STRONG AND MILD EXTRAPOLATED L?-SOLUTIONS TO THE
HEAT EQUATION WITH CONSTANT DELAY
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Abstract. We propose a Hilbert space solution theory for a nonhomogeneous heat equation
with delay in the highest order derivatives with nonhomogeneous Dirichlet boundary conditions in a
bounded domain. Under rather weak regularity assumptions on the data, we prove a well-posedness
result and give an explicit representation of solutions. Further, we prove an exponential decay rate for
the energy in the dissipative case. We also show that lower order regularizations lead to ill-posedness,
also for higher-order equations. Finally, an application with physically relevant constants is given.
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1. Introduction. Let  C R? be a domain with a Lipschitz-boundary 952 and
T > 0 be a fixed number. Let a function 0: [0,7] x 2 — R denote the temperature
measured with respect to a reference temperature fy and let ¢: [0, 7] x Q — R< be the
heat flux at a material point x € 0 at time ¢ € [0,7]. With p: Q — (0, 00) denoting
the specific density and c,: ) — (0, 00) denoting the specific heat capacity, the energy
conservation law reads as

(1.1) p(x)e,(2)0,0(t, x) + divq(t,z) = h(t,z) for t € (0,T), = € Q,

where h stands for the intensity of external heat sources.

To close this equation, a material law postulating a relation between the tem-
perature and the heat flux is required. The classical way to do this consists in using
Fourier’s law of heat conduction stating

(1.2) q(t,z) + Mx)VO(t,z) =0 for t € (0,T), x € Q,

where A\: Q — (0, 00) denotes the heat conductivity being a material property. Plug-
ging Equation (I2)) into () leads to the classical parabolic heat equation

(1.3) p(x)c,(x)0:0(t, x) — div (M(z)VO(t, x)) = h(t,z) for t € (0,T), = € Q.

In many applications, Equation (I3)) provides a very accurate macroscopic description
of the heat conduction phenomenon. For some other physical applications, the infinite
speed of signal propagation arising from Equation (I3)) is a significant drawback.

In particular for these, the following assumption

(1.4) q(t,z) + Mx)VO(t —r,x) =0for t € (0,T), z € Q

is more realistic from a physical point of view stating that the heat flux notices changes
in temperature (gradient) not instantaneously, but with some delay. The latter leads
to the so-called heat equation with pure delay

(1.5)  p(2)cy(2)0,0(t, ) — div (M@)VO(t — 7,2)) = h(t,z) for t € (0,T), z € Q.
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In addition to severe problems caused by the loss of regularity, Equation (L3) turns
out to be ill-posed (cf. [13]). One way to overcome this problem is to “equivalently”
rewrite Equation (I4]) as

q(t +7,2) + Mz)VO(t,z) =0 for t € (0,T), z € Q
and perform a formal Taylor expansion of order one with respect to 7 (cp. [6]), i.e.,
(1.6) Tq(t+7,2) + q(t,z) + Mx)VO(t,x) =0 for t € (0,T), z € Q,
to finally obtain

p(x)c,(2)0:0(t, x) + div q(t,z) = h(t,z) for t € (0,T), = € Q,

U0 o) + alt,2) + M) V(t2) = 0 for t € (0,7), = €

In the present paper, we propose another approach to regularize Equation (L3]).
For a small parameter € > 0, we replace Equation (4] with

(1.8) q(t,z) +eX(z)VO(t,x) + MN(z)VO(t — 1,x) =0 for t € (0,T), x € Q
and arrive at a regularized heat equation

p(x)cy(2)0:0(t, x) — e div (Ma)VO(t,z)) — div (AN(@)VO(t — T,2)) = h(t,z)

1.9
(L.9) fort € (0,7), z € Q.

Though Equation (I9) is much better behaved than Equation (L3, standard results
on semigroups for delay equations (see, e.g., [4], [39]) still cannot be applied since
the delay term is no low order perturbation of the term without delay. A semigroup
treatment of this problem nevertheless turned out to be possible. In [5], a perturbation
result due to Weiss & Staffans was used to obtain the well-posedness results for an
even bigger class of equations given by

0
Opu(t) = Au(t) +/ dB(@)u(t+0) for t >0, wu(t) = ¢(t) for ¢t € [—r,0],
-

where A is a sectorial operator on a Banach space X and B € BV ([—r,0], £(D(A), X))
has no mass at 0. The particular situation B = nAd_,, n € R, was given some
additional attention.

The first systematic treatment of this topic for the case of unbounded operators
though probably dates back to [38]. The authors considered the following evolution
equation

Opu(t) = Au(t) + F(uy) for t >0, wug = ¢,

where A is an infinitesimal generator of a C%-semigroup (S(¢)):>0 on a Banach space
X, F is a (possibly) unbounded linear or nonlinear operator and u; = u|j—y4(- —t)
denotes the history variable. In particular, it was shown for the case of F being
a linear differential operator and containing terms of the same order as A that the
problem possesses a unique mild solution, i.e., a function u € Hl((O,T),X), T >0,
satisfying the integral equation

u(t) = S(t)p(0) +/O S(t — s)F(us)ds for a.e. t € (0,7T).
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In [I1], a similar problem was studied in the strong case, i.e., u € H'((0,T), X)N
L*((0,T), D(A)). Namely, the authors considered an abstract linear delay equation
of the form

Owu(t) = Au(t) + Bu(t) + Liu(t — r) + Louy, for t >0

where A is a generator of an analytic semigroup on a Hilbert space H. A typical
example of such equation is given by

0
Opu(t, ) = Opgu(t, ) + Opu(t, x) + Oppu(t — r,z) + / a(8)pzu(t + s, x)ds

for (t,z) € (0,00) x (0, 1),
u(t,z) = ¢(t,x) for (t,x) € (—r,0) x (0,1), u(t,0) =wu(t,1) =0 for ¢ > 0.

Under certain assumptions on the operators B, Ly, Lo, the well-posedness followed
from the existence of a semigroup associated with the flow ¢ — (u(t), u).

In [12], the authors elaborated on these results by carefully studying the L2
regularity of the corresponding solution in certain weighted and interpolation spaces
and presenting a characterization of the infinitesimal generator.

An LP-treatment of delay differential equations with unbounded operators acting
on delay terms for p € [1,00) was given in [10]. In particular, a well-posedness result
was obtained for the following problem

Owu(t) = Au(t) + Lu(t — 1) for t > 0,

where A is an elliptic operator of order 2m and L is an integro-differential operator
of the same order.

Recently, hyperbolic partial differential equations have also gained a lot of atten-
tion. In [27], a wave equation with an internal feedback incorporating a delay in the
velocity field was studied. The initial boundary value problem

Opu(t, x) — Au(t, z) + agOpu(t, x) + adwu(t — 7,x) = 0 for (¢,2) € (0,00) x €,
u(t,z) = 0 for (t,x) € (0,00) x I,

%(t,x) =0 for (t,z) € (0,00) x I'y

subject to appropriate initial conditions, where I'g,I'; C 02 are relatively open with
IoNT; = 0, was shown to possess a unique strong solution, which is exponentially
stable if ag > a > 0 or instable, otherwise. Similar results have also been obtained for
the case of a boundary delay. This stability study was later carried out in the case of
time-varying internal or boundary delay, i.e., 7 = 7(¢), in [2§], [29], etc.

To the authors’ best knowledge, no well-posedness results are available for the
case of the delay in Laplacian for higher-order in time systems. At the same time,
replacing stabilizing feedbacks by their delayed counterparts are sometimes known to
even lead to ill-posedness of the resulting system as shown in [7] for the wave-equation
and the Euler & Bernoulli beam. The same holds for a general m-th order equation
with the pure delay (cf. [13])

0" u(t) + Au(t —7) =0 for t > 0
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for an arbitrary unbounded operator A possessing a sequence of eigenvalues A\, — oo,
n — oo, or the hyperbolic-parabolic thermoelasticity with pure delay in the second
order elliptic part (s. [35])

adpu(t, ) — dOppu(t — 7, 2) + £0,0(t,x) = 0 for (¢,x) € (0,00) x (0, L),
boO(t, x) — kOypr0(t — T2, x) + BOu(t,x) = 0 for (¢,2) € (0,00) x (0, L),
u(t,0) =wu(t, L) = 0,0(¢,0) = 0,0(t, L) = 0 for (¢,2) € (0,00) x (0, L).

In the following, we propose a natural solution approach in Hilbert spaces which
employs a generalization of the classical step method for ordinary delay equations
(cf. [15]) rather than the delay semigroup theory. In addition to its simplicity and
constructivity, our approach allows for nonhomogeneous boundary conditions under
rather weak regularity assumptions on the boundary data. The latter is very useful
for various applications in control theory (cf. [24], [25], [26]). We want also to point
out that our theory can also be applied to obtain mild, strong, extrapolated and mild
extrapolated solutions in a much more general case even in the LP-framework with
respect to time (cf. Remark B.I1)).

To justify the necessity of the regularization to have at least the same order as
the delay term, we make essential amendments to the method from [13] to show that
lower order regularizations lead to ill-posedness like in the case with pure delay, also
for higher-order systems. We also refer the reader to [21] for a study on necessary
conditions for the well-posedness of partial differential equations with delay.

To give an illustration, we apply our theory to get a closed form solution to a one-
dimensional practical problem related to short-pulse laser heating of metal nanofilms
with physically relevant constants.

2. Fourier Heat Conduction. In this section, we briefly summarize some well-
known results for the following initial-boundary value problem for the Fourier heat
equation with nonhomogeneous Dirichlet boundary conditions

Owu(t, ) = 0;(aij(x)0ju(t, z)) + bi(x)d;u(t, z) + c(z)u(t, z)+
f(t,z) for (t,z) € (0,T) x Q,
u(t,z) =~(t,x) for (t,z) € (0,T) x 99,
u(0,z) = u’(z) for z € Q.

(2.1)

Recall that 0f is assumed to be Lipschitzian throughout the paper. To treat the prob-
lem from Equation (2J), a corresponding operator framework needs to be introduced.
First, we formally define in the sense of distributions the differential operators

AO = 81 (aij(~)8j), AT = bz()az + C()

Here and in the sequel, we employ the Einstein’s summation convention. So, 9;(ai;(-)9;)

d
should be interpreted as 3 9;(a;;(-)9;), etc.
ij=1
Let X := L?*(Q) be equipped with the standard scalar product. We define the
operators

.AQZD(.AQ)CX%X, u — Agu,
A: DA) CX = X, u— A
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with
D(Ag) = {ue€ Hy(Q)| Aou e X}, D(A,) = Hj(Q).

According to [36, Theorems 9.18 and 12.40], the following assertion holds true.
THEOREM 2.1. Let 92 # @ and let a;; € WH(Q) and a;; = aj;, b;,c; € L™(9Q).
Further, there may exist a constant k > 0 such that

ess iglllf&aij(:n)f_j > k|€|? for all € € C™.
S

Then, the perturbed operator A := Ay + A,: D(Ao) C X — X is an infinitesimal
generator of an analytic semigroup (S(t))i>0 on X.

Following the approach described by Lasiecka and Triggiani [22] Section 0.3] and
taking into account the fact that Ag is continuously invertible, we define the extrap-
olation space X_; as the completion of X with respect to the || - [|_1 := [|[A;" - [|x
norm. Since X is Hilbertian und therefore reflexive, X_; is isomorphic to (D(A))’.
Note that X _; is a distributional space, e.g., X_1 C H~1(Q2). Further, the operator
A can be extended to an operator A_; € L(X, X_1) being a generator of an analytic
semigroup (S_1(t))i>0 of bounded linear operators on X_; which in its turn is an
extension of the semigroup (S(t));>o from Theorem 2] onto X_;.

Similar to [22, Section 3.1], we define the Dirichlet map D: L?(0Q) — X_;
sending each v € L2(99) to a solution u € X_; of the problem

(2.2) Au=0in Q, wu = on 0.
LEMMA 2.2. There holds

D € L(L*(09), H/*(Q)) < L(L*(99), X) < L(L*(99), X_1).

Proof. See [16] and [I8]. O

The notion of strong solution from [I0] in the case of homogeneous boundary data
motivates the following

DEFINITION 2.3. A functionu € H'((0,T), L*(Q))NL*((0,T), H*(Y)) satisfying
Equation (Z1) for a.e. t € [0,T] is called a strong solution.

REMARK 2.4. The initial and boundary conditions are satisfied in terms of the
continuity of the map u — (u(t*), u|(O7T)XaQ),

H((0,7), L*(Q)) n L*((0,T), H*(Q)) —
HY(Q) x (H3/4((0,T),L2(8Q)) mL?((o,T),H3/2(aQ)))

for an arbitrary t* € [0,T] (cf. [33]).
The fact that a strong solution to Equation (2 has to satisfy the equation

du=A(u— Dv) + f in L*>((0,T), X)
and thus
du=A_yu—A_1Dy+ fin L*((0,T), X_,)

motivates the following definition of extrapolated solutions (cp. the notion of extrap-
olated solution in [10]).
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DEFINITION 2.5. A function w € H*((0,T),X_1) given by

u(t) = Sy () — /O S_1(t — s)A_y Dry(s)ds + /O S_a(t— 5)f(s)ds
for a.e. t €10,T]

is called a mild extrapolated solution to Equation (211). If it additionally satisfies
u € LQ((O,T),X), we call u a strong extrapolated solution.

THEOREM 2.6. Under the conditions of Theorem [Z1], Equation (2Z1) possesses
a unique mild extrapolated solution if ug € X_1, f € LQ((O,T),X,l) and vy €
L%((0,T), L*(0%)). Moreover, if ug € X, f € L*((0,T),X) and 9Q € C®', then
w 8 strong extrapolated solution, which additionally satisfies

u € L*((0,7), H*(Q)) n HY4((0,T), L*(Q)) N H'((0,T), X_1).

Proof. See [22), Section 3.1]. O

Assuming that 992 € Cl'! and exploiting the maximum LP-regularity of A for
p = 2, the following existence and uniqueness theorem follows from [§], [33]. In this
case, the mild extrapolated solution « is even a strong solution and therefore satisfies
Equation (ZJ)) pointwise for a.e. t € [0,T].

THEOREM 2.7. Under the conditions of Theorem [Z1] and the regqularity assump-
tions

u’ € HY(Q), fe L*((0,7),L*(Q)), v € H¥*((0,T), L*(09)) N L*((0, T), H*/*(9Q))
as well as the compatibility condition
7(07 ) = UO|BQ,

the mild extrapolated solution u is a strong solution. Moreover, the mapping (u°, f,~) —

w is an isomorphism between the data space equipped with the corresponding product

norm as well as incorporating the compatibility condition and the solution space.
REMARK 2.8. For homogeneous boundary conditions, a strong solution

ue H'((0,7),X)NL*((0,T), D(A))

in sense of [9] can be obtained without any extra regularity assumptions on 0. The
data have to satisfy

u’ € (X,D(A)) feL*(0,T),X),

1/2,2)
where the parentheses denote the real interpolation functor.

2.1. Explicit Representation of Solutions. In this section, we will briefly
outline an explicit solution representation formula for the problem

Owu(t) = A_qu(t) — A1 Dy(t) + f(t) for ¢t € (0,T),
u(0) = u®

for the case that A is self-adjoint (i.e., b = 0) and the data satisfy u® € X i, f €
L*((0,7), X_1), v € L*((0,T), L*(2)).
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By the virtue of Theorem [2.6], the problem possesses a unique mild extrapolated
solution u given by

t
(2.3) w(t) = S_1 (O + / S_1(t— 5)(f(s) — Dy(s))ds.
0
On the other hand, A is an elliptic operator having an eigenfunction expansion
Au = Z )\n<ua ¢n>X¢n for u € D(A)a
n=1

where (A,), C R, \;, = —oc for n — oo and (¢, ), C D(A) form an orthogonal basis
of X (cf. [36]). Taking into account that the embeddings D(A) — X — X_; are
dense and continuous, we further obtain

A_qju= Z Aty ) x_, by, for u € X,
n=1

where (-,-)x_, is the uniquely defined continuation of (-,-)x onto X_;. Note that
(-,-)—1 and (-,-)x_, do not coincide.
Plugging the ansatz

NE

w(t) ==Y un(t)py, for ae. t €[0,7]

Il
i

n

into Equation (23], we obtain a sequence of ordinary differential equations for u,,

Opun () = Apun(t) + (f(t) — M DY(t), dn) x_, for a.e. ¢t € [0,T],

uy(0) = <u0, U)X 4,

which is uniquely solved by u,, € H' ((0, T), R) with

¢
up (t) = e)‘”t<u0, On)X_, +/ e”\"(t_s)<f(s) — M DY(8), n)x_,ds for a.e. t € [0,T].
0

Using Lebesgue’s dominated convergence theorem for Bochner integrals, we finally
obtain for a.e. ¢t € [0, 7]

[e%e] o0 t
(24) u(t) =Y W’ dn)x bn+ ) / A= (f(5) = X DY(8), bn) x_, dnds.
n=1 n=1 0

Moreover, u coincides with the mild extrapolated solution given in Equation (2.3).

2.2. Asymptotical Behavior of Solutions for ¢ — oo. For the sake of com-
pleteness, we give a brief discussion on the asymptotics of solutions to Equation (2.1))
in the homogeneous case, i.e., v = 0, f = 0. We will be able to generalize these
well-known results for the case of regularized heat equation with delay in Section
later on. For simplicity, we assume b; = 0, ¢ = 0 though the exponentially stability
easily carries over to the case when A is just positive definite.
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We assume u” € X_; and denote by ur for T' > 0 the mild extrapolated solution
to

owu(t, ) = 0;(aij(x)0;u(t, z)) for (t,x) € (0,T) x €,
(2.5) u(t,z) =0 for (¢,z) € (0,T) x 99,
u(0, ) = u’(z) for x € Q.

Due to the unique solvability of Equation [2.3), ur, = ur,|jo,1,] for To > T1 > 0. Thus,
(ur)7>0 can be uniquely continued to a function u € C*([0,00), X_1) satisfying

u(t) = S_1(t)u’ for t € [0, 00).
The energy associated with the solution u is given by
B(t) = glu(t,)lI%_,-

If u® € X, then u(t,-) € X for all t > 0 (c¢f. Theorem 7)), i.e., u is a classical
extrapolated solution (in particular, a strong extrapolated solution), and E(t) =
Slu(t, )llx = 3 [ lu(t, z)[*dz since || - || -1 is a continuation of || - | x.

THEOREM 2.9. Let u® € X_1. The energy E decays exponentially, i.e., there
exists w > 0 such that

E(t) < e 2*'E(0) fort > 0.

Moreover, u € LQ((O,oo),X,l).
Proof. Using the fact that (S_1(¢))¢>0 is an extension of an exponentially stable
semigroup, we easily get

E(t) = 5llS-1uollx_, < 57> ||uoll%_, = e7**"E(0).

Taking account the measurability of  and estimating

- ” E(0) t=co _ E(0)
2 —2w —2wt |t=
/O ”u(t")llx’ldt:2/o E(t)dt§2E(0)/O em2tdt = —EQ) —2wt 1= _ BQ)

we finally conclude u € LQ((O, 00), X,l). d

3. Regularized Heat Conduction with Delay. Now, we turn to the heat
conduction with constant delay

ue(t, ) = 9 (ai;(x)du(t, ) + bi(2)diu(t, z) + c(z)u(t,z)+
Oi(aij(@)0ju(t — 7, x)) + bi(z)0u(t — 7, x) + é(z)u(t — 7, )+
f(t,z) for (t,z) € (0,00) x £,

u(t,z) = y(t,z) for (t,x) € (0,00) x 0L,

u(0,2) = u’(z) for x € Q,

u(t,z) = @(t,x) for (t,x) € (—7,0) x L

ASSUMPTION 3.1. We postulate the following conditions.

o Let Q C RY be a bounded with a Lipschitz-boundary.
° aij,dij € WI’OO(Q) and Qj5 = Qi bi,bi,c,é S LOO(Q)
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e There exists a constant k > 0 such that
ess igrllf &iaij(x)€; > K|€)? for all € € C*.
rc

Similar to the definition of A in Section 1, we define the operator

A: D(A) cX—=X, u~— az(d”()aju) + 61()811; + E()u
with
D(A) :={u e H}(Q) | Au € X}.

Further, we need the following assumption:
ASSUMPTION 3.2. Let at least one of the following conditions be fulfilled:
i) There ezists a constant & € R\{0} such that a;;(z) = & a;;(x) for a.e. x € (L.
ii) There exists a constant & > 0 such that

esseiélf«fidij (x)€; > R|€)? for all € € C?

and 0N is of class C1.

Under Assumption B2 A is a closed operator. Next, we can define X_; ~
(D(A*))" and extend A to an operator A_, € L(X,X_;). Further, one easily gets
D(A) = D(A) and thus X_; = X_;. Note that due to the elliptic regularity theory
the second assumption even implies D(A) = D(A) = H2(Q) N H}(Q).

REMARK 3.3. In fact, the closedness of A and the conditions D(A) C D(A) and
X_1 D X_1 would also be sufficient for our purposes. This is, for example, the case

if a;j; =0, b; =0 and D(A) = X.

Following [10] for the case of homogeneous data, we introduce the notion of strong
solution in the nonhomogeneous case.

DEFINITION 3.4. A function v € H*((0,T),L?()) N L2((—7,T), H*(Q)) satis-
fying Equation (1)) with the boundary and initial conditions interpreted in the sense
of Remark[Z2.7) is called a strong solution.

Likewise, we obtain a formulation of Equation ([BJ) in the extrapolation space
X 4

du(t) = A_qu(t) + A_ju(t —7) — A1 Dy(t) + f(t) in L*((0,T),X-1),
(32)  w(04+)=u’in X 4,
u(t) = @(t) in LQ((—T7 0), X_1).

DEFINITION 3.5. A function u € L2((—T, O),X_l) N Hl((O,T),X_l) is called a

mild extrapolated solution of (31) if it satisfies the integro-functional equation

(3.3)
u(t) = S_y (£l + / (A181(t = 3)(u(s = 7) = Dy(s)) + 51 (¢ — ) (s) ) ds
0
for a.e. t €10,T],

u(t) = ¢(t) for a.e. t € [—7,0].

If u additionally satisfies u € LQ((O, T),X), we call it a strong extrapolated solution.
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We start our considerations by proving the well-posedness in the strong case. In
contrast to [I2, Theorem 3.3], no fixed point iteration is required here.
THEOREM 3.6. Let OS2 be of class C''. Assume

u e HY(Q), e L*((-7,0), H*(Q)),
v e H¥4((0,T), L2(99)) N L2((0,T), H¥?(8Q)), f € L*((0,T), L*())

and v(0,-) = u®lsq. Then the problem (3.2) possesses a unique strong solution u.
Furthermore, there exists a positive constant Cr . > 0 such that

T T
leas+ [ 1nlagnds+ [ 176)]5as)
for a.e. t €10,T].

0
Ju(®l < O (Julx + |

—T

Proof. The idea of the proof consists in transforming Equation (3:2)) to an abstract
difference equation. Without loss of generality, let 7" = n7 for some n € N. Otherwise,
consider the problem with f and y smoothly continued onto [0,7 [Z]].

We define the operators ry: L*((—7,T),X_1) = L*((0,7),X_1) for k=0,...,n
by means of

(reg)(s) = u((k = 1)7 + s) for s € (0,7)
for g € L*((—7,T), X_1) and set

(U’Oa' .. au'fl) = (TO’U/,.. .,’I"nu), (f17-- 7fn) = (Tlfa' --7Tnf)7

(’71) s 7771) = (rl(D/‘}/)a SRR TTL(D’}/))
Obviously, if u is a strong solution to @), then (uo, ..., u,) € L2((—7,T), H*()),
(u1,...,un) € HX((0,T), L3(2)) NL2((0,T), H?*(£2)) by the virtue of Lemma .1 and
(u,...,uy) solves the following difference-differential equation

Opup = A_quy, + A_1uk_1 — A_lD’yk + fr in LQ((O,T),X_l) for 1 <k <n,
(3.4) u1(0) =’ in X,
uy = ¢(- + 1) in L*((0,7), X).

Next, we show that the converse is also true. Let (uo, ..., u,) € L2((—7,T), H*(Q))
be such that (ui,...,u,) € HX((0,7),L*(Q)) solves Equation [@d). According to
LemmaBin the Appendix, u € L?((—7,0), H*(Q)) N H'((0,T), L*(Q2)). Exploiting

the initial conditions in Equation ([34]), we obtain u(s) = (rou)(s + 7) = ¢(s) for a.e.
s € [-7,0] and u(0+) = (r1u)(0) = u®. Further, for all ¢ € C5°((0,T),R), we find

T n T
/ dru(t) / u(t)Orp(t) Z/ (t)0ep(t)dt
1V (k= 1)7’
—z / ICUCECIED SCE =

k=

—

=3 [ danesa w1 +u(0)20)
k=170
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k=

> /OT (Aqup(t) + A_qup—1(t) — A1 Dy(t) + f(t)) or(t)dt
=1

:/ (A_qu(t) + A_yu(t — 7) — A Dy(t) + f(1))p(t)dt

0

with ¢r = ¢((k — 1)7 + -) meaning that u satisfies Equation (&) in X_; for a.e.
t € [0,T]. By the virtue of regularity assumption, u is then a strong solution. Now,
the existence of a unique strong solution to Equation (B1) is reduced to the unique
solvability of Equation ([B4) in the corresponding space.

We use mathematical induction to show the latter. To start the induction for
k =1, we apply Theorem to get the existence of a unique strong solution u; €
L?((—7,0), H*(Q))NH((0,7), L*(£2)). Assume that (34 possesses a unique solution
(wo, ... ur) € L2((—7,k7), H*(Q)) with (u1,...,ux) € H:((0,k7), L*(Q)) for certain
k€ {1,...,n}. If k = n, the claim holds true. Otherwise, k¥ + 1 < n. Taking into
account

H'((0,7), L2()) N L*((0,7), H*(Q)) < €°((0, 7], H'(2)),
we consider the Cauchy problem

ur+1(t) = A-qupt1(t) + grga (¢) for t € (0,7),
41 (0) = up(7)

with
(3.5) Jk+1 = A,luk - A,1D’yk+1 + fk+1 S L2((0, T), LQ(Q)).

By the virtue of Theorem [2.6] this problem is uniquely solved by a function ugy; €
H'((0,7),L*(Q)) N L*((0,7), H?(Q)). By construction, we have (ug,...,urt1) €
L2((—=7, (k+1)7), H*(Q)) and (uq, ..., ups1) € HE((0, (k+ 1)7), L3()).

There remains to show the a priori estimate. From [31, Theorem 6.3], we obtain
the existence of constants C, > 1, C, > 0 such that

1S(t)||L(x,x) < Co for t € [0, 7].

Furthermore, by the virtue of [22, Proposition 0.1] there exists a positive constant
Cy > 0 such that

/ " JAS(tyu(t) 3t < C. / ()| Bedt.

Finally, from Lemma [Z2] we get a constant C., > 0 such that

/0 DA (1)3dt < €, / 712 2 -

Applying Duhamel’s formula to Equation ([34), we get
t
uy(t) = S_l(t)uo + / S_1(t—9) (A_lgo(s —7)+A_171(s) + fl(s))ds,
0

wn(0) = Sa (O () + [ o2t =) (s (5) + A() + fuls))ds
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for a.e. t € [0,7] and 2 < k < n and therefore

1/2 T 1/2
lur®llx < Collullx + Ca / lp(s)%ds)  + & ( / I ()2 omds)  +
& ( [ Inelas) " <o,

g 1/2
Jus(®llx < (€ + CovPesssup fus(s)lx + € ([ (o) Ermyds)  +

tel0,7]

/2
o (| 1(o)Feas) ™ = Coesssmp s @)l + Coe
te|0,T

Using discrete Gronwall’s lemma (cf. [I4]), we obtain further

k—1
esssup [Jug—1(s)||x < max{C1,Cs3, k}+02203 Le®=I=2C < 01 4 e kacsk
te[0,7] = =

Therefore, there exists a constant Cr ,; > 0 such that

T T
et + [ @ Espnds+ [ 1))
for a.e. t €[0,T7.

0
Ju(®)l < O (Julx + |

—T

This completes the proof. O

REMARK 3.7. Exploiting the isomorphism property from Theorem [27, the proof
of the previous theorem can be easily amended to obtain the continuous dependence in
stronger norms:

lull 1 0,1y, L2(2)) L2 (0, 1), 2 (Q)) < C(||UO||H1(Q) + lell L2 ((=r0), L2+

o,z + Ml msrao . ceanniaoam o )

REMARK 3.8. For homogeneous boundary conditions, the proof of Theorem [3.6]
can easily be amended to obtain a unique strong solution in sense of [10]

ue H'((0,7),X) N L*((—7,T), D(A))
without any additionaly reqularity assumptions on 0S) if the data satisfy

O € (X,D(A)122, ¢€L*((-7,0),D(A)), feL*((0,T),X).

The assumptions of Theorem can be weakened if one is interested in strong
extrapolated solutions. In this case, neither the C!:'-smoothness of A" nor the com-
patibilty condition are required. Carrying out the proof of Theorem[3.6lin X _; instead
of X, we get the following result in the extrapolation space.

THEOREM 3.9. Assume

0 € (Xa X*1)1/2,27 Y e L2((7T7 O)aX)a v e L2((07T)7L2(89))a f € L2((0aT)aX71)~
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Then Equation (3.2) possesses a unique strong extrapolated solution w. Furthermore,
there ezists a positive constant Crr > 0 such that

0 T
@, < Crr (10, + [ e ds+ [ () aem + 176, )ds)

for a.e. t €10,T)].

Finally, we address the case of mild extrapolated solutions. In certain analogy
to the proof of Theorem B.6] we will equivalently transform Equation (32 to an
integro-difference equation.

THEOREM 3.10. Let

uwe Xy, pelLl?(-7,0),X_1), ve€L*(0,T),L*0Q)), feL?((0,T),X_1).

Equation (32) possesses a unique mild extrapolated solution w. Furthermore, there
exists a positive constant Cr > 0 such that

0 T
O, < Crr (100, + [ et ds+ [ (06 am + 1)1, )ds)

for a.e. t €10,T).
Proof. Without loss of generality, we assume T = nr7 for a certain n € N.
Otherwise, consider f and -y tr1v1ally continued onto [0 T LTJ }
With the operators 7, k = 0,...,n, defined in the proof of Theorem B8] we let
(U’Oa' .. au'fl) = (TO’U/,.. .,’I"nu), (f17-- 7fn) = (Tlfa' --7Tnf)7
(’71) cee 7’771) = (rl(D/‘}/)a SRR TTL(D’}/))
Ifue L?((—7,0),X_1)NH'((0,T), X_1) is a mild extrapolated solution to Equation
B2), then (uo,...,un) € L2((-7,T),X_1), (u1,...,uy) € HX((0,T),X_1) holds
true by the virtue of Lemma and (uy,...,u,) satisfies the following integro-
difference equation

ug(t) = S_1(t)ur(0) + /Ot A_1S_4(t—s) (uk,l(s) + ’yk(s))der

t
/ S_1(t — 8)fr(s)ds for a.e. t €[0,7], 1 <k <mn,
0

(3.6)
ug (1) = up41(0) for 1 <k <n-—1,
up(0) = ul,
uo = (- + 7).

We claim that the converse is also true. Indeed, let (ug,...,u,) € L?_((*T, ), X,l)
such that (uy,...,u,) € H}((0,T),X_1) solves Equation &G). Using once again
Lemma[6.1], we conclude u € L2((*T, ), X,l) NH! ((0, ), X,l). From the Equation
38) we further deduce u(s) = (rou)(s + 7) = ¢(s) for a.e. s € [—7,0] and u(0+) =
(r1u)(0) = u°. There remains to show that the integral equation in (B3) is satisfied.
This will be shown using mathematical induction. For a.e. t € [0, 7], we have

u(t) = S_1 (£ (0) + /0 A1S_1(t — ) (uo(s) + 7 (s))ds + /0 S_o(t = 5)f1(s)ds

S_1(t)ul + /o (prSLl(t —s)(u(s —7) — Dy(s)) + S_1(t — s)f(s)) ds.



14 D. KHUSAINOV, M. POKOJOVY, R. RACKE

Assume now that the claim is true on [0,k7]. If k = n, the claim trivially holds.
Otherwise, k < n, and we have for a.e. t € [kr, (k+ 1)7], t :=t — kT

() = SaBuiar (0)+ [ (A1 = 9)(wn(5) + 701 (9) + Sa(t = )i (5))ds

=S 1 (H)ur(T) + /0 A_1S_1 (T — ) (up(s) + ves1(s))ds + /0 S_1(t — 8) frt1(s)ds
= S_1(t)u(kt) + /t A_1S_1(t = s)(u((k + 1)7 4 s) + Dy(kT + 5))ds+
0

/01t S_1(t—s)f((k+ 1)1+ s)ds

= S_1(?) <Sl(k7')u0 + /0’” (A,ls,l(m — 5)(u(s — 1) — Dy(s))+
Soallr — 91 (s))ds )+
/ CALS AT ) (ulkr +9) + DA((k + 17+ 8)ds
/01E S-1(t = s)f((k+ 1) + s)ds

kT
= S_1 ()l + /O (A,ls,l(t —5)(u(s — 7) — Dy(s)) + S_1(t — s)f(s)) ds+

A_lS_l(t—s)(u(s—T)—i—D’y(s))ds—i—/O S_1(t—s)f(s)ds

kT
— S (H)uo + /O (A,ls,l(t —s)(u(s — ) = Dy(s)) + S_1(t — s)f(s)) ds.

Thus, we have shown that Equations (33) and (B8] are equivalent.

Again, we exploit mathematical induction to show that Equation (B.6]) possesses
a unique solution. Restricting Equation (3.6) onto [0, 7], Theorem yields the
existence of a unique mild extrapolated solution

uy € H'((0,7), X_1) = H}((0,7), X_1).

Further, (uo,u1) € L2((—7,0), X_1).

Assume now ([Z0) to possess a unique solution (uo,...,ur) € L?((—7,k7),X_1)
such that (u1,...,u;) € HX((0,k7),X_1). Excluding the trivial case k = n, we have
k < n. Looking at the Equation ([B:6) on the (k + 1)-st interval and exploiting the
condition uy41(0) = ug(7), we get

g1 (t) = S_1(B)ug(T) +/0 A1 S-1(t— ) (ur(s) +yx(s))ds +/O S_1(t— ) fr(s)ds.

Using the assumptions and the properties of the semigroup (S_1(¢)):>0, we obtain a
unique solution

Uk+1 € Hl((O,T),Xfl).
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Taking into account the condition ug1(0) = ug(7), we finally conclude (ug, ..., u;) €
L2((—7, (k+1)7), X_1)NH}((0, (k+1)7), X_1). Thus, the existence proof is finished.

The proof of continuous dependence on the initial data is literally the same as in
the strong case in Theorem B.6] carried out in X_; instead of X. O

REMARK 3.11. Though this is not the scope of the present paper, we want to
point out that our method can be applied to a much more general class of problems
then parabolic ones. For a Banach space X and a number p € [1,00), consider the
following general delay equation

Owu(t) = Au(t) + Buy + f(t) fort >0,
u(0+) = u®,
u(t) = ¢(t) fort € [—1,0]

where A is a generator of a C°-semigroup of linear, bounded operators on X and
B e L(Lp((f’l', 0),X),Lp((f7', O),X)). Note that u; denotes the usual history vari-
able given by uy: [—7,0] = X, s — u(t+s). Ifp € Lp((*’l', 0),X), f € L”((O,T),X),
same arquments can be exploited to show the ezistence of a unique mild solution
u € Lp((*T,T),X) N lep((O,T),X) depending continuously on f and ¢. Fur-
ther, the extrapolation space X_1 can be defined as a completion of X with respect
to || |l-1 == [[(A+B)"t|x, B > 0 sufficiently large. If X is reflezive, the lat-
ter can be shown to be isomorphic to D(A*)'. Thus, a mild extrapolated solution
uwe LP((—7,T),X_1) N WP((0,T), X_1) can also be constructed. To obtain higher
reqularity for mild solutions or even strong solutions, more knowledge about the struc-
ture of A and B is though required.

3.1. Explicit Representation of Solutions. In this section, we present an
explicit solution formula for Equation (B)).

For a,b € R, we consider first the following scalar ordinary delay differential
equation

Ou(t) = au(t) + bu(t — 7) + f(¢) for a.e. t € [0, T,
(3.7) u(0) = u?,
u(t) = ¢(t) for a.e. t € [—7,0].

Following the approach in [I9], we define for a number b € R the delayed exponential
function exp, (b,-): R — R given by

0, t< —r,
t
exp,(b,t) = ¢ |z]+
1+ % (e DD e > p
=1

Note that the definition can easily be generalized to the case when b is a matrix or a
bounded linear operator on a Banach space X.

THEOREM 3.12. Let v’ € R, ¢ € L?((-7,0),R), f € L*((0,T),R). The
delay differential equation (37) possesses a unique solution u € LQ((—T7 T),R) N
H'((0,T),R) given by

(3.8)
90(5)7 te [_Ta 0)7

u(t) = u =0
et expr(be T om0 [0, e oxp, (e T =2m—s)p()det o

ST eat=2) exp_ (be= o7 t—7—s)f(s)ds,
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Ficure 3.1. Delayed exponential function

If ¢ lies in H'((—7,0),R) and satisfies the compatibility condition p(0) = u®, u €
H'((=7,T),R) holds additionally.

Proof. From [I9] we know for the classical case, ie., if ¢ € C'([-7,0],R)
and ©(0) = u°, f € C°([-7,0],R), that ([BX) possesses a unique solution u €
Co([-7,T],R) N C*([-7,0],R) N C*([0,T],R) given by u(t) = ui(t) + uz(t) where

uy solves B1) for f = 0 and uy solves 1) for u® = 0 and ¢ = 0. It was further
shown

(p(t); tG [_T70)a
_ uoa t= 0’
u(t) = exp, (be™ 7, 1)e* " p(—7)+ te (0,7]
SO exp.(bema7 t—7—s)ea(t=9) (¢(s)—ap(s))ds, Y
(t) - 0’ t S [77—; 0];
T fexp, (beT b — 7 — 5)ea=9) f(s)ds, ¢ € (0,T).

Performing partial integration for ¢ in uy, we obtain for ¢t € [0, T

0
uy (t) = exp, (be™, t)e* T p(—7) 4 / et exp_ (be™ V"t — 7 — 5)p(s)ds—
i -
a/ e =) exp_(be " t — T — 5)p(s)ds
= exp, (e, )T p(—1) + €20 exp (b, 1 — 7 — 5)p(s) =2

0
/ (- ae® =% exp_(be ", t — T — 5)—

—T

be®t 5" exp_(be ™, t — 27 — s)p(s))ds—

0
a/ et~ exp_(be® t — 7 — 5)p(s)ds

—T

— (4T exp, (be™, £)p(—7) + €t exp, (be™, £ — 7)p(0) — ) exp, (be™, £)ip(—7)—

0
/ (- ae® =% exp_(be®,t — 7 — 5) — be® ) exp_(be™,t — 27 — s))e(s)—

—T
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0
a/ et exp_(be™ 7t — T — s)p(s)ds

—T

0
=e"exp, (be 7, t —7)p(0) + b et =57 exp_(be ™t — 27 — s)ip(s)ds.

—T

Taking now an approximation of ¢ and f with smooth functions, we easily deduce

the validness of the equation also for the weak case. O

To better illustrate Equation ([B.8]), we plot solutions to the following scalar delay
ordinary differential equation for various values of the parameter a:

dru(t) = au(t) — u(t — 0.2) + 328 for ¢ € [0, 5],
u(0) =1,
u(t) = e " for t € [-0.2,0).

Ficure 3.2. Solution functions u(-;a)

Next, we want to obtain a simple solution representation formula. For this pur-
pose, we postulate the following.

ASSUMPTION 3.13. There exist constants oo € R\{0}, 5 € R such that a;;(z) =
aaij(x), bi(z) = bi(z) = 0 and &(x) = ac(x) + B for a.e. x € Q. Then, both A and
A are elliptic operators having eigenfunction expansions

Au = Z_:l Aty $n) xbn,  Au = Z_:l(akn + B)(u, d) x b for u € D(A) = D(A)

with common eigenfunctions forming an orthonormal basis of X and eigenvalues
(M)n C R, A\, = —o0 for n — oo. Similar to Section 2] we get

A_qju= Z An Uy O ) Xy P A_qu= Z(a)\n + B){(u, dn)x_, Pn for u € X.
n=1 n=1

Plugging the ansatz
u(t) == Zun(t)¢n for a.e. t € [—7,T]
n=1

into Equation (B.1]), we obtain a sequence of ordinary delay differential equations for
Unp
atun(t) = )\nun(t) + (aAn + ﬂ)un(t - T) + <f(t)a ¢n>X71 - >\n<D7(t)a ¢n>X71

for a.e. ¢ € (0,77,
(3.9) 0
un(0) = (u”, dn)x_,,

un(t) = (@(t), pn)x_, for ae. t € [—7,0].
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By virtue of Theorem BI2 there exists a unique solution u,, € H*((—7,T),R) given
by

(3.10)
un(t) =eM! expr((aAn + ﬂ)ei/\n‘rv t— T) <u0a ¢n>X71+

0
(A, + B)/ ern(t=s=7) exp, ((aX, + B)e™ ", t — 27 — s)(p(s), dn)x_,ds+

t
/ et exp_(e7 t — 7 — 5)(f(5) — \nDy(5), ¢n)x_,ds for a.e. t € [0,T).
0

Again, using Lebesgue’s dominated convergence theorem for Bochner integrals, we
find for a.e. t € [0, T

(3.11)

u(t) = Z eknt eXpT((O‘)‘n + B)e_AnTﬂf - T) <UO, ¢n>X71+
njol .
S @A+ 8) [ M T e ((ah, + Be T 27— 9){pls) dn)x, s
n=1 -7

Z /Ot pa(t—s) exp, (efar’ 7 S) <f(s) _ )\any(s), ¢n>X,1d5-
n=1

Additionally, this function coincides with the mild extrapolated solution given in
Theorem B.10

3.2. Asymptotical Behavior of Solutions for ¢t — oco. Now we want to
study the asymptotics of solutions to Equation (BI). For simplicity, we begin our
considerations by looking at the case of strong solutions. Also, we restrict ourselves
to the case b; = b; = 0 and ¢ = ¢ = 0. But we point out that a similar result can be
obtained if A and A are just positive definite. With these simplifications, our problem
reads as follows

du(t, ) = 0;(aij(x)0ju(t, z)) + 0i(ai; (x)0jult — 7,2))
for (t,x) € (0,00) x Q,
(3.12) u(t,z) = 0 for (t,z) € (0,00) x 99,
u(0,z) = u®(z) for z € Q,
u(t,z) = @(t,x) for (t,x) € (—7,0) x L.

We define the energy associated to the solution u

1 1/t
(3.13) E(t) = 5IIU(t)Ili2<Q> + 5/t (@ij(-)05u(s), Diu(s)) L2(q)ds.
Denote
A= (@i ()i | oo (@ mnxny < 00.

THEOREM 3.14. Let the Assumption [Z2 be satisfied with & > 0 and let u® €
(D(A),X)1/2,2, ¢ € L*((—7,0), D(A)). There exists then a unique strong solution

u € Hlloc((ovoo)vX) n L2 ((77_700)7D(A))

loc
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Moreover, if the coefficient matrices (ai;(+))ij, (Gi;(-))i; are such that the condition

K> A

>

is satisfied, there exist constants w,C > 0, independent from the initial data, with

E(t) < Ce ?*'E(0) for a.e. t € [0, 00).

Proof. From Remark we obtain the existence of a strong solution on each
finite time inverval. The latter can thus be continued to a global strong solution

u € Hyp ((0,00), X) NLE((—7,00), D(A)).

Note that no regularity assumptions on 0 are required here since homogeneous
boundary conditions are considered. The following calculations should be interpreted
in Lloc((()? 00)7 X)

Multiplying Equation @I2) with u(t,-) in L?(Q) and carrying out a partial inte-
gration yields

%&Hu(t, M2y = —(aij(-)05ult,-), dult, ) L2 — (@i ()Ojult —7,-), Biult, ) L2 (0)-

Taking into account the uniform positive definiteness of a, we get for an arbitrary
number € > 0

1 ~€
SOlut, M2y < —KlIVult, )iz + FIVult, NIzt

(3.14) 2 i
2 IVut — 7,721
Following the standard approach, we consider the history variable
(3.15) z(s,t,+) == u(t — s7,-) for s € [0,1], t € [0, 00).

Then, z is smooth in s and ¢ (cp. [4, Lemma 3.4]) and there holds in the distributional
sense

(3.16) TO2(8,t,+) + 0s2(s,t,-) = 0 for a.e. (s,t) € (0,1) x (0, 00).

Further, a transformation of variables yields

1

/t, (dij(-)ﬁju(s), 81U(S)>L2(Q)d8 = T/O <dij(')8j2(8, t, '), 81'2(5, t, ))LQ(Q)dS

For a smooth nonnegative weight function p: [0,7] — R to be selected later, we
define the functional

1
(3.17) F(t) := /0 p(7s) (aij (2)0;2(s, L, ), 0iz(8, L, ) 12y ds-
Exploiting Equation (3I6]) and the identity

0, (p<m)< (az] (£)0;2(5,t,),2(5,t.) 2@y ) =

75)(0; (@5 (2);2(s,t,-), 2(s, t,+)) 2 () +
2Rep(75)< (a”( )0;2(s,t,+), 0s2(s,t, ) r2() s
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we obtain

%F(t) = 2 Re/o p(75)(0; ((zij (2)0;2(s,t,-),0s2(8,1,°)) 2 ()

T

= - /O p/(75)<8i (dij (m)ajz(sa t,), 2(s,t, ')>L2(Q)+

; / 0. (p(7) (01 (1 (2)9; (5. . ), (5.1, D12y ) ds

T

1
= /0 p'(7s) (@i (2)0;2(s,t,-),0;2(s, t, ~)>L2(Q) ds—

L (p(r) a4y (210521, £.. 0020, 1. ) g~

p(0) (@ (2)9;2(0,t, ), ;2(0, t, .)>L2(Q>).

Assuming that p is strictly monotonically decreasing, letting

1 /
= —= ma S
Po p se[o,)i]f’ (s)

and exploiting the uniform positive definiteness of @, we obtain the estimate

GEO<=m [y @)0yu(s.), 0(5.) gy o=

—T

(3.18)

B2 |Gt — 7, )2 + 2L Vult, )32 q)-

Now, we can define the Lyapunov functional

L(t) = glhult, e + F(0).

Combining (Z14) and (BIX) we obtain

d

L) < —anflult )iz — asllut =7 )72

t
po/ (@ij(x)d5u(s, ), Ogu(s, ) 2 ds,
t—7

where

Now, we have to select € and a smooth, uniformly positive function p: [0,1] — R, e.g.,
a linear function being uniquely determined by prescribing p(0) and p(7), such that
po, a1, (g are positive. This yields a system of three inequalities

K= A — 200) - o, EeD _ % >0, p(0)>p(7).

T

After some simple equivalent transformations, we obtain

(3.19) p(0) > p(1) > QT—A K > % (8 + 2”—(0)>

eR’ T
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and thus

N>

K >

(€+ %) =: x(e).

The function y attains its global minimum over ¢ > 0 in e* = % with x(e*) = A

EXoN

Plugging now £ = ¢* into Equation [3I9), we finally get the “optimal” conditions

p(0) > p(7) > %\/g, K > 5\\/%.

The first inequality can be satisfied by a proper choice of p(0) and p(7). The validness
of the second inequality is guaranteed by the assumptions. Thus, we have [ :=
min{ay, ag, po} > 0 and therefore

d

(3.20) o

L(t) < —BE(t).

Exploiting the monotonicity of p, we find

T T

(3.21)  min {1, 29—”} E(t) < L(t) < max {1, 20(0) } E(t) for ae. t € [0,00).
Combining (320) and B21]), we further arrive at

d
EL(t) < —2wL(t) for a.e. t € [0,00)

with w = g min {1, #(0)}' Gronwall’s inequality now yields

L(t) < e 2 L(0).

Exploiting once again Equation ([B.21)), the claim follows with w as above and C :=
0

£%. 0

Taking into account the equivalence of u (<a/ij (u, u>L2(Q)) 172 and the norms of
interpolation spaces (X, D(J‘I))l/gg, (X,D(A))1/2,2, the energy E can easily be seen
to be equivalent with the squared norm of X x L?((—,0), (X, D(A))1/22). Using
the extrapolation methods, the energy can thus be continously extended onto X_; x
L*((—=7,0),(X—-1,X)1/2,2)- By approximating the initial data with regular functions
and applying Theorem B.14] we get the following

COROLLARY 3.15. Let the Assumption[32 be satisfied and let u® € (X_1, X)1/2.2,

pEe L2((—T, O),X). There exists then a unique strong extrapolated solution
u€ Hpb ((0,00),X_1) N L}, ((—7,00), X).
Moreover, there exist constants w,C > 0 independent from the initial data such that
t
2 2 -2 012
OB, + [ T, 5 < O (1, +
—T

||<P||%2((_770),()(71,;()1/2’2)) for a.e. t > 0.
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4. Ill-Posedness for Lower Order Regularizations. To justify the “sharp-
ness” of the results from Section Bl we show that lower order regularizations of the
heat equation with pure delay (L)) lead to an ill-posed problem.

THEOREM 4.1. Let A be defined as in previous section and let o € [0,1), € > 0.
Let u® € (X, D(A))1 /29, ¢ € L*((—7,0),D(A)). Then the problem

Owu(t) = —e(—A)%u(t) + Au(t — 1) for t € (0,T),
u(0) = u?,
u(t) = p(t) fort € (—7,0)
18 ill-posed.
More generally, we prove
THEOREM 4.2. Let A be a self-adjoint positive operator having a complete or-
thonormal set of eigenfunctions (¢;); corresponding to eigenvalues (\;) with \; —
—00 as j — oo. Let € > 0, and let « € (—o0,1). Then, the problem
Owu(t) = Au(t — 1) — e(—A)%u(t),
U(O) =Up € (X,D(A))1/272,
u(t) = (t) fort e (—7,0) and p € LQ((fT, 0), D(A))
is ill-posed. That is, there ezists solutions (u;); with norm ||u;(t)||, j € N, such that,
for any fixed t > 0, the norm tends to infinity as j — oo, while the norm of the data

(u;(0), ;) remains bounded.
Proof. We make the ansatz

(41) u](t) = e‘*’jt(,zbj,

looking for suitable w; such that Rew; — oo. For such solutions, the norm of the
corresponding data will remain bounded, but, for any ¢ > 0, |ju;(t)|| = eR°“it — oo
as j — oo.

The ansatz ([£J) yields a solution if

(42) Ldj = 7)\]_6770.)3- — E)\_?,
where A; := _S\j — +4o00. For simplicity, we drop the index j and define
(4.3) vi=w+ e

Then, v should satisfy

(4.4) v=—A"TN eV,

Recalling the proof of Theorem 1.1 from [13], there are solutions to ([@4) satisfying
Rev = o0 as A — oo.

We shall show that

(4.5) Rew =Rev —e\* = 0

is also valid. This is obvious if @ < 0, therefore, it remains to consider the case
€ (0,1). Observing

|U| _ )\er(e/\"‘fRev)v
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we obtain
_ ya 1 [v]
Re’U—E)\ _;IH(T)
and

Rew = %ln(i).

v

Hence, ([d3) is equivalent to proving

[v|

(4.6) S5 =0 as A — oo.
Since we conclude from [13] that
Imv — Z,
this is equivalent to proving
(4.7) Rev 0.

It is interesting to notice that we shall prove that Rev goes to infinity faster than
the power term A\* (cp. (@A) by proving that Rev goes less fast to infinity than the
power term A (cp. (&1)). This will be, of course, possible only because oo < 1 holds.

To prove (&T), we apply the rule of de ’'Hospital to v as a function in A\. The
relation (4] implies for the derivative of v

Ve (1 +7v) = —e™ (1 + Teal®)

or
;N 1+ Teal®) €N (14 Teal?)
(4 8) U= eV 4+ TyeTv - eTv — T)\eTEA“‘
' B 1+7eaX® 1470 ++Tear?
- eTUe—TENY _ £\ - %+T>\ - % +r .

Hence, since a < 1, and since v — oo, we conclude
v =0 as A — o0.

This completes the proof of (L) and thus the proof of the Theorem [£1] O
We can extend the ill-posedness result to some higher-order equations of the type

(4.9) 0" u(t) = Au(t — 1) — e(—A)%u(t),

where m > 2. Making a similar ansatz as in the proof of Theorem [£2] the corre-
sponding equation for w is given by

(4.10) W+ e =—-Ae 7
Ansatz:

(4.11) W=y +iys = re'fm
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with
(4.12) O = %
fixed.

Then
(4.13) w™ =ar™,
and ([@I0) turns into
(4.14) eAY = —Xe "V cos(Ty2),
(4.15) (W +53)™" = A sin(rys).
Observing
(4.16) Y2 = By,
with
(4.17) B = tan(em,) > 0,
Equations ([@14), (II5) turn into
(4.18) eXY = —Xe T cos(T ),
(4.19) (1+ BH)ma™ = e "% sin(rhx),
where
(4.20) =y, (y2=P7).

Here, the condition o < 1 is important to give ({I8) sense as A — oo.
From ([@I9) we have

(1 + ﬁ2)mx2m e

(4.21) 0< A= Sin(7fz) ,
if

(4.22) sin(rf5z) > 0.
Plugging ([@21)) into [EIR) yields

(4.23)

fiw) = £e®™ (sin(rB)) ™ = (1 + B0 g2m1=0) (_ cos(rfa)) = fo(a),
being well-defined if
(4.24) cos(tfx) < 0.
The equation (£23) has infinitely many solutions xzy, k € N, one in each interval

(4.25) Iy = (%, %) = (a, bx)
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since g := f; — fo satisfies
(4.26) glar) = filar) > 0> = fo(br) = g(br)-
Hence
Rewr = 2, — o0
and for \g, determined by ([£21), we have
A — 00.

This way, the eigenvalues are not arbitrary, but we can define in what follows an
associated operator A, for which we then have the ill-posedness result related to
equation ([3). The desired operator A can be chosen as

A: DA CH—-H
in a Hilbert space H with a complete orthonormal system (®y), C H satisfying

Aq)k = (7)\]9)(1)]@,

D(A) = {u c H‘ i)\i|<u,@k>|2 < oo},
k=1

o0

Au = (=) (1, Dp) Ds.

k=1

For the special case m = 2 we can prove a similar result as for the case m = 1, i.e.,
we may prescribe the sequence (—\,, ), of eigenvalues. Without loss of generality, we
may assume € = 7 = 1. The characteristic relation

R D
is, for
w=uy1+iy2, (y; €R),
equivalent to

(4.27) yi — s+ A = —Xe Y cos(yz),

(4.28) 2y1y2 = Ae” V' sin(y2).
Looking for solutions satisfying
(4.29) yo € [n/2,7),

Equation ([£2]) is equivalent to

2
(430) yleyl ST!E;LQ) =\
Defining

hy : [1/2,7) = [m,00), hy :[0,00) = [0, 00)
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via

7 7 2

hi(yr) == yie”,  ha(y2) = gty

we have that 1} >0 and ) > 0. Let

(4.31) hyi=hy' 1 [0,00) = [0,00), ho=hy':[r,00) = [%, )
satisfy
(4.32) h1(0) =0, Zlggo hi(z) =00, ha(m) = F, nli_>nolo ha(n) = 7.

According to ([£30), one has to fulfill

ha(y1)ha(yz) = X,
hence, allowing

7 < ha(y2) < o0,
one requires

0<hi(y) < 2.
Therefore, hy is considered restricted to
(4.33) hi: (0,2] = (0, (2)].
Denoting

v1=hi(2), y2=ha2(n),

Equations (£27), (£28)) turn into

(4.34) h2(z) — h2(2) + A = —xe ") cos(hy(n)),
(4.35) zn = A,

for

(4.36) (z,m) € Gy == (0, 2] x [r, 00).

We look for solutions (z,,,m,) € G, to (£34), (£33) satisfying z,, — 0o as n — oc.
That is, using ([433]), we wish to solve

(4.37) F(Ap,2) = h%(z) — h%(%) + A% + Xe M) cos (hg(%)) =0.

Since lim hg(n) = m, we have
n—00

(4.38) 1ir% FAn,2) = —m2 42 =\, <0
zZ—r

if n is large enough, n > ng for some ng € N.
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Since hy(m) = %, we have

A
(4.39) :
T>0

if n > ny for some n; € N.
On the strength of (@31), [A3]), we conclude that, if n > n* := max{ng,n1},
(4.40) 2 =2, = 2(A) € (0,22) : F(An, 2) = 0.

There remains to prove that there exists (at least a) subsequence (2,) of (z5), such
that 2, — oco. For this purpose we observe from (£39]) that

2 h 2 «a
(4.41) hl)(\in) - 2)(\2”) + )\T” + e MG cog (ha(22)) = 0.
Assuming
(4.42) sup hy(zn) < 00,

neN

we conclude from (£40), using the boundedness of hs and, in particular, a < 1,

(4.43) lim e 1) cos (hg(i—")) =0,

n—oo
implying, by assumption (£40),

1 An)
nh_}n;o cosha(52) =0,

or,

(4.44) Moo
Zn

implying that (z,), is unbounded, which implies, for a subsequence (%,),, that
2, — oo which is a contradiction to the assumption (£40). Therefore (hi(zn)),
is unbounded, implying the existence of a subsequence (2,), with 2, — co.
Thus, we have proved

THEOREM 4.3.

(i) For m > 2 there are operators A associated to ({.9) for which the problem is

ill-posed if o < 1.

(i) For m =2, a result corresponding to Theorem [{.Z holds true.

REMARK 4.4. The arguments do not carry over to the case m =1 since ({.41))
does no longer follow (instead e="1(*») cos hy(22) — —1).

REMARK 4.5. The case m > 3 and prescrilging (—=An)n is still open.

5. Physical Example. In this last section, we apply the explicit solution repre-
sentation from Section BIlto solve a physical problem arising from microscale thermal
transport phenomena in thin metal films. A kinetic description of the latter can be
derived from the Boltzmann equation for electrons and phonons (see [2], [20], [37]).

We consider a 50 nm thin gold film occupying the interval (0, L) of the real line
(i.e., L = 50-107% [m]). Let u,#,q denote the electron energy density, electron tem-
perature, and electron heat flux, respectively. For simplicity, we assume the phonon
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temperature 6, = 300 [K] to be constant and the phonon heat flux ¢, = 0 to vanish.
If the electron gas is in equilibrium, its energy density is related to the electron tem-
perature as u = %92 for a positive 7. Performing linearization around 6;, we obtain
the following constitutive equation:

U = ¢

where ¢, := 70, is the electron heat capacity. The film is assumed to undergo a short
pump laser pulse applied to its left surface (i.e., z = 0) causing an increase in electron
temperature (see [20], [23], [34]). The absorption of the laser radiation is modeled by
a source term f (cf. [23], [34]). See Table for details. Replacing Cattaneo’s law

Notation Units Value Description
¥ Jm3K=2 67.6-1073 electron heat capacity increase per degree °K
Ce Jm3K! 2.1-10% electron heat capacity
T s 26-1071° electron relaxation time
A Wm 1 K™! 315 electron thermal conductivity
G WmS3K-! 26106 electron-lattice coupling constant
TABLE 5.1

Material properties of Au (gold)

with a regularized delay law and neglecting the equations for the phonon variables,
Equation (53) from [37] is reduced to

Ceat@(ta 1') + aIQ(ta 1') +G- (G(t,l‘) - 91) - f(t,l‘) for (ta :L') € (OvT) X (07 L)a

(5.1) q(t, ) +erd0(t, z) + X0 0(t — 7,x) =0 for (¢t,x) € (0,T) x (0, L)

where p is the density, c, the electron heat capacity, G electron-lattice coupling factor,
and A electron thermal conductivity. Eliminating ¢ from Equation (B.1]) yields
0001,2) —~ 20,af(,2) + COU2) — 20000t~ 7.2) = £1(0.0) + €0,

(5.2)
for (¢t,2) € (0,T) x (0, L).

To close the equation, we prescribe homogeneous Neumann boundary conditions
(5.3) 0.0(t,0) = 0,0(t, L) =0 for (t,z) € (0,T) x (0, L)

modeling the insulation of film surface and the initial condition

(5.4) 0(t,z) = 6° for (t,z) € (—7,0) x (0,L), 6(0,x) =6" for x € (0, L)

with 0° = 300 [K].

Figure [5.] displays the laser intensity at three different points in the film.

Our theory from Section [ does not directly apply to the problem (G2)—(54)
since Neumann and not Dirichlet boundary conditions are prescribed. Nonetheless,
an analogous explicit representation formula as the one obtained in Section Bl directly
applies to this new problem with (A, ), and (¢,)n, replaced by the eigenvalues and
orthonormal eigenfunctions of Neumann-Laplacian on €2 := (0, L). The latter read as

2 2 ? I
)\nZW(nfl), L (2) = VL X x € [0, L], for n € N.
L2 Pn(z) \/%COS((TL—LI)TFQ,)7 n>1, [0, L]
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Notation  Units Value Description
Tf — 0.94 reflectivity
tp s 96-10~1° laser peak time
a~l m 15-107° laser radiation penetration depth
J Jm—?2 150 total laser energy over the spot cross-section
TABLE 5.2

Laser source term f(t,x) = 0.941;”

aJ exp (fza - 2.77(%)2>

P

sl —2 =0 [m] i
-—-2=05-10"" [m] |
z=25-10" [m]

t [S] x10™"

Ficgure 5.1. Laser intensity at different space points

Using f given in Table 5.2l we compute

0.94.] 7at§L+277t2) oL
exp e (=1+7f)(e* —1), n=1,
<f(t7')a¢n> ~ tp\/f F

273/2 —at2 L4277t
L exp (T ) (<L) (e + (<)), n> 1

Plugging these data into Equation (3) and using the solution formula (3I0), we can
explicitly compute (uy,),. We performed this using Simpson’s quadrature formula to
numerically evaluate the integrals. The solutions are plotted in Figure [5.2)

e=1 e=1.5

Ficure 5.2. Time-dependent Fourier coefficients wun,

Plugging this numerical solution into Equation (ZI1)) and considering first n <5
terms in the series, we finally obtain a numerical solution plotted in Figure Note
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that these first five terms provide a very accurate approximation since higher Fourier
coefficients practically vanish. The solution function has a peak somewhere at ¢, =

Ficure 5.3. Numerical solution

(95 £ 5) - 107 15[s] which is close to the expected peak value t, = 96 - 10715,

When ¢ increases, the solution function becomes smoother. For ¢ < 1, e.g.,
e = 0.5, the solution function becomes very rough due to the high volatility of Fourier
coefficients. This observation suggests that the regularization parameter £ should be
selected to achieve best fit with experimental measurements.

6. Appendix: Semi-discrete Lebesgue and Sobolev Spaces. Let X be a
Hilbert space and let a = i7, b = j7 for some 7 > 0 and i,j € Ny with ¢ < j. We
introduce the following semi-discrete Hilbert spaces

L2((a,b), X) == {u = (us,...,u;) | ur € L*((0,7),X) for i <k < j},
H}((a,b), X) = {u=(u,...,u;) |ur € H((0,7), X), ur(7) = ui+1(0)
fori§k<k+1§j}

endowed with the standard product topology, i.e.,

J J

||u||%§_((a,b),X) = Z ||Uk||2L2((o,T),X)v ”u”%{}_((a,b),X) = Z ||Uk||§{1((o,r),x)~

k=i k=i

Note that due to the continuity of the embedding H*((0,7),X) < C°([0, 7], X) the
space H}((a,b), X) is well-defined.
Next, we consider the mapping

R: L*((a,b),X) = L2((a,b),X), uws (ru,...,rju)

with (rpu)(s) = u((k — 1)1 + s) for s € [0,7], &k = 4,...,7. Obviously, R is an
isomorphism. Moreover, the following assertion holds true.

LEMMA 6.1. u € Hl((a,b),X) is true if and only if Ru € HTI((a,b),X).

Proof. If b—a = 7, the claim is trivial. Due to Sobolev embedding, the implication
we H! ((a, b), X) = Ru € H! ((a, b), X) also trivially follows. To show the converse,
due to [1], it suffices to prove that

Ru€ H}((a,b),X) = ue W"((a,b),X).
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For ¢ € C%((a,b), X), we obtain

' =L T
[ wr-aotar =3 [ o - asta
’ k=i YT
=l eGnr
= — Z/ Opug(t) - o(t)dt 4+ u(t)p(t) Zgiﬂ)T
k=i YT

b J—1 b
[ (X omsnen®) - 60 =~ [ Bute)- st0ar
a h—i a

since the boundary terms vanish due to the definition of H!((a,b), X) and the fact
that ¢(a) = ¢(b) = 0. Finally, we observe

b J (i+1)7
[ 1oa@ae =3 [ oot < .

—1
k=1

Thus, u € W2((a,b), X) = H'((a,b),X). O
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