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Abstract

The main goal of this paper is to prove optimal decay estimates for the dissipative Timoshenko
system in the one-dimensional whole space, and to prove a global existence theorem for semilinear
systems. More precisely, if we restrict the initial data ((9q, W), (@1, ¥,)) € (H*™ (RV) nLLY (RY)) x
(H* (RY) NLY (RN)) with y € [0, 1], then we can derive faster decay estimates than those given in [8].
Then, we use these decay estimates of the linear problem combined with the weighted energy method
introduced by Todorova and Yordanov [35] with the special weight given in [11], to tackle a semilinear
problem.

1 Introduction

In this paper, we are concerned with the one dimensional Timoshenko system in the whole space R. Namely,
we consider

P (t7x)_((px_q/)x(t7x):0) (I,X) €R+XR,
W, (6,%) =@y, (1,5) = (@, — W) (1,x) + 1y, (t,x) = f (¥ (1,%)), (1,x) eRT xR, (1.1)
(@0,0,¥,¥,) (0,x) = (¢g, Py, Yo, ¥1) s x€R,

where ¢ denotes the time variable and x is the space variable, the function ¢ and y are the displacement and
the rotation angle of the beam respectively, a and  are positive constants and f (y (¢,x)) = |y (¢,x)|” with
p>1.

Before stating and proving our results, let us recall some other results related to our work.

A Timoshenko system goes back to Timoshenko [34] in 1921 who proposed a coupled hyperbolic system
which is similar to (1.1), describing the transverse vibration of a beam, but without the presence of any
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damping. More precisely, he introduced the following system

{ PP, = (K(@,—¥))x, in (0,L) x (0, +o0)
Iy, = (Ely, )+ K(¢,—v)), in(0,L)x (0,+0c),

where ¢ denotes the time variable, x is the space coordinate along the beam of length L, in its equilibrium
configuration. The function ¢ = ¢(z,x) is the transverse displacement of the beam from an equilibrium
state and ¥ = y(¢,x) is the rotation angle of the filament of the beam. The coefficients p,/,,E,l and K are
respectively the density (the mass per unit length), the polar moment of inertia of a cross section, Young’s
modulus of elasticity, the moment of inertia of a cross section, and the shear modulus. For a physical
derivation of Timoshenko’s system, we refer the reader to [5].

System (1.2), together with boundary conditions of the form

Ellllx |x 0_ ( )‘x O_

is conservative, and so the total energy of the beam remains constant along the time.

The subject of stability of Timoshenko-type systems has received a lot of attention in the last years, and
quite a number of results concerning uniform and asymptotic decay of energy have been established.

An important issue of research is to look for a minimum dissipation by which solutions of system (1.2)
decay uniformly to zero as time goes to infinity. In this regard, several types of dissipative mechanisms
have been introduced, such as dissipative mechanism of frictional type, of viscoelastic type and thermal
dissipation.

System (1.2) together with two boundary controls of the form

(1.2)

Ky(L,t)— Ko, (L,t)=oa,(L,t), Vt>0,

(1.3)
EIWX(L7t) = _ﬁWt(L7t)7 vt > 0)

has been considered in [14]. The authors used the multiplier techniques to establish an exponential decay
result for the total energy of (1.2)-(1.3). They also provided numerical estimates to the eigenvalues of the
operator associated with system (1.2)-(1.3).

Subsequently, extensive attention was paid to the problem of obtaining an explicit decay rate of system
(1.2).

Soufyane and Wehbe [33] showed that it is possible to stabilize uniformly (1.2) by using a unique locally
distributed feedback of the form b(x)y, in the left hand side of the second equation in (1.2), where b is a
positive and continuous function, which satisfies

b(x) >by>0, Vx € [ap,ai] C[0,L]

and proved that the uniform stability holds if and only if the wave speeds are equal, that i 1s 2 E’ I, Other-
wise only the asymptotic stability has been proved.

Muiioz Rivera and Racke [26] obtained a similar result in a work where the damping function b = b(x) is
allowed to change its sign. Also, Mufioz Rivera and Racke [25] treated a nonlinear Timoshenko-type system

of the form
{ P19, — Gl((an V’)x = 07

P2V — X (W, )x+02(0,, W) +dy, =0

I'This condition is significant only from the mathematical point of view since in practice the velocities of waves propagations
are always different, see [15].



in a bounded interval. The dissipation is produced here through the frictional damping dy,, d > 0 which
is only present in the equation for the rotation angle. The authors gave an alternative proof for a necessary
and sufficient condition for exponential stability in the linear case and then proved a polynomial stability in
general. Moreover, they investigated the global existence of small smooth solutions and exponential stability
in the nonlinear case.

Ammar-Khodja et al. [2] considered a linear Timoshenko-type system with memory of the form

pl(Ptt_K((Px—i_W)x:O?

! (1.4)
PV~ bVt [ 81— 5)Y(s)ds+K(g, ) =0
in (0,L) x (0,4o0), together with homogeneous boundary conditions. They used the multiplier techniques
and proved that the system (1.4) is uniformly stable if and only if the wave speeds are equal

K b

- _ 7 (1.5)
P P2

and g decays uniformly. Precisely, they proved an exponential decay if g decays in an exponential rate and
polynomially if g decays in a polynomial rate. They also required some extra technical conditions on both g’
and g” to obtain their result. Guesmia and Messaoudi [6] proved the same result without imposing the extra
technical conditions of [2]. Recently, Messaoudi and Mustafa [17] improved the results of [2] by allowing
more general decaying relaxation functions and showed that the decay rate of the solution energy is exactly
the rate of decay of the relaxation function. Alabau-Boussouira [1] considered the following system

{ P19y —K(@,+ ). =0, in (0,L) x (0, 4o0),
PoW, — by, +K(¢,+v)+a(y,) =0, in(0,L)x (0,+e),

(1.6)

associated with two different types of boundary conditions. Under no growth assumption on the nonlinear
function o near the origin, the author established a semi-explicit formula for the decay of the energy in the
case of equal wave speeds. In the case of different wave speeds, a polynomial decay has been established
for both linear and nonlinear globally Lipschitz feedbacks. System (1.6), with a(¢)g(y,) instead of a(y,),
has been considered by Messaoudi and Mustafa [18]. An explicit formula for the decay rate, depending on
a and g, has been given under no growth condition on g at the origin. Also, Muiioz Rivera and Fernandez
Sare [27], considered Timoshenko type system with past history acting only in one equation. More precisely
they looked at the following problem:

P19, —K(@,+ ), =0,
oo (1.7)
PoVy — by, + /0 g (t—s,.)ds+K(p,+y) =0,

together with homogenous boundary conditions, and showed that the dissipation given by the history term
is strong enough to stabilize the system exponentially if and only if the wave speeds are equal. They also
proved that the solution decays polynomially for the case of different wave speeds. This work has been
improved recently by Messaoudi and Said-Houari [22], where the authors considered system (1.7) for g de-
caying polynomially, and proved polynomial stability results for the equal and nonequal wave-speed propa-
gation under some conditions on the relaxation function weaker than those in [27].



Very recently, Said-Houari and Laskri [29] have considered the following Timoshenko system with a delay
term in the feedback

{ P19y ()C,t) _K((px+ll,)x(x7t) :Ov
P2V, (x,8) = by, (x,t) + K (@, + W) (x,1) + 1 ¥, (x,1) + Loy, (x,t — T) = 0.

Under the assumption tt; > W, on the weights of the two feedbacks, they proved the well-posedness of the
system. They also established for 1, > u, an exponential decay result for the case of equal-speed wave
propagation.

For similar problems dealing with the stability theory of the Timoshenko systems with thermal dissipation,
we refer to [19, 20, 21, 24, 30].

All the above papers treated the Timoshenko systems in a bounded domain in which the Poincaré inequal-
ity and the type of the boundary conditions play a decisive role. But in the whole space R there are almost
no results, to our knowledge, except the two papers of Kawashima and his collaborators in [8] and [9].

In [8], Ide, Haramoto and Kawashima investigated problem (1.1) with f = 0 and proved that if a = 1, then
the solution of (1.1) decays like:

(1.8)

105U (1)]|, < € (1+1) 421Ul + Ce™" || 0%Uo (1.9)

[

where U = (@, — v, 0,,ay,, l//t)T. While if a # 1, then system (1.1) is of regularity-loss type and the
solutions decay as:

105U (1) ||, < € (1+1) 20|y +C (1 +0) 72|91y (1.10)

where the parameters k and / in (1.9) and (1.10) are non-negative integers, and C and c are positive constants.
The work in [8] was followed by [9] where Ide and Kawashima generalized the above decay results to a
nonlinear version of the form

Py (t7x)_((px_llj)x(t7x):07 (tax) €R+XR7
Yy (t7x)_6(lljx)x(t7x)_((px_w> (trx)—i_“l//t (trx) :Oa (trx) €R+XR7 (111)
(QD,(Pt,l[/, Wz) (Oax):(‘POv(Pn‘l’o?‘l’l)? x €R,

where o(n) is a smooth function of 1 such that o(n) > 0. In fact, they showed the existence of global
solutions and the asymptotic decay of these solutions under the smallness condition on the initial data in
H*N L' with suitably large s. In both papers [8] and [9] the authors have found the diffusion phenomenon
of systems (1.10) and (1.11). In other words, they showed that the solutions approach the diffusion wave
expressed in terms of the superposition of the heat kernels as time tends to infinity.

The purpose of this paper is twofold:

e First, we extend the decay results obtained in [8]. In fact, by restricting ourselves to initial data
Up € H* (R)NLY7Y (R) with a suitably large s and y € [0, 1], then we can derive faster decay estimates
than those given in [8]. Indeed, by transforming our problem in the Fourier space, using the pointwise
estimates derived in [8] and adapting the devise introduced by Ikehata in [10], to treat the Fourier
transform in the low frequency region, we succeed to improve the decay rate given in [8] by 1772, Ye
[0, 1] especially in the case of equal wave speeds, i.e. a = 1. Also, for a # 1, a refinement of the decay
estimates is given which improves the decay rate in [8, Theorem 5.1, Corollary 5.1]. (See Theorem
4.2 below). Moreover, we give a more general proof for the large time approximation given in [8,
Theorem 5.2].



e Second, we analyze the asymptotic behavior of the semilinear problem (1.1) with the power type
nonlinearity |u|? satisfying
p>12. (1.12)

Here, we use the decay estimates obtained for the linear problem combined with the weighted energy
method introduced by Todorova and Yordanov [35] with the special weight given in [11] to obtain
the small data global existence and some optimal decay estimates for the semilinear problem. A
restriction like (1.12) seems to be justified since the damping is acting only on the second equation of
(1.1); see Remark 6.5 for more details. We recall that our result has been proved without assuming
the compactness assumption of the support on the initial data.

The rest of the paper is organized as follows. In section 2 we introduce some notations and some useful
tools that we will use throughout this paper. Section 3 is devoted to the analysis of the asymptotic behavior
of the linear hyperbolic system (3.1), the main result of this section is Theorem 3.1, in which we have proved
better decay estimates than those given in [8]. Since in the case where a # 1 and as it was shown in [8] our
system (3.1) is of regularity loss type. Therefore, the goal of section 4, is to give a refinement of the decay
estimates in the case a 7 1. Still our estimate in this section better than those proved in [8]. In section 5, we
prove the asymptotic profile of the solution of our problem (3.1) as ¢ tends to infinity. In fact we show that
the solution of system (3.1) behaves asymptotically like the one of the parabolic system (5.1). Our proof is
more general than the one given [8] and [9], including all the values of y € [0, 1]. We also extend the result
obtained by Ikehata [10] for the hyperbolic wave equation to some parabolic systems (Lemma 5.1), to our
knowledge this result is new. In section 6 we investigate the semilinear problem (6.1). More precisely, in
subsection 6.1, by combining the semigroup approach with the fixed point theorem and using some weighted
estimates, we show that our system is well-posed. Furthermore in subsection 6.2 we investigate the global
existence and the asymptotic behavior of the semilinear problem (6.1). Our result is carried out by making
use of our estimates for the linear problem in section 3 and the Todorova-Yordanov weighted energy method
with the a special weight. The result of this subsection (Theorem 6.4) shows that for small initial data, the
solution of the semilinear problem decays with the same rate as the one of the linear problem. As far as we
know, this is the first result dealing with this type of nonlinearity in the Timoshenko systems. Finally, in
section 7, we conclude by making some comments.

2 Preliminaries

In this section, we introduce some notations and some technical lemmas to be used throughout this paper.

Throughout this paper, ||.||, and ||.||; stand for the L4(R)-norm (1 < g < ) and the H'(IR)-norm and
some times for L(R*)-norm and the H'(R")-norm, respectively. Also, for y € [0,+), we define the
weighted function space L"Y(R) as follows: u € L'"7(R)iffu € L' (R) and

[

L= [+ Dl < o

Similarly, we can define the space L'"7(R*).
Let us also denote by f = .% (f) the Fourier transform of f with inverse .7 !

FE =7 (@)= [ e

Next, we introduce the following interpolation inequality which will be used in this paper.



Lemma 2.1 ([23]) Let N > 1. Let 1 < p, q,r < oo, and let k be a positive integer. Then for any integer j
with 0 < j <k, we have

HG‘XJMHLP <—CHC‘,§MHZ¢1HMHL_G 2.1
Where 1 1 k 1
J
p N (q N) (1 a)r

for a satisfying j/k < a <1 and C is a positive constant; there are the following exceptional cases:

1. If j =0, gk < N and r = o, then we made the additional assumption that either u(x) — 0 as |x| — oo
orue LY for some 0 < g’ < oo.

2. If 1 <r<ooandk— j— N/r is nonnegative integer, then (2.1) holds only for j/k < a < 1.
Furthermore, we introduce the following lemma, which can be found, for example in [16, 31].

Lemma 2.2 Let a > 0 and b > 0 be constants. If max(a,b) > 1, then

t .
/0(1+t—s)*“(1+s)*bdsgc(1+r)*mm<“’b>. 2.2)
If max (a,b) = 1, then
t .
/(l—i—t—s)_”(l+s)_bds§C(1—i—t)_mm(a"h)ln(2+t). (2.3)
0
Ifmax (a,b) < 1, then
t
/0(1+t—s)*“(1+s)*bdsgc(1+z)1*“*b. 2.4)

3 Decay estimates

Our goal now is to write system (1.1) as a first-order system of the form

U, + AU, +LU =0,
3.1
U (X,O) = U,

where A is a real symmetric matrix and L is non-negative definite matrix. To this end, we introduce the
following variables:

V=0, VY, u=0@,z=ay,y=y,.

Consequently, system (1.1) can be rewritten as the following first-order hyperbolic system (see [8])

0 0 00

N8 o<

3.2)

S Q O

y

and Uy = (vo,uo, 20, yo)T. It is clear that A is real symmetric and since UT LU = py?> > 0 for all non-zero
vector U, then L is positive definite, but it is not real symmetric.

System (3.1) can be seen as a particular case of a general hyperbolic system of balance laws. We point out
that Shizuta and Kawashima [32] have introduced the so-called algebraic condition (SK), namely



(SK) Ker(L) N{eigenvectors ofA} = {0},

which is satisfied in many examples and sufficient to establish a general result of global existence for
small perturbations of constant-equilibrium state. Our system (3.1) satisfies the condition (SK), but the
general theory on the dissipative structure established in [32] is not applicable since the matrix L is not real
symmetric. Consequently, to treat the global existence and asymptotic stability of (3.1), new ideas have to
be implemented. See [9] for more details.

Recently, Beauchard and Zuazua [3] have showed that the condition (SK) is equivalent to the classical
Kalman rank condition in control theory for the pair (A,L).

The the semigroup e'® associated with system (3.1) can be represented as

(¢®w) (1) = F ! (¥ (&) (v)

where

A

& (i&) = —(IEA+L) (3.3)

and ¢'®() satisfies U(,1) = ¢'®) 0, and U (£, 1) is the solution of the problem

U, +iEAU+LU =0,

. N 3.4)
U (g ) 0) = Up.

Of course, problem (3.4) is obtained by taking the Fourier transform of (3.1).
Our first main result reads as follows:

Theorem 3.1 Let y € [0, 1], and let &'® be the semigroup associated with the system (3.1). Then, if w is an
odd function, we have the following sharp decay estimates:

o When a =1, we have
[0 ®wl|, < C(141)" V422 ||y +Ce ||okw]|, (3.5)
e When a # 1, we have
[0 Pw]|, < C(1+1) V22 |y C (14072 |9k, (3.6)
where k and | are non-negative integers, and C and c are two positive constants.

In order to proof Theorem 3.1, we recall the following result from [8]. The proof of the following lemma
is carried out by using the energy method in the Fourier space.

Lemma 3.2 Ler & (i&) be the matrix defined in (3.3). Then the corresponding matrix £i(id) satisfies the
following estimates for any t > 0 and & € R:

o When a =1, we have

o 3E) ‘ < CeP1(8) (3.7)

o When a # 1, we have

et@(ié‘)‘ < CeP2(E)t (3.8)



2
where p, (&) = &%/ (1 + <§2> P, (E)=E%/ (1 —l—§2) , and C and c are positive constants.

Proof of Theorem 3.1. The prove of the above Theorem is reduced through the Fourier transform to the
analysis of the behavior of the spectral parameter & near the origin & = 0. That is to say, in order to get a
better decay estimates, we have to improve the decay estimate of the low frequency part.

First, let us assume that a = 1. It is clear that Plancherel’s theorem leads to

1
9kt 2:7/ 2%
Jate™w]i = o [ e
and therefore, exploiting (3.7), to obtain
c / EP* e @ [ (£)[dg
- G PO @ agC [ 18P e P e ag

\5\<1
= L+5h. 3.9

(&) ag

2
lo5e S wll;

IA

From [8], for the high frequency part, we have
L < Ce || akwl[3. (3.10)
For the low frequency part, we have the following estimate:

Lemma 3.3 Let us suppose that y € [0,1]. If w is an odd function with respect to x = 0, then the following
estimate holds
h<C+0"" D it - (3.11)

Proof. From (3.9) we have

L=C [E P e P& [ (&)]7 aE.

|€]<1

Since w is an odd function, then we get

F(w(E)) = —2i /0 " () sin(xE ) dE

Consequently, it’s clear that

o) <2 | () sin(x& )dx. (3.12)

Since p, (&) > c|€|?, for || < 1, then the above inequality takes the form
€
nlo< o f JePte R E ) ag
0 2
= [ 1gPte | F (w(E) P

s [P F (e Pag 613
= C(L- +Il+) .



We will estimate 1+, the same arguments work for /-, we omit the details. Indeed

e = [ 167 e PP (@) P,

The inequality (3.12) implies

1 oo 2
I <4 / & PP ( / w()|| sin(x§)|> dx. (3.14)
0 0
Let us fix € > 0, then for each £ > 0, we obtain

ool _ [sin(xE)|
[ weolsinear = [ ) St

&7 [ (107wl My

< Myéy/:(l—l—x)ylw(xﬂdx (3.15)

dx

IN

where

is a constant independent of €. It’s Clear that My < +oo since y € [0, 1].
Once (3.15) holds for any € > 0, then letting € tends to 0, therefore (3.15) implies

| wolIsinGs) < My

Consequently, for any € > 0 (3.14) gives

/81 ’azkefct\é\z (/OOO‘W(X)HSin(xg)])de

1 2
< MR, [ 16Pte e ag. (316
€
Similarly, letting € — 0 once again, we conclude
2 ! 2k42y —ct|E|?
he <Myl [ 6P e ¥ ag,
By exploiting the following inequality
1
/0 Eloe ¥ g < c(1+1)~ (D2 (3.17)

then, we deduce 1
/ |§|2k+2ye—ct|5|2d€ SC(I—FI)_(IH—Y)_]/Z-
0

Consequently, we have
I < Cy(140)"E 712 w7,

9



By carrying the same calculations of /;-, then our desired result holds. This completes the proof of Lemma
33.0

Now, going back to the proof of Theorem 3.1, and from the estimates (3.10) and (3.11), the desired
estimate (3.5) holds.
Now, let us assume that a # 1. Using (3.8) we have exactly as above

ok wlly < c [ 1EP*eeP e (&) g
R
= C [ |EFe P CrmE)Pat+c | (g e (E)PdE (3.18)
(45! |EI>1
= Ji+J/o.

Since p, (&) > c§2, then the low frequency part J; can be estimated as I, so we find
N+ D w2 0 (3.19)

Concerning the term J;, and since for a # 1, the dissipative structure of system (1.1) is too weak to produce
and exponential decay for J,. Thus, we have (see [8])

B <C+0)7" ok w3 (3.20)
Finally, the estimate (3.6) is a direct consequence of the inequalities (3.18), (3.19) and (3.20).

Remark 3.4 In Theorem 3.1, the condition on the function w to be an odd function is not restrictive, and
is imposed for the sake of brevity. In fact our results hold under the condition [pw(x)dx = 0, (see Theorem
4.2) or without this condition. See Remark 4.8 for more details.

4 Refinement of the decay estimates

In this section, we will give a refinement of our decay estimates (3.5) and (3.6). To this end, we recall first
from [8] the asymptotic expressions of e/®(%) for & — 0 and |£| — ee.

By using Sylvester’s formula (see [7]), the matrix exponential ¢'®(i¢) can be represented in the following
form

2 . 4 .
¢ ®UE) = Y AP (i), (4.1)
j=1

where A;(i€), j = 1,..,4 are the four eigenvalues of the matrix & (i§) = — (iéA+L) and the matrices

i
P;(i€), j=1,..,4 are the corresponding Frobenius covariants of @ (i€) defined by

L (D) A, (E))
Pj(lé)—]l:[l Ai(i&)—2;(i&)
i#j

(4.2)

The matrix
& (&) =—-L—iEA

10



looks like the matrix —L subjected to a small perturbation. So, —L is the unperturbed matrix and iA the

perturbation. According to the perturbation theory (see [13]), in the neighborhood of £ = 0, the eigenvalues
of the matrix ® (i€) can be expressed as power series in i&, that is

() = LA ) ana py i) = )

Let us assume that a # 1, g # 2a and p # 2. We introduce now two semigroups e’
mations of the semigroup ¢'® in the low and high frequency regions, respectively:

9% and ¢'¥= as approxi-
(P%w) (@) = F7 (P (E)) ()

4.3)
(e’\P”w) (x) = 7! (et\il“("g)vf/(é)> (x) 4.4)
where
2 0 IJ« —dad 2 . 2 0 /. oo
D—gwm—(a 0), W i6) = L A7 ()17, 4.5)
j= Jj=
where
1 o e
K;j = E(nu“:l:ﬁ)7 ﬁ: “2_4027.]:172a
A5 (ig) ilgiz(lé) +ou(ig) ", —m,J—LQ
and for j = 1,2, the matrices H(J)- and I17 are defined as follows (see [8] for more details)
m - 1/ x -—a , H(l):l -k, a
[3 a —Kp ﬁ —a Kj
- 1/1 1 w 1 1 -1
th _2<11)’ H2_2<1 1>
Let %, and %.. be the matrices
0100 1 00O
‘%_<0010>’ '@“_<0100> (46)
Now, by using the material above, we define the following operators:
S() (t) = %getDai@o,
4.7)
S (t) = ZL Y= R.s.

The when & — 0 and |£| — oo, the matrix exponential ¢'®(i) can be represented as follows

et‘b(ié) — SO (lé ,f) +R0 (l§7t) )
A A (4.8)
') =8, (i€ 1) + Re. (i€ 1),

respectively. In (4.8) Ry (i€, 1) and R.. (i€ ,¢) are the remainder terms when & — 0 and || — oo respectively.
According to [8] these terms can be estimated as follows:

11



Lemma 4.1 ([8]) Let a # 1 and let 1L # 2a, 2, then we get:
e There is a small positive constant rq such that for || < ry, we have
Ry (i&,1)| < C|E|eE "+ Ce . 4.9)
e There is a large positive constant Ky such that for |E| > Ky, we have
R (iE,1)| < CJE[ e 4 ceme, (4.10)
where C and c are positive constants.

Now, instead of Theorem 5.1 in [8], we have the following extended estimates:

Theorem 4.2 Let a # 1 and let 1 # 2a,2. Let e'® be the semigroup associated with (3.1), and let Sy and Se.
be the operators defined above. Assume further that [ w(x)dx = 0. Then we have the following estimates:

195 (¢ = So (1)) wll,

4.11)
< CU+) TR g+ C (1407w
105 (¢ = 8w (1)) w
(4.12)
<C(1+0) R iy (140) 72 0w,
and
9% (& — o (6) — 5 1)) w],
(4.13)
<C(1+1) ARyl C (1) 2|9k,
Moreover, for w = (0,0,0,wa) such that [ w(x)dx =0, we have
[0 ®w]|, < C(141) 22 |y C (14072 |9k 1w, (4.14)

where k,1 > O withk+1>1in(4.12), (4.13) and (4.14), and C is a positive constant.

Remark 4.3 The estimates in Theorem 3.1 and Theorem 4.2 show that by taking the initial data w in
L"Y(R), then the decay rates given in [8] can be improved by t /> y € [0,1].

Proof of Theorem 4.2. Let us first prove the estimate (4.11). By exploiting the Plancherel theorem, we
have

[ (¢® o) wll, = 5 [ 16| (26 -8 i8)) w (&) .

Let rg be as in Lemma 4.1. Following the same strategy as in the proof of Theorem 3.1, we divide the above
integral in two parts: the low frequency part (|| < r() and the high frequency part (|| > r(). Indeed

ot =soo)uly < < [ 1P| (¢E =500 wie)
e 5%’5Zk’<e@(ié)_§0("5))w(5)‘2d§
= S+

12



As, we have said before, in order to get better decay estimate, we have to improve the decay rate of the low
frequency part J;. In order to do this let us first prove the following crucial Lemma. A similar one was
shown in [10] for the linear wave equation.

Lemma 4.4 Let us suppose that y € [0,1]. Assume that [ w(x)dx =0, then the following estimate holds
D<) D w2 0 (4.15)
Proof. From (4.8), J; takes the form

n=c| 1EF|RoGE, ) 1w (E)PdE. (4.16)

[&1<ro

Our goal now is to estimate w = .#w in the above formula. From [10], we have the following estimate:
Lemma 4.5 Let us suppose that y € [0,1]. Assume that [ w(x)dx =0, then we have

|7 (w(E)) < CylEI" Wl
with some constant Cy > 0, which depends only on .

With the result of Lemma 4.5, formula (4.16) takes the form

Ao 2
H= Wl [, 1EPC R 80 de

1E1<ro

where C is a positive constant, which will may vary from line to another.
Next, inequality (4.9) in Lemma 4.1 gives

B <l |

1E<ro

ERR 042 (e coer) dE. @.17)

The last inequality (4.17) together with (3.17) imply

_3_

N4 7 D wid g (4.18)
The estimate of J, can be proved by the same method as in the paper [8]. Thus, we have
L< 4077k w, . (4.19)

Consequently, the estimate (4.11) follows immediately from (4.18) and (4.19).
Our goal now is to prove the estimate (4.13). By the same procedure as in [8], we can write

¢ 08 = 8o (i€, 1) + 8w (i 1) + R (iE 1) (4.20)
where the remainder part R (i€, 1) satisfies the following estimates.
Lemma 4.6 (/S8, Lemma 4.3]) Under the same condition of Lemma 4.1, we have

ClEle S +Ce e for [E] < ro,
R(ig )| < Cee forro < |&| < Ko,

ClE| e lEl 1 Cet for |E] > Ko,

where C and c are positive constants.
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Consequently, from (4.20) and Plancherel theorem, we may write
Haf (¢ —So(t) S (z)) W,
e [IEPH] (¢ — S0 8, 8 i8.0) ) W (&) a8
zi/ EPRGE O 1w (E) P ag

:21”{/ +/ +/ }::K1+K2+K3.
IEl<ro Jro<|E|<Ko  JIE|>Ko

By using Lemma 4.4, we can estimate the term K in the same way as J;. So we have
K §C(1—|—t) ) HW”L17 (R)"
The other two terms K, and K3 satisfy the same estimates as in [8]. Namely,
Ky < Ce ||, ®R)

and )
K3 <C(1+0)7" ok wl,

where k+ [ > 1. Finally, our result (4.13) holds by inserting (4.22)-(4.24) into (4.21).

To prove (4.14), it’s suffices to see that from (4.7), we deduce that for w = (0,0,0,ws), So

0, consequently, the estimate (4.13) implies (4.14).

Remark 4.7 (The particular case y=1)

(4.21)

(4.22)

(4.23)

4.24)

(H)w=S8-(t)w=

In the particular case Y= 1, the proof of the better decay estimates in Theorem 4.2 as well in Theorem 3.1

are carried out simply as follows:

Let us prove (3.5) for example. Indeed, for the high frequency part, the same estimate (3.10) holds. For

the low frequency part, we have from (3.9)

L=C E[* e~ P& |y (&) dE
|§1<1

and since p, (&) > c|&|?, for || < 1, we obtain

CctlE2 A
ih|<C £ e I1E (&) 2aE.
|§1<1

It is clear that [y w(x)dx = 0 implies w(0) = 0. Therefore, by using the mean value theorem, we get

Ll < Cf el &) —w(0)Pag

1€1<1
/|€ |€ |2k+2€761‘é‘2d§
<1

< C||w||LH y(141)” 32k

<

which is exactly the estimate (3.11) for y= 1.
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Remark 4.8 The assumption

/ w(x)dx=0 (4.25)
R

in Theorem 4.2 is only a technical condition in order to make our proof simple. If (4.25) does’nt hold, the
estimates (4.11)-(4.13) in Theorem 4.2 take the following form, respectively:

|0k (e'® =Sy (1)) wll, <c(1 1) AR Wiy
(14 1) A2 (/w<x>dX> +C(1+1) 2 9k
R

|05 (€'® — S (1)) W), < C(142)"V/AH212 |y

l7y

27

+C(1+t)_1/4_k/2 (/Rw(x)dx> +C(1 +t)_l/2 H&f“‘lw‘

and
% (¢ =S (1) = S (1)) wll, < C(U-0) 44202

HC(141) 242 (/Rw(x)dx> +C(1+0) 2 ]Joktw .

Of course, in this case a slight modification in the proof is needed.

S Large time approximation

The purpose of this section is to show that the asymptotic profile of the solution U = (v, u,z, y)T of problem
(3.1)is given by U = Z} W (t,x) in the sense that the estimate

H&f (U_U)HB(R):0<f3/47k/2), ast — oo

holds for suitably small smooth initial data Uy, where W = (u,z)” is the solution of the corresponding
parabolic system (5.2) and %, is the matrix defined in (4.6). This result indicates that problem (3.1) has an
asymptotically parabolic structure.

Let us consider the problem

U = Uiy — AZyy, (t,x) ERT xR
2 = Allyy, (t,x) e RT xR (5.1)
M(va) ZMO(x)v Z(Oax) =20 (x)a xeR.

System (5.1) can be rewritten in vector notation as

W, = DWx)m
5.2)
w (O,X) = WO (X)
where D is the matrix defined in (4.5). Each solution of the Cauchy problem (5.2) can be written as
W (1,x) = (e’Da’CZW()) (x) = G (1,x) * Wy (x) (5.3)

15



with the heat kernel

where

Now, we are going to prove the decay rate of the L” —norms of (5.3). The following result extends the well
know decay estimate written in [8, lemma 5.1]

Lemma 5.1 Let y € [0,1] and let Wy € LYY (R) N H'(R) with | > 1. Then for any 1 < p < oo, we have

HafefD'?szOH chk;yHWoH]erC‘/ Wo (X)dx|t=% 5, k=0,1,2,..,1—1 (5.4)
P ’ R

where oo = 1/2(1—1/p).
Proof. Let us prove (5.4) for the L= and L? norms. By using the Fourier transform, we have by using (5.3)
W (t,E) = e P (&),

Consequently, we have

W, = aerw],, . <clieterEm|,

c [ 1gf s
R

where we have used the relation (4.5). Our goal now is to estimate ‘VAVO ‘ Indeed, we have (see [10])

IN

Wo (8)|dé (5.5)

Wo(8)] = ‘/Re_ixéwo(x)dx

< /R|cos(x§)1|\Wo(x)de/R\sm(xgn\Wo(x)ydx+‘/RWO(x)dx

Since 0 o)
—CO0S
Kfy = Sup97é0 4|9‘y < +°°7

My, = SUpgo % < Ho0

for 0 <y < 1. Then we deduce

W6 €)] < Gy IEP Mol o+ | | W 66)
with C, = Ky, + M,. Consequently, inserting (5.6) in (5.5) yields
dw||l < g eiig d ket 5
Wi SClWollyy [ IS e dE+C | | Wo (x)dx| | [E]7 e "dS. (5.7)
LY(R) IR R R
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By using the inequality

o 1 1
IAl@ < M lew, —+-=1,  1<q<2
P q
we have -
k k
(26 = [

and therefore, this last inequality together with the estimate (5.7) imply

t\)\k-

o8 ey < € il | [ o,

which is equivalent to (5.4), for p = oo,

By the same method, and Plancherel theorem, we can easily show the L? decay estimate. Once (5.4) is true
for p =2 and p = oo, then (5.4) for 2 < p < o follows from the interpolation inequality (2.1) by choosing

j=k,gq=2and r = oo,

Now, to complete the proof of (5.4) for 1 < p < 2, we have only to prove (5.4) for p = 1, then the

interpolation inequality fills the gap for 1 < p < 2.
Let us first prove the estimate (5.4) for k = 0. Indeed, (5.3), can be written as

/ Z -y —(x— y) /4KJIH0W ( )d
j=1V jt

Then (5.8) easily takes the form

Witx) = S o4 110 () dy

/ZW

e X 2 4K t

4 / y)d
L om0
— wl(t,x)+Wz(t,x)-
It is clear that
/|W2 (t0)|dx < P2 SR | W (y)ldySC’/Wo (x) dx
A R
On the other hand,
Wi (t,x)] < C/ ‘ (=) /4Kt _ o= /455t 1w ()| d
Wi (t,x)] < Z\/W oLl
Y
= C/ ‘ )C ) /4K] —x2/47(/'f
L e
1-y
" ‘ef(x—y) JAkit o= [R5 1w (v) ) dy
< C /1/ 22: y(x_ey)e"x‘ey‘2/4"~"’ YIWo(y)Idyde
LN ¥ =] \/‘T’W 21K,

y(x—0y) ol Oy faxt

2,/Kjl

IN

Cy//z K‘th 47Kt
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(5.8)

(5.9

(5.10)



(x—8y)

N and since [ |z\ye*|z|zydz is bounded, then (5.10) implies

By putting z =

W)l < e [yl W) dy

2 Woll - (5.11)

IN

Therefore, (5.9) together with (5.11) imply the inequality (5.4) for p = 1 and k = 0. It is sufficient to use the
induction on k to obtain higher order estimates for W) and W,. (This higher order estimates of W, are sharp
for k even). In order to let the reader understand the core of the argument, we prove here the estimate of W;
(the most difficult term) for k = 1. For simplicity, let us take x; = 1, j = 1,2, and take j = 1, then we have

1

oW =
S vVant JR

2 (x—y) —(x=y)?j4 | X )4 0
- — II
( P 50 Wo (v)d:
this implies that

1—
2 (x—y) e—(x—y)2/4t o ie—x2/4t 4
4¢ 2t

C
awi| < 7/
|0 W1 | i b

(=) eyt _ X

Y
Wo ()| dy. 5.12
> > [Wo (v)|dy (5.12)

However, for the first line in (5.12), setting first z = |x —y| / (2/7) for the first term and z = |x| / (2v/7) for
the second term and since the function ze % is a bounded function in z > 0, then using the fact that

‘%eﬁz/ ul < e
we get
2l (x—y) —(x—y)2a X2 Y
oW | < N A e —5,¢ [Wo (v)|dy

cir-1)/2 Ld ((x=0Y) gy !

R PR W
C[(V*I)/z 1 =Y _(x—6y)> x—0y 2 —(x—0y)? !

_ ¢tR02ﬁ<6wW+<#ﬂe<GWWw|mwww

. — . 2 2
Now, putting z = (XZ\%V) , and since [p e 17 dz and Jr |z|27/e*|z| "dz are bounded, then we get

Cr(r=1/24v/2 —y y
/|8le|dx < /(1+y) [Wo ()| dy
R Vi R

A

A
Q
\

Thus (5.4) is fulfilled for k = 1; the rest follows inductively.

Remark 5.2 If y=1and [ Wy (x)dx =0, then our estimate (5.4) will be the same as the estimate (5.14) in
[8]. So, once again our Lemma 5.1 extends the early LP — L1 decay estimates for the heat equation.
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Now, as in [8], we define the linear diffusion wave U (z,x) by
U(t,x) = BE G (x,t +1) My, Moz/%’oUo(x) (5.13)
R
Now, instead of Theorem 5.1 in [8], we have the following result.

Theorem 5.3 Leta # 1, i # 2a,2 and let y € [0, 1]. Suppose that the initial data Uy € H* (R) NL"Y (R) for
s > 2. Then we have
105 (U (1) =T (1)) ||, < Cly (1 +1) /2502

for 0 < k < [s/2] — 1, where U (t,x) is the solution of (3.1), U (t,x) is defined in (5.13), C is a positive
constant and Iy = ||Uo|| s gy + [|U0| 11.7()-

Theorem 5.3 can be proved by the same method as in [8], we have only to use our estimates in Theorem
4.2 and Lemma 5.1 instead of the estimates used in [8]. We omit the details.

6 The semilinear problem

In this section, we consider the problem

Py (tvx)_((px_l//)x(tvx):() (t7x) €R+XR7
Vi (tvx)_azq/xx(t7x)_(¢x_ll/) (t,x)—i—ul//t(t,x):]l//(t,xﬂp (t?x) ER+XR (6'1)
(0,0, v, ¥,)(0,x) = (90,01, Vo, V1) xeR

where p > 1. We will use Duhamel’s principle to express the solution to the nonlinear problem (6.1) with
the help of solution to the linear problem (1.1). The basic idea in our proof is based on the weighted energy
estimate used in [35] and [11]. In order to use the better decay estimates of the above sections, let us take
Y =1, and for simplicity, we take u = 1.

As in section 3 for the linear problem, problem (6.1) can be rewritten as

(6.2)

U +AU+LU =G (U),
U(O,x) = U(),

where A, L, U are defined by (3.2), and G (U) (¢,-) = (0,0,0, |y, + fo Us(s, -)ds’p)T.

6.1 The well-posedness

In this subsection, we state and prove the local well-posedness result of problem (6.2).
Theorem 6.1 Let (¢, ¢, Wy, ¥, ) satisfy Uy € H'(R), y, € L*(R), and
= [ @IUlla + €y a < oo,

then there exists a maximal existence time T,, = T,,(J) > O such that problem (6.2) has a unique solution
U eC([0,T,,),H" (R)) satisfying

sup { 900U (1,.) 2+ ey (1, |2 < 4o, (63)
[0.,7]
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forany T < T,. Ifin particular T,,, < +oo, then the following holds:
lim sup{||e¢(t")U (&) [+ 1w, ||2} = oo, (6.4)
t—1y

Our goal in the next steps, is to prove Theorem 6.1. In order to do so, we use the contraction mapping
theorem and it suffices to prove Theorem 6.1 on [0, 7] for small 7 > 0. For simplicity, we take a = u = 1.
Let us first consider the mixed problem with a fixed nonlinear term |{ (z,x) |?

Oy (t,x)—((px—l//)x(t,x) :Oa (tax) €R+XR7
Wy (8.%) = Wy (6,%) = (@ — W) (1,5) + ¥, (8,%) = [Fr(1,x) [P, (1,x) ERT xR, (6.5)
((P7(Ptvll/’lllt) (va):(q)O’(Plle/O’lljl)’ xeR.

Then, we have the following result.

Proposition 6.2 Let us assume that Uy = (¢, (0,x) — yo, 9, ¥, (0,x),y,) € (L? (]R))4 satisfy

[ P20 LR () 4+ () 4 Y (0.3) + (9, (06) = o)+ Y f v < o0
and the function { € C ([0,T],H"' (R)) NC' ([0,T],L* (R)) satisfies

= sup 0 1) ot e, 1) [ 60§ 1) [ < o

Then, problem (6.5) has a weak solution (@, y) such that

(9.~ v, 0, v ¥, € (C([0,T),L*(R)))* 6.6)

and satisfying

f’o“z%{lie‘““%pt (1) 2 1€ () 2+ 1w 1) 2

e (@, (8,) = w(t,)) [+ ey (2,.) ||2} < oo,
IfUp € H'(R), then it is the unique classical solution.

In order to define the notion of weak and classical solution and to prove Proposition 6.2, we first study for
any 7 > 0 and a fixed forcing term g € C ([0,7],L* (R)) the following problem:

(ptl‘ ([,X)—((px—II/)X(I,X) :07 ([,X) €R+ XR)
Yy (t7x)_l//xx(t7x)_((px_l//) (Z‘,X)-f—l[/t (t7x):g(t>x>a (tax) 6R+XR) (67)
(@0, v,v,) (0,x) = (90, 91, Vo, V1), x€R.

Then, we have the following Lemma.
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Lemma 6.3 Let (¢, (0,x) — o, @, ¥, (0,x),y,) € (L? (R))4 and g € C ([0,T],L*(R)) then problem (6.7)
has a weak solution (@, y) such that

4
(0= v.0,. v w,) € (C(0.T],L°(R)))".
By a weak solution, we mean the following: Rewrite (6.7) again as first-order system

Ui+ (Ad+L)U =G, G=(0,0,0,g), U(0,-)=Up. 6.8)
—_——
i
ThenA : D(A) := (H'(R)* C (L2(R)* — (L*(R)*is the generator of a contraction semigroup (¢ ~4),~¢, and,
for Uy € D(A) and g € C'([0,0),L*(R)), we have a classical solution U € C'(]0,0),L*(R))NC°([0,0), H' (R))
satisfying

A t A
U@t) =e " Uy+ / e IAG(r)dr. (6.9)
0

Fixing a Dirac sequence of mollifiers (j!) in x and (j2) in¢, we define, for Uy € L>(R) and G € C°([0, ), L*(R))
— now fixed — approximations Uy, := j} * Uy and G,, := j2 * G satisfying

Upn— Uy inL*(R), G,—G inC°[0,),L*(R)).

We conclude from (6.9) applied to the solution U, corresponding to (U ,, G, ), that (U,) converges to some
U in C°([0,0),L?(R, and U satisfies (6.9). This U is called a (the) weak solution.

Proof of Proposition 6.2

First, we observe that, using { € C°([0,T],H'(R)), we conclude

[W” € C'([0,T],L7(R)). (6.10)

The prove of (6.10) will be given in the Appendix. Now, we approximate Uy by Uy, € H'(R) as above, and
obtain a classical solution U, for which we can proceed as in Lemma 6.6. We get — dropping the index n

t
Egy (t) Egy (0)+ /0 /R 09 Py dxds (6.11)

where

29 1,x)
Epy(t)= /R — (oF+ v+ vi+ (o, w))dx

The Cauchy&Schwarz inequality and Holder’s inequality imply

t
[ [eeurpads = [ [ (e6191r) (e02y,) axas
0 JR

< [ 1Ol ey, Jods. (6.12)
Consequently, from (6.11) and (6.12) we get
t
Efy () < Epy(©)+ [ 1eO1017alle®y, lads

t . 1/2
Egy )+ [ 110171 (B () s

IN
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which implies by Gronwall inequality

1/2 1/2 E e
(0w ) " < (Eaw©) " +C [ 171917 ds ©13)

Now, using assumption of Proposition 6.2, we deduce that y € H (;(t..)(R)’ so, we can apply the result of
Lemma 6.7, to get /

R Vo) 2P D) a2 2)(1-6(2 5) o
He¢(s)w|p”% < /R (e¢(“)|W|) = ||e¢(3)l//\|25 <c(1 +s)p(p+ )(1-6(2p)) ||e¢(x)wx||g’
By the assumption on {r, we deduce that

1?12 < M,

and this leads to

1 ! (p+2)(1-6(2p))
/ 1e?O P [ds < CMP / Cl+s)™ 7 s
0 0

p(p+2)(1-6(2p))

< CMP(1+4T) z T. (6.14)
From (6.13) and (6.14), we get

p(p+2)(1-6(2p))

(Ez;,w (t)) o (Eg,‘,,(o)) Vo emr ()R (6.15)

On the other hand, we have
t
V) = o)+ [ (sx)ds

and then t
(1) = Oy ()4 [y (s ) ds

Since the function ¢ — ¢ (¢,x) is monotone decreasing, we get by using (6.15)

t
Wl < 1yl t [ 10, () s

1
< vl [ 10w, (5)ads
t 1/2 (0+2)(1-0(2p))
< He¢<°~>q/0||2+/o <<E$7W(0)> reMP(1+T) T>ds
1/2 (p+2)(1-6(2p))
< He¢<0~>q/0||2+(E$,l,,(o)> T+emP(1+7)" 7 T (6.16)

From (6.15) and (6.16), we get the desired result for a classical solution U,,. Now, let n — oo, and we obtain
the estimates for the weak solution U.

Proof of Theorem 6.1.

Let us define
B, ={v=(0,0): (@ — W0 0.0 e (C(0,T],L2(R)))" and ||[V]% <R
T.R — —((P,ll/) ((px Wa‘ptﬁq/x’ll/t)e( ([7 ]7 ( ))) an H HT—
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where R > 0, T > 0 and

vig = ww?=[soug{uewf)(@x—ﬁf)(z,.)||z+ue¢<f»~>¢t<r,.>uz
e (1, ) 2+ 1€ (1) [+ 10 (r,) 2

Let us define 4
—{(0.v): (0. v, v, ¥) € (C(0.TLL*(R))' ]

Then X is a Banach space with norm || - Hq; From now on, we fix the intial data to satisfy
Up € H'(R), y, € L*(R).

For a fixed V = (0,¥)" € TR, we define a mapping P : BdT”R — X such that < ;6 ) = < 1(7)/ > is the

weak solution of problem (6.5) defined via approximation of |{/|” as above.
Our goal now is to show that, for a suitable 7 > 0, & is a contractive map satisfying ® (B%R> C B?,R.

Proving the following estimates first for the approximations in the class of classical solutions, we finally get
the same also for the weak solution.
Using the same method as in the proof of Lemma 6.6, we deduce from (6.39) that

;lt{ - (07 +y2+vi+ (wx—w)z)}

J 6.17)
P {00 - A (v} < plry,

Which gives by integrating (6.17) over [0,7] X R,

t
ES, (1) <ES, (0)+ /0 /R (29069 yr dds.

The Cauchy&Schwarz inequality gives

t 1/2 1/2
ES, (1) <E$,(0)+v2 /0 ( / 2969 (s, x)|2pdx> (Ef;’w(s)) ds. (6.18)

Applying Gronwall type inequality to (6.18), we arrive at

(E0y )" < (Egy ) "+ + s = (/ 2"’”lw(s,x)lzll’dx)]/zds. (6.19)

Next, applying Lemma 6.7 to (6.19), we obtain

L0 Pray < € (1400000 g H et g 3

< C(l+t)p<2+p)(l_9(2P))R2p.

Therefore, (6.19) implies
¢ 172 o 1/2 ((p+1)(2+p)+2)/4 pp
(E(pﬁ,(t)) < (E(p’v,(O)> +C(1+7T) RP. (6.20)

23



On the other hand and as in (6.16), we have
@l < 1 ygllat [ 12y, 5) ads
< 0yl [ 1600y () s
Hed’(o“)‘lfonJr/ot (E$’V,(0)1/2+C(1+T)((”“)(2+”)+2)/4R”) ds

((p+1)(2+p)+2)/4

< [|e® @) yglla+Ed (0)/2T +CR (1+T) T. (6.21)

IN

Consequently, from (6.20) and (6.21), we get

1/2
oWy < (E;f;,l,,(o)) +C(147)(HDCR)/4 g

((p+1)(2+p)+2)/4

eyl +ES oy (0)2T +CRP (14 7)

By taking R large enough such that

(B8 )2+ ey 1, < R/2.

and choosing T sufficiently small such that

p+1)(2+p)+2)/4

RT +C (14 1) (=201 40/ 4 pp o cpp (1 47)" T <R/2,

then, we get

(@, w)|$ <R.

This shows that (@, y) € Bd;’ R

Next, we have to verify that & : B% R B% r 1s a contraction. To this end, we set ( :5 > =o ( I(I)/ > =

® (V) and ( % > =o ( ?V ) =@ (V), where (@,V) is the solution of the following system

9 (1,%) = (@, = W), (£,x) =0 (r,x) ERT xR,
Vi (1,2) = W (1,0) = (@, = W) (1,0) +V, (1,0) = [ (1,2) [P (1,0) €RT xR
(@0, %, 9,) (0,%) = (90, 91, Vo, ¥1) xeR
Then by setting ¢ = ¢ — @ and ¥ = ¥ — Y, we arrive
B (1,2) — (@ — W), (1.0) =0, (1,x) € R xR,
Wi (1,3) = W (1,2) — (@, — B) (1,0) + W, (0.2) = [§ (10 [P — [F (1,07, (1,0) €RF R,
(@,9,,¥.%,)(0,x) = (0,0,0,0), x€R,

where ¢ = @ — @ and {y = ¥ — . Now, proceeding as in the proof of (6.40), we obtain after an integration
over [0,7] X R,

t —
ESy )< [ [ 00 (0 (s.0)1P = 75,0 7) W, (5, dxds.
’ 0 JR
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Applying the inequality

A . A ~ A ~ -1
W (2,2) |7 = [0 (2,2) [7 < pl W (2,2) =@ (0,2) [ (|9 (2,2) [+ [ @ (1,0 )"
then Cauchy&Schwarz inequality implies

! 0 x) | = ~ = -1,
< p [ [0 =50 | () 450 ) 19 (50) s

; 1/2
p [ (o1 o Pa)
1/2

(/ 209 (5,x) w<s,x>|2(w<s,x>|+rw<s,x>|)2(”‘”) ds  (622)

- 1/2
C/ o (8

2 2 (1% = 2(p=1) 12
([0 - T P (060 |+ [0 )™ ) s

Our objective now, is to handel the last term in the right-hand side of (6.22). Indeed, exploiting Holder’s
inequality, we get

0
Egy ()

IN

IN

X N U W 2t
/R2¢’ [ (5,2) = B (5,) P (1 (5,) |+ (5,2) )"l
2(p=1)

2p

e =wn][, [0 961+ 6D
Inserting this last estimate into (6.22), we obtain
i
Eq;,"([)
t 1/2 R _ _
< [ (Egy ) 1200 () =T Dlaplle® 20 (9 (s) |+ [T D15,
Gronwall inequality and Minkowski inequality imply
1 — p—1
(£85 )" <€ [ 16002 6) = F)llap (160020051 (5) oy + 12020 () )

(6.23)
Applying Lemma 6.7 forv=1/(2(p—1)) and g = 2p, we get

#0200 (s) 2y < C(1+5) 2PN g () 7T g )y 2

< C(] +S)(2+P)(P+1)/(4P)R_
<

Cc(1+ T)(2+P)(p+1)/(4p)R.
Similarly, we get for v =1/2 and ¢ = 2p
[ () = W ($)llop < € (14 T)EPEE Oy (s5) 1, (5)) -
Consequently, (6.23) becomes
(E(%W(I)) 1/2 < C(14T)2P=DE+D/4 pp- 1/0’ 12672 (1 ()~ T(5)) [l

< C14+T)FPED/ @ rRe=1 |y _ 79, (6.24)

N
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Also, since
t
W)= [ W, (s0ds
then, we get as in (6.16)

1 t
12 g (e,x) 2 < /0!!e“’(’v')w;(s,x)uzdséforred’(*')ws(s,x)rrzds

t 1/2
/0 (Eg5(5)) " as (6.25)
< C(l—|—T)(2+p)(”+1)/(4)T2R”’1HV—VH‘;,

IN

where we have used (6.24). Therefore, (6.24) together with (6.25) imply
l(e—g.y—w)|f <CO+T) PSR (14 7) [V = V|7, (6.26)

By choosing T small enough in order to have

C(1+T1)FPPHD/ S rRr=1 (147 < % (6.27)

estimate (6.26) shows that @ is a contraction. Consequently the contraction mapping theorem guarantees
the existence of a unique (@, y) satisfying ( :Z > =d(V).

Using the representation formula (6.9), we observe that, for Uy € H' (R) the solution is the unique classical
solution.

Our last goal now, is to prove (6.3). To accomplish this, we adapt the method introduced in [12] for the
wave equation. We need to show that the norm ||e®“)U (z,.) ||l +||e®“ )y (z,.) || is bounded for all € [0, T]
and for any T < T,,.

Let VO (£,x) = ( v O(X) ) with V(©) € BY. ., and we define the sequence (@), y(?)) satisfying
0 :

(n)
¢ — (v _
(yo Jeo=e(ret)en.  n=t2s..

(n)
and ( l(z(") ) is the solution of the problem

o (1.0 — (0" —y!) (1.0 =0, (1,x) ER* xR,

vl (1) =i (1.0 = (0 =y ) (0 +y” (60) = WD () 7, (1) R R,

((p(n)u(pt(n)7w(n)7 t(n)) (O,X) = ((p07(P171I/071I/1)7 xeR.

Using the estimate (6.26) with the condition (6.27), we deduce that there exists two functions U = (¢, — ¥, @,, ¥, V,) €
C ([0,T,4),L*(R)) and y € C ([0,T;,),L* (R)) such that for all T < T;,
U = (o —y™, 0"y y") = U inC([0.7],L3(R)),

X
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and

as n — oo and U becomes the weak solution of (6.1). Obviously, from Proposition 6.2, we have for all
t€10,7],
2T (2,) ]2+ [y (1,.) ||l < R. (6.28)

Now, let © € (C3(R))* and & € C'(R) be fixed, then we have

’(e‘p(t)U(t),ﬁ)‘ - ‘(U(t),ed’(’)ﬁ)‘
(V- @), o) | +| (U (1), O0)|
(V0 -0 (1), 08)| + 1 DU () 2|81,

IN

IN

where (f,g) = Jg f (x).g (x) dx. Consequently, passing to the limit in the above inequality, we deduce from
(6.28) that
(DU (1), 9)| < timsup [*OU® ()28, < RI[D,.

n—oo

Similarly, we can show that

(2 (1), )| < tim sup e* Oy (1) 21132 < R]1D2

By density argument, we deduce that
AU el?R), fOy@)el?(R), Vielo,T]
and
1e?U (1) <R eyt 2 <R

and therefore,
12U (1) 1o+ [[e? @y (,) 2 < 2R, Vie[0,T].

This completes the proof of Theorem 6.1.

6.2 Global existence and asymptotic behavior

In this subsection, we show the global existence and the asymptotic behavior of problem (6.2). We investi-
gate only the case a = 1, the case a # 1 can be proved with the same method.
Our main result in this subsection is the following Theorem.

Theorem 6.4 Let a = 1. Under the same condition of Theorem 6.1 and assume further that Uy € L? (R) N
LM (R)? such that [ Uy = 0. Suppose also that p > 12. Then there exists a positive number € > 0 such
that if

Io+1[Uoll11 + 1Uoll, < €, (6.29)

then problem (6.1) has a unique global solution U satisfying

10l < €4+07* (lo+[1Uolly + 1olL) - (6.30)

%In fact these estimates hold for any y € [0,1], so we take ¥ = 1 because in this case we have fastes decay rate.
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where U = ((px —Y,0:,V,, l//t)T’ UO = ((Px (0) - W(O) P, Yy (O) ) WI)T and

13:/ e(2+p‘x‘2)/2pU§dx.
RN

Remark 6.5 The restriction on the parameter p > 12 in Theorem 6.4 is depending on the weighted function
¢ defined in (6.31). Moreover, this condition is quite reasonable since the damping , is not strong enough
to stabilize the whole system for all p > 1. But if we add a damping term of the form @, to the left hand side
of the first equation in (6.1), then the result of Theorem 6.4 holds for all p > 1. Of course in this case, we
choose the weighted function )

2 x|

000 = gy

and a slight modification in the proof will give the desired result.

To obtain the decay result of our problem (6.1), we shall proceed with our proof based on the (modified)
weighted energy method originally developed by Todorova and Yordanov [35]. Now, we define a weight
function similar to the one introduced by Ikehata and Inoue [11]. Indeed, we define the function

2(t+1)2 +p |x]?
= 31
o (1,x) 2 (£ 1) (6.31)

as a weight function where p is a small positive constant to be fixed later. It is clear that the function ¢
satisfying: ¢ (¢,x) € C! ([0,4o0) x R) and

1 p+2  |xf
1,x)=— — <0,
T AR (6.32)
by
fx)= ————.
Also a simple computation shows that
Co
—0,(t,x) < 1_H(j)(t,x) (6.33)
and
¢)2c(t7x)_¢t (t,x)¢)2€(l,x)—(f),2(t,x)
2+p)xf* ( 2+p H—p>
= ————(1———(1+¢
2(1+1)"3 2 (1+7)
Jef? < 2+p 1+ > 1
e (1 -1+t P ) - — 6.34
(1+1)>+° y () (141)>+2P (39
< 0.
Consequently (6.34) implies
(P;zc (I,X) 2
0.0 <=L (t,x)— ¢, (1,x). (6.35)
t\&
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Lemma 6.6 Let (¢, ) be a local solution of problem (6.1) on [0,T,,), then the following estimate holds:
forallt €10,T,),

p+l

WMUMscﬁ+c<wpu+wéw”@MM&»mﬂ> (636)
[0.]

where 1 > A >2/(p+1),6 >0and C = Cs > 0 is a constant, which depends on & and A.

Proof. To prove Lemma 6.6, we multiply the first equation in (6.1) by ¢, and the second equation by y,,

we get respectively
1d , d

370 T g (P V) (0= Y) 9, =0 (6.37)
and d (1 ly|? d
aft o, o YY) I 2
= <2w,+wx p+1> o W) = (0= y) v, + v =0. (6.38)

Summing up (6.37) and (6.38), we obtain

d 2) _ vl’v
dt( (7 +vi+vi+(p—y)) - ¥

p (6.39)
- _ _ 2
™ (O o VY)Y =

Multiplying (6.39) by €?, we get

d (e 2 lyl"y
dt( (07 +vi+vi+ (o - "’))_p+1)

_ ox\ o 20, 020 |yl? 2¢< _ ¢2> 2
= <¢t ¢t> FES L WPy +e? | 1—+¢,— AL
2¢ 220

2 c _ _ 2
(pt ((Ptlllx lllt(Px) + (]), (q)t ((px II/) (Px(pt)

d d
A (o-wet - {* (vw)}-

Recalling (6.32) and (6.35), we get a useful identity

d e 2\ _ "y
dt{ (7 +vi+vi+ (%—w))—pH}

_E {2 (o —v)o, )~ % {2 (yv,)} <—

2 (6.40)
t ,2¢ r
o vy

Integrating (6.40) over [0,7] x R, we obtain

/Rm (07 +vi+v2+ (0.~ w))dx
2
< [E(Grvievior w¢>vm) 641

+1/ 2009 1y (1,) [P dx + +1// 2969 |y (5,x) P! dxds.
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Our goal now is to estimate the last term in the right hand side of (6.41). Indeed, we have from (6.33) and
forA >2/(p+1) (see [35] and [12]):

t
| [ =006 1y (5,01 dxds
0 JR

< €[ [ g5 H ARy 50
- o s+1Jr

Since sup,~ (rez_k(”l)’) < oo, then we get from the above estimate

/ / ) €209 |y (5,2)|P* dxds

l +1
<cf m” Py (s, s

p+1
’ 1 511 A0(s.)
C/o W{sup(l—i—s) le v (s, [lp+1 ds

IA

[0.7]

IN

p+1
C{S[;JI])(I+s)5Hew(s")lll(s,.)ﬂpﬂ} : (6.42)
N

Also, it is clear that for any s € [0,], we have

/R%”‘ () de = [er Ty (s, o] le%
< POy (s, ) II5E]
p+l1
< {s[(;lr])(lﬂ)s!!e“”(S")w(s,-)\p+1} : (6.43)
N

Consequently, the above estimates (6.42) and (6.43) give
p+1
|l <ci +C{?élr]>(1 )% [*00-y s, ) m} .
it

This implies the desired inequality (6.36). [
For v > 0 and t > 0, we define a family of weighted function spaces HJ 0(t,) (R) as:

feHy ) (R) < feH (R), [0 FI3+ (€70 fi]3 < +oo, ¥t > 0.
We recall the Gagliardo-Nirenberg type inequality, which can be easily proved by following [11].

Lemma 6.7 Let 6 (q) =1/2—1/qwithq>0and0< 60 (q) <1and0<v <1 IfveEH) R) then

vl (

. 2 1— 9 2 ..
€7 0Dv], < Cy (141)FFPIIZO@DNZ |y, 77V |1e0 )y, 1y
with some constant Cy, > 0.

Therefore, the following result holds: (see [12, Lemma 2.5])
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Lemma 6.8 For each 6 > 0, there exists a constant C = Cg such that
/ e 200N gy < C(141)PTD/2, (6.44)
R

The following lemma is crucial in our argument.

Lemma 6.9 There exists a constant C = Cg such that for all t > 0, we have

p+2)/2

/ e (14 ) dx < C(141)" (6.45)
R

Proof. First, let us assume that x > 0 then it follows from (6.31) that

/+m e 2800 (1 4 x)2 dx /+oo ¢ P3E /(e 1) (1+x)dx
0 0

1 oo
4/ e—paxz/(;+1)<r’+2>+4/+ o PR )P 2
0 1

< 444K

IA

Concerning the integral K, we have, by making the change of variable r =8x?/ (¢ + 1)(p +2)

Bo— (e + 1)+ /+wep6x2/(t+l)(p“) pox’ dx
po I (t+1)PT2

Nne+2) +oo
= (1) (r+ 1)_(“2)/2 (1 -l—t)(p+2)/ e 2dr

P 2./pd §/(t+1)°

—+oo
< Cs(t+ 1)3(p+2)/2/0 e gy

= GT(3/2)+1)PH22,

where I'(s) = [;" e"r*~'dr is the Gamma function of s > 0. We can use the same strategy for x < 0. This
concludes the proof of Lemma 6.9. [
The following lemma is crucial in the proof of Theorem 6.4

Lemma 6.10 Ler U(t,x) be the solution of problem (6.2), then the following estimate holds:

[0.1]

P
(L0 U ()]l < C([Uo]l11+ 1Voll) +C (Sup(l +7)P 2=y (7) Hzp> (6.46)

foranye >0,B=03(p+2)/4+1+¢€)/pand § > 0.

Proof. Let us first assume that @ = 1. By virtue of the Duhamel principle, we transform the problem (6.2)
into the integral equation as

U (t) = Uy + /0 te(’—ﬂq’G(U) (1)dr. (6.47)
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Taking the L? norm of (6.2), we conclude

t
WOl < [le®],+ [ 6w, ar
0
= hL+h

Since 1 is the L? norm of the solution of problem (3.1), then I, satisfies the decay estimate (3.5), conse-
quently we have, for y =1,
L <407 [Uollr1 +Ce |[Upll, (6.48)

where from now on we will denote by C various positive constants which may be different at different
occurrences
Our main task now is to estimate the term /. To do this, we split the integral /; into two parts:

B /2 - ~
12:/ H -02G (y H dt+ He(t’r)q’G(U)szr:h+J2.
0

12
For the first integral, and since G (U) = (0,0,0, |l//\p)T, we apply (3.5) with k = 0 and y = 1, and obtain
i< ¢ / )G W) (1) [1ade
+c/ %) |G (U) (1)||, dt (6.49)
3/4 /2
= [T @ e [ ety ), de
0 ’ 0

To estimate the term [y (7)]|7 |,

v @l = /Re*f"wx)\w(r,x>r”<1+rxneﬂﬁwdx

1/2
< ([Lemeentynpr) ([ e )
R R

< C(147)" 0TI B0Ey (1) |If (6.50)

we have from the Cauchy&Schwarz inequality and (6.45)

1/2

On the other hand, since ¢ is a positive function, then the function e~%¢("*) is bounded and therefore we
may estimate the norm ||y (s) ng as follows

— X X p X
Hq/(s)ugp:He 5¢(”).w(s)65¢(”)2p§C(1 +7)PHD/A 39Uy () |1 6.51)

Consequently, from (6.49), (6.50) and (6.51) we obtain

J o< C/ 3/4( 147) (p+2/4Hea¢rx (t) der

+C / 9 (147) P4 D00y () |2 dr,

This gives,
_ 1/2 \-3/4 3(p+2)/4 11 ,60(7.x) P
h=c | (tr=7) (1 +1) le v (1) l3,d7.
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Now, for any € > 0, we may write

- t/2
no< C/ (1+T)_1_e(1+t_r)—3/4{(1+T)(3(p+z)/4+1+s)/pHew(r,x)y,(r)||2p}pdf
0

P t/2
< C(T(I)JI?(I-FT)ﬁHead)(r’x)ll/(T)IIQ,,)/O (14775 (11— 1) as,
r

where
p+2)/4+1+¢

D

p=

Using Lemma 2.2, we get

t/2
/ (140 (1 41—y s < C(1+0)4.
0

Consequently,
p
S<C(l41)7%* <sup(l +17)P |50y (1) ||2,,> : (6.52)
(0.1]
By the same strategy, we get
p
h<C(141)%* <sup(1 +1)P |80y (1) ||2,,> : (6.53)
0.1]
Exploiting the estimates (6.48), (6.52) and (6.53), we find (6.46). This completes the proof of Lemma 6.10.
O
Proof of Theorem 6.4

To prove Theorem 6.4, let us now define the functional
W (1) =e*U+ (1+0)* U (1), (6.54)
Then, it follows from Lemma 6.6 and Lemma 6.10 that

(p+1)/2
W) < CIO+C(sup(lﬂ)‘sr\e’“”“")w(r,.)|rp+l>
(0.1]

9

)4
+C([|Uoll1.1 + |Uoll,) +C (Sup(l +1)P |20y (1) H2p> (6.55)
t

for2/(p+1)<A <landé >0.
Applying Lemma 6.7 for ¢ = 2p and v = 9, we get (see [12])

9
[y (@) [y < €4 EPCCI2 ()22 (1)

1-6

< )02 (1 o)y, (7))}
X(1+T)*(l*5)3/4W(T>5

= C(14 1) P08/ 4y (r) (6.56)
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Similarly, we have forg=p+1and v= A1
He’l"’(‘“)y/(s, Mper <C(1 +s)(2+P)(1—9(p+1))/2—(1—7t)3/4W (s). (6.57)
Consequently, from (6.55), (6.56) and (6.57), we obtain

W) < C(o+|Uollii+IUolly)

(p+1)/2
+C {sup(l +7)% (14 1) @RI )220/ (1)}
0]

p
i {Sup(l Lo +T)<z+p><1e<2p>>/2<16)3/4‘4,(7)}
0]

Since A >2/(p+ 1), then, we can choose A as A =2/(p+ 1) + €. Now, by the definition of 6 (2p) and
0 (p+1) in Lemma 6.7, we obtain

P ﬁ+(2+P)(12—9(2p))_(1—45)3

_ (3N (L Ly, e 30
~\p )P T

Ky — 5+(2+P)(1;9(p+1))_(1_4/1)3

_ _1+L _|_B 1+L +&+5
a 4 4(p+1) 2\2 p+1 4 ’

It is clear that for 12 < p and by choosing €, 8, p and €; small enough, we get k1 < 0 and x, < 0. Conse-
quently, we have

and

(p+1)/2 P
supW (1) < C(Io+ ||Uo||1,1 + ||Uo|l,) +C (supW(T)) +C (supW(T)) . (6.58)
[0,1] [0,] [0,1]
Define
M (1) = supW (1),
[04]
Consequently, inequality (6.58) can be rewritten as
M) <C (11 M (1) +M(z)P“) (6.59)

where
L =I+|Uoll1.1+ | Uoll, -

Then, we conclude by standard arguments (cf. [28]) that for sufficiently small /;, we have

M) <L, Vt>0. (6.60)
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This yields
122U+ +0)* U @), <L,  Vi>0. (6.61)

In addition, since t
wm:%+A%®w
we get
Ay 1) = 0y [0y () ds,
which implies by using the first inequality in (6.32)

t
W) < 1l [ 10y, (5) s

t
€O wgllat [ 12w, (5 ads

IA

Then, using (6.61), we get
eIy (1) ll2 < [1e” |l + it (6.62)

on [0,7,,). Therefore, if T, < 4oo, then the two estimates (6.61) and (6.62) imply that
Tim sup { [e?“IU (1,.) [+ 11 (1) 2] <+,

which contradicts (6.4). This gives T, = 4. Consequently, the proof of Theorem 6.4 is thus completed.

7 Concluding remarks
In this section, we conclude with a few remarks, and future directions worth pursuing.
Remark 7.1 We can also deal with other nonlinearities. For example —|y|P, £|y|P~ y.

Remark 7.2 The restriction p > 12 in Theorem 6.4 is not optimal. It is an interesting open problem to study
the case p < 12. In the case of a damped wave equation of the form

g (x,1) — Au(x, 1) + uy (x,1) = |u(x,1)|?, (x,1) € RN x R, (7.1

Todorova and Yordanov [35] showed that the value p. = 1+ 2/N is the critical number. In other words,
they proved that if p > p., then global solutions exist for small initial data. While if p < p., solutions blow
up in finite time. We point out that p. is the same critical exponent obtained by Fujita [4] for the problem
of a nonlinear parabolic equation with negative initial data. In fact this is obvious since the solution of the
linear damped wave equation behaves as t — oo like the one of the related heat equation. See [36] for
more details.

Remark 7.3 We may apply the techniques used in the above sections to establish the optimal decay estimate
for (1.1) in RT x R with the boundary conditions

(PX(I,O):III(I,O):O, teRT.
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In order to use the argument developed in the above sections, we extend our problem to the whole domain
R. To do this, we extend the solution @ as an even function, and W as an odd function with respect to x = 0.

That is ) )
. o(t,x), x>0 _ w(t,x), x>0
o(t,x) = , Y(t,x) = , (7.2)
(P(tvix)v x<0 71[/(2‘,*)6), x<0
and
- ‘Po(x)a x>0 ~ II/O(X), x>0
Pot = Po(—x), x<0 ' o —yo(—x), x<0
~ ¢1(x), x>0 _ vi(x),  x=0
(pl L= 3 WI =
¢ (—x), x<0 —y(—x), x<0
Consequently, we extend our problem to the following system in the whole space R
¢tt (tvx)_((bx_lpx) (tvx) =0 (t>x) €R+ XRa
ii/tt (t7x) _azq/xx (t7x) - ((px - fi/) (t7x) —|-,LL17/, (tvx) =0 (t¢x) € R* x Ra (73)
((7’,(7%,17/7 fi/t) (O,X) = ((7)07(7)1"7/0717/1) xeR.

It is clear that the unique solution (¢, W) of problem (7.3) satisfies: @ is an even function and ¥ is an odd
function. In fact, we can easily see that (§,, ;) such that

~ ¢(t7x)a x>0 5 l]/(t,x), x>0
(Pl(lﬂx) = - ) v <t7x) = " 5
(P(t,—X), x<0 —W(I,—X), x<0

is also a solution of (7.3) and @ is even and W, is odd. Thus, the uniqueness of solutions gives us (¢, ¥,) =

(@, %).

A Appendix

In this Appendix, we prove the property (6.10).
Let us first show that {r € C° ([0,T],H' (R)), then |7 € C° ([0,T],L? (R)). Indeed, by using the alge-
braic inequality
@ =" < pla—bl (Jaf” " + b7 ), @ b0,

we get
~ ~ 2
L1601 = 9 (.0) 7 dx

< p Q0010 ) (000 P+ 0 )

2(p—1)
cO(jo,r1.H(R))

<49l

Consequently, we get
. N - 2(p—1 N .
/RHW(thx) ‘p_|‘l’(t27x) |p’2dxSC”W“Cg)lz[()?%],HI(R))HW(tl7x)_W(t%x)”%
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and using the fact that { € C° ([0,7],L? (R)), we deduce that |{|? € C° ([0,T],L* (R)).
Next, we want to show that J; (|#|7) € C° ([0,T],L? (R)). To do this, we have first &, (| {|") = p(3, §) |¥|P ¢
Consequently, applying the same argument as before, we obtain

/ {‘8,17/(&,)6) |‘7/(f17X) |p_1 - a,lfl(tz,X) W/(tz,x) ‘p—l ‘2}dx

< 2[00 (9017 = F ) dr
+2/R|8tl’/:’ tlvx) _alﬁ/(tlax”z m\/(t%x) ‘Z(P—l)dx
| S
<V a0 )
= L+
It is clear that .
by < ClNET o 21y 19 (01,) = W (22,) |3
and, as above, we get
o< €[ 100 0P (0 (0) | = 0200 D 1010 e

< IR o 1120 0 a9 11.%) — 9 (12,) B,

which gives the desired result.
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