Singular limits in the Cauchy problem for the damped
extensible beam equation

Reinhard Racke,
Department of Mathematics and Statistics,
University of Konstanz,
78457 Konstanz, Germany
E-mail: reinhard.racke@uni-konstanz.de

Shuji Yoshikawa,

Department of Engineering for Production and Environment,
Graduate School of Science and Engineering, Ehime University,
3 Bunkyo-cho, Matsuyama, Ehime, 790-8577 Japan
E-mail: yoshikawa@ehime-u.ac.jp

Abstract
We study the Cauchy problem of the Ball model for an extensible beam:

p@fu 4+ 00u + /ﬁ@iu + n@tﬁiu = <a + B/ |8mu\2dx + 717/ 8t8$u8wudx> 8§u.
R R

The aim of this paper is to investigate singular limits as p — 0 for this problem. In
the authors’ previous paper [8] decay estimates of solutions u, to the equation in
the case p > 0 were shown. With the help of the decay estimates we describe the
singular limit in the sense of the following uniform (in time) estimate:

[|up — tol| Loo (j0,00); 12 (R)) < Cp-
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1 Introduction

We consider the initial value problem for the model of an extensible beam proposed by
Ball [1] as a modified model of the Woinovsky-Krieger model [11] (see also [5]), where
he assumes that the beam has linear structural (Kelvin-Voigt) and external (frictional)
damping, that is, we consider the following problem:

pOZu + KOt + §0yu + N 0tu
= (a + ﬁ/ |0, ul*dx —1—77]/ (‘Luat(%udx) Otu, (t,r) € RT x R, (1.1)
R R
u(()’ .> = f7 atu<07 ') = g? x e R?

where p, k, 0, a, § and y are positive and 7 is a non-negative constant. For the physical
background of this model we refer to [1]. For the initial value problem the authors proved
in [8] global existence and decay estimates for the solution as follows:

Theorem 1.1 ([8]). Let k > 2 be an integer and set

E -~ é? /620’1727374
Oy :=minq =, 2, 0y := o~
2 maxX,,—34,.. ¢ Min {9g+2_m + 1, %} {>5.
(1.2)
1. Letn=0. For any (f,g) € H* x H*=2 there exists unique global solution u to (1.1)

satisfying u € C([0,00), H*) and ou € C([0,00), H*=2). Moreover, the solution
satisfies

||3§U(t)||m < Ck(t + 1)_9‘3 (0<0<k),
10,07 u(t) ||z < Ci(t+ 1)+ (0

where Cy, = C(|fllzx, gl z1-2)-

2. Let n > 0. For any (f,g) € H* x H* there exists unique global solution u to (1.1)
satisfying u € C*([0,00), H*). Moreover, the solution satisfies

[0%u(t)| 2 < Cult+1)7%, |0 0%u(t)||z < Cr(t+1)"%=  (0<L<k),

where Gy = C (| fll s, lglle)-

In this article we observe how the solutions behave as the effect of the inertial term
decreases as p — 0. We remark that our results also can be carried over to the bounded
domain case with appropriate boundary conditions such as hinged boundary condition,
because the decay in that setting is better than in the unbounded domain case.

Before stating our main results, we explain several related results. Singular limit
problems are one of the main topics in partial differential equations. For the bounded
domain case (x € [0,1]), Cwiszewski and Rybakowski [4] investigated the singular limit as
€ — 0 for the equation

! !
20%u + kO + 0O + n00tu = g (/ |8zu\2dx) + evn/ 0, u0,0yudrdu,
0 0
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using topological ingredients such as the Conley index. The quasilinear equation (1.1)
with k = 1 = 0 is called Kirchhoff equation and has also been extensively studied by many
authors. The problem in which p — 0 in the Kirchhoff equation or in the wave equation is
called a hyperbolic-parabolic singular perturbation problem, and it is extensively studied
by many authors (see e.g. [3], [6] and [7]). Hashimoto and Yamazaki [7] gave a singular
limit result for (1.1) with Kk = @« = = 0 (and p — 0). To get an order of convergence
in p they had to impose the assumption that p is small because the Kirchhoff equation is
a quasilinear problem. Schéwe [9] studied the singular limit problem for the hyperbolic
Navier-Stokes system from another point of view. He gave singular limit result locally
in time under compatibility conditions for the data by a different method. We apply his
method to our problem, but our singular limit result is global in time and in the coefficient
p, i.e., for the order of convergence, no smallness assumption on p is needed.

The following result on the singular limit is the main result of this paper. We compare
the solution to (1.1) with the one for the problem when p = 0:

50w + 100 + kv
= (o + B [ [0:0|2dz + yn [ 0.00,0,vdx) H2v, (t,r) € R* x R, (1.3)
U<Oa'):fa Z’ER,

Theorem 1.2 (Singular limit). Assume that f € H? forn > 0 and f € H® for n = 0.
Let v be a solution for (1.3), and define g = limy_, o Oyv(t,-). Then we have the following
global in time singular limit estimate,

lu = vl[goe 2 < Cop,

CUae),  n=0,
Cflla2), n>0.

This paper is organized as follows. In Section 2 we introduce several lemmas needed
later on to show the main results. In Section 3 we show the decay estimate for the
nonlinear problem (1.3) with p = 0. Section 4 is devoted to the proof of the singular limit
theorem which shall be done separately for n = 0 and for n > 0, respectively.

We finish the introduction by giving some notation used in this paper. We use the

where u s a solution to (1.1) with data (f,g) and C = {

notation 0; := % and 0, := 6%. We denote several positive constants by C' and C;
(1 = 1,2,3,...); the constant may change from line to line. Important dependencies

of constants are denoted by C' = C(...). LP and H® are the standard Lebesgue and
Sobolev spaces, respectively. We also use the following notation for space-time norms
(distinguishing 1 < p < 0o and p = 00),

00 1 ' 1
ul[zrra == {(fo lut, ')H]ith)p ) lu|lppra == (fo [[u(s, ')Hiqu)p 5
SUP¢e(0,00) Hu(t, ~)HLq, t SUP, (o Hu(57 ')HL‘Z-

We denote the Fourier and the Fourier inverse transforms by F and F ~1 and the Fourier
transform of a function f by f.



2 Preliminaries

In this section we prepare some definitions and introduce some useful lemmas and esti-
mates for the linearized case.
For short, throughout this paper we often denote

I(u) ::/|8zu\2dx, I(u) :z/@muatamudac. (2.1)
R R

We define the mild solution to (1.1) in the case p > 0 by the solution of the following
integral equation in the L%-sense

u(t) = Ko(t) f + Ka(t)g + % /0 Kt = $){BI(u) + I (u)}u(s)ds, (2.2)

where Ko(t)f = F~! [Ko(t, g)ﬂ and Ky (£)f = F~! [Kl (t, 5)ﬂ with

Va(§)2—4b(8) _ Va(©)2—4b(8)
) e P t+e 2 t
Ko(t,€) = e 20"

2

1 (2.3)
a(§)e o) (e‘/“(“iwt PRVAGLE TG >t)
2,/a(€)% — 4b(¢) ’
Kl ) i ( W_W> (2.4)
RN Ja(©)? = 4b(E) ’ '
._ 0 | Ny R @
a©) =S ehbe =g e (2.5)

Similarly, for the case p = 0 we define the mild solution to (1.3) by the solution of the
following integral equation in the L2-sense

v(t) =K + /Ot(nai +0) Kt = $){BI(v) + ynl(v)}u(s)ds, (2.6)

PN _nttrag?
where (1) f := F~! [K(t)f] and K(t,£) = e netho

Next, we give the (linear) decay estimates for the limiting equation (1.3) in p = 0.
Although these may be known results at least in the case n = 0, we give the proof here
for self-containedness.

Proposition 2.1. Let k be an any nonnegative integer.

1. If n =0, then it holds that for 0 < ¢ m <k and 0 <n <k+4

C _ C i
o8O = g I8+ i (2.7)
18K f| 2 < —C 0l + e[| (2.8)
KO < Gl e+ gl e 2



2. If n > 0, then it holds that for 0 < {,m < k and 0 < n < min{k,4}

C _ _
KO e < (00 e+ OOz N, (2.9)
C
[0roK (B f] 2 < N 105 Fllz2 + Ce |5 f] 12, (2.10)

Proof. Let us consider the case n = 0. Observe that |¢[Fe=ClEI"t < C’/tk/“. For [£] <1 we
have

152, )] < |lef"em 1| < eF gl [Jglfem 7 < 1)§ el
It holds for |£] > 1
[lE1* K (£, €)] < [ e s me ™56 < o Ct|£|’“ .
From the Plancherel theorem we obtain
oK) e < |l rwar], o+ |eEear],
< e+ gl

which completes the proof of (2.7). Similarly, it holds for |£] <1

K/§4 + ag t§2

a C
leFake, o) < g < Clel[Je e 10 < Sl
and for [£] > 1
KEV 4+ af? setiag? n_—%ticn C “n
leFa(e,6)] < |l 52 E e < ot sgpe i < e,
which implies (2.8).
Next we consider the case n > 0. We easily check that for [¢| < 1
ag? < k&Y + a? < K+«
n+o0 = n&t4+ds — 0
and that for |{] > 1
K kEL + af? < K+«
n+o T n&t+d T o
holds. Then we have for |£] < 1
redrag? 7'054 ae? Eta
lfautc (1, €)] = ¢ e S < e < 2 1)2 g1

and for || > 1
€[ K (2,€)] < Jg]te 75"
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which yields (2.9). Lastly the estimate (2.10) follows from

[0k (2, )] < 5 ||gf 2T L < o e (<.
t+4 1)z
and it
lelfa K (t,€)] < [¢]F emmst < Clgffemmt (€] > 1),
This completes the proof. O

By the standard contraction mapping argument the unique local existence is immedi-
ately established.

Proposition 2.2 (Local existence and uniqueness). Let k > 2 be an integer.

1. Letn=0. For any f € H*, there is T = T(||f||z+) such that there exists a unique
mild solution v to (1.3) satisfying

ve C([0,T], H).

2. Letn > 0. For any f € H*, there is T = T(|| f||g#) such that there exists a unique
mild solution v to (1.3) satisfying

v e CH[0,T], HY).

Outline of the proof. To establish the local existence result, we define a nonlinear mapping
by:

Dlul(t) = K(1)f + / (6 + oY) Ut — $){BI(w(s)) + 1 (v(s))}2u(s)ds

and the ball X7 := {u | [Jul]|x < M}, where

|Iu||X o {HUHL%"H’“: n= 0,

|ull zse e + | Ovul| e ey 1 > 0.

We can easily show that the map ® is a contraction mapping on X7, with the help of
Lemma 2.1. In the case n > 0, additionally one should observe the fact that

0P [u] () :=0K(8) f + {BI(u(t)) + I (v(£)} (6 + ndy) ' du(t)
+ /0 (8 +n3) 'K (t — s){BI(v(s)) + I (v(s))}05v(s)ds

because K(0) is the identity operator. O

From the property of mild solution with the help of the estimates (2.8), we also easily
deduce the following result (see also [2, Section 4]).

Proposition 2.3 (Regularity). Let k be an any non-negative integer. If n = 0, then the
mild solution obtained in Proposition 2.2 with f € H*™ satisfies 0,0 € C([0,T]; H).

6



The following inequalities are well-known and will use for the estimate of the nonlinear
terms in next section.

Lemma 2.4 (see e.g. [10, Lemma 2.4]). 1. Let a > 0 and b > 0 with min{a,b} > 1. It
holds

t
/ (t—s41)"%s+1)"0ds < O(t + 1)~ minfab},
0
2. Let1>a>0,b>0 and ¢ > 0. It holds

t
/ e=e=9) (¢t — §)=9(s + 1)Pds < C(t + 1),
0

3 Decay estimates for the limit problem p =0

In this part we shall show several decay estimates for the first order problem (1.3) in the
case p = 0. Combining a standard energy method with Lemma 2.1, the following a priori
estimates to the nonlinear problem (4.2) are derived. The decay of the energy E,(t),
defined by

K (07
Eo(t) = 5107072 + S 110:vll7> + é||5xv|li27 (3.1)
2 2 4

can be proved for n > 0 and for n = 0 simultaneously.
Lemma 3.1. Let n > 0. For any f € H?, the solution for (1.3) constructed in Lemma

2.2 satisfies, fort >0,

Ep(t) < t% (3.2)

Proof. Multiplying (1.3) by v yields
0 (13 + 2122l + 10l ) + w2l + ool + Sl2uvlfs =0, (53
and hence we have for any ¢ > 0
o012 + 210003 + 2ol < SIAI + a1z + ot (3.4
Next, multiplying (1.3) by d;v we have
0, Eo(t) + A(t) = 0, (3.5)

where A(t) is defined by

A(t) := 6]|0w(t)]|32 + nl|0:02v(t) |32 +n (/R 8xv(t)8tﬁxv(t)da:> . (3.6)



It follows from (3.3), (3.4) and (3.5) that
(2E0(1))* < (sll0Zv[I7> + @l|0zv]|7> + Bl10:v][72)*

= (5/v(t)@tv(t)dx+n/8§v(t)8t8§v(t)dx
~|—'y17/R8xv(t)8t8xv(t)dx\]0xv(t)Hiz) (3.7)

2
< CHatU(t)H%z + C’H@@fv(t}“%g +C </ &Ev(t)@taxv(t)dx)
R
< CA(t) = —COEy(t)
Then we have
O Eo(t) + kEy(s)* <0, (3.8)

where k :=4/C. By a nonlinear version of the Gronwall lemma (see e.g. Schéwe [9]), we
see that

Eo(t) < h(t),

where h(t) is a solution to
Oih(t) + kh?(t) = 0. (3.9)

Since the solution for (3.9) is given by h(t) = k/(t + 1/Ey(0)), we conclude that

k %,
< < .
Eolt) = 7m0 S T

From here we split our argument to the cases n =0 and n > 0.

Lemma 3.2. Assume that n = 0 and let k > 2. For any data f € H*, there exists a
unique global mild solution v € C([0,00); H*), and the solution decays, for t > 0,

|0P0(t)| 2 < Cr(t+1)""  (0<p<k) (3.10)
where Cy, = C(|| f|| z+)-

Proof. From Lemma 3.1, the solution decays like

C C
T 10s0(t)] 2 < TiDr [o(@)][r2 < C. (3.11)

1070 (®)l].2 <

The decay of ||0?v(t)||z2 can be shown to be faster. Since |I(t)] < C/(t + 1), applying
(2.7) to the Duhamel formula (2.6) yields

t
C
||8§U”L2 < H(?iIC(t)fHLz +/ 11 H@glC(t - s)é’%a(s)HL2 ds
0

C CC o e(s)lle | 110 o(s)]| e
< 2 z - ds.
_t+1”f||H +/0 S+1{(t—s+1)5 Jr(t_s)m/4ecoefs) 5




Taking ¢ = m = 3, we obtain

t t
s < S [ GOy, [l
o ( o

Tt+1 s+1)(t—s+1 s+ 1)(t — 5)7eCt=s)

C t C ¢ C
< ——+ 3 ~ds + . . ds
t+1 - Jo (s4+1)2(t—s+1)2 0 (s+1)3(t—s)1eClt—)
C C C
+ 5 < ,
Tt+1l o (1) T+

by virtue of Lemma 2.4. Similarly, in the case p = 3, by choosing ¢ = m = 3, we have

¢ 2 ¢ 2
C [ O [ Ol O
t+1D2 Jo (s+1)(t—s+1)2 0o (s+1)(t—s)ieclt=9 (t+1)2

107v]lz2 <

In the case p > 4, we use the induction argument. We assume that ||0%v||;2 < C(t+ 1)_5‘1
for every ¢ < p — 1. By taking m = 3, we obtain for £ =3,4,... ,p+ 2

107 < ¢ +/t Cllo22 v(s)| 2 ds+/t Cllo5~ v(s) |2
T +DE o (s+D)(t—s+ 1)z 0 (s+1)(t— s)ieClt-3)
__¢C C . C
Tt 1)E (4 D)l etl 42} (4 )81t

As we have already mentioned in [8], we see that
.5 4 5 5 (P 5
e:ﬁ{%ﬁw min § 0p10_¢ + 1, 3= 0, ¢, < min {5, 0p—1 + 1} .

Then we obtain
P2 < ———,
L
which completes the proof. O

From Lemma 3.2 and Proposition 2.2 we can construct a unique global mild solution
v e C([0,00), HY) for (4.2).

Next we shall give the corresponding estimate for n > 0. Similarly as above, we extend
the solution globally in time by the following a priori estimates. The key of proof is to
obtain the decay estimate for ||0;v(t)||L2 because the nonlinear term in the case n > 0
includes a derivative of v with respect to the time variable.

Lemma 3.3. Assume that n > 0 and let k > 2. For any data f € H*, there exists a
unique global mild solution v € C*([0,00); H*), and the solution decays, for t > 0,

100t < Cr(t+1)7%,  [|050(t)|lp2 < Cu(t+1)% (0<e<k),  (3.12)

where Cy, = C(|| f|| g+ )-



Proof. From the energy decay estimate (Lemma 2.2) the solution has the decay

C
(t+1)z

which implies the cases ¢ = 0 and ¢ = 1 of (3.12).
Next, we show the decay of A(t). Multiplying (1.3) by 9%v yields

1070 (®)ll2 < o 0@ < o @l <G (3.13)

D=

(t+1)

1 ~
—0 A1) + pllofv|)72 + /i@t/ 0,0%v0?vdx + oz@t/ 040, v0vdx + B0 (1(v)I(v))
2 R R (3.14)

= K[|0D50][72 + | 0Duv]72 + 281(0)* + BI(0) 00,072 + 1L (0)[0i0uv]| 7.
Integrating the resulting equation over [0, ¢] yields

JA() <

A(0) + £ll007v (Bl 1070 (1) [|22 + 1|02l 21|02 £ e
+ al|2030(t) |2 ()] + alldsgll 2102 £l = + 511 (0) I (0)] (1)

+ﬁll(v)7(v)l(0)+/f/ ||0t0§v(8)llizd8+a/o 10:070(s)[| 2 [|Orv (s) | 2 s

N | —

+20 [ Tots))ds+ 5 [ 101002012 100(6) s
#n [ TlI006) 105 2.
It follows from (3.3) that
/0 t A(s)ds < C' (C being independent of t).

Then, from the estimate (3.13), we have
A(t) < C+ Cllodzu ()| e

which implies

Aty<C  (t=0), (3.15)
where the positive constant C' is independent of t. We shall show that for any ¢ > 1
C
Alt) < —— 3.16
07— (3.16)

By the mean value theorem, there exists 73 € [t,t + 1/2] satisfying

¢

A(ry) =2 /t T Ads = 2 Blt) - Balt 1 1/2)) < 28,(1) < "

(3.17)

10



due to (3.5) and (3.2). Using (3.14) again, we have for any 7 € [r3,t + 1]

JAM) < 5Am) [ 9320z ~ [ B8 r)odRe(r)do
R R

+a48t8xv(7)8xv(7)dx—aA@tﬁxv(Tg)axv(Tg)dx

+ BI(W)I(v)(r) = BI (W) (v))(7s)

+Ii/ 10:02v]72(s) ds—i—a/ 100,072 (s ds+2ﬁ/ s))%ds
+ [ 1)o@l (6)ds +n | Tl (<)ds

Here from (3.13) we see that for any 7 € [t, ¢ + 1]

Ce
t+1

/i/ 0,0%(T)vd*v(T)dr < er)ﬁiv(T)Hiz + CE||8§U(T)||%2 < €A(r) +
R

Y

/f/ 8ta§(¢3)va§v(rg)dx < CA(m3) + ——,
R t+1

a/ 0,0,0(7)0,0(1)dx < €)|0p (7|32 + Cel|02v(T) )72 < €A(T) + t(iel’
R

a/ 0;0,0(73)0pv(13)dr < C'A(T3) + i,
. t+1

- Ce
HOT)7) < Clorvla [l 0lx(7) < eA) + o
~ C
HOT()(7) < Clow(m) [ + Ol 12 e < CAMm) + 7
v [ N002las < [ Atss < CUEAD - Eolr)) < CEN1) < t%
t
C
A e R
C
< 2 2 2ds < —— <
2 [ Tote)Pas <€ [ ool < 25 [ A < oo,
and from I(v(t)) < C/(t+1) and |[I(v(t))| < C (see (3.15)) that
C
: / MoD.vla(s)ds < g [ As < s
[ Tl1o0. s s)as <c/ J00ula(s)ds < T
777 t ULZ ~ ) (R0 LZS _t+1

Consequently, from (3.17) we obtain for any 7 € [73,¢ + 1]

C C
A(T) < CA — < —
(M < CAm) + 97 < 5o
which implies
C
AlT) < —— 1/2 1]).
(Mg (relt+1/2t+1)

11



we also obtain

A(T)gt_fi/z Stfl (1 €[t,t+1/2]),

with the help of 1/(t +1/2) < 2/(t + 1). Thus we conclude that

C

sup A(s) < ——,
seltt+1] (5) t+1

By replacing t by t — %,

which implies (3.16). Then the decay rate for I can be improved to
~ C
7] < (o)l 120l < =, (318)

and hence |[I(t)| 4+ |I(t)| < C(t+ 1)1
Next, we show higher-order estimates. With the same arguments as in the proof of

Lemma 2.1, we easily show the following (linear) estimates: for any integer n € [0, 4],
C
050 +n0) KO f| 1 < PR 1857 fll2 + Ce™ 10" fl 2, (3.19)

- C - - n
050+ w020 o S g NOE S lae + GO e (3:20)

Then from Lemma 2.1, (3.18) and these estimates we have

t
C
J020lln < 1000 e + [ 19206 + n2) Kt = 9)020(5) |
0
02 "0 (s)ls

C too 18 (s) | e
< = z ds.
_t+1”f||H2+/o 8+1{(t—s+1)§+ et i

Taking ¢ = n = 3, we obtain
C||0,
H U(S)HL2 ds

t
ool < o+ [ :
t+1  Jo (s+1)({t—s+1)2
C /t C
< ——+ 3 3dS
t+1 o (s+1)2(t—s+1)2
C C C
< + 5 < ;
t+1 (t+1)2 —t+1

by virtue of Lemma 2.4. In a similar manner, by taking { = n = 1, we have
C _
10w @)llz2 < KO Ffllzz + = (6 +n0;) " 05u(t)]| .

+ /0 .sjtil 10:(6 + 1)~ KC(t — 5)02u(s)||,. ds

C C e ||0zv(s)]| 2 |00 (8)|| 12
< — 2 —||p? 2 QC -
~ i+ Al + t+ Tl10zv @) +/ s+ 1 {(t_ s 1)5H t i (B

< C N C N C < C
Tt (1?2 (t+1)2

|



In the case k& > 3, by the same argument as Lemma 3.2, we see that 0kv(t) |2 <
C(t +1)7%. Lastly we show the second part of (3.12). It follows that

o IS
t+1 (t + 1)0k+1’

16+ 90805 20(0) 2 < 5o [0kl <

and from (3.19) that

t
| =5 108010+ 002y K0 909205 ds
0

t k+2—¢ 9 k 5
. / c (Har u(s)c +Haggu<s>HL)dS
0

- s+1\ (t—s+ 1)§+1 eC(t=s)

/t C /t C

< — —ds + —

0 (5 + 1)9k+2—é+1(t — s+ 1)5+1 0 (s 4 1)9k+160(t—s)
for £ = 3,4,...,k+ 2. Then we obtain

ds

i C C C C
1050w (t)|| 2 < Tt = + ~— + .
(t+ 150 (DB (b4 D) (E4 1)t
C
< —
T (t+ 1)0ke

where we have used the facts that max,—3 4 4o min { 5k+2_g +1, é + 1} and that 5k+2 <

0. + 1. This completes the proof. m

Now, similarly to the previous subsection, the local mild solution constructed in Propo-
sition 2.2 can be extended to a global one.

4 Singular limit problem

In this section we prove Theorem 1.2. We present a convergence estimate which is global
in time and uniform in p by a simple proof assuming the compatibility conditions for the
data. We discuss the cases n = 0 and 1 > 0 separately.

4.1 The equation with frictional damping and n =0

In this subsection we compare the solution to (1.1) with n = 0,

pOu + 60iu + kOpu = (o + B [3 |0,ul*dz) H2u, (4.1)
w(©0,2) = f(z),  Ou(0,2) = g(x), '
with the solution to (1.3) with n = 0:
600 + kO = (a+ B [ |0,v*dx) O2v, (4.2)
v(0,z) = f(x), .

under the compatibility condition g = lim;_, o 0;v(¢,-). For the reader’s convenience we
restate Theorem 1.2 in the case n = 0.
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Theorem 4.1 (Singular limit). Consider the case n = 0. Let v be a solution to (4.2) for
f € HS and define g := lim;_, 1o Oyv(t, ) then we have the following global in time singular
limit estimate:

lu = ||z < Cp,

where u is a solution to (4.1) for the data (f,g) and C = C(||f]|zs)-

We remark that the fact g € H? is assured by Proposition 2.3 thanks to the assumption
f € HS We use the following space-time a priori estimates in our proof of the singular
limit result.

Lemma 4.2 (Higher-order estimates). The solution v to (4.2) with f € H® satisfies for
some C' = C(||g||z2) that

ol 10 s+ 100,00+ [ ( [000000) @<,
and for some C = C(|| flu2, |9l g2) that
18:050 [ Zoe 2 + 100:0] o0 12 + 1070 22 + 10:050 122 + 10:050 ] T2 2. < C.
Proof. Differentiating the equation (4.2) with respect to the time variable yields
8020 + k0,050 — ad,0%v — BO,(I(v)0*v) = 0. (4.3)

Multiplying v to the resulting equation, we have

5 o0
N0 lLee 2 + ll0: 00172 12 + |22 + ﬁ/ 10:0[172 110 95| 2t
0

+2ﬁ/ (/ataxvaxvdx) dt = 5y|gy|iz,
0
which is the first assertion.

Next, multiplying (4.3) by 0%v + 0;0%v yields

k é 2112 a 2 2,112 4,12 3,112
0 | 5+ 3 ) 110:00l12 + Sl10:0:0][72 | + 010702 + 61101l T2 + all OOz vllz:
_ 3 / 0, (10,0|%820) - (&Pv + ,04)de (4.5)
) K 1 1
< GloBul3s + S0kl + (35 + 5 ) #2101 (10.013:0) s

We already know that 0 < ||9,v||7. < C, for some Cy = Cs(|| f| 2) being independent of
t (see (3.2)), implying

| @lowiize<a [ iolilocla < 2ol @)

14



due to (4.4). Then we have

/ 10: (10:0]13:020) |[32dt < / [0ul10:0]132 - 020 + | 0001320020 |, dt
0 0
<9 / (O01050]22)? 1020 Zadit + 2 / 10,0]12 10,020 dt
0 0
< 2P0]2 o / (0190222t + 2010, 210,002
0
4 1
<=2 =)6C%0l%,.
< (2+7) ocHalt

By integrating (4.5) over t, we have

K 0 o )
(5+3) 10020l + G100l s + 10F0 s
+ 10080l 722 + 000 (4.7)

1 1 4
< 2 a 2 L 2 ¢ 2 ..
_< 3 ) 120l + S0l + 5+ 50 ) (G + 7 ) A0CAall

In the procedure of the proof of Proposition 2.3, we easily see that ||g|| g+ < C(|| f|| gr-+1)-
Then the constant of the second assertion in the above lemma is rewritten as C =

CULf s )-
Proof of Theorem 4.1. Let us denote by u the solution to

]

pOu + d0u + KOtu — (a + BI(u)) 0*u = 0, (4.8)
and by v the solution to
50y + kd3v — (a+ BI(v)) O?v = 0. (4.9)

Calculating ((4.9) + £0,(4.9)) yields

POV + 60w + KOjv — adv — BI(v)D2v = —%H@t@;lv 781@2 pf

We set w = u — v. Subtracting (4.8) from (4.10), we see

(1(0)82v). (4.10)

pO2w + 50w + KW — adPw = %ata% - %atagv .
AU w) — T(0)3%) — 2 a,1(0)22). o
Multiplying (4.11) by dw yields
0 (fuatwuiz + S0l + guamwu;) + ool =2 / 00k 0w
/ 0,0?v0wdx + 6/ )52 Oywdx — / o (1 v)Oywdz.
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Since
10zull72 — [|0:0]172 < [|Ozwl|z2 (|0sull e + [|02v]]L2)

we have

/]R (I(U)aiu - I(v)aﬁv) Opwdzx

:/||8mu||%28§watwdx+/ (10,ul% — [[0,0]%) Doy
R R
< el|duwl|7z + Ccl|Opul| 72| 02w] |72

+ Ce (10uullZ2 + 102072 |0Z0]|72 [|Oxtw ]2

Ce
g1y (198wl + sl

due to decay estimates given in Theorem 1.1 and Lemma 3.2. On the other hand, from
the higher-order regularity estimate (Lemma 4.2) for the solution v of (4.9), we have

S EH@th%Q +

/ /8twat84vdwds = 6||8tw||L2L2 + _P 2100, 0] 72p2 < 6||atw||L2L2 +Cep”,

/ / 01 (0)020)Dwdds < €|y + €p2||at(](v)3§v)||%%z < €l|0w|ape + C.p?,

where in the second line we have used
10:(I(v)020)[| 722 < 20|00 (0)D20|| 7212 + 2|/ T (V)20 |72 2
e’} 2
<5 [7( [ 0wt ) a2l + 200l a0l
0
< 8”81583”“%%2||UH%<>0L2||82UH%OOL2 + 2||a:vv||iooL2||8taiv||%2m
< C(If e, gl z2),
with the help of (3.4). Consequently, setting

p K «
Dy(t) i= Lol + S0ul2: + Slo.w]s (412)

and choosing € small and absorbing 3¢[|0,w|[7.,, to the left-hand side, we have
t

D,(1) g/o ﬁpp(s)dwcp?.

By the Gronwall lemma (see e.g. [2]) we obtain

D,(t) < Cp*exp <C /Ot(s + 1)_2ds)

=COp*exp(C—Ct+1)1)
< Cp*.

Therefore we conclude
SupD (t) < Cp°.
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4.2 The equation with Kelvin-Voigt damping 1 > 0

In this subsection we consider the problem with n > 0, that is, the comparison between the
solution to (1.1) and the one to (1.3) under the compatibility condition g = lim;_, o Gv(t).
In this subsection we shall show the following theorem.

Theorem 4.3 (Singular limit, n > 0). Let v be a solution for (1.3) with f € H?. We
define g = limy_, 0 Qwv(t,-). Let u be a solution for (1.1) with (f,g). Then we have the
following global in time singular limit estimate:

lu —v||pemz < Cp.

In the case n > 0, from the assumption f € H? we have shown the existence of a
local solution for (1.3) satisfying d,v € C([0,T], H*). Then g € H? is automatically
satisfied. Compared to Theorem 4.1, we do not need any regularity assumption for g in
the Kelvin-Voigt problem.

We also use the following space-time estimates in our proof of the singular limit result.

Lemma 4.4 (Higher-order estimates). Let f € H? and g € H?. We assume g =
limy 1o Owv(t,-). Then there exists a constant C = C(||f||z2) such that

oo 2
||atU||%2L2 + ||ata§U||%2L2 +/ (/ 8tc9$vc9xvdx> dt S C,
0

and a constant C' = C(|| flmz, ||g|lz2) such that

10 oo 12 + 1000501 1w 12 + 10000 | Lo 12 + 10011722 + 10700 L2 2 + sup [I(0)[* < C.
t
Proof. From (3.5) we conclude
0110vl[72 12 + 0|00z 72 +777/ T(0)()*dt < F,
0

where k := 502£1122 + £110xfl1%2 + 51|10, f||22. This implies the first assertion. Differen-
tiating the equation with respect to the time variable yields

5020 + nd20* + kD, — 20,02 — O (BI (V)% + vyl (v)0%v) = 0. (4.13)

Multiplying v to the resulting equation, we have

5 ’I] '}/17 ~
o (haul: + 2100zl + Z(Fw))

+ £l 0050[172 + all00.0l|72 + BI(0)[|0:0 072 +26(1(0))* = =yl (v)|0:0,0]7:

2
< T (@) + Jelawli ko]

since
10:0,0] 72 < |00l 12110070 2 (4.14)
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By integrating over ¢, we obtain
0 gl
S100 g+ 20020y -+ sup T (F(0)?

5
< Slgliz= + —||329||iz + 7||(’>’§9||%2||f||i2

28 [ [+ Do aga 0020

0 m YrNnT
< 5llgllze + §|I3§9|liz + 5 1029117211122 + 5 K + S skell D50l 2

Choosing € satisfying Ee/c? = 1/2, we have

_”atUHLOOL? + ||8t82v||L°°L2 +sup ?(f(v))2 < O a2 Nlglla2)- (4.15)

Next, multiplying 0?v to (4.13) yields

K «
2 (—||at62v||%z + 120,013 ) + dlloFullEa + nllofov] 3

(4.16)
-y / 0, (1(v)02) - O2vda + 1 / at )20 ) - Puda.
Here, since 9,1(v) = — f D2vd}vdxr + ||0,0,v||72, we have
fyn/@t - 0?vdw
:yné)tl(v)/8§v8t2vdx—1—7777(1))/(%85@8306&
< |08y 0)172 1070 ]| 2 1030l 2 + | T ()| 00| 21| .2
1 1

< ellgivlize + o () 102022 10wl 22 100z v 22 + o (vn)? 1(0)[l0:030]7,

where we have used (4.14) again. Then it follows from (4.15) that
[ [ o (Twtv) - Qbudad < ol + ColoEI w00l 1000 o

+ Cesup 1(0)Pl10:030]| 212
< ellofollape + Ccll fllaz: gl m2)-
As the same as the proof of Lemma 4.2, we see that
| 100 (10s0172:320) [t < CIOGEIRs ol g |020 s + ClOs0 e 00 121
0 <C ( independent of t).

By integrating (4.16) over t, we have

100050 oo 2 + 070 22 + 107030 ]| 22 < O fll s |9l 2)- (4.17)
From (4.15) and (4.17) the second assertion is proved. O
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Proof of Theorem 4.3. Let us denote by u the solution to
pO2u + §0yu + 1n0yOmu + KOpu — (a + BI(u) + fmf(u)> O*u = 0, (4.18)
and by v the solution of
50y + 10,040 + KO — <a + pI(v) + vnf(v)) v = 0. (4.19)
Calculating ((4.19) + pd(4.19)) yields
pOFv+60w + nd0v + KOtv — (a + BI(v) + 7777(1})) v
— —%ata;*v - ?afa;*v Tata% + 'Oat {(@1( ) + mﬁ(v))agv} .
We set w = u — v. Subtracting (4.18) to (4.20), we see

(4.20)

pOPw + 60w + n0,0tw + KO — adPw
= B ()02 — 1(0)020) + yn(T(w)d2u = T(0)%0) (121)
+ %ata;;u + ?afa;gv - 7@3? P Lo {(51( )+ mﬁ(v))agv} .
Multiplying d;w to (4.21) yields
0 (Ellonllz: + 5102wl + S10.wl3) + ldwlf +nllod2uw].
= /R (right-hand side of (4.21)) - dywda.

Observe that
/(T(u)agu — I(v)0%v)dwdx = /f(u)agwatwda: + /(f(u) — I(v))Pvd,wdz.
We have

w [ Ttwduds < §loai, + G T izl

and

N /(f(u) - f(v))@iv@twdx =n /(&g&cu@xu — 0,0, v0v)dzx - /85218,5200[:)3

= VU{—/atuagwdx— /&w@ivdm} -/8§v8twdx

2
< vl 2wl ool — 0 ( [ Q2ooruwd)
<

[0ul|72 | 0Zwl| 72 | 030]|72 + = HathLQ
Then it follows from Theorem 1.1 and Lemma 3.3 that

[ Aoz - Tye2eods < el + G 2louls,

(yn)?
+ 2—||8tu||L2||82w||L2||a2UHL2

< el gz +

C.
(t + 1)4 ||8:%w||L2
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In the same manner as in the proof of Theorem 4.1, we have

Ce
/R (I(w)d2u — I(v)D2v) Opwdz < €| Opw||72 + (EE

From the higher-order regularity estimate for the solution v of (4.19), we have

(||82w||L2 + 1|0, w||L2) .

pa /Ooo/R@twataivdscds < e||ldwl3ape + Cep?|| 0107032 2,
[ [ owootudsds < o0zl + Cotlo@z e

p7 / [ odrt)oze)ondeds < ity + Cort|oAT G
il / / 20 vdwde < &|0,0%w| 2 2 + Cop? 0202022y,

du / /at 0)020)dwdrds < &0,02w|2a 1z + Cop?l| 0 (T(0)0)|[2a o

Observe that
10:(1(v)v) || 2> < ||(N07vllz2l|20]| 2 + |0:av]72)0]| 1 p + ||[|O0 2 1830] L2800 2,2

< NG| p2r2]|02v] oo 2 |0l Lo 2 4 1000 | Lo 12]|0:030 || 1212 || 0] oo 12
+ 10| oo 2| 020 | poo 2 1040 | 212

<,
and from the same calculation as Theorem 4.1 that
18:(1(0)0) [ 212 < CllO:D20| 12 p2][0]| oo 12|00l Lo 12 + Cll 0|70 120050 212 < C.

Choosing € = /4 and € = 7/3, we have

p K o

o (t) 3 + S50 3 + S (d]s

t
1

<C [ —— (10%w(s)|22 + [0sw(s)|[32) ds + Cp?.

<C [ g (1Bl + [o(s) ) ds + Co
Using the definition (4.12) again, we have

t
1
D,(t) < C | ———D,(s)ds+ Cp.
(0 <C [ D+ Cp
In the same fashion as Theorem 4.1 we conclude that

sup D,(t) < Cp*.
t

This completes the proof.
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