Asymptotic Behavior of Discontinuous Solutions in 3-D

Thermoelasticity with Second Sound

Reinhard RACKE* and Ya-Guang WANG?

*Department of Mathematics and Statistics, University of Konstanz

78457 Konstanz, Germany; E-mail: reinhard.racke@uni-konstanz.de

#Department of Mathematics, Shanghai Jiao Tong University
Shanghai 200240, P.R.China; E-mail: ygwang@sjtu.edu.cn

Abstract: This paper is devoted to the study of the Cauchy problem for linear and semilinear ther-
moelastic systems with second sound in three space dimensions with discontinuous initial data. Due to
Cattaneo’s law, replacing Fourier’s law for heat conduction, the thermoelastic system with second sound
is hyperbolic. We investigate the behavior of discontinuous solutions as the relaxation parameter tends
to zero, which corresponds to a formal convergence of the system to the hyperbolic-parabolic type of
classical thermoelasticity. By studying expansions with respect to the relaxation parameter of the jumps
of the potential part of the system on the evolving characteristic surfaces, we obtain that the jump of
the temperature goes to zero while the jumps of the heat flux and the gradient of the potential part of
the elastic wave are propagated along the characteristic curves of the elastic fields when the relaxation
parameter goes to zero. An interesting phenomenon is when time goes to infinity, the behavior will
depend on the mean curvature of the initial surface of discontinuity. These jumps decay exponentially
when time goes to infinity, more rapidly for smaller heat conductive coefficient in linear problems and in

nonlinear problems when certain growth conditions are imposed on the nonlinear functions.

AMS Subject Classification: 35B40, 74F05

Keywords: hyperbolic thermoelasticity, semilinear, discontinuous solutions, asymptotic behavior,

curvature

1 Introduction

Consider the following system of semilinear thermoelasticity with second sound in three space

dimensions
uy — pAu — (p+ A)Vdivu + VO = f(u, 0) (1.1)
0y + ydivg + ddivuy = g(uy, 0) (1.2)
T +q+kVO = 0 (1.3)

where u = u(t,z) € R?, 6 = 0(t,x) € R,q = q(t,z) € R? represent the elastic displacement,

the temperature and the heat flux, respectively, and are functions of (¢,z) € (0,00) x R3. The



parameters u, A, 3,7, 0, T, k are constants satisfying
Y, T, 6 >0, 2u+3A>0, 85 >0

cp. [2, 8, 9]. The given functions f and g are assumed to be smooth. For the differential

equations (1.1) - (1.3), we impose the following initial conditions:
—0) =0 —0) — .1 —0) — g0 — ) — 0
ut=0)=u", w(t=0)=u, 8(t=0)=0", q(t=0)=g¢q (1.4)

We investigate the asymptotic behavior of solutions to (1.1) - (1.4) for which (Vu®, u!,8° ¢%)

may have jumps on an initial surface o given by
oc={zeQycR®| ®x) =0} (1.5)
as the level set of a C?—function
P :Qy CR® — R with [V®°|=1ono (1.6)

defined on an open set Qg C R3.
Equation (1.3) is Cattaneo’s law for heat conduction and turns, as the so-called relaxation
parameter 7 — 0, into Fourier’s law

g+ kVO =0 (1.7)

The system (1.1), (1.2), (1.7) is the hyperbolic-parabolic system of classical thermoelasticity, cp.
[6]. The system to be studied here, (1.1) - (1.3), is purely hyperbolic, cp. [2, 8, 9].

The propagation of singularities in the Cauchy problems for the hyperbolic-parabolic coupled
system (1.1), (1.2), (1.7) of classical thermoelasticity has been studied in [3, 10, 13, 14] and
references therein. It is observed that the propagation of singularities in this coupled system
(even more general nonlinear coupled systems) is dominated by the hyperbolic operators. One
of main tools used in these works is the microlocal analysis, which requires certain regularity of
solutions in general. Thus, the above mentioned works only deal with some weak singularities,
in particular, one of important waves, discontinuous solutions do not been investigated.

As pointed out above, formally, when 7 — 0, the hyperbolic model (1.1), (1.2), (1.3) turns
into the hyperbolic-parabolic system. We shall be particularly interested in the behavior of the
propagating jumps as 7 — 0, which should give us some information on the propagation of
strong singularities for the hyperbolic-parabolic coupled system. This problem was first studied
by authors in [11] for the one-dimensional case. We shall study the multi-dimensional problem
in this work.

By decomposing (u, ¢) into its solenoidal part (u*,¢®) (div u® = div ¢° = 0) and its potential
part (uP,qP) (rot uP = rot ¢P = 0), the representations and expansions for 7 — 0 and ¢t — oo of
the jumps on the evolving characteristic surfaces are given for the linear problem (Theorem 3.3)
and a nonlinear problem (Theorem 4.1). In particular, similar to [11], we shall obtain that the
jump of the temperature goes to zero (showing a smoothing effect in the hyperbolic-parabolic

coupled systems) while the jumps of the heat flux and the gradient of the potential part of



the elastic wave are propagated along the characteristic curves of the elastic fields when the
relaxation parameter 7 vanishes.

Moreover, we shall find a very interesting phenomenon whether the jumps of solutions on
the hyperbolic characteristic surfaces decay exponentially when ¢ — +o0o depends on which one
is dominated between the quantity % and the mean curvature of the initial surface of
discontinuity, which is in-visible in the one-dimensional work [11]. Under certain assumptions,
these jumps decay exponentially when time goes to infinity, more rapidly for smaller heat con-
ductive coefficient, which is similar to a phenomenon observed by Hoff in [4] for discontinuous
solutions to the compressible Navier-Stokes equations.

We remark that our considerations could be extended to variable coefficients and the case
that nonlinearities f, ¢ depend on u as well. The case that f, g depending on other quantities like
V6 and Vu would require further analysis. The two-dimensional case can be studied analogously.

The paper is organized as follows: In Section 2 we give the general setting and a decompo-
sition. The linearized problem (f = 0,9 = 0) is discussed in Section 3, and Section 4 presents

the results on a semilinear problem.

2 Setting and decomposition

Consider the following Cauchy problem

uy — pAu — (p+ AN)Vdivu + Ve = f(uy,0) (2.1)
Oy +~vdivg+ddivu, = g(u,6) (2.2)
T +q+kVO = 0 (2.3)
on (0,00) x R3,
wt=0)=u’, w(t=0 =ul, (t=0)=6" qt=0)=¢" (2.4)

with data (Vu® u!,0° ¢°) being smooth away ;from and possibly having jumps on a given
smooth surface
oc={xecQycR®| ®x) =0}

described by a C2-function ®° : Qy C R? — R, with €y open, satisfying
Vel (z)| =1 on 0. (2.5)

Assumption (2.5) is important for the following techniques used, but is made without loss of

generality, since for a surface o one can choose the distance function
®Y(z) := dist (z, 0)

which satisfies (2.5), cp. [5, pp. 354-355].

Simple examples are of course spheres of radius 7 > 0 with ®°(z) = 2 (|z|>—r?) or ellipsoids.



Using the decomposition of vector fields according to the orthogonal decomposition
(L*(R?))? = VIWL2(R3) @ Do(R?) (2.6)

where W12(R?) denotes the usual Sobolev space, and Dy(R3) denotes the set of vector fields

having divergence zero, we have
u=u’+v’, g=¢"+¢

and (2.1) - (2.3) is decomposed into

ugy — pAu® = f5(ug, ) (2.7)
u(t=0)=u", ui(t=0)=u"* (2.8)
and
¢ +q = 0 (2.9)
Ft=0) = ¢ (2.10)
and
ub, — a?AuP + BV0 = fP(uy,0) (2.11)
0 + ydiv ¢ + ddiv vl = g(us, ) (2.12)
¢ +¢" +KkVO = 0 (2.13)
uP(t = 0) = u’?, ul(t =0) =u"?, 0(t =0)=0", ¢°(t = 0) = ¢°F (2.14)

where a 1= /2u + A
Since (2.9), (2.10) is explicitly solvable, and the propagation of singularities for pure wave

equations like (2.7), (2.8) is well understood, cp. [1, 7, 12], we concentrate on the fully coupled
system (2.11) - (2.14). Let

U= (Uy,Uz, U3, Uy) := (div uP,ul, 0, ¢")

with the prime denoting the transpose of a vector. Then (2.11) - (2.14) turns into the following

system for U:

3
U+ A;oU+ AU = F (2.15)
j=1
Ut=0) = U° (2.16)
where 0; = %,aj = %,j =1,2,3,
0 —div 0 0
3 2
- 0 0
S A= " v 0o (2.17)
— 0 o0div. 0 ~Adiv
J=1
0 0 &2v 0



giving A; implicitly, and

O5x5 Os5x3 /
Ap = , F:=(0,f7 4,0). 2.18
: ( s i ) (0.47,9,0) .19

3 The linearized problem

We now assume F = 0, i.e. we consider the linearized version of (2.15), (2.16). For £ € R?\ {0}

we have that the characteristic polynomial

3 2
det(Mdgs — 3 A7) = NN = X2(a® + 35 + “Ti)\a? + %I&!“) (3.1)
j=1

has real roots Ax,1 < k < 8, satisfying

M=0, 1<k<4 (3.2)
1 4 2
&:g&+w+TiJW+w+TV—wawz@m%5<ww. (3.3)

The last factor in (3.1) is similar to the characteristic polynomial in one space dimension, cp.
[11], and we know
)\k 7& )\j for ) S k 75] S 8. (34)

The characteristic surfaces ¥ = {(t,z) | Pr(t,x) = 0},1 < k < 8, evolving from the initial
surface o = {(0,7) | ®°(z) = 0} are determined by

0Py — u|Ve,| = 0 (3.5)
D4(0,-) = @° (3.6)
which is solved by
Op(t,r) = ®%%x), 1<k<4 (3.7)
Op(t,r) = ppt+®%(2), 5<k <8 (3.8)

where we used the normalization (2.5), |[V®°| = 1. Hence
Y = {(t,2) | upt + °(x) = 0}. (3.9)
Under the assumption (2.5) we have that the eigenvalues of
3
B:=) 0,04 (3.10)
j=1

are
Ae=0, 1<k<4 (3.11)



4krya?

Ak—uk—i{;(a%rﬁ(ﬂm)i;\/(a2+ﬂ5+m)2— } 5<k<8 (3.12)
T T

taking
ps < pg < 0 < pr < s (3.13)
Let V,,®° and V,,®° denote two orthogonal vectors on the tangential plane to the initial

surface 0. Then the associated right and left eigenvectors of B are the column vectors 7 and

the row vectors [y,

r1 = c1(0, (V) 01x4), 712 = c2(0, (V7 @2, 014)’ (3.14)
r3 = C3(01><5, (le (I)O)/)/7 T4 = C4(01><5, (v7'2®0),)/ (315)
B Bk 0y/ R 0yv/ '
— — <k< Nl
T <a2—)\%’ AZ(V@) Tk(V(I)) , 5<k<S8 (3.16)
ll = (07 (le (I)O) 701><4)7 l2 = (07 (VTQ(I)O)/v 01><4) (317)
I3 = (O1x5, (VA ®%)), 1= (015, (V@) (3.18)
a6 5)\
= — d%) 1, (Vo <k< 3.19
h=al g 5 (V) L L (V). 5sk<s (319)

where ¢, 1 < k <8, is chosen such that the normalization condition

L, j=k
Liry = 3.20
]Tk {07 ] 7é k ( )
holds. For example, we can set
1 1
Cl =C3 = W’ Co) = Cq4 = ‘VTQ(I)OP (321)
and 235 o2
« Ky
1= k 14 —5 5<k<8. 3.22
(o o T ) B (322
If £ = 5,6 we have the expansion, as 7 — 0,
1 4Ky 236
pr =N == <a2+ﬂ5+m+\/(a2+ﬂ5+m)2— e ) L 5 T+ O(7%)
2 T T T T Ky
(3.23)

(cp. [11]) and for k =7,8

1 Ky KY., 4rya? a?36
,U%:)\z:2<042+ﬂ(5+7_—\/( B(H— ) f :Oé2— Ky T+O(T2). (324)
Thus for k = 5,6 formula (3.22) reads

Ky +ﬂ5a—ww+“"+““7+0<>
Ky + 36T + 2 ﬁ572 + O(713) (2 + 30— & 567’—}— O(712))?
= (24 0(%))

1 = ¢ |1+ (3.25)



which implies

ca=-+0(%, k=56 (3.26)
while for k = 7,8 we get
202 — @B +O(7?%)
1 = e |1+ — + A — (3.27)
o7 — 77724-0(73) ( = 7+ O(72))?
2K2~? _9
= ¢ a2ﬁ5T (1+0(7))
which gives
a?p36 2 3
Cl — WT + O(T ), k = 7,8 (328)
Let the matrices L and R be given by
I
L:= ) R - (Th ,T’S)
ls
Then V := LU, with U satisfying (2.15), (2.16), satisfies
3 ~ o~
OV + Y (LAR)V + AV = F (3.29)
j=1
V(it=0)=V":=LU" (3.30)
where
N 3
Ay = LAR+> LA;OR (3.31)
j=1
F := LF (=0 in this section ). (3.32)
Then we have as the first result, where [H]s;, denotes the jump of H along Xj:
Lemma 3.1: Let V; := (V1,Va, V3, Vy). Then,
Vils, = 0, 5<k<8,
[Vj]zk = 07 5§]§85 k:]-a"'a87 ]#k
i.e., Vi are continuous at U§:5Zk, and Vj,j = 5,...,8, does not have any jump on Xy, k =

1,...,8 fork #j.

PrOOF: Let V be a bounded piecewise smooth solution to (3.29), (3.30) with possible

discontinuities only on Xz, k = 0,5,6,7,8, where ¢ := {(t,z) € Q | ®°(z) = 0}.

For a fixed k € {5,6,7,8} let Q be a bounded domain in R* x R? containing only a part of

Y, while X; N Q =0 for j # k. Let



QF = {(t,z) € Q| £ &y(t,z) > 0}.

The equation (3.29) holds in € in the distribution sense, that is we have for any function
p € (C5°()°

3
/(V O+ Y 0i(9"LA;R)V )dwdt = — /(ﬁ — AgV) - pdadt.
Q j=1 Q

Using the Gauss integral theorem for the left-hand side on QF, respectively, and observing that
(3.29) holds in the classical sense in QF, it follows

3
| Wisio+ Y LARVIs) -0 =0
[9g) J=1

where 71 = (7o, i1, T2, 73)" denotes the unit normal vector on Xj. Since ¥y = {(¢,x) | Px(t,z) =
0} we have
il (e, = (V1)

This implies, since ¢ is arbitrary in (C§°(Q2))8,

3
(A Idgs — Z LA;jR9;®%)[V]g, =0

j=1
or
3
<L()\kIdRs - Z(ajq>0)Aj)R) V]s, =0 (3.33)
j=1
hence, by definitions of L and R,
(Aeldgs — A)[V]s, =0 (3.34)

where

A = diag (A1, ..., Ag)

This implies
[Vils, =0

fork=5,....8and j=1,...,4,ork=1,...,8and j=5,...,8and j # k. Q.ed.
From Lemma 3.1, we know that it remains to study the behavior of Vj, on ¥j. First, we have

Lemma 3.2: For 1l <k <4 we have

Vilx, = 0.



PROOF: By definition we have
Vi=LU, k=1,...,4
or
Vi=0(uP V@), Vo=08uP -V,0°), V=¢" -V, V,=¢ V,0° (3.35)

For w € {u?, ¢’} we have rot w = 0, classically away from Xy, and always in the distributional
sense, that is for a bounded domain G C R} x R? with Xg NG # ¢ and ¢ € C5°(G) we have

/wrotgoz()

G

implying

[ sy x 0 =0

o
where 7 denotes the normal on ¥y and is parallel to V®°. Hence we get since ¢ is arbitrary,
[w]go xV=0
which gives
[wlg, =0 or [w]g, ||V (3.36)
the latter implying
(w-V,, ®s, =0, m=1,2 (3.37)
The assertion of the lemma now follows from (3.35) - (3.37). Q.e.d.
Next, let us derive the evolutional equations of [Vi]y, for 5 < k <S8.

Denote by D,,x the m—th row and k—th column element of a (8 x 8)—matrix D. Obviously,
the k—th equation given in (3.29) can be explicitly written as

8 3 8
0V + 3 S (LAR)ondVin = — > (Ao Vi + Fi (3.38)
m=1 j=1 m=1
for 5 <k <8.
;From the fact
3 ~
Akl dgs — ZLajq)OAjR)kk = (Mldgs — A)gr = 0 (3.39)
j=1

with A = diag(A1,...,As), we know that the operator 0y + Z?Zl(LAjR)kkﬁj is tangential to
Y = {\xt + ®°(x) = 0}. Similarly, since all entries in line k of \jIdgs — 23”?:1 LOj®A;R =
AL dgs — A vanish, we deduce that for m # k, (0, (LA1 R)km, (LA2R)km, (LA3R) k) is orthogonal
to the normal direction (—\g, (V®°)’) of X, which implies that E?:l(LAjR) km0j is tangential
to X when m # k.



Therefore, by using Lemmas 3.1 and 3.2 in (3.38) we obtain that for each 5 < k <8, [Vi]s,

satisfies the following transport equation:

3
(&t + ) (LA;R) 0, + (ﬁo)kk) Vil = [Frlsy (3.40)
j=1

with initial conditions
[Vils, (t = 0) = V] (3.41)

In order to determine the behavior of [Vi]s, from (3.40)(3.41), it is essential to study (Ao) ki,
where, by (3.31), Ay is given by

3
Ay =LAR+Y LA;O;R (3.42)
j=1
Denoting the row [, and the column ri by I = (lg1,...,lks) resp. 7 = (r1g,...,rsk) we

have, using (2.18), for k =5,...,8

8
1

LA = — lprs

(LA)R) T; kiTjk

hence, using (3.16), (3.19),

CpRY
(LAoR)kr = TT)\]%
which implies for £ = 5,6, using (3.23), (3.26),
1 Ky 1 614
(LAoR)wi, = (5 + O(7%)) =o-— 5 +0() (3.43)
2 725 4 95+ S0 T+ O(r2) 2T 2wy

and for k = 7,8 using (3.24), (3.28),

o?36 2 3 K po
(LAoR)wi = (2F6272T o > 2(a? — %’567——{— O(r2))  2k7 o) (3.44)

Now we compute (Z?Zl LA;0;R);. Let €; be the j-th standard unit vector having only

zero components besides a 1 in the j-th component. Then

0 -1’ 0 0
A = —a?é 9 Bér 9

0 oer’ 0 ~ey'

0 0 E& 0

and As, A3 arise from Ay by replacing €; by €5 and €3, respectively.
Denote by LA;0; R = (afk)gxg for any j = 1,2,3. Then, by a direct computation, we deduce
that for k=5,...,8,

K

ape = —l0irog + la(B01rsy — a?01r1k) + s (01m9x + YO176k) + lk6;817'5k
K

azy = —l10arsg + U3 (B0arsy — a0ar1k) + s (60arsg + YOaray) + lk7;827'5k
K

ajy = —la0srag + la(B0srsy — a03r1k) + les(003rax + YO378)) + lk8;337“5k

10



which gives

3
Z LA0;R = —lp1(O1rak + Oarsy + O37ay)
= Kk
+lis (5(317“% + Oar3i, + O3rar) + (017 + Oaryy + 53?"8k)>-

Using (3.16) again we conclude

3
Py _ P 0
ZLAJ(?]R - ((—5zk5 Fla) g o s Ak)m (3.45)
kk
where A denotes the Laplace operator in R?. Since
a?s (5)\,2c
(Slkg, — lk]_ = Ck((s — T)\%) = —Ckm
we get from (3.45)
3
BONG 0
LA;0;R = —r -4 — | AD". A4
D LAy Ck:<(a2_)\%) o (3.46)

kk

Using the expansions (3.23), (3.26) we obtain for k = 5,6

o (s + 5 ) = (54 00) 1 (2 4 55+ 0(0)

implying
3
1
S LAGR| =3, /"”( +O(r )>A<I>0, k = 5,6. (3.47)
=t Kk "
Similarly we obtain, using the expansions (3.24), (3.28),
> o'
S LAR| =£(5+0(n)Ae’, k=738 (3.48)
' ok

Combining (3.42), (3.43), (3.44), (3.47) with (3.48), we obtain

~ =+ 3, /BAP°+O(1), k=56
(Ao)ik = (3.49)

% + SAP0 + O(7), k=178

JFrom (3.49) we already notice the phenomenon that the mean curvature H of the initial

surface o,



will play an essential role in the behavior of the jumps as t — oo or as 7 — 0.

For any fixed 20 € o, denote by
t— (ta xl(tv Oa .’IJO), m2(t7 07 xO)’ I’g(t, Oa .,L,O))

the characteristic line of the operator at+Z§:1 (LA;R)yx0,; passing through (0, 2%, i.e. z;(t;0,2°)

satisfies

02,(00%) (LA R)i(t, 21 (£ 0, 2°), 22 (t; 0, 2°), w3(t; 0, 20))
2;(0;0,2°) = 9, 1<j<3
and
[Vk]Ek(t) = [Vk]Ek (t, 1’1(75; 0, xo), .’Eg(t; 0, .CUO), l‘g(t; 0, xo)) (3.50)

Then, from (3.40) and (3.49) we conclude:

[Vk]Ek(t) = [Vko]a e~ S5 (Ao)kr ((5:0,20))ds
"3 T3V T [ (A (0.0 )+OWD)ds /0] k=56
B 51
6_%t:‘:% fot(A(I’O(m(S;O’IO))'FO(T))dS [Vko]aa k= 77 8. (3 ° )

For 7 — 0 the dominating term for k = 5,6 is 6_%, i.e. we have exponential decay of the
jumps of Vi on ¥ as 7 — 0 or t — oo for a fixed small 7 > 0. If £ = 7,8 the dominating
term, for 7 — 0, is exp(— fot(% + $AP%(z(s;0,2")))ds), whether the jumps of Vj, on ¥y, decay
exponentially depends on the size of the mean curvature (= A®C/2).

ExaMPLE 3.1: Let o be the sphere of radius 7:
c={zeR®||z| =7} ={z|d=2) = |z| —r =0}

Then, we have
L =A{(t2) [t =7 — |z|} = {(t,2) [ |z] = r — pyt}

Remember the convention on the signs of i given in (3.13). Spreading as ¢ — oo are Xg, Xg,
and
AP (zg) = = =250,
|xg] 7
Thus, as t — 400, [Vs]s, is decaying exponentially, while [Vg]s, decays (grows resp.) expo-
nentially if
IR > AP0 = 2 (ﬁ—& < ADY = % resp. ), (3.52)

QK r k7Y
that is depending on the size of the mean curvature H = %

To complete the discussion on the linear problem, we have to compute U = RV fromV,

8
U = (divu?,ul,0,q¢") = RV = kark-
k=1

12



Using (3.14) - (3.16) we conclude

8
. B
divu? = kZ:E) ka (353)
8
Bk V., @0 v, ®°

W o= — VOV + = Vi + —2__V, (3.54
D DF g v, v, a0 )
0 = > Vi (3.55)

8 0 0
y - ivq)ov MV MV 3.56
' kz;w e e (3:36)
Observing [Vj]y,, =0for j=1,...,4and k =1,...,8, cp. Lemmas 3.1 and 3.2, we get from

(3.53) - (3.56) for k =5,...,8:
. p
[divuP]ys, = ——=[Vils (3.57)
k 042 o A% k
BAk
[iloe = 52 VO Vily, (3.58)
k
0], = [Vils, (3.59)
K
(Pls, = —— VO [Vils,. (3.60)
T)\k
Using the expansions

1 —Z +0(7?), k=56
= T () (3.61)

o — Aj S5t +0(1), k=178

+./21 + O(7)), k=25,6
Ay = = ( (7)) (3.62)
+a+ O(7), k=178

we conclude from (3.57) - (3.60), using (3.51),

vy, { —L(r+0())e 5 ;::i;)o[VO]g, O k=56 .
1) o (35 ((s;0,2))+0O(7))ds [V;?]a, k=78

wfls, = { - 6 WWHO( o OO, k=56 (3.64)
)> 2mi AP0 (x(s;0,2 ))+O(T))ds[vk()]m k=178

o — { e QT(I;O f))[ovo]m Ok;:5,6 565)

_fo 2mi AP (z(s;0,27))+0O(7))ds [Vko]m k=178
o i\[vqﬁ L ﬁ))e—%<1+0<ﬁ>>[v,§]a, k=56
[q ]Ek N { 4 K V(I)O +O( )) fo(ziii AQ)O(I(S?O@O))‘*‘O(T)MS[VkO]m k= 77 8(3'66)

We see from (3.63) - (3.66) that if [V2], # 0,k =5, ..., 8 then the jumps of (divuP,u?, 6, ¢P)
on X (k = 5,6) decay exponentially as 7 — 0, and for fixed small 7, they decay exponentially as

13



well when ¢ — oo, while the behavior of those on ¥ (k = 7,8) depends on the mean curvature
(%A@O) of the initial surface o, even allowing exponential growth.

Obviously, from the transformation V = L - (divuf, v}, 0, ¢*)’, we have

4 8
Vi = lp1divu? + Z lkjatuﬁll + 50 + Z lkj9§,5, 1<k<8
Jj=2 j=6
which gives
2
Vi = <% +0(r%)[- O‘g(l + O(r))divu? + 5\/2(1 + OV - du?
+02 [T+ 0 Ve ) a67)
for k = 5,6, and
o= (28 o)1+ Of)dive 7 (14 O() Ve - G
* 2K22 B afr t
£ L1+ 0V’ ¢ (3.68)
(6%
for k =7,8.

Suppose that
[diva®?],, [y, (0%, (6%,

(1.4), then from (3.67),(3.68) we have
+ 5. /= 1+0(r)Ve° - [ulr],

Vol - +(3+ O + 5/ (1 + OV - [g7],, k=5,6 .

T (14 O(r))[diva®?], F §77(1+ O(7))VeL - [u"7],

may not vanish for the initial data given in

[~ (1 + O(7))[divu®?],

2/@7

FE T L+ O[] ST (1 + OV ()5, k=T.8,

222

Substituting (3.69) into (3.63)-(3.66), it follows

O(r)e~ 2OV | =56

dive?]s, = i(a[divuo’p]g VO [ul], + 0(7))- (3.70)
o Jo (35 £5 A0 (2(5:0.2°))+O(7))ds . 7.8

9

O(y7)e z- OV k=56
s, = { Fi(aldivu®?), F VOO - [ul?], +0(7))- (3.71)
_jo(;j;:i A@O(x(s;o,xo))+(’)(7))ds, k=178

o {;m O(y7)e OV k= 5.6

) o ($2 £ AP0 (2(s;0,2°)) +O(7))ds k=178

)

(3.72)

)

(£ /Z 18 + §V8°([%F + Lut], - VBO) + O(y/7))e 3 (+OWD), |k = 5,6
s, = i%((a[dlvu P, F VGO - [ul ]U)vq>0+0(7))- (3.73)
) —fo ;iiio‘A@O(I(S;O,xo))-‘rO(T))ds, k=18
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Altogether the above discussion we conclude

Theorem 3.3: Suppose that the initial data of divuP, O, and ¢P may have jump on
o ={®%(xz) = 0} with |[V®°(x)| = 1, then the propagation of strong singularities of solutions to
the linearized problem (2.11)-(2.14) (fP = g = 0) is described by (3.70)-(3.73). In particular,
we have

(1) The jumps of divuP, 0yuP, 0, qP on X5 and X¢ decay exponentially both when T — 0 for a
fized t > 0 and when t — +o0o for a fired T > 0.

(2) The jumps of divuP, dyuP,qP on 37 (Xg resp.) are propagated, and when t — +oo they
will decay exponentially as soon as % + aAPO (f—fy — aA®O resp.) being positive, more rapidly
for smaller heat conductive coefficient kv, while the jump of the temperature 6 on %7 and g
vanishes of order O(T) when 7 — 0, which shows a smoothing effect in the system (2.11)-(2.13)
when the thermoelastic model with second sound converges to the hyperbolic-parabolic type of

classical thermoelasticity.

4 A semilinear problem

In this section, we shall mainly study the asymptotic behavior of discontinuities in the following

semilinear problem:

uy — a*Au+BV0 = fluy,0) (4.1)
Oy +vydivg+ddivuy, = g(u,0) (4.2)
T +q+kVO = 0 (4.3)
on (0,00) x R3,
u(t =0) =u°, u(t =0) =, 0t =0) = 6°, q(t =0)=¢° (4.4)

with all coefficients being the same as in (2.11)-(2.13), and
rot u =0, rot¢®=0. (4.5)

By comparing the above problem with the problem (2.1)-(2.4), it is easy to see that if we
assume that the nonlinear function f in (2.1) is a conserved field, i.e. there is a scalar function §
such that f = Vg, then from the problems (2.7)(2.8) and (2.9)(2.10), we know that the solenoidal
part (u®,¢®) vanishes when the initial data satisfy rot u® = rot u' = 0. Therefore, we get that
the unknowns (u, 6, q) to the original thermoelastic systems (2.1)-(2.3) of second sound satisfy
the above problem. In the remainder, we shall only focus on the problem (4.1)-(4.5).

Denote by U = (divu, u, 8, q)', and L = (I},...,1§) the matrix composed by the left eigen-
vectors {lj}§:1 given in (3.17)-(3.19). As in §3, we know that V = LU satisfies the problem

(3.29), (3.30):
3

OV + Y (LAR)V + AV = F (4.6)
j=1
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V(it=0)=V":=LU° (4.7)
where E(V) = L- (0, f(V),g(V),0), with

8 8
= FO_rakVir - Y Vi)
k=1 k=1

and ¢g(V') having the same form.
Obviously, the results stated in Lemma 3.1 still hold for the problem (4.6), (4.7). Thus,
Vils, =0for 1 <j <4, 5<k<8 andb<j <8, 1<k<8with j #k, and the jump of Vj,

on X satisfies the transport equation:

3
(00 + D2 (LA Ry, + (Ao)i ) Vs, = [Fils, (48)

Jj=1
where

Zlk]fj +lk5g( )

Suppose that f and g are globally Llpschltz in their arguments. ;From (3.16), (3.19) we

have

|[Frls, |

IN

it {Z?q k)l 10 fillee + |lis] - HalQHLOO} raanrl - [[Velsy
k| {2?21 ’ag)\];@ 0, ®°| (320 \affA’}z 0z; 0| - [|0ufjll oo + 1|Og]l <)

0 1525500, 2% - 0u il + [9agll § 1[Vils,

IN

By using (3.61), (3.62), we have
~ OM|[Vils,l, k=5,6
AWsl < 4 (49)

(3 225,21 10,2705, 27|01 fjll oo + O(T)I[Vi]s, ], k=7,8.

As in (3.50), for any fixed 2° € o, denote by
t — (t,21(t;0,2°), 22(t; 0, 2%), z3(¢; 0,2°))

the characteristic line of the operator 9; + Z?ZI(LAjR)kkaxj passing through (0,z"), and
Vilse) = Vils, (& 21(;0,2°), 22(t; 0, 2°), m3(¢; 0, 2)).

Then, from (4.8) we have

O Vils(e) + (Ao)we(@(t;0,2°)) [Vilsy ) = [Frls o (4.10)

(From (4.10) we immediately obtain

t, 1 . t t, 5 .
Vils,) = Vils, )€™ Jo (Ao)kk (w(s:0,2°))ds +/ [Frls,s)€” Js (Ao)in(@(s1:0.0%))ds1 o (4.11)
0
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(From (4.11) and (4.9), we see that for kK = 5,6, the behavior of [Vi]y, is the same as given
in (3.51).
When k£ = 7,8, from (4.11) and (4.9), we have

t 1 3
[Vilsel < [[Vils, )] exp —/0 (Ao)ir(z(s;0,2°))ds + (5 > 10uf5] oo 1102, 8002, 0 oo + O(7))2
jl=1

(4.12)

and

t t 13
Vilzol = [[Vils, o)l exp <_/o (Ao)kk:(x(S;O,xo))dS) —/0 (5 > 11011l 2o 10z, @00, 0| oo

=1

O Vilss o) e - CAodintatnnadn g (4.13)

By using the estimate (4.12) for [Vi]s, (s) in the second term on the right hand of (4.13), one
gets

|[Vk}2k(t)| > |[Vk]zk(o)’e—.fg(go)kk(z(s;o,zO))dS(Q _ e(% Sim1 ||6lf]'HL00||8qu>08xlq>OHL00+O(7'))t) (4.14)

To obtain the information of U = (divu,us, 6, q)’, we fellow the discussion from (3.53) to
(3.73), and deduce that the jumps of (divu,us,6,q) on 35 and 3¢ have the same behaviour as
in (3.70)-(3.73), and on X, for k = 7,8,

|[divu]s, )| < lafdivu®], F VOO - [ul], + O(7)|

o Bt (2 1y N0 e 02 8004, 2|0 +O(T)F S [§ ARO(0(5:0,2))ds

(4.15)
[divuls, )] > 5= lafdive®], F VO - [ul]y + O(T)]

PGS (A @0aNTOMNds (g _ (3 X511 1000510102, 2°00 20l e + Oy

[z ] < 5IVO° - [u']s F aldivu’]y + O(7)]

o Bt (T 1y N0 o 02 2004, @l o +O(M)F S [§ ARO(w(5:0,2))ds

(4.16)
[t )] = 31V - [u']s F a[divu®], + O(7)]

&~ 3 TS Jo (AR (@(5:0.8)+O(M)ds (g _ o3 3510 10015 ]120< 100, 2000 &)l 1o +O(T))t)

105, 0)] < O(T)e—%t-i-(% Y3 11 100f5 ]l Loc 1100 ; @00z, 20| oo +O(T))tF G [3 AP0 (2(s;0,20))ds (4.17)

,

s, ] < 351(VR0 - [u]s F afdiva®];) VE© + O(7)|

o B (3 D% 101 00 192, 200, B0 | oo +O(r)) TG [ ABO (a(50,2°))ds

(4.18)
s, )] = 251(VEO - [u'], F a[divu?],) VO© + O(7))|

o BT [ (AP 02N O (o _ o3 T ima 101851200 10, 9002 80l oo +O()Ey

Therefore, similar to Theorem 4.1 of [11], we conclude
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Theorem 4.1: For the problem (4.1)-(4.5), in addition to the assumptions of Theorem 3.3,
we also suppose that the nonlinear functions f and g are smooth and globally Lipschitz in their
arguments. Then, we have

(1) The jumps of divu,dyu,0,q on X5 and X¢ decay exponentially both when 7 — 0 for a
fixed t > 0 and when t — +oo for a fired T > 0.

(2) The jumps of divu, Oyu,q on 37 (Xs resp.) are propagated, and when t — +oo they will

decay exponentially as soon as

3
36
o + aADY — > |0, 5| oo || O; 002, DO oo
gl=1
B 0 2 0 0
(E — A" — > " |01f;]| o0 ]| Oy P00, @0 Lo Tesp.)
4,l=1

18 positive, more rapidly for smaller heat conductive coefficient kv, while the jump of the tem-

perature 6 on X7 and Xg vanishes of order O(1) when 7 — 0.

Remark 4.1: It is easy to carry out the above discussion for the case that the nonlinear

functions f and g depending on divu and ¢ as well in the problem (4.1)-(4.5).
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