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ABSTRACT
The classical model for heat conduction using Fourier’s

law for the relation between the heat flux and the gradi-
ent of the temperature qualitatively yields exponentially
stable systems for bounded reference configurations. This
kind of stability remains the same if one replaces Fourier’s
law by Cattaneo’s (Maxwell’s,. . . ) law. Considering ther-
mal and, simultaneously, elastic effects, this similarity
with respect to exponential stability remains the same
for classical second-order thermoelastic systems, one be-
ing a hyperbolic-parabolic coupling, the other being a fully
hyperbolic system. The similarities even extend to the
asymptotical behavior of solutions to corresponding non-
linear systems. But for thermoelastic plates, a system of
fourth order and being one of recently found examples, the
picture changes drastically, i.e., this thermoelastic system
changes its behavior from an exponentially stable to a non-
exponentially stable one, while changing Fourier’s law to
Cattaneo’s law. This raises the question of the “right” mod-
eling.

We present a large class of general systems with this
behavior demonstrating that it might be more likely that
Fourier and Cattaneo predict different qualitative behavior
in thermoelastic systems. For this purpose we consider a
coupled system depending on a family of parameters, a spe-
cial case of which describes the thermoelastic plates above,
where in only one singular case of the parameters the ex-
ponential stability property is kept while replacing Fourier
by Cattaneo - and lost in all other cases. Interestingly, the
singular case corresponds to the second-order thermoelastic
system mentioned above.

We use methods from functional analysis for proving
the loss of exponential stability in the Cattaneo case.

INTRODUCTION
The simplest classical equations of heat conduction for

the temperature difference θ = θ(t, x) = T (t, x) − T0,
where T denotes the absolute temperature and T0 is a
fixed constant reference temperature, and for the heat flux
q = q(t, x), and putting constants equal to one w.l.o.g, are
given by

θt(t, x) + div q(t, x) = 0, t ≥ 0, x ∈ Rn, (1)

q(t, x) +∇θ(t, x) = 0, (Fourier’s law). (2)

Combining (1) and (2) yields the parabolic heat equation

equation
θt(t, x)−∆θ(t, x) = 0. (3)

Observation: Model (3) predicts an infinite speed of prop-
agation of signals.

If one replaces Fourier’s law (2) by Cattaneo’s
(Maxwell’s, Vernotte’s,. . . ) law,

τ qt(t, x) + q(t, x) = −∇θ(t, x), (4)

with a small relaxation parameter τ > 0, and if we com-
bine now (1) with (4) we obtain the hyperbolic damped
wave equation

τθtt(t, x) + θt(t, x)−∆θ(t, x) = 0. (5)

Observation: Model (5) predicts a finite speed of propaga-
tion of signals.

As it is well known solutions to the classical heat equa-
tion equation (3) and to the classical damped wave equation
(5) qualitatively show the same behavior: In bounded ref-
erence configurations Ω, with, for example, zero boundary
conditions for θ modeling constant temperature T0 at the
boundary, we have exponential stability of the system as
time tends to infinity:∫

Ω

θ2(t, x) dx ≤ C e−dt

for some positive constants C, d. E.g. for solutions to (3),
we have ∫

Ω

θ2(t, x) dx ≤ C̃ e−dt
∫

Ω

θ2(0, x) dx

with a constant C̃ being independent of the data θ(0, ·) at

time zero (C̃ depends on the domain Ω, essentially on the
smallest eigenvalue of the negative Dirichlet-Laplace oper-
ator −∆D realized in L2).

We remark that if we replace the bounded reference con-
figuration Ω by all of Rn or by an exterior domain, we have
similar polynomial (only) decay instead of exponential de-
cay for the L2-norm or, for example, uniformly in x :

sup
x∈Rn

|θ(t, x)| ≤ C t−n/2.

Now taking into account both elastic and thermal ef-
fects, in a bounded reference configuration in one space
dimension like Ω = (0, 1), we consider the classical system



of thermoelasticity, where u = u(t, x) = X(t, x) − x de-
notes the displacement (with position X(t, x) at time t for
the particle x in the fixed reference configuration Ω), and
where again most constants are set equal to one,

utt − uxx + θx = 0,

θt + qx + utx = 0, (6)

τqt + q + θx = 0.

Typical boundary conditions are u(t, 0) = u(t, 1) = 0 and
θ(t, 0) = θ(t, 1) = 0 on the boundary of Ω, modeling the
situation where the boundary is kept fixed and where the
temperature is again kept constantly equal to the reference
temperature T0.

The qualitative behavior is the same for τ = 0 (Fourier)
and for τ > 0 (Cattaneo): As time tends to infinity, the en-
ergy tends to zero exponentially. Here the energy at time t
means the expression∫ 1

0

(u2
t + u2

x + θ2 + q2)(t, x) dx

involving kinetic and potential energy in terms of u as well
as thermal energy expressed in terms of θ and q.

Even the quantitative behavior is similar: Replacing (6)
by the corresponding equations with real physically given
material constants for different real materials, the optimal
α > 0 in ∫ 1

0

(u2
t + u2

x + θ2 + q2)(t, x) dx ≤ C e−αt

is similar for materials like silicon, aluminum alloy, steel,
germanium, gallium arsenide, indium arsenide, copper and
diamond [1]. Similarities also extend to corresponding non-
linear systems.

These observations of similar behavior raises the impres-
sion that both heat conduction models, the Fourier model
or the Cattaneo model, lead to the same qualitative (or
even quantitative) behavior.

We will present examples with essentially different qual-
itative behavior, where the system is exponentially stable
for the Fourier model, and not exponentially stable for the
Cattaneo model. This raises the question of the “right”
modeling. We start with models for thermoelastic plates,
a system of fourth order in the space variable, and men-
tion a Timoshenko type system where the Cattaneo model
even “destroys” an exponential stability given in the model
without heat conduction, or with heat conduction mod-
eled by Fourier’s law. As main part and new contribution,
we present a large class of more general coupled systems
with this different behavior. For this purpose we consider
a coupled system depending on a family of parameters,
a special case of which describes the thermoelastic plates
above, where in only one singular case of the parameters the
exponential stability property is preserved while replacing
Fourier by Cattaneo - and lost in all other cases. This
demonstrates that it might be more often that Fourier and
Cattaneo predict different qualitative behavior in thermoe-
lastic systems.

The singular case where exponential stability is true for
both models corresponds to the second-order thermoelastic
system (6).

THERMOELASTIC PLATES
A Kirchhoff type thermoelastic plate can be modeled in

a bounded reference configuration Ω ⊂ Rn by the following
three equations

utt + a∆2u+ b∆θ = 0,

θt + cdiv q − d∆ut = 0, (7)

τqt + kq +∇θ = 0,

where u = u(t, x) denotes the displacement, θ = θ(t, x)
the temperature difference, and q = q(t, x) the heat flux
again, and a, b, c, d, k are positive constants. For suitable
boundary conditions, i.e. the hinged boundary conditions
u(t, ·) = ∆u(t, ·) = 0 on the boundary of Ω, the system is
exponentially stable for τ = 0 [3, 4, 5, 6], but not for τ > 0
[7, 8]. That is, the asymptotic behavior for the different
models is, surprisingly, essentially different.

We remark that on a formal level exponential stability of
a system means that, after rewriting the differential equa-
tions as a first-order system in time for some vector function
V = V (t, x),

Vt(t, ·) + AV (t, ·) = 0,

the semigroup {e−At}t≥0 generated by the differential op-
erator A acting in the x-variable and being defined in some
Hilbert space H is an exponentially stable semigroup. The
latter now means that there is a number α > 0 and a con-
stant C0 > 0 such that for all initial data V0 in H, and for
all t ≥ 0 one has

‖e−AtV0‖H ≤ C0 e−αt‖V0‖H .

TIMOSHENKO BEAMS
In models for beams of Timoshenko type, a given expo-

nentially stability triggered by a typical memory (history)
term, is preserved by adding heat conduction in form of the
Fourier model, but is lost – hence “destroyed” – by the Cat-
taneo model. The four differential equations in the model
are given by

ρ1ϕtt − k(ϕx + ψx)x = 0,

ρ2ψtt − bψxx +

∞∫
0

e−sψxx(t− s, ·)ds+

k(ϕx + ψ) + δθx = 0,

ρ3θt + qx + δψtx = 0,

τqt + dq + θx = 0.

Here, the functions φ and ψ model the transverse displace-
ment of a beam with reference configuration (0, 1) respec-
tively the rotation angle of a filament. θ and q denote again
the temperature difference and the heat flux, respectively.
The material constants ρ1, ρ2, k, b, δ, ρ3, d are positive, as
well as the already introduced relaxation parameter τ . The



term
∞∫
0

e−sψxx(t− s, ·)ds models the additional considera-

tion of the history.

Assuming the (academic, in general physically not sat-
isfied) condition

ρ1

k
=
ρ2

b
,

which corresponds to the equality of the wave speeds for φ
and ψ, we have the following picture:

For δ = 0, it is a hyperbolic system with history term for
(φ, ψ), and exponential stability is given. For the coupled
system with δ 6= 0 and τ = 0 (Fourier), the exponential
stability is preserved. But for δ 6= 0, τ > 0 (Cattaneo), the
exponential stability is lost [2]. Again the question of an
appropriate modeling comes up.

α-β-SYSTEMS
We now present a new, larger class of coupled sys-

tems where the same effect shows up – exponential sta-
bility under the Fourier law, and no exponential stability
under the Cattaneo law. It will appear as an abstract α-β-
system (10), with parameters 0 ≤ α, β ≤ 1, for functions
u, θ : [0,∞)→ H into a Hilbert space H.

The case τ = 0 has been studied before:

utt(t) + aAu(t)− bAβθ(t) = 0,

θt(t) + cAαθ(t) + dAβut(t) = 0.
(8)

Here A denotes a self-adjoint operator with countable sys-
tem of eigenfunctions (φj)j with corresponding increasing
eigenvalues 0 < λj →∞ as j →∞. The constants a, b, c, d
are positive.

The example of the thermoelastic plate (7) is, for τ = 0,
a special case with

α = β =
1

2
, A = (−∆D)2,

where −∆D denotes the Dirichlet-Laplace operator with
zero (Dirichlet) boundary conditions realized in L2. The
case α = 1, β = 1

2 corresponds to the second-order ther-

moelastic system (6), and with the case α = 0, β = 1
2 one

can model a viscoelastic system [9].

This system was introduced in [9, 10]. The most detailed
recent discussion concerning exponential stability, smooth-
ing properties and more can be found in [11, 12]. Exponen-
tial stability is known for (8) in the striped region

Aes(τ = 0) := {(β, α) | 1− 2β ≤ α ≤ 2β, α ≥ 2β − 1}, (9)

see Figure 1.
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Figure 1: Aes(τ = 0)

The pair (β, α) = ( 1
2 , 1) is highlighted by a circle since this

will be the only pair for which the exponential stability will
remain true if we replace the Fourier law by the Cattaneo
law in (10). In the remaining part of the striped region of
exponential stability for τ = 0, the property of exponential
stability will be lost, see Theorem 1 below.

The abstract Cattaneo version corresponding to the
Fourier version (8) is given by

utt(t) + aAu(t)− bAβθ(t) = 0,

θt(t) +B1q(t) + dAβut(t) = 0, (10)

τqt(t) + q(t) +B2θ(t) = 0,

with abstract operators B1, B2 satisfying

−B1B2 = cAα. (11)

Here, u, θ : [0,∞) → H, and q : [0,∞) → (H)m for some
m ∈ N. The operator B2 maps its domain in H into (H)m,

B2 : D(B2) ⊂ H → (H)m,

and
B1 : D(B1) ⊂ (H)m → H.

The thermoelastic plate model (7) is contained choosing
realizations of the divergence operator“cdiv” for B1, and
of the gradient operator “∇” for B2, and m = n in Rn.

The exponential stability given for the Fourier model
(8) and described by Aes(τ = 0) in Figure 1, is lost for the
Cattaneo model in any point different from (β, α) = (1

2 , 1).

Theorem 1 The region of exponential stability given for
the Fourier model by Aes(τ = 0) in (9) resp. Figure 1,
is lost for the system (10) in any point different from the
singular point (β, α) = (1

2 , 1) which corresponds to (6).

Proof: The exponential stability of system (10) for
(β, α) = ( 1

2 , 1) (and τ > 0 from now on) has been proved
for the realization (6) for various boundary conditions [13].

We shall prove the non-exponential stability for the re-
maining values of (β, α) ∈ Aes(τ = 0). As ingredients of
the proof we have an eigenfunction expansion and the Hur-
witz criterion. For the proof we may assume for simplicity,



but w.l.o.g., that the constants a, b, c, d appearing in (10),
(11) satisfy a = b = c = d = 1.

The idea is to use the following ansatz of separation of
variables via the eigenfunctions (φj)j of A,

uj(t) = aj(t)φj , θj(t) = bj(t)φj , qj(t) = cj(t)B2φj , (12)

for arbitrary j (assuming B2φj not being identically zero),
and to find solutions with decay contradicting exponential
stability.

Using (11) we observe

B1qj(t) = cj(t)B1B2φj = −cj(t)Aαφj = −λαcj(t)φj ,

thus solving (10) is equivalent to solving the following sys-
tem of ODEs for the coefficient functions (aj , bj , cj), where
a prime ′ denotes differentiation with respect to time t,

a′′j + λjaj − λβj bj = 0,

b′j − λαj cj + λβj a
′
j = 0, (13)

τc′j + cj + bj = 0.

The last equation arises from the last equation in (10) with
the ansatz (12) using again the natural condition that B2φj
is not identically zero.

System (13) is equivalent to a first-order system for the
column vector Vj := (aj , a

′
j , bj , qj),

V ′j =


0 1 0 0

−λj 0 λβj 0

0 −λβj 0 λαj
0 0 − 1

τ − 1
τ

Vj ≡ AjVj . (14)

We are looking for solutions to (14) of type

Vj(t) = eωjtV 0
j .

In other words, ωj has to be an eigenvalue of Aj with eigen-
vector V 0

j as initial data.
It is the aim to demonstrate that, for any given small

ε > 0, we have some j and some eigenvalue ωj such that the
real part <ωj of ωj is larger than −ε. This will contradict
the exponential stability (being a kind of uniform property
over all initial values), observing

|Vj(t)| = e<wj |V 0
j |.

Computing the characteristic polynomial of Aj we have

det(Aj − ω) =
1

τ

(
τω4 + ω3 +

[
λαj + τ(λj + λ2β

j )
]
ω2

+[λj + λ2β
j ]ω + λ1+α

j

)
≡ 1

τ
Pj(ω).

To reach our aim, i.e. to show that

∀ ε > 0 ∃ j ∃ωj , Pj(ωj) = 0 : <ωj ≥ −ε,

we introduce, for small ε > 0,

z := ω + ε, Pj,ε := Pj(z − ε).
That is, we have to show

∀ 0 < ε� 1 ∃ j ∃ zj , Pj,ε(zj) = 0 : <zj ≥ 0. (15)

To prove (15) we start with computing

Pj,ε = q4z
4 + q3z

3 + q2z
2 + q1z + q0

where
q4 = τ,

q3 = −4τε+ 1,

q2 = 6τε2 − 3ε+ λαj + τ(λj + λ2β
j ),

q1 = −4τε3 + 3ε2 − 2
(
λαj + τ(λj + λ2β

j )
)
ε

+λj + λ2β
j ,

q0 = τε4 − ε3 +
(
λαj + τ(λj + λ2β

j )
)
ε2

−(λj + λ2β
j )ε+ λ1+α

j .

Since λj ≥ λ1 > 0, there is 0 < ε0 <
1
4τ such that for all

0 < ε ≤ ε0 the coefficients q4, . . . , q0 are positive. So we
assume w.l.o.g. from now on that 0 < ε ≤ ε0 <

1
4τ .

We use the Hurwitz criterion [14]: Let

Hj :=

 q3 q4 0 0
q1 q2 q3 q4

0 q0 q1 q2

0 0 0 q0


denote the Hurwitz matrix associated to the polynomial
Pj,ε. Then (15) is fulfilled if we find, for given small ε > 0,
a (sufficiently large) index j such that one of the princi-
pal minors of Hj is not positive. The principal minors are
given by the determinants detDj

m of the matrices Dj
m, for

m = 1, 2, 3, 4, where Dj
m denotes the upper left square sub-

matrix of Hj consisting of the elements Hj11, . . . ,Hjmm.
Since

detDj
1 = q3 > 0 and detDj

4 = q0 detDj
3,

with positive q0, it remains to prove that

either detDj
2 ≤ 0 or detDj

3 ≤ 0,

for some (sufficiently large) j.
The set of parameters (β, α) for which we have to prove

this, will be divided into two subsets, the first one, where
α < 1, and the second one, where α = 1 and 1

2 < β ≤ 1:
Part I: α < 1.

We have

detDj
2 = q3q2 − q4q1

= [1− 4τε] ·
·[6τε2 − 3ε+ λαj + τ(λj + λ2β

j )]−

τ [−4τε3 + 3ε2 − 2(λαj + τ(λj + λ2β
j ))ε+

λj + λ2β
j ]

= −2τ2ελ2β
j − 2τ2ελj + (1− 2τε)λαj −

20τ2ε3 + 15τε2 − 3ε



implying
detDj

2 ≤ −2τ2ελj +O(λαj ), (16)

where we use the Landau symbol O(λαj ) to denote a term
satisfying

|O(λαj ))| ≤ k1λ
α
j

with a positive constant k1 (being independent of j, ε, τ).
Thus we conclude from (16)

detDj
2 < 0 (17)

for sufficiently large j (depending on ε, τ) since α < 1 and
λj →∞ by assumption.
Part II: α = 1, 1

2 < β ≤ 1.
We compute

detDj
3 = q1 detDj

2 − q2
3q0

= [(1− 2τε)λ2β
j +O(λj)] ·

·[−2τ2ελ2β
j +O(λj)]− [(1− 4τε)2] ·

·[λ2
j + ε(τε− 1)λ2β

j +O(λj)]

= −2τ2ε(1− 2τε)λ4β
j +O(λ2β+1

j )

≤ −τ2ελ4β
j +O(λ2β+1

j ).

implying
detDj

3 < 0 (18)

for sufficiently large j (depending on ε, τ) since β > 1
2 im-

plies 2 < 2β + 1 < 4β, and since λj →∞.
With (17) and (18) we have proved (15) and hence Theo-
rem 1. �

CONCLUSION
In modeling heat conduction, different models using

Fourier’s law on one hand, or using Cattaneo’s law on the
other hand, can lead to very similar results concerning the
asymptotic behavior in time of solutions. This holds for
pure heat equations (4), (5), or for thermoelasticity of sec-
ond order (6).

Examples of thermoelastic plates (7) or for Timoshenko
beams exhibit a different behavior: exponential stability
under the Fourier law, but no exponential stability under
the Cattaneo law.

We have shown that the behavior in these two special
examples is typical for a large class of coupled thermoelas-
tic systems given as abstract model in (10). This system
(10) includes the models for thermoelastic plates (7), for
thermoelasticity of second order (6), and for more, like vis-
coelastic equations.

As a result, for all models, i.e. values of the parameters
(β, α), the property of exponential stability given under the
Fourier law is lost under the Cattaneo law for all param-
eter values which are different from the pair representing
thermoelasticity of second order.

As a consequence, the considerations above should trig-
ger a discussion of the “right” modeling in heat conduc-
tion among scientists working in modeling, in fundamental
analysis, and in implementations of these models in appli-
cations.
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