions).
For the nonlinear system, based on the experience with the classical system and Fourier’s law, see
[4, 5, 6, 8], one has to expect the formation of singularities for large data, while small data should
lead to global solutions and a polynomial decay of L%-norms, see [8] for a survey. The propagation of sin-
gularities has been discussed by the authors both for Fourier’s and for Cattaneo’s law, cp. [16, 17, 18, 22].
The considerations for the classical (Fourier) case use special divergence forms of the nonlinearities, cp.
[8], which are not given for the general Cattaneo law. Therefore, we restrict ourselves to a linear Cattaneo
law

ToGt +q+ KOy =0

where 79,k > 0 are constants. As a result we shall obtain that the L?-norm of V(t) decays of order
(1+1t)"7.

We use standard Sobolev spaces W*P(R), s € Ny, 1 < p < oo, with norm || - ||sp, and || - ||, := || - [lop in
LP(R).

2 Local well-posedness

Here we consider the Cauchy problem (1.8) - (1.11), i.e.

utt — a1 (P)Ugy + az(P)0; + 01(P)g, =0 (2.1)
01 + az(P)ug; + as(P)g; + o2(P)0; + as(P)g =0 (2.2)
gt + ag(ug, 0)0, + a7(uy,8)g =0 (2.3)
u(0,2) = uo(x), ue(0,2) = uy(x), 6(0,z) = O(x), ¢(0,z) = qo(x), x € R (2.4)
where
P = (ug,0,q)
and the coeflicients
ay = Sy,, az = —Sp, (13:?;, o1 = —5g, a4:m (2.5)
a5:7’(9+71[30)1/)99’ agzé a7:%, UQZWIJ):)W (2.6)
01(0) =0, 02(0) =0, a5(0) =0 (2.7)

satisfy the physically natural assumptions that ai,as - a3, a4 - ag, 7,k are positive, that is, there are

al,a95,a%s, 70, k° > 0 such that for all P = (u,,,q) we have

a1(P) > af, ax(P)ag(P) > a3, as(P)ag(P) > alg (2.8)



7(ug,0) > 7°, k(ug,0) > k" (2.9)

In view of the later global small data result we remark that it would be sufficient to require (2.8), (2.9)
for small | P|; moreover, we assume |0| < Tp.
Transforming (2.1) - (2.4) into a first-order system for

V = (urmutv 97 q)/

0 -1 0 O 0 0 0 O
— 0 00 0 O
S “2 T v+ V=0 (2.10)
0 as O Q4 0 0 0 as
0 0 a O 0 0 0 ar
=:A(V) =:B(V)
V(t = 0) = Vo = (UO,I,ul,Ho, QQ)/ (2.11)

we notice that if o7 = 0 then (2.10) could be turned into a symmetric-hyperbolic system, cp. [3] for
the case of pure heat conduction with second sound, and then the local well-posedness would follow
immediately.

Here we shall show that (2.10) is strictly hyperbolic if || is small enough which is satisfied if |V] is small
enough since 01(0) = 0 by (2.7).

Lemma 2.1 There is 6 > 0 such that for all P with |P| < § (2.10) is strictly hyperbolic.

PROOF: We have to show that the four eigenvalues of A(V') are real and distinct. These eigenvalues are
the zeros of

he(A) = det(Mga — A(V))

= M- 02)\3 — (a2a3 + aqag + al))\2 — (a3a601 — alag))\ + aja4ag
where o := (01, 02). We have
he(£00) = +00, hy(0) = aragas >0 (2.12)

by assumption (2.8).

Let

Pt 1= t4/a;
then

e <0< py (2.13)
and

ho(ps) = —vai1(y/a1 agas £ o1azas) = —/a1 - Q (2.14)

Assuming without loss of generality
3K >0:|P| <K (2.15)

we conclude that there exist a3, aJ > 0 such that for all P with |P| < K we have

las(P)| < a3, las(P)| < ag (2.16)



which implies, using (2.8),

Q > a1 azaz — |oi] |as| |agl
> \Ja? o~ [on| a8 a
0,0
V a1 G323
5 2.1
= 2 (2.17)
if \/7 .
al a
1] < 0% = X522 (2.18)
2aj al
which, by (2.7), is satisfied if
1P| = |(uz,0,q)| <6 =25(c") (2.19)

By (2.14), (2.17), (2.19) we thus have

36>0 VP |P<d§: he(tu)<0 (2.20)
Then the combination of (2.12), (2.20), observing (2.13) yields that h, has four distinct real zeros if
|P| < §=46(c).
Q.e.d.

We remark that with the special choice of 4 it was possible to give a detailed estimate for ¢¥ in (2.18),
depending on the coefficient functions, hence also an estimate for § appearing in Lemma 2.1 is possible
depending on oy, cp. (2.19).

The strict hyperbolicity of (2.10) now implies the local well-posedness, see e.g. [20, chapter 5], it also

implies that (2.10) is symmetrizable. Thus we conclude

Theorem 2.2 Let s > 2. Then there is § > 0 such that for data Vo € W%(R) with ||Vy||s2 < & there is
a unique local solution V to (2.10), (2.11) in some time interval [0, T] with

Ve C%([0,T], W**(R)) N C* ([0, T], W*~H*(R)),
and T = T(||Wolls,2) > 0. Moreover, § is determined by (2.18), (2.19).

In [19] a local well-posedness result is stated with a hint to the work of Hughes, Kato and Marsden [7];
we believe that additional comments there would have been necessary and, in turn, presented our results
above.

3 On the relation energy estimates — well-posedness

It is well known that the possibility of proving a local well-posedness result in W*2-spaces — for rather
general (hyperbolic) evolution equations — is strongly connected to proving energy estimates in the
W#2.norm, and in proving the well-posedness plus energy estimates for associated linear systems, cp.
Taylor’s book [20] and the work of Kato [9, 10].

We shall illustrate this with a linear model example associated to our nonlinear system (2.1) - (2.4).

This will not only give insight into the relation ”

energy estimate — well-posedness 7 but might be also
a starting point for proving the local well-posedness in more than one space dimension, where we have

to expect multiple eigenvalues (because of the elastic part) and hence then could not argue with strict



hyperbolicity.
The model problem is, cp. (2.1) - (2.4), the following linear Cauchy problem,

utt_uwa:+6w+01Qw =0
0t+utw+qx+029w = 0
@+0:+q = 0

u(t = O) = U, ut(t = 0) = Ui, H(t = 0) = 90, q(t = O) = qo

where o1, 09 are real constants. Defining V' := (u,, uq, 6, q)’ we transform (3.1) - (3.4) into
‘/t+AV:O7 V(t:O) :Vo = (u0,$5u17007q0)/

with, formally,

0 -1 0 0 0 0 0O
-1 1

. 0 o1 o, + 0 0 0O
0 1 o2 1 0 0 0O
0 0 1 0 0 0 1

We shall prove that A, as operator

A:D(A) = (WHR2R) ¢ (LPR)*=H - H

(3.6)

generates a Cp-semigroup in H, where the inner product in H will be a modified L? inner product. This

modification will be suggested by the following energy estimate for a (time-dependent) solution to (3.1)

- (3.4), hence demonstrating the connections, energy estimates — well-posedness — generator property,

clearly.

So, assume that we have an appropriate solution (u,,q) to (3.1) - (3.4). Then multiply (3.1) by wuy,

(3.2) by 6, and (3.3) by g, respectively, and intergrate in L?(R). We obtain

1
%{5/(uf+ui+92+q2)d$}+/q2d$+01/%utdﬂfzo
R R R

Partially integrating and using the differential equation (3.2) we get

Ul/qmutdx = —01/qumdx:01/qﬂtdx—i—al/qqmdm—&—alag/qezdx
R

R R R R
= Ul/thdx—i—alag/qGIdx
R R
d
= a{al/cﬁdx} —Ul/qtﬂdx—i—alag/q%dx
R R R

Now using the differential equation (3.3) we conclude

d
al/q,;utdx = %{al/cﬁda:}+01/9w9dx+01/q9dx
R

R R R
d (1l
—0102%{§/q2dx} —0102/q2dx
R R
d (1l 9 5
= &{5 (—o102q +201q0)d17}+01 qfdx — o109 | q°dx
R R R

(3.7)



Define 1
E(t) := 5 /(uf +u 460+ (1 —0102)¢* + 201¢0)dz
R

which is a positively definite quadratic form if
0109 + a% < 1.

Combining (3.7), (3.8) we get

d

%E(t) =—(1—0109) /qua: - /01q9dm < cE(t)
R R

with a positive constant ¢ = ¢(o1, 03).

From (3.11), we conclude
0< E(t) <e"E(0)

(3.10)

(3.11)

(3.12)

that is, we have a first a priori estimate. In the present linear case we could get the corresponding a

priori estimate for (u,6,q) in W*2-norms by differentiating (3.1) - (3.3), with respect to . Now we turn
to the evolution system (3.5) for V. Motivated by (3.12) and the definition of E(t) in (3.9) we choose

the following inner product in H = (L?(R))*:

(V,W)g = /(vlw1 +VEW2 L VIW3 + (1 = 0100) VWA + 0, VIWH + 0 VAW d

R

with associated norm || - ||.

By assumption (3.10), it is indeed an inner product and equivalent to the standard inner product in

L?(R). For a solution V = V() we thus well have
1
B = 5|Vl
Because of the expected energy estimate (3.11) we expect
c
AV (#), V()| < 51V )l
to hold true. Requiring further 402 + 30109 < 3, we can prove

Lemma 3.1 For V € D(A) we have
3
(AV, Vs < SIIVIIE,

PRrOOF:
(AV,V)y = —/vﬁvldx = /(V; — V3 — o VHV3da

R R
+/<
R

R

+ o /(Vm2 + V2 + VHVAd + o0y /(Vf’ +VHV3dx

R R

= (170102)/|V4\2dz+01/V3V4dz
R R

7

V24 0oVE+ VHV3de + (1 — 0102) /(vyﬁ3 +Vhvide



This implies
3
(AV, Vs < SIIVIIE,

when 407 + 30102 < 3. Q.e.d.

As a consequence we have for d > % and dy :=d — % :
(A= )V, V) < =da||[V]13

Theorem 3.2 The operator A generates a Co-semigroup if 3o109 + 40? < 3.

(3.13)

PRrROOF: By the previous lemma and (3.13) it is sufficient to show that the range of (A — d) satisfies

R(A—d)=H
if d > 2 is sufficiently large. Since R(A — d) = R(A — d) the orthogonal decomposition

H=R(A—d) & N(A* —d)

(3.14)

holds, where A* denotes the adjoint of A in H, and N denotes the nullspace. Thus it is, observing (3.13),

sufficient to show that the domains of A and A* satisfy
D(A) = D(A7)

(a) Fix V € D(A), and let ¢ € D(A) be arbitrary. Then

(A Vi = — [ o2Vide - / (6 — @b — 1! V2

R

+

%\ %\

+o, /(wi + 0203 + ) Vide + 01 /(wi +")Vidx
R R

= /(prfdx +/¢2(V; — V2 -0 VHda
R

V20V -V~ V2 da

— V2 =V24+ (1 —0100)V* — 0 VI + 01 V3 da

(03 + 025 + ) Vidar + (1 — o109 / (@3 + ) Vida
R

R
+/903(

R =:f1
+/s0 (

R =:f2

This should equal
<(pa F>H (: <Lpa A*V>H then)

for some F' € ‘H. That is, we can choose
F'=V2 F*=V!-V:-coV}
and shall determine F3, F* as solutions to

F3+O'1F4 f1
O'1F3+(170'10'2)F4 = fg

(3.15)

(3.16)



Since 02 + 0109 # 1 the system (3.18), (3.19) is uniquely solvable,
1
F3 = —( 2 —-1)V2 2 s
1_ (O’% n 0_10,2) (01 + 0102 ) z T (Jl + 0102 )Vaz +
(0209 + 0105 — 02)VE — 02V — (07 — 0%02)V4>
1
- ( 31— 4_ (] _ (g2 3)
1_<0%+0_102) oV +( 0102)V ( (0'1 ‘|’O’102))Vvr
Thus we have proved
D(A) Cc D(A™)

and obtained a formal representation of A* as

0 0 0 0
A* 81, O —830 —0161-
= 020940102 —05 a’? al—afag
0 _8I ( 117(0'%4'030'2) z lf(o'f+olo'2)) (—6a; o lf(o'f+olo'2))
o l—0y0
0 0 (_893 + l—(o‘%—‘idle)) 1—(0’%—&-10'1202)

(b) Now fix V € D(A*). Then there is F' € H such that
Vo € D(A) : (Ap, Vin = (¢, F)n
(i) Taking ¢ = (¢%,0,0,0), ¢! € C§°(R), then from (3.24)

—/@}EVde:/golFl

R R

hence
Ve WH(R)

(ii) Taking ¢ = (0,¢2,0,0,),p? € C§°(R), then from (3.24)
—/goiVldx—i—/cin?)dx—l—/gpialV‘ldac:/(szgdx
R R R R

implying
V' + V4oVt e WH(R)

(iii) Taking ¢ = (0,0,¢%,0,)",¢* € C§°(R), then from (3.24)

/goiVde—i-Ug/(in?’dx+/<p‘zV4das—|—/@iolvgdxz/wg(Fg—&—alF‘l)dx

R R R R R
implying, using (3.18),
VA4 (01 +02)V? € WHA(R)

(iv) Taking ¢ = (0,0,0,¢*),p* € C§°(R), then from (3.24)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

/alninQda:—&—/(ingdx—l— (1 —0102)/¢4V4dx—|—01/@iV4dx+01/ap4V3dx

R R R R R

= /@4((1 — 0109)F* 4+ 0, F3)dx
R
implying
V34 o Ve WHA(R).

(3.28)



(3.27), (3.28) determine V3, V* (pointwise first) since 0? + o109 # 1, cp. (3.18) - (3.21), and we
conclude
V3 Vvie WHE(R) (3.29)

This combined with (3.26) yields
Ve wh2(R) (3.30)

By (3.25), (3.29), (3.30) we have proved
Ve (WhH2(R))* = D(A)

that is
D(A*) C D(A) (3.31)

(3.22), (3.31) yield (3.15) hence (3.14), and the proof of Theorem 3.2 is finished.

Q.E.D.
Thus (3.5), respectively (3.1) - (3.4), is well-posed,

V(t) = e MV

and the connections illustrated in this section might be useful for the consideration of the local well-

posedness in several space dimensions.

4 Decay rates of global solutions

Having settled the local well-posedness of the nonlinear system (2.10) - (2.11) in Theorem 2.2, we can

now take the global existence theorem from Tarabek([19]), yielding

Theorem 4.1 ([19]) Let s > 2. Then there is § > 0 such that for data Vo € W*2(R) with ||Vy||s2 < &
there exists a unique global solution V' to (2.10), (2.11) satisfying

Ve C’O([O,oo)7WS’2(R)) N 01([0700)714/5—172(]1@))

and
K> 0,420 V()2 < KlIVo

|s,2~

The last estimate is implicitly contained in [19]. There the case s = 2 is studied but standard techniques
yield s > 2 arbitrary. Tarabek also proved that ||V (¢)|]1,00 and ||VV(t)||2 tend to zero as t — co. But
the rates of decay were not given. Here we shall give polynomial decay rates for the solution. This will be
based on the knowledge of the asymptotic behavior of solutions to the corresponding linearized system
which we can take from the work of Yang & Wang [23] and of W. Wang & Z. Wang [21]. Then suitable
a priori estimates have to be proved in the spirit of the method described in general in [14], and already
used in classical (hyperbolic-parabolic) thermoelasticity now connected to Cattaneo’s law.

We can rewrite the differential equations (1.9) - (1.11) as follows

Ut — QUgy + ﬁew = hl (41)
9t + Y9z + 5utm = h2 (42)
T0Gqt +q+ Kb, = hs (4.3)

10



where (cp. (1.12), (1.13))

a = S, (0,0,0), B:=-5/(0,0,0), ~:=a4(0,0,0) (4.4)
= a3(0,0,0), &:=7pas(0,0,0), 7p:=7(0,0) (4.5)
hl = (S(uza 9, Q) — AUy + 69)1 (46)
hy = (v —a4)ge + (0 — az)ue — 020, — asq (4.7)
1 1 k k
hs = To{(ﬁ)—T)Q+(m—T)9x}~ (4.8)
One knows
01(0,0,0) =0, 02(0,0,0) =0, a5(0,0,0)=0. (4.9)
Defining
V= (Vakd ug,u, 0,q)
we obtain
AOV; + Alvm +BV = F(‘/v Vm)7 V(O) = % = ( vV akd UQ,z, UL, 90; QO)/ (410)
where
1 0 0 0 0 —Varkd 0 0
o 0 k6 O 0 Coat= |~ ard 0 Brd 0
0 0 B O 0 Brd 0 Bry
0 0 0 pBymno 0 0 Bry 0
0 0 0 O 0
B 0 0 0 O 7 B KOhy
0 0 0 O Brho
00 0 By Byhs
We have from (4.4) - (4.9)
F(0,0) =0, Fyy.(0,0)=0 (4.11)

The linearized system, i.e. for F= 0, is solved by
V(t) = BV

where
R:=— (A"t (A9, + B)

generates a Cp-semigroup on D(R) := (W12(R))* C (L%(R))*. Then the solution to (4.10) is represented

in general by

t
V(t) = eV + / IREWV V) (r) dr (4.12)
0

where
F:=(A%"'F (4.13)

The asymptotic behavior of the L2-norm of the solution to the linearized problem is described by

Lemma 4.2 Let F'=0. Then there are constants c,cy > 0 such that for all t > 0:

11



(Z) 2141

LV Oll2 < e{e 0L Volla + (1407 Vol } (1 =0,1)

(i)
0.V ©ll < efe o lIVolla+ 1+ F Vol }
(i)
Va@lle < e{e I Volla + L+~ IVl |
This lemma follows from the results of Yang & Wang [24], in particular from the expansions of the
characteristic values; cp. similar results for classical thermoelasticity in [8, Thm.3.6], going back to
Kawashima [11].
The proofs of the L2-decay results in classical nonlinear thermoelasticity (Fourier’s law) repeatedly used
the divergence forms of the differential equations arising from the balance law for the momentum (1.1)
and for the energy (1.2). The same structure is not present in Cattaneo’s law. Therefore, we restrict

ourselves to a special case, namely we assume that 7 and k are constant functions,

T=T), k=k (4.14)
that is, Cattaneo’s law is the linear one:
Toqe +q + KOy =0 (4.15)
This assumption implies that in (4.3)
hs =0 (4.16)

and for the remaining nonlinearities hi, ho in (4.1), (4.2) we are able to carry over the considerations
from classical thermoelasticity. We shall also exploit that the free energy ¢ and the internal energy have

the form

1/’(“@&‘]) = wo(umo) +¢1(ux,9)q2 (417)
e(ug,0,q) = eolug,0)+ er(uy, G)q2 (4.18)

with suitable g, ¥1, eg, 1, see [13]. Then we shall prove

Theorem 4.3 Let Vo € W32(R) N LY(R), and mg := ||Vollz.2 + |[Voll1. For sufficiently small mq there
is ¢ > 0 such that for t > 0, the solution V' to (4.10) satisfies

WV)|12 < c(1+1)7T-m,

Proor: With
V = ( v CYIQ(S um,”taaaQ)

we have

V, — RV = F(V,V,)

and, by (4.16),
F(‘/? Vx) = (07 h’17 h’270)'

The fact that F' vanishes quadratically in zero, cp. the next lemma, is not sufficient despite the linear
decay behavior like that of a heat equation, because terms like "V - V,” appear, cp. Zheng & Chen
[25]. Therefore, we shall rewrite the nonlinearities in divergence form in order to be able to exploit the
better decay of derivatives in the later estimates for ||V (¢)||2, a modification of the corresponding proof

in classical thermoelasticity, cp. [8].
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Lemma 4.4 (i)
hi(V,V,) = (S(uz,e,q) — au, + ﬂe)m = (hll(V))

x

(i1
ha(V.Ve) = (|64 6us = v{e = (0.0,0) + 53 ) +7(Sur)e = (har (V) + (haa(V)s
(iii)
[ (V)]s [har (V)] [ha2(V)] < c|V?
(iv)

[P (V, V), [he(V, V)| < ¢ (IVI*+ [Val?)  ((mear V =0)

ProOF: For (i) compare (4.6). For (ii) we first have

2

(e+ %), = Sue—a (4.19)
which is, using (1.1), equivalent to (1.2).
It follows
2
Uy
Or +0ust +7¢ = 9t+6uwt+'YQw+'7{(Sut_Q) - <€+*) }
x 2 /¢

2
Uy

(0 +6uy — 7{5 —£(0,0,0) + 2}) +y(Sut)s

which yields (ii) (cp.(4.2)).
hii(V)],  |hea(V)] < ¢ |V[?

follows immediately from the definition of h11,ho and from (4.4) and S(0,0,0) = 0 which is assumed
without loss of generality.
The estimates (iv) also are immediate consequences of (4.4) - (4.7), so it remains to investigate ha1 (V).

2

h21(v) 9+5ux—7{5_5(0’0’0)+%}

— 0+6u, —y{euw(o,o,())uz +€9(0,0,0)9+5q(0,0,0)q} FOW2 + 6%+ ¢ +ud)
Observing

Eu, =Yu, +O@+T0)n., =S+ (0+To)(—Sy),
€p :w9+77+(9+T0)779 :—(Q-I—To)wgg

as well as (4.18) and (4.4), (4.5) we obtain

Veu,(0,0,0) = —vT55(0,0,0) =4
7€0(0,0,0) = —vTovee(0,0,0) =1
€4(0,0,0) = 0
hence
ha1 (V) = O(ug + 6% + ¢* +uf) = O(|V[?)
This proves Lemma 4.4. Q.E.D.

Continuing the proof of Theorem 4.3 we notice that, as a consequence of Lemma 4.4, we may rewrite F'
as

FV,V,) = (o, h(V,Vy), ha(V, Vm),o)/ _ (0, (hn(V)),, (har(V), + (hQQ(V))Z,())'.
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Since W : t e(t’T)R<O, 0, (h21(V(r))), O), solves

/
W, — RW =0, W(r) = (0, 0, hzl(V(T)),O)
we conclude

R(0,0, (haa(V(r))),.0)

Y (e(t_T)R(O,O, (har (V 0)) +at( =01 (0,0, (hgl(V(r))),0>/)

- 9, (e“—*‘)R( (hay (V ,o)’) +R ( (t= ’">R( 0, (hgl(V(r))),O)/)

— 9, (e(tT)R((LO (haa (V ,o)’) )14, <H>R(0,07 (hzl(V(r)))J))/
~(A) 7B IR (0,0, (haa(V (), 0) (4.20)

By the representation (4.12) we get, using (4.20),

t

V() = etRVO+/{aa;e(t_r)R(O,h117h22,0)'
0
—(A%) 1A 0,e" (0,0, ho1,0) — (A%) "' Bel" (0,0, hgl,o)'} dr
r=t

| TR0,0,har (V). 0] (4.21)

This representation will be used to estimate ||V (t)||2 while the simpler one given in (4.12) will be sufficient
to estimate [0,V (t)]]2-

Let
M(t) := sup (1+7)% |[V()||1. (4.22)
0<r<t
By (4.21) and Lemma 4.2 we obtain
t
VOl < e+ HWValle + [Vall) + ¢ [ {eo e 11Ghns, haas ol
0
(14t = 1) |(ha, hoo, h21)\|1} dr + c[lh21(V)]|2 (4.23)
¢, c1, - . . denoting positive constants neither depending on ¢t nor on V.
Since
[|(hi1, hao, hot)||1,2(r) < (r)
< 2(r)
< e(L+r) I M(r)| Vo2 (4.24)
the latter by Theorem 4.1, and since
[[(hars has, han)ll < e VI < e(1+7)72 M2 (r) (4.25)
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we get

t
VOl < e tmote [{e @04 in()mg
0

3
1

+1+t-r)ia +r)—%M2(r)} dr + ¢ (1+ )~ M(t)mo

< c(1+ t)*%m0(1 + M(t)) Fe(+ t)*i{moM(t) + M%)} J
where . .
J=Jt)= [ e A +r) i1+ t)idr+ [(A+t—r)"T(1+7)"2(1+1)T dr
/ /

satisfies

sup J(t) < oo

t>0
(see Lemma 7.4 in [14]),
hence

WVl < e 0~ {mo(L+ M) + 120} (4.26)

To estimate ||0,V (t)||2 we use (4.12) directly and the Lemmas 4.2 and 4.4 to similarly conclude

t

0.Vl < 407 alla + 1Vl +e [ {e DG, ko)l
0
(1t = 1)1, o) s
t
e+ Hmo+ ¢ ({14 M (rmo
0
+(A+t—r) i1+ T)féMZ(r)}dr

IN

< el +t)—i{m0(1+M(t)) +M2(t)} (4.27)

where the term 7 ||V, ||oo” in the estimate for ||(h1, h2)||1,2 produces ||Vo||s,2.
Combining (4.26), (4.27) we get

M(t) < eofmo(1+ M(1) + M2(1)}

Choosing
mo < @
-2
we obtain
M(t) < 2camg + co M%(2)
Since

M(0) < emg
it is a standard argument (cp. e.g. [14]) to conclude that — for sufficiently small mg — we have
M(t) < C3

(c3 being the smallest zero of f(z) = cox? — x + 2comp) and then

IV(E)12 < ca(l+1) " Tmg
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which proves Theorem 4.3.
Q.e.d.
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