DISSIPATIVE STRUCTURES FOR THERMOELASTIC
PLATE EQUATIONS IN R”
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ABSTRACT. We consider the Cauchy problem in R™ for linear thermoelastic plate
equations where heat conduction is modeled by either the Cattaneo law or by the
Fourier law — described by the relaxation parameter 7, where 7 > 0 corresponds to
Cattaneo’s law and 7 = 0 corresponds to Fourier’s law. Additionally, we take into
account possible inertial effects characterized by a parameter p > 0, where p = 0
corresponds to the situation without inertial terms.

For the Catteneo system without inertial term, being a coupling of a Schrodinger
type equation (the elastic plate equation) with a hyperbolic system for the temper-
ature and the heat flux, we shall show that a regularity-loss phenomenon appears
in the asymptotic behavior as time tends to infinity, while this is not given in the
standard model where the Cattaneo law is replaced by the standard Fourier law.
This kind of effect of changing the qualitative behavior when moving from Fourier
to Cattaneo reflects the effect known for bounded domains, where the system with
Fourier law is exponentially stable while this property is lost when going to the
Cattaneo law. In particular, we shall describe in detail the singular limit as 7 — 0.
For the system with inertial term we demonstrate that it is of standard type, not
of regularity loss type. The corresponding limit of a vanishing inertial term is also
described.

All constants appearing in the main results are given explicitly, allowing for quan-
titative estimates. The optimality of the estimates is also proved.
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inertial term, singular limit
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1. INTRODUCTION

In this paper, we consider the Cauchy problem for the following linear thermo-
plastic plate equation, where heat conduction is modeled by Cattaneo’s (Maxwell’s,
Vernotte’s) law (7 > 0) or by Fourier’s law (7 = 0), and where an inertial term may
be present (1 > 0) or not (u = 0):

wy + A?u — pAuy + A9 =0,
(1.1) 0; + divg — Auy = 0,
T4 + q -+ V9 = 0.

Here, u describes the elongation of a plate, while 8 and ¢ denote the temperature

(difference to a fixed temperature) resp. the heat flux. For the Cattaneo law the

relaxation parameter 7 is a positive constant. The constant p is a non-negative
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parameter in front of the inertial term. Taking p = 7 = 0, we obtain the standard
thermoelastic plate equation:

utt—l—A2u—|—A9 = 0,

(1.2)
et—Ae—AUtZO,

where the Cattaneo law

(1.3) T +q+ V0 =0
has turned into the Fourier law

(1.4) q+ Vo =0,

leading to the classical parabolic heat equation appearing in (1.2).

We mention that we set several constants (given from physics and usually appearing
in (1.1) or (1.2)) equal to one without loss of generality for the discussion in the next
sections.

One main purpose of this note is to analyze for u = 0 the dissipative structure
for the system (1.1) and to compare the properties of (1.1) and (1.2) in terms of the
relaxation parameter 7. We shall show that there shows up a so-called regularity-
loss when moving from (1.2) to (1.1). In other words, the singular limit 7 — 0 is
reflected in removing this regularity-loss. Said-Houari [23] recently also proved the
regularity-loss result in one space-dimension. Here, we consider the multi-dimensional
case and, as main contribution, explicitly provide the dependence on 7 for a better
understanding of the singular limit. Moreover, we consider the eigenvalue problems
for (1.1) and (1.2) in Subsection 3.2. This way we demonstrate the optimality of
decay estimates. Some (non-sharp) decay estimates were also given in [10].

It is interesting to notice that a kind of essentially changing the qualitative behav-
ior can also be observed for bounded domains (instead of the Cauchy problem in R"),
where the corresponding initial boundary value problem typically shows exponential
stability for 7 = 0, while it looses this property for 7 > 0, see the papers of Quin-
tanilla & Racke [19, 20]. For bounded domains and 7 = 0, there are many results in
particular on exponential stability, see for example [1, 11, 12, 13, 14, 15, 16, 17, 18]
For results for the Cauchy problem or in general exterior domains see for example
(2, 3,4, 17, 18]. For u > 0 the exponential stability is always given [5].

Similar effects are known for the thermoelastic Timoshenko system in one space
dimensions. Here, we also have that the system with the Fourier model for heat
conduction may show exponential stability in bounded domains (in the case of equal
wave speeds of the two wave equations involved), while this property is lost with the
Cattaneo model, see Fernaridez Sare & Racke [6]. Moreover, for the Cauchy problem
in R!, one has the same effect, i.e., a regularity-loss phenomenon when changing from
Fourier’s to Cattaneo’s law, see Ide & Kawashima [8], Ide & Haramoto & Kawashima
[7], Ueda & Duan & Kawashima [26], Said-Houari & Kasimov [24].

One should also know that there are thermoelastic systems — with second-order
elasticity - which behave very much the same, no matter if 7 = 0 or if 7 > 0, see

[21, 22]; this is true even on a quantitative level, see [9].
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We shall also investigate the case p > 0 reflection an inertial term and will demon-
strate that there is no regularity loss but the standard type present. This corresponds
to the fact that in bounded domains exponential stability its given. The limit 4 — 0
is investigated too. This way, we obtain the global picture for the limits 7, u — 0 in
a detailed manner.

The estimates in the main theorems will be given with explicit constants, thus
allowing for even quantitative estimates'.

System (1.1) with 4 = 0 is a coupling of an equation of Schrédinger type (for u)
and a hyperbolic system (for 6, ¢), while system (1.2) couples the former one to a
parabolic equation (for #). For hyperbolic systems with partial symmetric relaxation
or with partial non-symmetric relaxation (like in Timoshenko systems) there exist
results and general conditions like the Shizuta-Kawashima condition to guarantee
stability resp. to show a regularity-loss. We mention here [27, 25] and Ueda & Duan
& Kawashima [26]. These results are not applicable to the system under investigation.

Thus, another contribution of our paper therefore shall be to initiate investigations
on couplings as those given in (1.1) or (1.2) looking for characterizations of (no)
regularity-loss.

The paper is organized as follows. In Section 2 we consider the system without
inertial term (u = 0) and with the Fourier model (7 = 0), giving the optimal decay
estimates with explicit constants. Section 3 provides the main theorems for the
corresponding Cattaneo model (7 > 0). More precisely, in Subsection 3.1 we show
the decay with the characterization of the dependence on 7. Subsection 3.2 provides
an expansion of the eigenvalues of the characteristic equation giving the dependence
on 7 and showing optimality of decay rates. Furthermore, in Subsection 3.3 we
compare the solutions for the system with 7 = 0 to those of the system with 7 > 0
and obtain a difference of order 72 on the level of the energy terms. Finally, in Section
4 we consider system (1.1) with inertial term (@ > 0) and demonstrate that there is
no regularity loss phenomenon.

Throughout the paper, we always assume

0<7<1,

and we use standard notation, in particular the Sobolev spaces L = LP(R"), p > 1,
and H*® = W*?*(R"), s € Ny, with their associated norms || - ||z» resp. || - |

HS.

2. THE STANDARD THERMOELASTIC PLATE EQUATION

Before studying the general case (1.1), we first consider the Cauchy problem (1.2)
with initial data

(2.1) u(0,x) = ug(x), (0, 2) = uy (), 6(0,z) = bp(x), r € R"™.
For (1.2), (2.1) there exist investigations on the time asymptotic behavior, e.g. on

polynomial decay rates, see [2, 17, 18]. In Subsection 2.1, we derive for (1.2), (2.1)

ISome techniques presented here can be used for bounded domains too and will lead to numerical
estimates for decay rates in bounded domains that are rather sharp (forthcoming paper).
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estimates for the associated energy term in Fourier space, leading to L? energy esti-
mates and to polynomial decay rates. In Subsection 2.2, we investigate the associated
characteristic polynomial and prove the optimality of the decay estimates.

2.1. Decay estimates. We start proving pointwise estimates and L2-decay esti-
mates.

Proposition 2.1. Let s > 0 be an integer and suppose that the initial data (uy, Aug, 0p)
belong to H®. Then the solution (u, @) satisfies the energy estimate:

(2.2)
1

1 [t 3
0% e, s, 0) (1)]172 + 73 / 105 (. A, 0) (0) T2l < 7105 (1, Ao, o) 72,

fort >0 and 0 <k <s.

Moreover, we obtain the following pointwise estimate and, assuming that the initial
data belong to L', we can get the following polynomial decay estimates.

Theorem 2.2. The Fourier image (4, 0) of the solution (u,0) to the Cauchy problem
(1.2), (2.1) satisfies the pointwise estimate:

(23) fiult, )]+ €PN, O] + 10, 6] < e =4O (an(©O)] +1€P1an()] + ol

where p(€) := |£]2. Furthermore, let suppose that the initial data (uy, Aug, 0y) belong
to L'. Then the solution (u,0) satisfies the decay estimate:

(2.4) 10" (ug, A, 0)(1)|| 22 < C47F2||(uy, Aug, )| 11

fort >0 and k > 0. Here C is a positive constant not depending on the data or on
t.

Remark 1. From Theorem 2.2, we get in a standard manner for an integer s > 0
and supposing that the initial data (uy, Aug, 0y) belong to H* N LY, that the solution
(u, @) satisfies the decay estimate:

105 (s, A, 0)(8) || 22 <C(1 4 8)7/*2|(uy, Aug, )|
+ C’e_CtH@ﬁ(ul, AUO, 80) ||L2,

fort >0 and 0 < k <s. The decay estimate (2.5) is same as the standard type decay
estimate for the symmetric hyperbolic system with relazation (cf. [26]). There is “no
loss of reqularity” since the necessary reqularity on the right-hand side is the same of
that of the solution at time t on the left-hand side.

(2.5)

Proof of Proposition 2.1 and of Theorem 2.2. We prove Proposition 2.1 and
Theorem 2.2 together. By employing the Fourier transform, system (1.2) is described
as

Uy + |§|47) - |§|29 =0,
00 + €1°0 + [¢ @ = 0.
We first derive the basic energy equality for the system (2.6) in the Fourier space.

(2.6)

We multiply the equations (2.6) by ﬁt,é, respectively, and combine the resulting
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equations, taking real parts. So we obtain for W (¢, €) := (|a| + |€]*]a2 + |0]2)(¢, ),
that

P .
2.7 S (1,8 + 67108 = 0.

We next create more dissipation terms (negative energy type terms). Multiplying
the first equation in (2.6) by u and taking real parts, we have

a A A ~ ~ N~

(2.8) E(Re(utu)) — |@* + [€[*a)* — |€|*Re(0a) = 0.
Now we multiply the first and second equations in (2.6) by § and 1y, respectively,
and we obtain
0 = N ~ P =
5; (Re(@h)) + [EP(Jauf* = 101) + [€1° (Re(9d) + [¢"Re(@6)) = 0.

Finally, we multiply (2.8) and (2.9) by ajas|é|? and oy, respectively, and add these
two equations and (2.7), where o and « are positive constants yet to be determined.
This yields

(2.9)

(2.10) %E +D=0,
where
B(t,€) 2= g1l + E1al? + 10) + o0 (Re(id) + ol PRe(ad),
D(t,€) = |¢* o1 (1 — o) il + asanlé]*al® + (1 — an)|6]?]
+ |2 [Re(Biiy) + (1 — ) [¢]Re(ah)].

Applying @8] < e1iw|? + (4e1)~10]? and |€]2|af] < esl¢|*]al? + (d22)'|0]? to the
dissipation term D, we may estimate

D > [¢[*an(1 = az = &)l + a1 (a2 — ea(1 — az)) €)' [af
(1= ap (14 (4e) 4+ (1 a2)<4gl)*1))|é|2].
Choosing a; = ay = &1 = €9 = 1/4, then the above estimate is rewritten as

1. 1 . 5 . 1 ) . R
@11) D2 6P (Glal + olellal + [oI0P) = —leR(laf + lgl'lal? + 0.

~ 64
On the other hand, with a; = ag = 1/4, the energy term FE' is estimated as
13, . 9 . 3 4 13
B < |l + —[¢[*al* + 0] < —W(t, ),
16 16 4 16
(2.12) 3 7 1 3
E> a2+ —e¥lal> + 2192 > = .

By applying the estimates (2.11) and (2.12) to (2.10), we get

W(t.6)+ 55 [ 1EFW(e. o < FW(0.0)
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and hence
13
105 (e, D, 0) (#) 172 + = / 105 (g, D, 0)(0) || 2dor < §||8§(u1,8§u(),00)||i2,
for k£ > 0. This energy estimate gives (2.2).

Furthermore using (2.11), (2.12) and (2.10) again, thus observing that

0
ot

this yields the following pointwise estimate

E(t,§) < =D(t,¢) < ——|€| W(t,€) < ——|£| E(t,8),

13 _a
W(tv 5) S ?e_ﬁm%w(tv O)a
and hence we arrive at the desired decay estimate (2.4). O

2.2. Characteristic values. In this subsection, we consider the characteristic equa-
tion for the system (2.6) and demonstrate the optimality of of the pointwise estimate
(2.3) in Theorem 2.2. The characteristic equation is given by

(2.13) Py(€) = A"+ [¢[*A7 + 20¢ A + [¢]° = 0,

where a zero A = A(|{]) of the characteristic polynomial Pj is called an eigenvalue,
and £ € R™ being the Fourier variable. Here, for the Cauchy problem, it is obtained
from the differential equations in Fourier space (2.6), regarding £ as a parameter
and looking for the characteristic equation for the remaining system of ordinary
differential equations in time.

The equation (2.13) is, for || # 0 (w.l.o.g), equivalent to

(2.14) (é)gﬁ(ﬁ) +2(|2|2> +1=0.

Now, by a simple calculation, we find the solutions of a® + a4+ 2a +1 =0 as

(2.15) a; = —%(1 +a), ay= —1<1 — %a—l— ?52’), as = —%(1 - %04 - ?&)

with

,/ V69 + 11) ,/ V69 — 11), \/3\/_+11) \/%(3\/@—11).

We note that « satisfies 7/10 < o < 8/10, i.e. Re(a;) < 0. Consequently this gives
us the solutions of (2.13) as

(2.16) A (1€]) = aylef?,

for 7 = 1,2,3. In view of the form of p in Theorem 2.2 this proves the claimed
optimality.

6



3. THE THERMOELASTIC PLATE EQUATION WITH CATTANEO’S LAW

In this section we consider the Cauchy problem (1.1) with 7 > 0 and without
inertial term, i.e. for 4 = 0, with initial data

(3.1) u(0,2) = up(x), w(0,2) =wui(x), 6(0,2) =6b(x), ¢(0,2) =qo(z), =ze&R"

The well-posedness is easy, cp. [19], and hence the existence of solutions will be as-
sumed now asking for the asymptotic behavior in time. In Subsection 3.1, we prove
pointwise estimates and the L2-decay, in Subsection 3.2, the associated characteris-

tic polynomial will be investigated to prove the optimality of these results, and in
Subsection 3.3 the (singular) limit 7 — 0 will be studied.

3.1. Decay estimates. For the problem (1.1)-(3.1), we can derive the following
energy estimates.

Proposition 3.1. Let s > 2 be an integer and suppose that the initial data (uy, Aug, 0o, qo)
belong to H®. Then the solution (u,0,q) satisfies the energy estimate:

1 t

105 (s, A, 0,3/ 7Q) (Ol 7z + 155 [ (105" (w, A, 0) (@) 172 + 102 9(0) 2 do
(3.2) 106 0
< 4_7H8§(U1> Awuy, by, \/FQO)H%&
for0 <k <s-—2.
Above we used the following notation for the modified Sobolev norm || - ||gs: Let

s > 0 be an integer and a > 0 be a real number, then

: k k, 112 1/2
lulli = (D2 a*lokuliz:)
k=0

We observe that || - [|gs = || - || 2.
Moreover, assuming that the initial data belong to L', we can get the following
pointwise and decay estimates.

Theorem 3.2. The Fourier image (a,é,@ of the solution (u,0,q) to the Cauchy

problem (1.1), (3.1) satisfies the pointwise estimate:
(3.3) [aa(t, 1 + 1EP1a(, )] +10(4, €)] + a(t, €)]
< Cem (| (€)] + [& P 10()] + 16o(&)] + Tldo (&)D):

where

n(€) = [/ (1 + T[¢*)*.
Here C and ¢ are positive constants which are in particular independent of . Fur-
thermore, let s > 0 be an integer and suppose that the initial data (uy, Aug, 8o, qo)
belong to H* N L'. Then the solution (u,0,q) satisfies the decay estimate:

108 (g, Au, 0, 7q) ()| 2 <C(1+ )7 *7%2||(ur, Aug, 0o, 7q0) | 11
-+ C(l + t)fe/ZHaljJré(ul, AUO, (90, Tq0>HL2

fork >0,¢2>0and 0 < k+ /(¢ < s. Here C is a positive constant which is, in
particular, independent of T.

(3.4)
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Remark 2. The decay estimate (3.4) is the same as the regularity-loss type decay
estimate for some symmetric hyperbolic systems with relazation (cf. [26]). The “loss
of reqularity” is visible in the last term of (3.4) requiring k+ ¢ derivatives of the data
to obtain a decay for k derivatives of the solution at time t.

This way, we have a precise description of the dependence on 7 visible in the form
of n. Comparing this to the corresponding one for 7 = 0 given for p in Theorem 2.2,
we have an essentially different behavior for & — oo causing the loss of regularity in
the case 7 > 0.

Proof of Proposition 3.1 and of Theorem 3.2. We prove Proposition 3.1 and
Theorem 3.2 together. By employing the Fourier transform, system (1.1) is described
as

Uge + |§|4ﬁ - |§|2é =0,
(3.5) b+ i€ - 4+ |€]Pa = 0,
TG+ 4+ 80 = 0.

We first derive the basic energy equality for the system (3.5) in the Fourier space.

We multiply the equations (3.5) by i, 0, g, respectively, and combine the resulting
equations. Moreover, with for W (¢, &) := (|t >+ [€]*|a)* + |0]* + 7]d|*) (¢, £), we arrive
at the basic energy equality

10
3.6 =Wt 1|* = 0.
(36) 55 W (.6 +
We next construct further dissipation terms. Multiplying the first equation in (3.5)

by 4 and taking real parts, we have

0 - A
(3.7) 5; (Re(iu@)) — [af* + [¢]*al* — ¢[*Re(6a) = 0.

Furthermore we multiply the first and second equations in (3.5) by 0 and Uy, TESpec-
tively. Then, combining the resulting equations and taking real parts, we obtain

a . ~ R ~ A= R ~
(3.8) 5; (Re(@0)) + [P (Jau* = 10]°) + € - Re(iqan) + |¢|*Re(af) = 0.
Similarly we multiply the second equation in (3.5) by 7i§ -q and take the inner product

of the third equation in (3.5) with —i£f. Then we obtain
(3.9) 2(75 ‘Re(i03)) + €210 — 7I¢ - I° — € - Re(igh) + 7|¢|¢ - Re(itq) = 0.
ot

Finally we multiply (4.20), (4.21), (4.22) and (4.23) by 1+ 7[£|* + 72|£|*, aranas€]?,
a1ae, and aq, respectively, and add these four equations, where aiq, as a3 are positive
constants to be determined. This yields

(3.10) 2 B(,6)+ D1, =,
8



where we define
E(t,€) = (1 + 7€ + P2 E) ([l + 1€ al® + 101 + 7191
+ oy 7€ - Re(i0G) + arcoRe (i) + ayaqas|E*Re(d,a),
D(t,&) == ayasas|¢[°af* + aran(l — a)[€*] i) + ar (1 — az)[€[*|0)?
+7IEP1a)* — anTl€ - G17 + (1 + 72IE) g
+ aras(1 — as)|¢[*Re(@d) + ar € - Re(i6G) + ay (T|€]* — a)€ - Re(it,q).
Applying [€ - ¢| < [¢]]G] and
€121a0] < ex|¢|*|al® + (41)71|0)%, 1€]10q] < eal€*10]* + (422)~Ydl,
M| < esléPlae]® + (4e3) MGl TIEl@g] < ealin]® + (de4) 7 2P
to the dissipation term D, we may estimate
D 2 OélOég{Oég — 81(1 — 043)}|5|6|ﬂ|2 + Oél{CYQ(l — Q3 — 83) — 64}|§|2|ﬁt|2

YV YEPIOR + (1 — an)7|é [l
a1, 1 o . o N
=T DR+ (= )P

Choosing oy = 1/20, as = 1/5, az = 1/2, ey = 1/2, g9 = 1/2, 3 = 1/4 and
g4 = 1/40, then the above estimate can be rewritten as

1

+Oél{1—€2—042(1+1

D 2 2 92
> lePlal =l SlePIa
311 2 ~12 — 2 41 ~12
(3.11) + 5o ldl? + o rlel |q| + 57lelal
19
2 2
1
> e (1l + el |u| +I0P) + 2 (L Tl

On the other hand, substituting or; = 1/20, as = 1/5, a3 = 1/2 again, the energy
term FE is estimated as

1
E < 2, <Yl 2 4 012 + ~7lal2
400| f? + 2Pl + P + Sl
R . A 21 N 1 .
4 STl TIER) (il + 97 +167) + 7RI + 5 lellar
53
< 1
< DS TP 6),
(3.12)
B> il + 1ol + (0 + Srlgl
— 400 400 100
) ) 19 1 )
ST+ IEP) (2 + Il + 102) + o lelal? + SrlelaP
47
>
> S (LTl €)



By applying the estimates (3.11) and (3.12) to (3.10), we get

(1+7lgl*)*Wi(t,¢) +—/{|§| (Jaef* + ¢ *af* +101%) + (1 + 71€*)*|]*} do

188
106
< L+ TEPPW0,6),

and hence
1 t

0%, 02,0, 7) (03 + 7o

(||0§“(ut,0§u, 0)(0)l[72 + 195a(o)||F) do
(3.13)
106

H@k(ul,a uo, 0, 7q0) || 772

for 0 < k < s —2. The estimate (3.13) is equlvalent to (3.2).
Furthermore we apply the estimates (3.11) and (3.12) to (3.10) again. This yields

0 L¢P
o™ BT e

Therefore we can derive the following pointwise estimate

E(t,¢&) <0.

1 le|2

W1, < e I 0.)

and hence we arrive at the desired decay estimate (3.4). O

3.2. Characteristic values. We first consider the characteristic equation for the
system (4.19) given by

1 1 2 1
(3.14) Py(&) ==\ + ;)\3 + ;(2T|5|2 + 1)|EPN + ;\w + ;\5|6 = 0.

This polynomial is also obtained for the bounded domain case, see [19] or [22],
where the zeros correspond to eigenvalues of the associated time-independent op-
erator. Here, for the Cauchy problem, it is obtained from the differential equations
in Fourier space (4.19), regarding |{| as a parameter.

We consider the asymptotic expansion of A = A\(|¢]) for [¢| — 0 and for || — 0.
These expansions essentially determine the asymptotic behavior of solutions described
in Subsection 3.1.

We first consider the asymptotic expansion for || — 0:

(3.15) Al€)) ZA gk,

Substituting (3.15) into (3.14), we find, after lengthy but straightforward calculations,
that

(3.16) A(IE]) = a;lel +Oglh), (€)= —% +1¢* + O(¢),

for j = 1,2, 3, where the a; are defined by (2.15). This way we also see how the zeros
for the polynomial (3.14) approximate, for j = 1,2, 3, those given in (2.16) for the
polynomial (2.13).
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On the other hand, we consider the following asymptotic expansion for || — oco:

(3.17) MEN = v + v Wig[ + v R,
k=0

Then, substituting (3.17) into (3.14), we obtain

V2i 1 3v/2i
S (17

A(1]) = £v2ile] £ Jlelz+0(e™), =12,

872 16
(3.18) T
1 1 Vor. 1, _ .
Aj(|€l)=i\/52|€|—§ﬂ: 4T2Z|£\ 1+@|§| 2+ 0(¢7%), =34

For j = 1,2, the expansion (3.18) leads to

Re(h)(€]) = — €172 + Okl ).

In these A\; and Ay the regularity-loss structure for 7 > 0 is expressed.
Consequently, the asymptotic expansions (3.16) and (3.18) tell us that the point-
wise estimate (3.3) is optimal.

3.3. The singular limit as 7 — 0: a comparison. In this subsection, we study,
still for g = 0, the limit as 7 — 0 for the plate equation with Cattaneo’s law (1.1).
More precisely we derive that the energy of the difference of the solution (u,0,q) to
(1.1), (3.1) and the solution (u,d) to (1.2), (2.1) vanishes as 7 — 0, provided the
initial data are compatible. .

For this purpose we intrg)duce the difference (v, ¢,7r) as v :=u— 4, ¢ := 0 — 0 and
r:=q—q, where ¢ := —V6. Then, by using (1.1), (3.1) and (1.2), (2.1), we have the
Cauchy problem

Vet + AQU + Agb - 0,
(3.19) ¢+ divr — Av, = 0,

T 414 Vo = 7V,

and
v(0, ) = vo(z) := 0, v:(0,2) = v (z) := 0,
#(0,z) = ¢po(z) := 0, r(0,z) = ro(x) := qo(x) + Vby(z), x € R".
Now assuming the compatibility condition
(3.21) qo(x) = =V (z), r e R",

the initial data (3.20) satisfy ro(z) = 0 for x € R". For the problem (1.1), (3.1), we
can derive the following energy estimate.

(3.20)

Theorem 3.3. Assume the compatibility condition (3.21). Let s > 0 be an integer
and suppose that the initial data (uy,Aug,by) belong to H*. Then the difference
(v, @, 1) satisfies the following estimate:

t
(3.22) (105 (v, Av, ¢, V/7r) ()72 +/ |05 (0)|[72do < 7C|0y (ur, Auo, o) 72
0

for 0 <k <s. Here C is a positive constant which is independent of T.
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Proof of Theorem 3.3. To get the desired result, we derive the basic energy
equality for the system (3.19). We multiply the first and second equations of (3.19)
by v; and ¢, respectively, and take the inner product of the third equation with r.
Then combining the resulting equations, we arrive at the basic energy equality

19 2 2 2 2 2
5 vl 1AV + gl + 7lr]") + 7]
+ div[v,V(Av + ¢) — (Av + ¢) Vo, + ¢r] =7V - .
Similarly we obtain

10
5 g7 (0suil® + 18050 + 056 + 79pr]?) + |05
+ div [05v V(A + 98 ¢) — (ADEv + 0Ep) Vv, + 0Epdlr] = TVOkG - oFr

for k > 0. Therefore, integrating the above equation over (0,¢) x R™, this yields
t
|05 (un Av. 6, V)OI + [ 105 (0)]ado
0

t
< 10 (vr, Ave, o, v/Tro)|[2 + 72 / IV046(0) 2 do.
0

Finally, using (2.2), (3.20) and (3.21), we arrive at the desired estimate (3.22) and
hence complete the proof. 0

4. THE THERMOELASTIC PLATE EQUATION WITH INERTIAL TERM

We finally consider the general system with inertial term (u > 0), and we will show
that there is no regularity-loss, both for Cattaneo’s law (7 > 0) and for Fourier’s law
(1 = 0), which corresponds again to the fact of exponential stability for bounded
domains. We recall the equations from (1.1) as

g + A%u — pAuy + A0 =0,
(4.1) 0; + divg — Au; = 0,
Tq +q+ VO =0,
with now p being positive, and with initial data
(4'2) U(O,l’) = Uo(x)a ut(()?x) = ul(x)> 9(0,1’) = 90(37)7 Q<O’x) = QO(m)a r € R,
where the last initial condition for ¢ is only relevant for the case 7 > 0.

4.1. Decay estimates. For the problem (4.1)-(4.2) with 7 > 0, we can derive the
following decay estimates.

Theorem 4.1. The Fourier image (d,é,d) of the solution (u,0,q) to the Cauchy
problem (4.1), (4.2) satisfies the pointwise estimate

(L+ pl€P) et )] + [P 1ac, )] + 18(¢, )] + 71d(t, €)|

< Ce PO (L + ple) i (€)] + [€P]a0(€)] + 18o(E)] + Tl do (€)1}
12

(4.3)



where

€17 + Tplé]?)

<1,
e e 1T

€] o

T+ M=o

Here C' and c are positive constants which are independent of T and p. They are
explicitly given by

13 1 <1

11° 2730 ==

43 1 -
29'344 )7 H=4

Furthermore, let s > 0 be an integer and suppose that the initial data (uq, Aug, 0o, qo)
belong to H® N L. Then the solution (u,0,q) satisfies the decay estimate:

105 (us, pAuy, Au, 0, 79) (1) 12
(45) S C(l + t)in/47k/2” (uh ,UAula Aan 607 TQO)HLl
+Oe_CTMtHaI;(uhMAulaAu070077—qo)||L27 % S 17

(4.4) (C,c) =

and
0% (wy, pAuy, Au, 0, 7q)(1)|| 12
(4.6) < C(14t/p) ™R (g, pAuy, Aug, 0o, Tqo)|| 1
+ Ce™ /M) 0% (uy, pAuy, Aug, 0y, 7q0) || 12, w>1

for 0 < k <s. Here C and c are also positive constants which are independent of T
and [i.

On the other hand, taking 7 = 0 in (4.1) yields
U — AUy + A*u+ A0 =0,
0, — A0 — Au, =0,
For the Cauchy problem (4.7) with initial data
(4.8) u(0,2) = ug(x), u(0,2) =wuy(x), 6(0,2)=0y(z),

(4.7)

we can derive the following theorem.

Theorem 4.2. The Fourier image (i, ) of the solution (u,6) to the Cauchy problem
(4.7), (4.8) satisfies the pointwise estimate:

(1 + plél®)la(t, €)1 + €[ alt, ©) ] + |0(t, &)

(4.9) 1 )
< 5e” 0O (14 p|€*)]an () + €1 a0 (€)1 + 160(£)1},

where

4
p(§) == T4 e
13



Furthermore, let s > 0 be an integer and suppose that the initial data (uy, Aug, 0o, qo)
belong to H* N L'. Then the solution (u,0,q) satisfies the decay estimate:

105 (ue, N, v, 6)(2)

(4.10) < Ot/ )™ (e, Ao, o) |
+ O™/ (ur, s, Ao, o) 12,

for 0 <k <s. Here C' and c are positive constants which are independent of L.

Remark 3. Both decay estimates (4.5), (4.6) and (4.10) are of standard type for the
symmetric hyperbolic system with relaxation. There is no reqularity-loss.

For the pointwise estimates (4.3) and (4.9), letting T — 0 or u — 0, these estimates
tend to the expected estimates discussed in Sections 2 and 3.

Proof of Theorem 4.2. We first prove Theorem 4.2. By employing the Fourier
transform, the system (4.7) is described as

(1 + p|€?) i + |€]*a — €20 = 0,

(4.11) ”
0t+|£‘ ‘9+|§’ =0,

We first derive the basic energy equality for the system (4.11) in the Fourier space.

We multiply (4.11) by (4, 6)” and combining the resulting equations, we arrive at
the basic energy equality for W (¢, &) := {(1 + p|¢|?)|a|* + €Y af* + |02} (¢, ),

10 .
4.12 ——Wi(t, 219 = 0.
(112) LW (1,6) + €1
We next construct the dissipation terms. Multiplying the first equation in (4.11)

by @, we have
a A R ~ ~ N
(4.13) (14 pl) 5 {Re(@) } — (1+ pléP)lal* + [€[*a]* — [€]*Re(0a) = 0.

Furthermore we multiply the first and second equations in (4.19) by f and (1+ulE)dy,
respectively. We obtain

(14 ulef?) o (Re(iud) + € {1+ plePil? ~1017)

(4.14) )_
+ (1 + lé?)€[*Re(@:9) + [¢|'Re(ad) = 0.

Finally, we multiply (2.7), (4.13) and (4.14) by 1+ pl¢]?, araz|¢]?, and ay, respec-
tively, and add these four equations, where oy, as are positive constants yet to be
determined. This yields

0

(4.15) 5Bt + D(t.) =0,
14



where

E(t,§) = (1+u|§| LA+ pleP)al® + €)@l + 1017}
+ an(1+ plé ") {Re(0) + as|¢*Re(aa) }.
D(t,€) = an(1 — az) (1 + plé?) € e * + annl€lal® + (1 — an) P10 + plé[*(0)
+an(1 = az)[€|"Re(@0) + ar (1 + plé]*) €] Re(@:).
Applying
€[*1ad] < exle]"lal® + (421) 71O,
(4.16) = i 1A AU TR ST BRI
[@0] < ealiul” + (de2) 7 1OF,  lel@a] < gl + SlEl |4l
to the dissipation term D, we may estimate

D= a(l—ay—e)(l+ u\f!Q)\€|2|ﬁt|2 +ar{as —ei(1 - az) }E]°faf”

1— 2 aq 41112
{U=an (L 2% ) HePIOR + (1 - 1) lef6

Therefore, choosing a; = 1/3, ay = 1/2, 1 = 1/2, and €5 = 1/4, we derive

1 1 A 2 N
D=0 + pl€1P)EP i + Iflﬁlﬁl2 + —|€I2l9l2 + §u|€|4|9|2

(4.17) 1 R

—26\ {1+ ple?)lay \2+!€\ Ik }+ (1+ plel)lel? 10
and

2 1 R 7 R 5 A
< (1+ pleP) (5l + el + Tsellal? + S1P)

5

< S(1+ P (1,6),
(4.18)

1 1 5 1 -
> 2N A2 L S 1121 12 L P eld1a12 L T 112
E > (1+ pleP) {51l + SulePlal + e laP + £ 101}
1
> o(1+ ulEPYW (¢, ).

Applying the estimates (4.17) and (4.18) to (4.15) yields

0 L |¢P
&E(t £+ —

101 + !5\2E(t 4 <0

Thus we can derive the following pointwise estimate

_a_lg?
W (t,€) < e T W (0,8),

and hence we arrive at the desired pointwise estimate (4.9). U
15



Remark 4. As in the previous sections the proof of Theorem 4.2 contains the ar-
guments for the following L*-estimates for the solutions of (4.7)—~(4.8), both for
0<k<s.

1

t
0% (0) s + 195(es, 0)(1) 3, + 5 / (105 s, 0)(0) 13 + 105+ Au(0)]132) do

< 5([105ullz + 1105 (Auo, 00)13, ).

Proof of Theorem 4.1. By employing the Fourier transform, system (1.1) turns
into

(14 pl€[*)i + [¢]*a — [€0 = 0,
(4.19) 0, + i€ - G+ |€)*a = 0,
TG 4 G + €0 = 0.

We first derive the basic energy equality for the system (4.19) in the Fourier

space. We multiply the equations (4.19) by iy, 6, ¢ and obtain for W(t, &) =
{1+ pl€)lal® + [ al* + 6] + 7|gI*} (¢, €), that

10
20t

Further dissipation terms are obtained as follows. We have (4.13) again, i.e.

(4.20) W(t,€) +1d> = 0.

0 - .
(4.21) (14 ple) 5 {Re(@i) } = (14 plel)lal” + |€1*|a]” — |¢]"Re(9a) =

Furthermore, multiplying the first and second equations in (4.19) by 6 and (1
wl€|?)ty, respectively. we obtain

(L+ulel) 5, (Re(ut9)+lfl{ + ulé)ladl® - 161}

~

+ (14 pl€l*)€ - Re(ig )+!£\4Re() 0.

(4.22)

Similarly we multiply the second equation in (4.19) by 7i¢ - ¢ and take the inner
product of the third equation in (4.19) with —i¢d. Then we get

a S A ~ “ AP NS
(4.23) 5 {7¢- Re(i0)} + [€[°10]° — 7I¢ - I — & - Re(igh) + 7|¢°¢ - Re(itg) = 0.
First case: p < 1.

We multiply (4.20), (4.21), (4.22) and (4.23) by (1+7|¢]?) (1+(T+w)[£]?), cronas(1+
Tulé?)IE?, aras(l + Tulé]?), and ai(1 + Tu[€]?), respectively, where ay, as as are
positive constants to be determined, and add these four equations. This yields

0

16



where

Ey(t,€) = (1 +7IEP) (1 + (7 + wel?) {0+ ulgP)lal® + [€]*al* + 0] + 71g1 }
+ ar(1+ Tpal€2){7€ - Re(i6) + an(1 + ulé[?) (Re(@d) + aslé"Re(d)) },
Dy(t,€) i= anan(1 — ag) (1 + 7pl€*) (1 + plE[*) €] + arasas (1 + Tul€]*) €[l
+ a1 (1= o) (1+ 7ule)EPIOP + 1d1° + 27 + wIELla1” — anl¢ - g
+7(r 4+ W€ — i ul€PIE - G + aras(l — as)(1+ Tplé[2) €[ *Re(af)
+ar (1+7ple)E - Re(i0) — ar{as — (7 — o) [€° H(1 + Tplé]*)€ - Re(idng).
Applying [¢ - g| < [¢]|q], (4.16) and

€1164] < eal€P16)* + (4e5) " 1df, [€1iteq] < eal€]*|ite]* + (dea) ],
TIENaeq] < esliel® + (des) " 21871, plélland] < eop®[E1 el + (426) gl

(4.25)

to the dissipation term Dj(t,€), we may estimate Dy > Dyy + Dig + D3 + Dy4 with

D11 = al{ag(l — Q3 — 84) — E5}|€|2|ﬂt|2 + 0410[2(]_ — (X3 — 64)(1 + 7'),u|f|4|@t|2
+ar{aa(l — ag) — e6(T + agp) prp €)%,

D5 = alag{ozg —e1(1— 043)}(1 + Tulé*)1€)°a)?,

1 -« 5
Duy = ar {1 — &5 — o (1+ —=2) (1 + 7ule) 610
1

Dui= {1- % (2 + )b+ {2 - anr + (1= 222D ) e

£3 4
1 1 N
+ {(1 — %<— + —))7‘ + (1 — o <T+ 2>>M}T|§’4|q|2.
4 €5 6 456

Choosing oy = 1/12, ag = 1/5, az = 1/2, 61 = 1/2, e3 = 1/2, &4 = 1/4, e5 = 1/21,
and €6 = 1/24, then Dy, D1a, D13 and Dyy are estimated by

Diy > Zl6Plaf? + 5o (4 mplel il + Sgrilella?
> 71,(1+w|€| IR+ ple) o
Dis> (L TuleP)EPIl,  Dis > 3oL+ Talel)IEl1AP,
240 48
Dis > 1ol + (T + o m)IEPI? + (557 + o) rlellaP
> (1l (1+ (4 )lP)lal

17



Therefore we conclude

Dy > o (14 rulePIEP{ (1 + pléP)a? + 1611 al? + 10

1 R
+ 5L+ TEP) (L + (m + wlel) P

Similarly, applying (4.16) and (4.25), and substituting oy = 1/12, ay = 1/5,
a3 = 1/2, e3 = 1/2 again, and €3 = 1/2, the energy term FE(t,§) is also estimated
by By < Ein+ Eip + Bz + By and By > By + Erp + Ei3 + By with

Bu = (14 7€)1+ uleP) (1 4+ (7 + el el

(4.26)

1 .
+ 5041042(252 + o3) (14 pl€?) (1 + Tplé) |

(VAN
=~ DN —
—_

(T4 7IEP) (1 + pulél*) (1 + araa(2e2 + az) + (7 + w)[E[*) [

A
gl
o

(14 7I€P)1+ pIEP) (1 + (7 + wlEP) af?
Biy = (1 7€) (1 + (o + plel?) el

1 X
+ a1+ ul¢) (L + Tplel?) ¢ fal”

1
< S+ TP (TIEF + (1 + anasas) (1 + pl¢]*)) €[*al”
121

< oL+ TIER) (L + (7 + P e fal®,

Big = (L4 i) (14 (7 + )l 9P

109
+ 452
1
< S+l (1 + 20es)rlel + (1+
13

< U+l (1 + (r + gl 0P,

Byy = (L4 i) (L (7 + )l dP +

(L4 pl€P) (L + Tulé )01 + anear (1 + Tul¢*)€[716)°

)+ ule) 0P

109

282

aq NP
—7(1
e+ el

1
< GrHrIeP) (1 o+ (el laP

13
< ST TIEP) (L4 (7 + wle?) ldl,

and

B i= 5(1+ 7€)+ algP) L+ (7 + p)IEP) P

— Sonan(2es 4 03) (14 €)1+l
39
> (17l + pIEP) (14 (7 + kel
18



Bro i= 51+ 7I6P) (1 + (7 + wl€) €l al

1
— —aqanas(l+ pl€)?) (14 Tple?) el |a)?

2
19 .
> Sl (1 (7 l€P)lelar?
By = 51+ 7161+ (r + wl€f?) 107
= (1 )1+ TIE IO - cnear(L+ rlél)IEPIOP
> 1+ 7IEP) (1 + (7 + l€P) 0P,
Buai= 57(1+ 7IEP) (1 + (7 + I€P)a — -r(1 + 7uléf)laP
3

> (U IEP) L+ (7 + ) IEP) aP

Deriving these estimates, we used p < 1 as well as 7 < 1. Consequently, we obtain

Bu(1,€) < o (L4 TleP) (1 (4 €)W (1, 6),

11
En(t,€) 2 o (1 + 7P (1+ (r+ pIEF)W (2, €).
Applying the estimates (4.26) and (4.27) to (4.24) we get

0 | (1 +Tulé?) g
ot O T S T B (- (W EP)

Therefore we conclude the following pointwise estimate

(4.27)

Eq(t, &) <O0.

1 (1t7ule] 2)lg|?

W(t,§) < ? 2730 (147 [€]2) (1+(r+w)€]%) W(O £),

and hence we arrive at the desired decay estimate (4.3) (for p < 1).

Second case: |1 > 1.

We multiply (4.20), (4.21), (4.22) and (4.23) by 1 + plé|?, arasas|€?, ajas, and
a1, respectively, and add these four equations, where oy, as ag are again positive
constants yet to be determined. This yields

(4.28) 9 Balt, €) + Da(t,€) = 0

where
Bo(1,€) i= 51+ uleP) { (14 el + [€*faf? + 10 + 7lal?)
+ an {7€ - Re(if) + an(1 + pl¢[*) (Re(@,0) + aslé"Re(a,d)) },
Dy(t,€) = [¢[*{onoa(1 — az)(1 + pul€*)|]® + arazas|€|*|a]* + a1 (1 — a2) |0}
+ €211 — an7l€ - gl + 14 + aran(l — as)[€]*Re(@d)

+ a6 - Re(ibG) — ar{as — (1 — aop) [ }€ - Re(idg).
19



Applying (4.25) we get

~ T “
Dy > ayan(1 — az — g4)|EP 0> + 041{042(1 —a3) — &4 (a2 + ;) }u!£\4|ut\2

1
+anan (o = ea(1+aa)) il + {1 — 20 —an (14 ) BP0

aq 71 «Q R I1\NT oo
-2 (10 )5 e
4 \e3 ¢4 dey/ 1

Choosing oy = 1/6, as = 1/6, a3 =1/2, 1 = 1/4, 3 = 1/2 and ¢4 = 1/16, then the
above estimate is rewritten as

2 2 2
Dy > 242|§| Ji1g]? + 242u|§| l? + —— €[}l
(4.29) + —\£|2|é\2 - —W + —ulfl 1G]
1 A
> 242|§| [+ ple) il + g *[af* + 1017} + 75 (1 + ulel)g

Similarly, applying (4.16) and (4.25), and substituting oy = 1/6, ag =1/6, a3 =1/2,
g9 = 1/2, and €3 = 1/2 again, the energy term FEs is estimated by

1
> < S {1+ as(2es + ag) + pl€l*F (1 + ple]) i)

1 X
+ 5 (1 + arasas)(1 + plé) €[ af?

2
1 Oéloég 9 2
(430) (1 22 i6e + 5 Ser el 1)
1 2 2
5( )T|q| + SrulePld
2 W (1, 6),
and
1
Ey > 5{1 — ayan(2ey + ag) + pl€P (1 + plg]?)]a/*
1 N
+ 51— aasag)(1+ pulEl?) el al?
1 _ 058 2 . _ 041042 2
(4.31) + 2(1 5. )|9| (1 20257 ) 1€[210]
1 L ~12 - 21412
45 (1= 52 )rla + Galeld

> 20+ plePW (1. 6)

Applying the estimates (4.29), (4.30) and (4.31) to (4.28) we obtain

2
9 bt ey + — 18l

oi s {1y PP ) =



This leads to the pointwise estimate

1 lg?

W(t,f) S 43 e 1+ms|2t (0 £),

and hence we arrive at the desired decay estimate (4.3)(for p > 1).
The decay estimate (4.5) and (4.6) follow from (4.3) as usual. This completes the
proof. O

Remark 5. As in the previous sections the proof of Theorem 4.1 contains the ar-
guments for the following L*-estimates for the solutions of (4.1)—(4.2), both for
0<k<s.

For p < 1:
0% (8) 2, + 1107 (A, 0, 7) (1)1
1 t
(4.32) + 5310 /, (102 (o) 3y, + 105 (A, 0)(0)lI2 + 1|0z a(0) |7y ) do
< (106w, + 105 (Do, 6, 700) )

For p > 1:

0Dl + 105 (A, 0, 7q) (D,

1 t

@3 g (1 o)+ 105 (A 0)(o) [+ oka(o) ) do

< 29(||(9’“U1||H2 + 1105 (Ao, 0o, 7o) l711)-
for k> 0.
Here we introduce the following notations for the weighted Sobolev norms || - ||z2 and

ys . Let s >0 be an integer and a > 0 be a real number, then

1 2 1/2
fules = llgile, 6(6) = { oS4

L4 (7 + )€l
and
5 1/2
lulls = (D a*19%ull2:)
k=0
We observe that || - |las = || - | c2, and
TH
(4.34) [l < llullag < flullag,

T+ u

which comes from the fact that Tu/(t +p) < ¢*> <1 for 0 < 7 <1 and p > 0.
Furthermore we also used the following modified Sobolev norm || - ||g=, - Let s > 0 be
an even integer and a > 0 and b > 0 be real numbers, then

s/2 s/2

fullag, = (3D @bt hulz.)

=0 k=0
21



In particular, by using (4.34), we can conclude for p <1 from (4.32) that

k 2 k k
o8O, + 1050 6,70 Ol + 5 [ 1000 o

1 7 K
(4.35) H / gk+1 2 (A 2 \d
«+§ET+MO(szmwm¢+u¢< u,6)(0) 32 dor
< 11(” wllz, + 1105 (Auo, o, 7q0) 1 772) -

4.2. Characteristic values. In this section, we first consider the characteristic
equation for the system (2.6). This equation is given by

(4.36) Q3(&) == (L+ pl])N + [P (1 + pl€]*)N* + 2[¢[* X + [¢]° = 0,

where a zero A = A(|¢]) of the characteristic polynomial @3 is called an eigenvalue,
and £ € R" is again the Fourier variable.

Similarly as in Subsection 3.2, we consider the asymptotic expansion of A(|{]) for
|€] — 0 and for |{] — oco. We first consider the asymptotic expansion for |{] — 0:

(4.37) Al€)) ZA gk,

Substituting (4.37) into (4.36), we find

(4.38) (€)= ajl€l* + O(Y),

for j = 1,2,3, where the a; are defined by (2.15). We remark that Re(a;) < 0.
On the other hand, we consider the following asymptotic expansion for || — co:

(4.39) A(lel) = w2l + vVl + > vl
k=0
Then, substituting (4.39) into (4.36), we conclude
1. 1 1 .
Aj(lE]) = £y [ —ilel = o+ O(l]7), 7=1,2,
(4.40) H H

&MDzﬂW+%+0MP)

Consequently, the asymptotic expansions (4.38) and (4.40) tell us that the pointwise
estimate (4.9) is optimal.
On the other hand, the characteristic equation for the system (4.19) is given by

Qu(&) = T(1+ plg[HN + (1 + plg)N°
+ {1+ @27 + g HEPAN + 26" A+ [¢]° = 0.
as a parameter. e consider the asymptotic expansion o = or —
3 W ider th i f X = \(|¢]) for [€] — 0

and for || — oo again. We first consider the asymptotic expansion for |[¢| — 0.
Substituting the expansion (4.37) into (4.41), we find

@42)  N(ED =aleP+ 00, Mlleh) =~ + IR + 0er),

22
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for j = 1,2, 3, with the sme a; defined by (2.15). For || — oo we obtain

(4.43)

MO = £y/Brile] = (4 b) + O, =12,

\(Q) = £VB e — (L= b)) + O™, =34

where

2T + o+ /4712 + p? b 21— AT 4 P — w27

by, = . = KT
o 27y ' 271 2 At 2

We note that by, >0, by > 0 and |by| < 1 for 7 > 0, p > 0. In these representations
for the values \;, for j = 1,2,3, 4, the standard type decay structure (no regularity-
loss) for 7 > 0, u > 0 is also clearly expressed.

Consequently, the asymptotic expansions (4.42) and (4.43) tell us that the point-
wise estimate (4.3) is optimal.

[1]

[5]
(6]
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