Transmission problems in (thermo-)viscoelasticity
with Kelvin-Voigt damping: non-exponential, strong
and polynomial stability
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Abstract: We investigate transmission problems between a (thermo-)viscoelastic system with
Kelvin-Voigt damping, and a purely elastic system. It is shown that neither the elastic damping
by Kelvin-Voigt mechanisms nor the dissipative effect of the temperature in one material can
assure the exponential stability of the total system when it is coupled through transmission
to a purely elastic system. The approach shows the lack of exponential stability using Weyl’s
theorem on perturbations of the essential spectrum. Instead, strong stability can be shown using
the principle of unique continuation. To prove polynomial stability we provide an extended
version of the characterizations in [4]. Observations on the lack of compacity of the inverse
of the arising semigroup generators are included too. The results apply to thermo-viscoelastic

systems, to purely elastic systems as well as to the scalar case consisting of wave equations.

1 Introduction

We consider transmission problems for elastic materials in d = 1, 2,3 dimensions, where
one viscoelastic material experiences dissipation given by a Kelvin-Voigt damping mech-
anism and, in our most general case, also by heat conduction, while the second elastic

material is purely elastic. The two systems have an interface where classical transmission
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conditions are given. The configuration is described in the figure,

where the inner part {25 represents the undamped purely elastic material, while €2y rep-
resents the elastic material with a viscous damping of Kelvin-Voigt type and a damping
through heat conduction. The interface is given by I'; = 9€)y, where the usual continuity
conditions on the displacement vectors and on the elastic normal derivatives prescribe the
transmission condition below.

Let u : ) x [0,00) — R and v : Q3 % [0, 00) — R? denote the displacement vectors
in the two different materials, let 6 : ; x [0,00) — R denote the temperature difference
(absolute temperature minus a constant reference temperature) in ;. Then u, v, 0 satisfy

the equations

Pl + Elu + 6E1Ut + ")/Ve = 0 in Ql X (0, OO)7 (11)
p3by — kKA +~vdivu, = 0 in 2y x (0,00), (1.2)
P20 + EQU = 0 in QQ X (0, OO), (13)

where
E; = —puiA— (pj+6;)Vdiv, j=1,2,

denotes the formal elasticity operator for isotropic, homogeneous material with Lamé
moduli p;, d;.

All constants p1, 5, ..., us are assumed to be positive. For the subsequent discussions
we may assume w.l.o.g.

pr=pz=p3=7=kK=1

We keep the parameter § as it is to point out the effect of the Kelvin-Voigt damping in

different places in the following sections.



The transmission conditions on the interface I'y are given by

u = v on I'y x (0,00), (1.4)
O u+0v+BoFu, = 0%v  on Ty x(0,00), (1.5)
where
0 = =0y — (p; + ;v div,
and

0, =vV

(in each of the n components if it is applied to a vector) with the normal vector v at the
boundary as indicated in the picture above.

As remaining conditions on the smooth boundary we have

u=0, 6=0 on Iy x(0,00), (1.6)
9,0 =0 on Ty x(0,00). (1.7)

The initial-boundary transmission problem is completed by initial conditions,

u(-,0) =u’, wu(-,0)=u', 6(-,00=6" in Q (1.8)
v(-,0) =1 v(-,0)=v" in Q. (1.9)

We are interested in the asymptotic behavior of solutions. If there is just the dissipative
problem in Q; (22 = (), then the Kelvin-Voigt damping is sufficient to exponentially
stabilize the system. Therefore, it is interesting to see that even with an additional
damping given by heat conduction, the transmission problem no longer shows exponential
stability as we shall prove.

To prove the lack of exponential stability — often and in particular in one dimension
—, one can use the well-known criterion for contraction semigroups, which states that
the semigroup is exponentially stable if and only if the imaginary axis belongs to the
resolvent set and the resolvent operator is uniformly bounded on the imaginary axis.
Usually the non-uniform boundedness of the resolvent operator is shown by giving an
explicit sequence of exact solutions of the system. For higher dimensions this is often
not applicable due to the complexity of the resolvent operator. Here we compare the
system with an undamped reference system and then demonstrate that the difference of
the systems is of compact nature, and then apply Weyl’s theorem on the perturbation of
essential spectra by compact operators.

On the other hand, strong stability will be shown using the principle of unique con-
tinuation for the elastic operator in the isotropic case. That is, the damping material

stabilizes through the interface the whole systems, oscillations will be damped to zero.



Moreover, we can prove a polynomial decay using an extended version of the char-
acterization by Borichev and Tomilov [4], based on results of Latushkin and Shvydkov
[10].

The special character of the generators appearing with Kelvin-Voigt damping is un-
derlined by showing examples with non-compact inverses which is in contrast to standard
situations.

Our considerations immediately extend to the system without temperature,

prug + Fryu+ fEw, = 0 in Qy x (0, 00), (1.10)
P20y + EQU = 0 in QQ X (O, OO)7 (111)

with transmission conditions

u = v on Ty x (0,00), (1.12)
OF u+ o, = 0%v  on Ty x (0,00), (1.13)
remaining boundary conditions
u=0 on Iyx(0,00), (1.14)
and initial conditions
u(-,0) =u’, wu(-,0)=u' in €, (1.15)
v(-,0) =% v(-,0)=v" in Q. (1.16)

Moreover, we may consider instead of the elastic operator the scalar Laplacian looking at

the corresponding transmission problem for wave equations for the scalar functions u, v,

prug — k1Au+ BriAu;, = 0 in £ x (0,00), (1.17)
povy — KeAv = 0 in Qg x (0,00), (1.18)

with positive constants k1, k9, and with transmission conditions

u = v on I'y x(0,00), (1.19)
K10,u + BR10,uy = kKe0,v  on Ty x (0,00), (1.20)
remaining boundary conditions
u=0 on Iy x(0,00), (1.21)
and initial conditions
u(-,0) =u’,  wu(-,0)=u' in €, (1.22)
v(-,0) =", v(-,0)=2v" in Q. (1.23)



For wave equations with localized frictional damping it is well-known that the system is
exponentially stable when the damping is effective in a sufficient large neighborhood of
the boundary, see for example [8, 12, 14, 15]. For the one-dimensional Euler-Bernoulli
beam, also localized Kelvin-Voigt damping leads to exponential stability, as was shown by
K. Liu and Z. Liu in [11].

On the other hand, as was proved in one dimension in [11], Kelvin-Voigt damping is
not strong enough for the wave equation to give exponential stability in the transmission
problem. Here we now prove this for n > 2.

The problem is related to the optimal design of material components, e.g. in damping
mechanisms for bridges or in automotive industry, see [3, 16] or [13] and the references
therein. As a consequence, one should consider various components with frictional damp-
ing if exponential stability is needed, for strong stability, where the oscillations at least
tend to zero as time tends to infinity, adding material with Kelvin-Voigt damping prop-
erties (plus or without heat) is sufficient.

The paper is organized as follows. In Section 2 we shortly discuss the well-posedness
of the thermo-viscoelastic transmission problem. In Section 3 we investigate smoothing
properties of the related purely thermo-viscoelastic system. The main Section 4 provideds
the proof of the lack of exponential stability. In Section 5, we prove the strong stability.
The polynomial stability will be given in Section 6. Section 7 provides examples for
Kelvin-Voigt operators yielding arguments for the non-compactness of the inverse of the
generator of the arising semigropus. In Section 8 the results on the related purely elastic

system and on problem for wave equations are given.

2 Well-posedness

Defining W := (u, v, us, v, 0)" (' meaning transpose), we formally get from (1.1)—(1.3) the
evolution equation

Wi(- 1) = AW (-, 1)
with the (yet formal) operator A acting on ® = (u,v,U,V,0))" as

U
V
Ad = | —Fu— BEU—-V0
—FEsv
A — divU

Introducing the spaces
H = {(u,v) € (H'( Q) x (HY ()] u=0 on Ty, wuw=v on I},

b}



L2 = (LX) x (L2 ()" x L*(),

with the classical Sobolev spaces H'(...), L*(...), we choose as Hilbert space

Ho=H' x L%
with inner product
<(I>1,(D2>'H = / Ulﬁg—i—,uququQ + (ul +51)diVU1 diV'LLQ +(919_2 d.’L“i‘
951
/ ViV + 12V o1 Vg + (g + 82) div vy div oy dz, (2.1)
Qo

where q)j = (Uj, vy, Uj, ‘/ja 9]')/.
The operator A is now defined as A : D(A) C'H — H by
D(A) = {®cH| (UV)eH, (u+pBUv) e (H* () x (H* (),
O (u+ BU) +0v=0"v on TI,}.

Then we have the dissipativity of the densely defined operator A,

Re (A, @)y = —B [ wm|VU)P + (1 + 6)|divU|* dz — | |VO|* da. (2.2)

Ql Ql

The equality (2.2) and the choice of the inner product resp. of H reflects the energy

equality we have for (smooth) solutions of the transmission problem (1.1)—(1.9). That is,
if

1
E(t) = E(u,0,v;t) = 3 ( Ju|? + g |[Vul® + (g + 61)| divul® + 0] dz+
Q1

0| + 2| VU2 + (2 + 02)] divv|? dw) (2.3)
Qo

denotes the usual energy term associated to the equations, then
dFE .
—t)==8 | m|Vu* + (1 + 61)| divw* doe — / IVO|? da. (2.4)
dt o, .

Since the stationary transmission problem A® = F'is uniquely solvable for any ' € H (cp.
(2,9, 5]) with continuous inverse operator, we have that 0 € o(.A) (resolvent set). Together
with the dissipativity (2.2), we conclude that A generates a contraction semigroup, hence

we have
Theorem 2.1. For any W° € D(A) there exists a unique solution W to
Wi(t) = AW (t), W(0)=W",

satisfying
W e CY([0,00), H) N C°([0,00), D(A)).



3 Smoothing for pure thermo-viscoelasticity

Arguments needed to show the lack of exponential stability in Section 4 rely on the
smoothing effect in pure, uncoupled thermo-viscoelasticity as we shall prove it now. For

this purpose we consider the following thermo-viscoelastic initial value problem:

Uy + B4 BB, +V0 = 0 in Q) x (0,00), (3.1)
0, — A0+ divi, = 0 in € x (0,00), (3.2)

with boundary conditions

u=0, 6=0 on (I'guTly) x (0,00), (3.3)

and initial conditions

a(-,0)=a", w(,0)=a', 6(-,00=6" in Q. (3.4)
Then we have the following version of a smoothing effect for ¢ > 0:

Theorem 3.1. If

(@, @, 6°) € (Hg ()" x (L*())" x L3 (),

then the solution (u,0) to (3.1)-(3.4) satisfies
(@, @y, ) € C° ((0,00), (Hy ()" > (Hg(Q))* x (H'())")
(0,6;,) € C° ((0,00), H*() x H*(Q)) .

PROOF: We present energy estimates for assumed smooth solutions which will prove

the theorem by density. Let

h(-,t) == t°u(-,t), p(,t) :=1t0(-t).
Then
hy + Erh + BE\hy +Vp = 20830 + 10t'%, + 58t Era, (3.5)
p— Ap+ divh, = 5t*9 4 5t* div . (3.6)
Multiplication of (3.5) by h; and (3.6) by p yields

d&
iy 8 [l hP + o+ 0 div i de+ [ VP de =
dt o Q1

/ (206°0 + 10t*u, + 56t Eya) by da + /
1951

Q

(51545 + 564 div at> pdr, (3.7)

7



where
Ei(t) :==E(h,p;t)
with

Ehpit) — ( [ TR - 6] i i+ dx) .
951

DN | —

Using
h(70) = ht('vo) :p(',O) =0,

we obtain, after integration with respect to ¢t € [0, 7T, for some fixed T' > 0,

t
251(t)+/ (5/ 1| VR + (i + 61)] div 2 dx+/
0 Q1

|Vp|? dx) ds
951

t ~
<c / T + VAP + |81 de ds, (3.8)
0 951

where C' will denote a generic positive constant at most depending on 7T'.
Differentiating in (3.5), (3.6) with respect to ¢, we have

httt + Elht + ﬁElhtt + th = 60t26 + 60t3ﬂt + 10t4ﬂtt +
208t* Eyu + 56t By, (3.9)
P — Ape + divhy = 206%0 + 546, + 20> div U, 4+ 5t* divig.  (3.10)

Similary as (3.8) we obtain

t
252(t)+/ (5/ 11| Vhial? + (un + 60| div g2 dx+/ Viul? dx) ds
0 Ql Q1

t o~ ~
<C / [ + |V > + |Val? + |0 + |VO|* dx ds, (3.11)
0 (951
where
gz(t) = S<ht,pt ) t)

Continuing this way in differentiating the differential equations two more times, we get

similar estimates for the third- and fourth-order energy terms

53(75) = g(htt;ptt ; t), 54(t) = 5(httt7pttt ; t)~

Since the first-order energy for (u,0),

E(t) = E®W,0:1),



satisfies

EW)+ 8 | m|Vu)?+ (u +6)|diva? do+ [ |VO]? do = £(0), (3.12)
Q1 Q1

we conclude, using the ellipticity of the operators E; and A,

|Ut|2 + |VU|2 + |Vht|2 + Vhtt|2 + |Vhttt|2 dx + ||(p,pt,ptt‘|§{2 S
971

~ t ~ o~ ~ ~ o~ ~
C (81(0) + / ]V(ﬂ, /’Jt,att)‘Z + ’(9, et, Htt)‘z + IV(Q, 0t7 ett)’2 dx dS) . (313)
0o Jou
Letting n > 0 be arbitrarily small, but fixed, we have from
Vhy = 5t*Vau + t°Vi,

the estimate
C

‘Vﬂt('v t)|2 < 2

(|Vht<7t)’2 + ‘Vﬂ(vt)P) )

3

and so on. This way, we obtain, with a constant (), depending at most on 7" and on 7,
for t > n,

S . t
FE) = (G, s s )+ )1 + 118 s B) (- ) e < C (5(0) = [ 1) ds> .
0
By Gronwall, this implies
B e W (. T] (HN QY. 8 e W22 (. 7], HA()) .

By embedding, we complete the proof of Theorem 3.1.

4 Lack of exponential stability

The proof that the semigroup is not exponentially stable will use the so-called Weyl
theorem, saying that the essential spectrum of a bounded operator is invariant under
compact perturbations (see [7]). The basic idea is to consider, in addition to the given
semigroup S with (S(t) = e*);5¢ describing our transmission problem above, another
semigroup Sy with (Sy(t))i>0, for which the essential type wess(So) is known to be zero,
e. g. for the unitary semigroup defined below, and then to show that the difference
S(t) — So(t) is a compact operator (for some resp. all £ > 0). This implies, using Weyl’s
theorem, that the essential types of S and of S are the same, hence we will have for the

type wo(S) of the semigroup S that
WO(S) Z wess(S) — wess(SO) = Oa

9



hence the semigroup S will not be exponentially stable.

Actually, the arguments will be more subtle, since we cannot argue with S and Sy
directly, due to regularity properties, but we have to exploit the smoothing effect proved
in the previous section to argue in a modified setting, see the proof of Theorem 4.4 below.

We define the new semigroup Sy by the following initial boundary value problem over
Q1 U Qy:

Uy + Byi+ BE, +V0 = 0 in € x (0,00), (4.1)
0, — A+ divi, = 0 in Q5 x (0,00), (4.2)

with boundary conditions

u=0, 6=0 on (I'ouTy) x (0,00), (4.3)
and initial conditions
a(-,0) =, w(,0)=a", 6(-,00=6 in O (4.4)
as well as
Uy + Ev =0 in Qy x (0,00), (4.5)
with boundary conditions
v=20 on I'; x (0,00), (4.6)
and initial conditions
0(-,0)=2° T(-,0)=2" in Q. (4.7)

The problem in €, is the purely thermo-viscoelastic problem studied in the previous

section. The problem in €2, is energy conserving, i. e.

0% 4 pa|VO1? + (o + 8)| div o] do = / [0 7 4 pa| VP12 + (g + 6)| diva®|? da.
Qg QQ

Hence, the contraction semigroup Sy associated to (4.1)—(4.7) has type
wo(Sp) = 0. (4.8)
Lemma 4.1. Let (@, 4}, 6°)), be a sequence of initial data which is bounded in

(Ho ()" x (Hy(u))* x Hy (),

and let ((Tin, 0,))n denote the associated solutions to the purely thermo-viscoelastic problem
(4.1)~(4.4). Then there exists a subsequence, again denoted by ((Un,0n))n, such that

i + Bl = T+ B, strongly in L2 ((0,7), ((H'(©1))").

10



and

0, — 0  strongly in L? ((0,7),H' (™)) ,

for some (u,0).

PRrOOF: Writing (mostly) in the proof for simplicity

and multiplying the differential equations (4.1) and (4.2) by wu; and 6y, respectively, we

obtain, after integration,
! 1 S _
/ lugy |* do ds + —/ i VuNVu, + (ug + 01) divudivu, de +
0 Jou 2 Jo,

t
g ,u1|Vut|2+(,u1+51)|divut|2dx—l—Re/ VOt de ds =
Ql 0 Q1

1 _ -
5/ i Vu'Vul + (g + 61) diva’ divu! dz + g/ pa | V' + (pg + 61)| divu'|? da
Ql Ql

t
+/ / | Vue)® + (p1 + 61)| divug]® da ds,
0o Jo

and

¢
|V90|2dx—Re// divu, 0; dv ds.  (4.9)
0 Jo

t
1
/ 02 de ds+ = [ V0] de =
0 Ql 2 91 Q1

Summing up, we obtain from the last two identities for ¢ € [0, 7], T > 0 arbitrary, but
fixed,

t
/ / luge | dz ds + B [ pa|[Vug)* + (1 + 61)| divug|® dx +
0 (951 (o5
¢
/ 10, dz ds + IVO|? do < C/ VU2 + |[Vul)? + [u'? + |VO° | do, (4.10)
0 J 971 Q1
where C' a positive constant (at most depending on 7"). Since
Ey(u+ Buy) = —uy — V0,

we conclude from (4.10) the boundedness of (u, + Su,¢), in L? ((O,T), ((Hz(Ql))d>.

Moreover, we conclude the boundedness of (w, ¢ + By, 4 ), in L ((O, T), (LQ(Ql))d).
By Aubin’s compactness theorem, we obtain that there exists a subsequence with

Un + Bliny — U+ B, strongly in L ((o, ), (Hl(Ql))d> , (4.11)

11



for some u € L? ((O,T), (Hl(Ql))d>. Finally, we get from (4.10) and (4.2) that (6,), is

bounded in L?((0,T), H*(Q4)) and that (6,.), is bounded in L*((0,T), L*(€;)), which
implies by Aubin’s theorem that there is subsequence such that

6, — 0 strongly in L* ((0,T), H'(4)), (4.12)
for some 6 € L2 ((0,T), H*()). This completes the proof of Lemma 4.1.

Remark 4.2. The convergence in (4.11) and (4.12), respectively, can be obtained, for
any € > 0, in the space

L2 ((0,7), (H*7#(2)")
and
L* ((0,7), H*7*(f0)) ,

respectively.

Lemma 4.3. Let w be the solution (with sufficient reqularity for the following integrals
to exist) to
wy + Eyw = f in 9y X (O,T),

with boundary condition
w=0 on I'yx(0,7),

where T > 0 is arbitrary, but fired. Then w satisfies
T T
/ 0, w]* + |divw|®* dods < Cfp (/ lwe|® + |Vw]?® + | f|* dz ds +
0 Fl 0 Q2

[ O)F + [Vl 0) de )
Qo
for some constant Cy > 0 depending at most on T
Lemma 4.3 easily follows by multiplication of the differential equation with ¢ Vw in

(L2(£2,))", where g is a smooth vector field satisfying ¢ = v on I'y, cp. [6, Lemma 4.1]

and the proof Lemma 6.3 below. Now we state the main theorem:
Theorem 4.4. The semigroup S with S(t) = et is not exponentially stable.

ProoOF: Having an application of Weyl’s theorem in mind, we prove a compactness

result. For this purpose, let ((u), v, uy, vy, 60%)), be a bounded sequence of initial data in

n»-n’) 'n) “n’vn

the space

Ho = (Hy())" x (Hq(Q2))" x (L))" x (L7(22))" x H ().

12



Let (tn,vn,0,) be the corresponding solution to the transmission problem (1.1)—(1.9)

— with associated semigroup S(t) = e** - and let (@,,v,,0,) be the solution to the

uncoupled problem (4.1)—(4.7) — with associated semigroup Sy(t) = At Let the difference,

for which we wish to show convergence in H for some subsequence, be defined as (dropping

n in some places)
W= Uy — Uy, 2:=Up —Up, 0:=10,—0,.

Then (w, z,n) satisfies the differential equations

wy + Byw+ fEyw, +Vn = 0 in Q x (0,00),
n—An+ divw, = 0 in O x (0,00),
2y + EQZ = 0 in QQ X (0, OO),

with zero initial data,

in Ql,

in QQ.

wt('vo) =0, 77('70) =0
20) =0, 2(0)=0

Moreover, the following boundary conditions are in particular satisfied:

=0, n=0 on Iyx(0,00),
w=u, n=60 on I'1x(0,00),
z=v on I'ix(0,00).

As usual, we obtain for the associated energy (indicating the dependence on n), cp.

1 .
E(w,z,n;t) = 5( lwi|? + 1| Vw|? + (pq + 61)| divw|? + || dz+
951

/ ]zt|2 + u2]V2|2 + (p2 + 02)| div 2\2 d:c) =: E,(t),
Qo

the identity

d
ﬁEn(t) +8 [ |Vw + |V do = / (=07 w — Bo,wy + v) Wy do
Ql 1_‘1

+/ onmdo+ | 0%227% do.
Fl F1

(4.13)
(4.14)
(4.15)

(4.18)
(4.19)
(4.20)

(2.3),

(4.21)

(4.22)

This implies, using the boundary conditions (4.18)—-(4.20) and the transmission conditions

(1.4), (1.5),

t t
E,(t) < / / ((’951 (u, + 51771,1:)) Unyt do ds — / / 0PV, Uy do ds
0 Fl 0 Fl

t e —
f//am@@@zﬁ+ﬁ+ﬁ
0 JI'y

13
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Since we get the same for differences w,, — u,,, - - -, and since the energy term is equivalent
to the norm in the underlying Hilbert space H, it suffices to show that F,, converges.

Using Lemma 4.1, see also Remark 4.2, we know
Un + By — U+ AU, strongly in L2 ((o, ), (Hl(Ql))d) ,
implying
0P (W + Bii,) — 0P (W+ ) strongly in L2 ((0, T), (H%(rl))d) .

Since also .
Uns — u;  strongly in L? ((O,T), <H%(F1)> ) :

we get the convergence of (J!),. By Lemma 4.3 and using the differential equation (4.5),

we obtain the weak convergence

0520, — 0520 weakly in L? ((07 T), (LQ(H))d) ’

and with the boundedness of (u,, ), in L? ((0, T), ((LQ(Fl))d>, we conclude the conver-
gence of (J2),. The convergence of (J3), follows from Lemma 4.1 resp. Remark 4.2,

because
8,,[9;1 — 8,,5 strongly in L? ((0, T), H’%(Fl)) ,

and
0, -0 strongly in L? ((o,T), H%(r1)> .

Hence we have proved that a bounded sequence of initial data (®,), in Hg leads to a
convergent subsequence of ((S(t) — So(t))®,),, in H, for any ¢t > 0, a property which we
call compactness over H,.
Let
Ho = (HY ()" x (L2(€))" x (L2(00))" x (L3())" x L2().
Then, fixing 6 > 0, we have
S0(8)Ho € Ho,

because of the smoothing property proved in Section 3. We consider

H = {S(r)S,(5)8°| ¥ € H,o, r > 0},

with closure in H, allowing us to exploit the smoothing property. H is an invariant
subspace for the semigroup S, with Hy being a closed subset of H. If P denotes the
orthogonal projection onto Hy, then, for fixed ¢ > 0,

S(t) — So(t)So(0)P : H —s H

14



is compact by the compactness over H as proved above, since Sy (5)7/-[\0 is a dense subspace
of H. Therefore, we can apply Weyl’s theorem on compact perturbations of the essential

spectrum. Since in H

wess(SOS(d)P) = 07

we thus get there
wess(S) = 07

implying that S is not exponentially stable also in H. This completes the proof of Theo-

rem 4.4.

5 Strong stability

Though not exponentially stable, the damping thermo-viscoelastic part in €2, is damping
for the whole system in the sense of strong stability. For the proof we use in particular the

principle of unique continuation for the elastic operator for homogeneous isotropic media.

Theorem 5.1. (1) iR C o(A).

(2) The semigroup (etA) is strongly stable, i.e. we have for any W° € H.:

0
AW — 0, as t — oo.

PROOF. (2) is a direct consequence of (1), hence it suffices to prove prove (1).

Remark 5.2. Since A~ is not expected to be compact — compare the discussion of Kelvin-

Voigt operators in Section 7 —, it is not sufficient to just exclude imaginary eigenvalues

of A.
Since 0 € o(.A), there is Ry > 0 such that i[— Ry, Ry] C o(A). Let
0o > N :=sup N,

where

N:={R>0[i-R, R Co(A)}.

Then A\* > 0, since Ry € N. If \* = oo the proof is complete. So assume
0< A\ < 0.
Then there exists a sequence (\,), C R such that

. . _ —1 _
Tim [[(iA, — A)7| = oo

15



This implies the existence of (F},),, C H with

| E ]l = 1, lim |[(i\, — A) " || = oo.

n—o0
Denoting @, := (i\, — A)'E, and @, := @, /||®,|, as well as F, := F,,/||®,||, we have
(idp — A)®, = F,

and
|D,|| =1, F, — 0 strongly in H.

By the dissipativity (2.2) we then obtain

B[ wm|VU*+ (1 +8)|divU, > de + | |VO,]*dr = —Re(AD,,P,)n
Ql Q1
= —Re(F,, ®,)% — 0,

hence
U, — 0 strongly in (Hl(Ql))d, 0, — 0 strongly in H'(Q).
Denoting F,, = (F,,1,..., Fn5), and since
AUy — UnF1 o,

we have
u, — 0 strongly in (Hl(Ql))d.

By the boundedness of ||®,, || we conclude that there exist subsequences such that

v, — v strongly in (L2(Q1))d,

and

v, = v weakly in (Hl(Ql))d.
Moreover,

iA Vi — poAvy, — (po + 02)Vdive, = Fy,,
implying
/ |V |? + (g + 8)| dive,|? de = / P20, 1, do — i)\n/ Voo, dx +
Qo I Qo
/ F4,nm dzx.
Q2

Since

auElun+9V+ﬁayElUn = ayE2Un;
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we conclude that ;
0%2v, — 0 strongly in (H’%(Fl)) )

. d
With the boundedness of (v,,), in (H §(F1)> , we have

oF2v, v, do — 0.
I'

Thus, we conclude the strong convergence of (v,), in (H'(€))". Hence, @, converges
strongly to some ® € H with |||y = 1. Since AP,, = i\, P,, — F,, now converges strongly
to iA¢ (with A = £A*), we obtain

O e D),  (ix—A)d=0.

We successively conclude, using the dissipativity once more, § =0, U =0, u = 0, v, =0,
dOf2ur, =0, and
-V = 0,
IV + EQU = 0.
Hence we have for v
Eyv =\, (5.1)
U|r1 = 0, 852141“1 = 0. (52)

By the unique continuation principle for solutions to (5.1), (5.2), i. e. for isotropic,

homogeneous elasticity (see [18, 1, 17]), we get
v = 0.

Hence ® = 0 which is a contradiction to ||®||y = 1. This completes the proof of Theo-
rem 5.1.

6 Polynomial stability

In addition to the strong stability, we shall prove the following polynomial decay result.

1

Theorem 6.1. The semigroup (etA) decays polynomially of order at least 3, i.e.

t>0
3C > 03ty >0Vt >t V' € D(A) : || Doy < Ct 5[ AD|3,. (6.1)

For the proof we shall use the following extension of a result of Borichev and Tomilov
[4] resp. Latushkin and Shvydkoy [10] for a general contraction semigroup (7 (t)),, =
(etB)t>0 in a Hilbert space H; with iR C p(B).
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Lemma 6.2. Let (T (1)), = (e'F),., be a contraction semigroup in a Hilbert space Hy
with iR C p(B). Then the following characterizations (6.2) and (6.3) are equivalent, where
the parameters o, 8 > 0 are fized:

JC>0TN>0VAER, [N >N VF e DB : || (iA—B) " Flly < CIAP|IBYF||x,
(6.2)
30 >03tg >0Vt >t VO € D(B) : ||eBdy|ly < Ct a5 ||BE°5.  (6.3)

PROOF of Lemma 6.2: For o« = 0 it is part of the results in [4, Theorem 2.4]. To
extend the proof there to the case a > 0, one has to extend [10, Theorem 3.2] which is

possible due to the following observation: [10, Theorem 3.2] proves the equivalence of

sSup {Hﬁ\;—a;“} < oo and Sup {IAN=B)"'B™|} < (6.4)

for A in a strip a < Re A < b. In the proof there, it is shown that

A—B)
||

(A= B) |
BE

a Kol < (3~ B) B < d Kl (65)

holds for x € H,, with positive constants dy, ds, K,. But this immediately implies

~H(>\—B)_1$H_ ||| < | (A —B)™' Bz
1 o =~
PN T+ AP ENE
SN =B) |||
K, )
S e e (66)

with positive constants cil, dy. Hence we have the equivalence of

sup {H()\_—B)_IH} < 00 and sup { [~ B>_1 B~ } < 00, (6.7)

X 1+|)\‘a+,3 A 1+‘)\|'B

and [10, Theorem 3.2] is thus extended. Then one can use the results in [4], and this
proves Lemma 6.2.

In the sequel we will prove (6.2) for = 1 and 8 = 2 which will then prove Theorem 6.1
by Lemma 6.2. For the proof we need the following Lemma, in particular in order to

estimate tangential derivatives on I'y, since qv will there be positive.

Lemma 6.3. Let 9 € Qy and q(x) :== x — xy for x € Q. Let w,W and )\ € R satisfy

idw—W = g€ (L)), (6.8)

W+ Byw = gy e (LA()". (6.9)
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Then we have

1 .
3 |IMw|? + | Vw]? + (2 + 02)] divwl? dm—k% (qv)|V, w|? do
QQ F1

1 .
—5/ (qv) (|)\w|2 + pa|Oyw|? + (g + ) d1vw|2) do
Iy
—uoRe A 0,w;qV . w; do + (p12 + 62)Re /r (qv) divw ((V,w;) 5 — vige(V ;) i) do
d—1 _ d—1 _ _
— 1o Re A dyww do — (uz + o) ) Re A (Vrw;) jvpwy, + (Oyw;) ;v do
1 1
Q2

where V. denotes tangential derivatives.

PROOF: We obtain from (6.8), (6.9)
—\2w + Eow = iA\gs + ga. (6.11)

Multiplying this by giOrw in (L?(€3))" and performing a partial integration, we get

1 d
Re/ (iAg2 + 94)qeOkw dx = ——/ ()| Awl* do + = [ |Mw|* dx
0 2, 2

Qo

v~

A1

—,ugRe/ vVw;qi0xw; da—i—,uQRe/ Vw;V(g,0xw;) dx
Fl QQ

— (o + 92)Re / div wr;q0rw; do + (pe + 62)Re / divw div (q,0rw) dx
Fl Q2
=h+L+13+ 1+ Is. (612)
Observing
Vw; = V,w; + (Vwj, v)env,  divg =d,
we obtain
I, = —,ug/ (qv)|0,w]? do — psRe [ d,w;qV,w; do, (6.13)
Fl 1_‘1

d
I3 = po (1 - —) |Vw|* do + 12 (qv)| V., w|* do + 1z (q)|0,w|* do,  (6.14)
2 Q2 2 I'y 2 I

Iy = —(us + 62)/ (qv)| div w|? dz+
I

(12 + d2)Re / (qv) divw ((VTWj)/j — ujqk(VTw_j)/k) do, (6.15)
I
Is = (2 + 02) (1 — g) / | divw|? do + M/ (qv)| divw]* do. (6.16)
Qg I
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Summarizing (6.12)—(6.16) we conclude

1 d
—5/ (qv) (|)\w|2 + po|Oyw|? + (pg + 02)| div w|2) do + 5/ |\w|? dz +
I'

Qo

d
12 (1 - §> / |Vw|? dr + % (qv)|0,w]* do +
Qg INT
d -
(1o + 02) (1 — 5) |divw|?® de — pRe [ 9w qV, w; do+
QQ F1

(112 + 52)Re / (qv) divw ((V-w5) /5 — viqe(V-w5) i) do

I'

= Re / (i)\gg +g4)qk8kw dx.
Qo

Multiplying (6.11) by nw for some n > 0, we obtain

—n [ [Dw]?* dz + nus IVw|? dz + n(ps + 5) | divw|* dw
Qo Qo Qo

—nua | O,ww do — n(us + o) / (Vrw;) /jviwy, do
Fl 1—‘1

—n(p2 + 02) /

I'1

(Oyw;) /vy do = nRe / (i1Ag2 + g4)W dx.
Q2

(6.17)

(6.18)

Choosing 7 := d%l and then adding (6.17) and (6.18), we obtain the claim of Lemma 6.3.

Now, we can present the PROOF of Theorem 6.1 in proving (6.2) for « = 1 and § = 2.

Let A € R (sufficiently large in case), (iA —A)® = F = (f1, f2, f3, f4, [5) €

Then, denoting again ® = (u,v,U,V,8)’, we have

i —U = fi,

w—=V = f,

iNU + Eyu+ BE\U+VO = f,
NV 4+ FBov = fu

iN— A+ divU = fs.

We obtain from the dissipativity (2.2)
[ ISR+ G )i U de+ [ 90 do < [l @]
Ql Ql
This implies
U] + 10 dz < Cl| Fll2]| @],

951
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where the letter C' will be used in the sequel to denote positive constants not depending
on A\, ¢ or F. Using (6.19) and (6.25) we obtain

i [ul* + [Vul* do < C ([|F |l @l + 1 F15) - (6.26)
It remains to estimate [, [Vo|* +[V|?* dz appropriately, which is the difficult part and
where we need in particular powers of |A| on the right-hand sides as well as the property
of F' to belong to the domain of A.

Let
z:=u+ pU, V= (1 +iAf)v.

Then we get from (6.21)-(6.23)

(1+iAB)E1z = —(14+3AB)VO — (1 +iAB)IAU + (1 +iAB) fs,
Ey) = —(14+1\8)iAV + (1 +iAB) fu,
—A0 = —iAdivU —i\0 + f5,

with transmission conditions on I'y,
z=1— Bfs, (14+iAB)OF (2 +0v) = 9F20,

and boundary conditions z =0, # = 0 on I'g, and 0,60 = 0 on I'y. By elliptic regularity

theory we obtain, assuming A > 1 w.l.o.g.,
11+ i3Izl a2 + 1912 (02) + 1015200 <
CIAP (U220 + 1 div Ull 2, + 1V [|z2(02) + 10]12200))
+ONE 3+ Cll el <
1 1
C (INEIV Iz + NEIFIZI®I + AP ) - (6.27)

where we used (6.24) and

1720l 3 1,y < Cllfallazin < CIAF (6.28)

By interpolation we obtain, using (6.24)—(6.26),
1 1
12l msr2(0,) + V2l 20y < Cllzllz o) 121 ey
C

1 1 1 1 1 1 1 1
§—1<F4<I>4+F2><>\V2 +>\F4<I>4+/\5.AF2>
TV IE 1@l + E 1 ) (IANV 2, + IAIEIE @, + AP [AF

1 1 1 1 1 1 3 1
< OE (MFIGNRULY 122 0 + IAF IR, + AP L] 12]+
1 1 3 1
IAFIZIV 0, + IAFIEIDI + |AF )
1 1 1 1 1 1 1
< O (AP, + IAFIE) VI, + AP 215+

P21 + AP ) (6.29)
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In order to estimate fQQ |Vo|? + |V|? dz we apply Lemma 6.3 for w := v, W := V, with
92 := fa, g4 := fs4. Using the strict positivity of qv on I'y, we obtain
HVH%%QQ) + ||VU||%2(92) + ”VTUH%Q(H) <
C (Il + V12 + Ce (10,0122 + ll divolagr,) )

HAR (12122 + IMal32any ) + 12l ) (6.30)

where C, > 0 depends on €, and ¢ is chosen small enough to get rid of the term €||V v H%Q(Fl)
on the right-hand side of (6.30). The last term in (6.30) arises from the estimate

V12 < 20000720, + 2l f2ll72(0y):
To further estimate this term we need the following type of Poincaré inequality.

Lemma 6.4.
IK >0VF e | follizs < K (IVfalli2@ + IV AillL2y)-)

PROOF: Assuming that the inequality does not hold we get a sequence (F},), in H
with F,, = (fl,n7 fQ,nv f3,na f4,n7 f5,n)l such that

1
IV famllz2 o) + IV finllz2) < E”fQ,NHLQ(Qz)'

Defining
fl,n
gn ‘=

f2n
—_dn g ’
| f2.nll 22 (022

el

we conclude, using g, = 0 on Iy, that g, — ¢ := 0 in H'(;) as well as (g,,);r, = gr, =0
in L*(I'y). Since Vh, — 0 in L*(Q), and ||hy|/120,) = 1 we obtain from Rellich’s
compactness theorem that h, — h in H*(y) and h,, — h in L?(T';) for some h satisfying
Vh = 0. This implies h = k for some constant k.

On the other hand we know g, = h, on I'; (reflecting the transmission condition in
H) which implies h = g = 0 on I'; and hence k = 0, giving h = 0 in Q. This is a
contradiction to ||| r2) = limy, ||y ||L2() = 1 and hence proves the Lemma.

With this Lemma we conclude from (6.30)

VIZ2 g + IVUlZ20y < C (IAF Il @l + [AF5+
10,01 L2 ryy + I div ollZa,) + WZHAFH%) - (6.31)

The following series of estimates now concerns the term ||9,v||3, (ryy 1 div |2, (ry) Where

the transmission conditions will be exploited again. We observe
(14+iXB)O,v = 0,9, (1+iAG)dive = divd.
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Hence, with ¢; 1= 2us (g + 02),
C1+iA3J? (HavUHQm(rl) + | diVUH%?(rl)) < |M2|2Haﬂ9‘|i2(rl) + g + 02| div 19“%2(5)
= Ha:%ﬁ”%%rl) - Cl/F 0,9diviv do
1
= 18,2972,y — @1 A 9,0 div (0 = (2 + fo)) v do
1
—c 9,9 div (2 + fo) v do

Iy

(|1 + A8 (I + I+ I11). (6.32)

Observing
(1 +iAB)OF (2 +0v) = 0F29

we have

I < 2007 2020, + 20001220y
< 2|2l3s /20 + CIAF [/ 2 13-

by (6.24). Next, using (6.28),

111 < ell00)aq + Ce (121 srn0 + 1l )
< el + Ce (11203, + IFI) (6.33)
Using ¢ = 2z + (8 f, on I'1, we have
div (0= (z+ f2)) =v0, (0 — (2 + f2)).
This implies
11 = —clﬂ&,ﬂﬂiz(n) + ¢ /1“1 (0,0 V) (&,2 + 8,,]2) v do
= —al09) 720, + I1.
Since we may neglect the negative term —c;||0,9||7. (ry) later on, and since
1) < 10 + Ce (1021 + 10 Fllee,)
< aNaqry + Cs (121220, + IAFI) | (6.34)
we get from (6.32)—(6.34), choosing € small enough,

I90l2aqeyy + 1 divelZay < C (I2lssay) + IAFIB + LAF @) - (6.35)
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Combining (6.29) and (6.35) we obtain
1 1
10,0 2qcyy + Ndivolagy < CIM((IAFIZ I + IAF ) 1Vl 2200+

3 1
|AF|sal[@ ]l + ILAF 17|11, + IAF,)

IN

31
A2 (IIAF el @l + IAF @11,
1
HIAFIR) + 51V ) (6.36)
A combination of (6.31) and (6.36) yields
31

VI + 19020y < OINE (IAF Il @l + AP + JAFIEI91Y) . (657

Finally combining (6.24)—(6.26) and (6.37) we have proved the estimate

1
1913 < CIAPIIAF TG, + 511215,
implying
1GA = A) " Fll < CIAPAF |

which completes the proof of Theorem 6.1.

7 On the lack of compactness of the inverse

We present examples to underline that the compactness of the inverse A~! cannot be

expected (cp. Remark 5.2).

7.1 Wave equation or Kirchhoff plate equation

We look at the classical Kelvin-Voigt damping — without transmission, 3 = () — for the

wave equation or the Kirchhoff plate equation, respectively, i.e. for
vy — A(v+Pv) =0, v=0 on T, (7.1)

or
vp + A v+ Bu) =0, v=~Av=0 on T, (7.2)

where

I':= F()UFl 2891

If A denotes either —A or A? (with corresponding boundary conditions in its domain),

then the usual transformation to a first-order system yields the stationary operator

(1) (adom )
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We look at the eigenvalue problem
B / =\ / .
g g

—(1+4 BNASf = Nf.

This turns into the equation

Let )
)\0 = —B

For A = )y we conclude f = g = 0, hence ) is no eigenvalue.
Since A has (only) positive real eigenvalues we conclude that real A < )¢ exist as

eigenvalues of B, as there are for n € N the A, satisfying

)\2
14 B\

= fna

where (&), are the eigenvalues of A satisfying &, — oo as n — oco. We obtain

3= (pe+ VPR g

Since
. 1
Ay — ——= = Ao, as n — 0o,

B

we conclude that A\ € o.ss(B) (essential spectrum of B). As a consequence, B~ cannot
be compact.

Since the resolvent equation

(Ao = B)(f,9) = (F.G)

is equivalent to
g=Xf—F, Aof = MF + BAF + G,

it is solvable for (F,G) € C§°(€21), hence Ay belongs to the continuous spectrum o.(5)
(cp. [19] for the Euler-Bernoulli beam in one dimension with variable coefficients).

7.2 Thermoelastic plate equation

As second example, we consider a thermoelastic plate equation with Kelvin-Voigt damp-

ing. The differential equations are, cp. (7.2),

Vg + AZ(/U + ﬁvt) + A = O, (73)
Qt — AQ — Aut == 0, (74)
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with additional boundary conditions for # of Dirichlet type: § =0 on I'.

The stationary operator for the corresponding first-order system is given by

f g
Bl g [=| -A%f+8g)—Ah
h Ah+ Ag

The eigenvalue problem B® = A® leads, for & = (f, g, h)’, to
g=M\f, —A*(f+Bg)—Ah=Xg, Ah+Ag=\h
Eliminating f and g, we have to solve
— (14 BA)Ah — M(BA + 2)A%h + N2Ah — X*h = 0, (7.5)
with boundary conditions
h=Ah=A%h=0 (on T).

Solving for h and A, and defining g by (Ag = Ah — Ah, g = 0 on the boundary) and then
f = g/XA (A = 0 is not possible), we obtain with this A an eigenvalue with eigenvector
(f,g,h) for B.

Let again ,

)\0 = —B.

Making for (7.5) the ansatz
h'=hn(2) = xn(2),

where (x,), are the eigenvectors to the Dirichlet-Laplace operator with eigenvalues (,)p,

—AXn = GXns Xn=0 on T, (7.6)
satisfying
0 < ¢, — oo, (as n — ),
we have to solve
P()\) := (14BN + (MBA+2)C+ N2 + X3 =0. (7.7)

We look for a sequence of real (), satisfying P(\,) = 0 with \,, — Ao.

Claim: For any € > 0 there is a real zero \, of P, satisfying \,, € [A\g — &, A\g + €] provided
n > ng(e).
Proof of the claim: Since



if n is large enough depending on &, the claim follows (here we used ¢, — 00).

Letting € tend to zero, we can find a sequence of eigenvalues of B tending to A\g. Hence
A €0 (B)

The question if Ay can be an eigenvalue, is answered with: no. For Ay to be an eigenvalue

we conclude from (7.5) the solvability of the special problem

1 1
A®+ —A)h = ——h. 7.8
( 3 ) 52 (7.8)
The operator Ag := A% + %A corresponding to the boundary conditions h = Ah =0 is a
self-adjoint operator in L?(€);) which is bounded from below but not necessarily positive.
Nevertheless, (7.8) does not have a solution since all eigenfunctions of Az are given by
the complete set of orthonormal eigenfunctions y,, of the Laplace operator given in (7.6).

Assuming that (7.8) has a solution we arrive at the necessary condition

1
Cz - %Cn = _E:

for some n € N, or, equivalently,

which is a contradiction. Conclusion:
Ao € Oess(B), B! is not compact.

The resolvent equation
()\O - B)(faga h), = (F7 G7H)/
is, for given (F, G, H) € C§°(§1), equivalent to
1 1
g=Xf—F, XNf=MNF+A*»F+G—Ah, Bgh:= (A2+EA+E)h:Q,
were Q = Q(F,G,H) € C°(21). The problem Bgh = @ can be solved for h, with
arbitrarily smooth h, (with boundary conditions h = Ah = 0), since B is a positive,

self-adjoint (elliptic) operator, the positivity following from

<Z—%<n+%=<gn—l>2+—>o.

Hence A¢ belongs to the continuous spectrum o.(B).

With these examples in mind it is reasonable to assume that the inverse of the oper-

ator(s) A arising in Sections 1-6 is not compact.
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8 Variations

All the results in the previous sections carry over to the situation without temperature,
i. e. to the (viscoelasticity plus Kelvin-Voigt) <— (pure viscoelasticity) transmission
problem (1.10)—(1.16), we have

Theorem 8.1. The semigroup (et“‘l) associated to the transmission problem (1.10)-

>0
(1.16) is not exponentially but strongly stable and satisfies the polynomial decay estimate

3C > 03ty >0Vt >t V' € D(A) : [|e™Dylp < Ct 5| AD|3,. (8.1)

On the other hand, the case of considering an additional temperature in €5 (thermoe-
lastic problem) is open and depending on the dimension, cp. the complex discussion of
pure thermoelasticity in [6].

But we obtain the corresponding results for the Kelvin-Voigt transmission problem for

scalar wave equations (1.17)—(1.23), we have

Theorem 8.2. The semigroup (et"‘) associated to the transmission problem (1.17)-

t>0
(1.23) is not exponentially but strongly stable and satisfies the polynomial decay estimate

JC > 03ty >0Vt >ty VP € D(A) : [|eM B3 < C+ 5] A" 5. (8.2)

We just remark that Lemma 6.3 now, in the scalar case with the Laplace operator
replacing the elastic operator, takes the (simpler) form, which we state for future refer-

ences.

Lemma 8.3. Let x9 € Qy and q(x) :== v — xy for x € Qy. Let w,W and \ € R satisfy

iMo—W = g€ L*(Q), (8.3)
IV — kgAw = g4 € L*(Qy). (8.4)

Then we have

1 1
3 |Mw|? + ko|Vw|? + %/ (qv)| V. w|? do — 5/ (qv) (|Mo* + Kol|O,wl?) do
QQ I'1 r

d—1

—roRe / O,w;qV,wj do — Ko Re / o, ww do
Fl 1—‘1

Qo

We finally remark that for the results on polynomial stability we cannot exchange the
roles of the domains ©; and €, since the positivity of qv (cp. Lemma 6.3 or Lemma 8.3)

would then no longer be given, but was essentially used in the proofs. On the other hand,
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all the the results on smoothing, on the lack of exponential stability and on the strong

stability in Theorem 3.1, Theorem 4.4, Theorem 5.1, Theorem 8.1, and Theorem 8.2 carry

over to the situation where the purely elastic part is the surrounding one (£21), and the

(thermo-)viscoelastic material is the inner part (£2s).
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