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ABSTRACT. We consider the Cauchy problem in R™ for some fully nonlinear ther-
moelastic Kirchhoff type plate equations where heat conduction is modeled by either
the Cattaneo law or by the Fourier law. Additionally, we take into account possible
inertial effects. Considering nonlinearities which are of fourth-order in the space
variable, we deal with a fully nonlinear system which triggers difficulties typical
for nonlinear Schrodinger equations. The different models considered are systems
of mixed type comparable to Schrodinger—parabolic or Schréodinger—hyperbolic sys-
tems. The main task consists in proving sophisticated a priori estimates with the
achievement of obtaining the global existence of solutions for small data, neither
known nor expected for the Cauchy problem in pure plate theory nor available be-
fore for the coupled system under investigation, where only special cases (bounded
domains with analytic semigroup setting, or the Cauchy problem with semilinear
nonlinearities) had been treated before.
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1. INTRODUCTION

We consider the Cauchy problem for the following nonlinear thermoplastic plate
equation, where heat conduction is modeled by Cattaneo’s (Maxwell’s, Vernotte’s)
law (7 > 0) or by Fourier’s law (7 = 0), and where an inertial term may be present
(> 0) or not (u=0):

uy + Ab(Au) — pAuy + vAO =0,
(1.1) 0, + divg — vAu, = 0,
Tq: +q+ Vo = 0.

Here, u describes the elongation of a plate, while § and ¢ denote the temperature
(difference to a fixed temperature) resp. the heat flux. For the Cattaneo law the
relaxation parameter 7 is a positive constant. The constant p is a non-negative
parameter in front of the inertial term. The function b is a given smooth function
which satisfies 0'(0) > 0. Without loss of generality, we assume b(0) = 0.

Not affecting the mathematical aspects, we have set most physical constants usually
appearing in the equations equal to one, just keeping the constant 7, x being relevant
in particular for the type of the equations, and the positive v for illustrating the effect
in the estimates.



Taking 7 = 0, we obtain the standard nonlinear thermoelastic plate equation:
. uy + Ab(Au) — pAuy + vAO =0,
() Ht—AG—l/AutZO,

where the Cattaneo law

(1.3) Tq +q+ V0 =0
has turned into the Fourier law
(1.4) q+ Vo =0,

leading to the classical parabolic heat equation appearing in (1.2). We start neglecting
variations in time of the temperature, i.e. assuming

9t =0
in (1.2), the system reduced to a standard damped nonlinear plate equation:
(1.5) Uy + Ab(Au) — pAuy — V2 Au = 0.

Our purpose of this paper is to construct global solutions in time for the Cauchy
problem to the equations (1.5), then for (1.2) (7 = 0, with both cases u > 0 or
p=0), and finally (1.1) with 7 > 0 and g > 0. Simultaneously we will describe the
asymptotic behavior of the global solutions.

We recall the simple relation between the linear Schédinger equation for a complex-
valued function v and the linear plate equation for a real-valued function u, saying
that both the real part and the imaginary part of v satisfy a plate equation, and
that w := u; + 1 Au satisfies the Schrodinger equation, we detect behind our fully
nonlinear thermoelastic plate equation the nonlinear Schrodinger equation with all its
difficulties. cp. [14], even for the local well-posedness. Treating fully nonlinear sys-
tems hence relies on some kind of damping requiring sophisticated a priori estimates
which are the main task of our work.

For special situations we do have some contributions to nonlinear thermoelastic
plate equations as there are: For bounded domains and Lasiecka and Wilke [13] ob-
taining global small existence for a fully nonlinear system, where 7 = 0 and p = 0.
Extensions to more general nonlinearities, considering > 0, were given by Lasiecka,
Pokojovy and Wan in [8], still in bounded domains. Semilinear problems for the
Cauchy problem have been successfully treated by Fischer [6]. On the other hand,
Liu and Kawashima [16] considered the fully nonlinear problem for the plate equation
with the damping term u; instead of —Aw,; in (1.5) and obtained global existence in
time.

We remark that the linear Cauchy problem has been extensively discussed in our
paper [22] providing a detailed analysis of the time asymptotic behavior. The latter
in turn provides the expectations on the nonlinear problems studied here. It is inter-
esting to notice that for y = 0 there shows up a so-called regularity-loss when moving
from 7 = 0 to 7 > 0. This kind of essentially changing the qualitative behavior can
also be observed for bounded domains (instead of the Cauchy problem in R™), where
the corresponding initial boundary value problem typically shows exponential stabil-

ity for 7 = 0, while it looses this property for 7 > 0, see the papers of Quintanilla &
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Racke [19, 20]. For bounded domains and 7 = 0, there are many results in particular
on exponential stability, see for example [1, 7,9, 10, 11, 12, 15, 17, 18]. For results for
the Cauchy problem or in general exterior domains see for example [2, 3, 4, 17, 18].
For o > 0 the exponential stability is always given [5]. This different linear behav-
ior is reflected in the different systems that are coupled and finally reflected in the
different necessary a priori estimates and different regularity results.

Summarizing our new contributions we have

e The first treatment of fully nonlinear thermoelastic plate equations for the
Cauchy problem.

e The treatment of a variety of models differing in the heat model or in the
inertial term.

e The providing of a prior estimates and the description of the asymptotic
behavior of the solutions as time tends to infinity.

The paper is organized as follows: We start in Section 2 with the discussion of
the Cauchy problem for the damped plate equation (1.5). Section 3 discusses the
nonlinear system (1.2), i.e. the system (1.1) with 7 = 0, both for the case with
(u > 0) or without (u = 0) inertial term. In Section 4, we provide the global
existence result for the system (1.1) for the case 7 > 0 and for > 0; the case
7 > 0, p = 0 remains open. In the last Section 5 we collect some useful inequalities
arising from the Gagliardo-Nirenberg inequality:.

Throughout the paper, we use standard notation, in particular the Sobolev spaces
Lr = LP(R"), p > 1, and H® = W**(R"), s € Ny, with their associated norms

| - |lze resp. || - ||lms. The symbol &! stands for a typical derivative of order I, i.e.
oL =09 ... 9 withly +--+1, =1 and 3, = ;.
J

2. DAMPED PLATE EQUATION (7 =0, u >0, 6, =0)

2.1. Global existence results. We start in considering the Cauchy problem for
the damped plate equation (1.5) arising from the general system (1.1) by taking
the Fourier law, 7 = 0, and assuming 6; to be negligible. Independently, it can be
regarded as a plate equation with Kelvin-Voigt damping term:

uy + Ab(Au) — pAuy — v2Auy = 0,

(2.1) u(0,2) = ug(x), u(0,2)=uy(x),

where © > 0, v > 0 and b is a given nonlinear smooth function as introduced in
Section 1.
We will prove the following global existence theorem for small data.

Theorem 2.1. [Global existence for p = 0] Let s > [n/2] + 1 and uy, Auy €
H*™2(R"). There exists ¢g > 0 such that if ||(uy, Aug)||gs+2 < €0, then there is
a unique solution u to the initial value problem (2.1), which satisfies (us, Au) €
CY([0,00); H¥2(R™)) and u; € C([0,00); H*(R™)) with the energy estimate:

[, Au)(1)]

H2do < C|| (ur, Aug) |35+

t
2 Lt / IV (s, A (0)]
0
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fort > 0. Furthermore, we have the decay estimate:

(2.2) 10 (s, ) (1) 2 < Clar, Aeag) o2 (1 4 £) 2

for 0 < € < s+ 2, where C, here and in the sequel, denotes a positive constant not
depending on t or on the data.

Theorem 2.2. [Global existence for u > 0] Let s > [n/2] + 1 and u; € H*T*(R"),
Aug € HTY(R"™). There exists g > 0 such that if ||uy]|gs+2 + || Auol
then there is a unique solution u to the initial value problem (2.1), which satisfies
u; € C°[0,00); H*T2(R™)), Au € C°([0, 00); H¥H(R™)) with the energy estimate:

Jue(t)] o / (IVus(o)]

< Culfler3se + [ Aug ),

Hs+1 < €,

2oz + || Au(t)] Hen [V Au(o)[3.)do

fort > 0. Furthermore, we have the decay estimate:
(2.3) 105w ()| 12 + [ Az u(t) | g1 < C([Jw]
for 0 </? <s.

Hs+l)(1 + t)_z/z

Hs+2 + ||Au0|

Remark 2.3. Comparing the two theorems above, the reqularity of the initial data
resp. the solutions are not same. This reflects that we essentially have two different
types of differential equations for p =0 and for p > 0, respectively.

For the proof of the Theorems 2.1 and 2.2, we will combine a local existence result
with a priori estimate. The final proof will be given in Subsection 2.4.

2.2. Local existence. In this subsection, we provide the local in time existence of
solutions. These local solutions will finally be extended to global ones by employing
a priori estimate. We introduce the following function space that will describe the
regularity classes of the solutions:

Xa,b] := {u | (us, Au) € C([a,b]; H*(R™)), Vu, € L*(a,b; H*(R™))},

X:la,b) == {u | (u, Vug, Au) € C([a, b]; H*(R")), Vu, € L?(a,b; H*(R™))}.
Then our local existence results are stated as follows.
Proposition 2.4. [Local existence for u = 0] Let s > [n/2] + 1, to > 0 and
ui(to), Au(ty) € H*T*(R™). There is Ry, > 0 such that for 0 < R < R, there are
Ry = Ro(R) and Ty = To(R) > to such that for ||(ue, Au)(to)|| gs+2 < Ro there exists

a unique solution u to the initial value problem (2.1), which satisfies u € X*T2[ty, Ty]
and u; € C([to, To); H*(R™)) with

sup || (ug, Au)(t)]

te(to,To]

Hs+2 S R

Proposition 2.5. [Local existence for p > 0] Let s > [n/2]+ 1, to > 0 and wu(ty) €

HsP2(R™), Au(ty) € H*TH(R™). There is R, > 0 such that for 0 < R < Ry, there are

Ry = Ry(R) and Ty = To(R) > to such that for ||ui(to)||gs+2 + |[Au(to)||gs+1 < Ro
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there exists a unique solution w to the initial value problem (2.1), which satisfies
u € Xi+1[t0,T0] and Uy € Clqto,To]; Hsil(Rn» with

sup ([ (t)]
tE[toTo}

Hs+2 + |]Au(t)|

Hs+1 ) S R

Remark 2.6. The choice of R, will be determined by inequality (2.14) in the proof
below.

Proof of Propositions 2.4 and 2.5. We prove Propositions 2.4 and 2.5 simul-
taneously. and we can put ¢y = 0 without loss of generality. We first analyze the
following problem defining iteratively a sequence (u*)pen,:

{ ul ™+ div(b (AuF) VAU — pAuET — 2 AUl =0,

(2.4) 0. 2) = (), ul (0, ) = uy ()

where we start with u® = 0. Here we note that (2.4) is, iteratively, a well-posed linear
initial value problem for u*+1!.

Following the strategy for hyperbolic systems described in [21], we first claim that
there exist R, > 0 such that for any R < R, and for any 7" > 0, there is Ry =
Ryo(T, R) > 0 such that for all £ € Ny we have

(2.5) sup. [|(uk, ) (D)l ov2 < R
0<t<T
for = 0, resp.
(2.6) sup ([uf(8)||gsre + [|AW" ()| gs1) < R
0<t<T
for p > 0, provided the data satisfy
[ (w1, Aug) || gs+2 < Ro

for p = 0 resp.
|| o2 4 || Aug || e+ < Ro

for > 0. This claim is proved by induction. We first remark that
(2.7) (1Aug (Ol + | Au* (@) i) < C R

sup
0<t<T
for p > 0, which is obtained by (5.2) and (2.5).

For k=0 (2.5) and (2.6) are satisfied since u® = 0. Now we perform the induction

step k — k + 1: We apply 9% to (2.4) and obtain

O ul ™ + div(V (Au®) VA U ) — pAGLulT!
(2.8) QA0 k1 | i ral 1ALk 1y _
— v A u T 4+ div([0,, V' (Au")[VAu™) =0

for £ > 0. Here we remark that the last term of the left hand side in (2.8) is equal to
zero if £ = 0. We multiply (2.8) by d‘uf™, and then obtain
10

(2.9) 5&&54—1(@3’;) + div]:lfﬂ(t,x) + V2V u P = Ri-&-l(ta z)
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for £ > 0. Here we have defined
Epa(tox) = (Qpu ™) + V' (Auh) (Au™ ) + uVIus ™
Froa(t, @) = 0Ll 1L (W (AP ) VAURTY) — b (AuP) ADSuF TV Ol !
— pOuf I ol — 28£uf+1vaéuk+l,
Ry (t,2) == =" (AuF) AW TV AUR - VOt + b”(Au YAUF (A U2,
+ VOLuF T[98, 1 (AuM) | VAU

Then we integrate (2.9) and sum up the resulting equations with respect to 0 < ¢ <
s+2for u=0,0r 0 <¢<s+1 for p > 0, obtaining

s+2
(2.10)  EZ(1) / Vb2 redo = EET2(0) +Z / Rkﬂ o, z)dzdo
for 4 =0, or

s+1
(2.11)  Ejfi(t) / [Vuy ™| faado = EfT1(0) + Z/ Rk+1 o, z)dxdo

for ;1 > 0, where we have defined

Ef () = [l (O + pll Vs T (1)

1% +Z/ V(AuP) (A ur ) d.

Now, we have b'(v) = 0'(0) + b”(kv)v for some 0 < k < 1, and we obtain

Ef () > [l (Ol + VO A" (O + pll Vur ™ (0117

— G| A (1) | oo [ A" (1)

Ep (1) < |l (Ol + VO A= (@) 1T + pl V™ ()]
+ O rll A ()] o | Au* T ()

Hs

Hs»
where we define

(2.12) Cori= sup [b"(v)],

where Cj, is the Sobolev imbedding constant from Lemma 5.2. From these estimates
we conclude that there exists Cy such that

213) O B a(t) € B (8) < G0

if we fix R, satisfying

(2.14) V'(0) — CprRy >0

and choose R < Ry,. Here we defined Ej,,(t) that
By () = llur ™ Ol + A (1)

Ep (1) = [lug ™ () + | Au+(2))
6
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We estimate the remainder terms as follows.
/ ]Riﬂ(t,x)\dx
Rn
1
< I (AP )V AUF| oo [ VO || 2| ADLU | 12 + §Hb"(Auk)AUfHLoo|!A3§uk“\|i2

+ IV Our |22 (1[0, U (Au®) V Aut | e

Cy,r

< CCOallV A e[Vl 12| AOf 12 + =2

+ Cll0p6 (Au®) || 2|V AU | oo ||V g 2.

1A || oo [| ADzu" 1|2

Here the last term of the last inequality can be neglected if £ = 0. Furthermore,
using (2.7) and (5.7) in Section 5, we can estimate ||056'(Au¥)||z2 < Cp gl A UF|| L2
for £ > 1, where

l
Cor=CY (CoQRY™ sup [ (v)].
=1 [v]<Csy R

Thus, employing (2.5) and (2.7) again, we obtain
A [Riesa (t,2)|dz

< CrlIVOpus | 2 (VA | oo + | A0 12) + Crll AGzu" 1,

for 0 <t < T, where C is a certain — generic — constant which depends on R. Using
(5.2) and the Holder inequality for (2.10), we get

2 v k+1
BLo)+ % [Iva]
0

t
fssdo < EEL3(0) + Cr [ |80 fpado, =0,
0

?‘_]erldO', w > 0.

L2 [t .
Ba®+5 /0 IVt |eado < BT (0) + Cr /0 N
for 0 <t < T, Therefore, employing Gronwall’s inequality, we get

t
Epi(t) +C / IVuf |30 2do < EZ3(0)e5 T, p=0,
0

t
B0 +C [ 196 o < BROCH, 0.
0

Furthermore, using (2.13) and the fact that E;73(0) < RZ (resp. E;T1(0) < R2), we
arrive at

?{s+2d0— S CgRgQCRTa N = 07

t
Bt + O / IVl
0

t
Bt +C / IV |2ndo < C2R2ECRT, >0,
0

Therefore, for a fixed arbitrary T > 0, taking Ry > 0 such that C2R2e“rT < R, we
conclude the claimed estimates (2.5) resp. (2.6) for k + 1 replacing k, thus finishing

the proof by induction.
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Next we demonstrate that {uf}?2, is a Cauchy sequence in appropriate spaces.
More precisely we show that there exists 7" = T"(R) > 0 which satisfies E;T{(T") <
EFFH(T) for =0, or B, (T") < E{(T") for pn > 0, where

Bi(t) = [of (1) + nl| Vol Hs+2/ W) (A
with vt := ¢*t1 — %, The disturbance v**! satisfies
o) VEFL AR 2 Ayl

+ div{t/ (Au®) VAR + (¥ (AuF) — V' (AuH))VAUF} = 0.

Here we remark that v**1(0,2) = 0 and v} (0,7) = 0. We apply 9’ to (2.15),
obtaining

(2.16) Lot 1 div(b (AuP) VA VM) — pAdLET — 2 A0 wE !

. + diva: { (¥ (Au*) — ¥ (Au1)) VAUF} + div([08, b (Au) | VALFTT) = 0

for ¢ > 0. Here the last term of the left hand side can be neglect if £ = 0. We multiply
(2.16) by 9vF*! and then obtain

10
20t

for ¢ > 0. where we define that
Ef it ) = (OLuf ™) 4+ 0 (AuF) (AT 4 | VLo 2
Fio(t,z) = 0Lof ML OL{b (AuP) VAR + (B (AuY) — V' (AuF1))V ALY}
— V' (AuP) ATV T — 0l TV Otk — 20l IV oLkt

(2.17) Skﬂ(t x) +d1v]:k+1(t x)+ 1/2|V8€ k+1|2 Rk+1(t x)

RL(t,2) = —V'(AuF)AD IV AGE - VoLl %b”(Auk)Auf(Aaﬁvk“f
VLo - oL (Y (AuY) — b (AuP1))VAUFY
+ VLol - 04, b (AuF) VAP

We integrate (2.17) and sum up the resulting equations with respect to 0 < ¢ < s+1
for u =0,0r 0 < ¢ < s for p>0. Then we have

T’ s+1
BT —}-2y2/ IV dt = 22/ Re,, (tx)dadt, =0,
0
(2.18) .
Bpo(T) 420 [ [0l [t = 22 / R, (t,2)dadt, 1> 0.
0

Here we note that E{71(0,2) = Ej,;(0,z) = 0. We also estimate the remainder
terms. By Lemma 5.4 and

V(AuF) — b (AuF) = V'(AuP™! 4 kAVF) Aok
8



for some 0 < kK < 1, we calculate

104 (¥ (Au") = b'(Au)) VAUt 12

< O (Au®) = b (Au" ) | L[|V AGzu" 2
+ Ol VAU o 05 (0 (Au®) = ¥ (Au1))| e

< O (Au" + K AVE) [[ oo (| AV oo [ VA" | 2 + |V At oo | ADz0" ]| 2)
+ OV AU oo [ A0F|| oo |00 (Au T + £A)] 2.

Similarly as before, we can estimate
100" (At 4 5 AV*) |12 < Coar((|AT;u" |12 + (| A" 12)

for £ > 1, by (2.7) and (5.7). Now we define

Coor:= sup [V (v)], Char —CZ (2C,, R)’ sup B2 (V).
0| <2Cy R v]<2Cs, R

Thus, we also obtain

10,4 (¥ (Au") — b (Au)) VAu*} |12
< COhan([|AV* || [ VAL | 12 + [V AuP|| o [ ATz0* | 2)
+ OCh2p| VAU | o | A0*| oo (|| A" 22 + | ADZ0" | 2).

and hence

/ R, ()| de

// 1 /!
<6 (AuF) VAU e [V Ouf 22 | A0 Lz + S I16" (Au) A o [ AT
+[IVO vt 12 (|0 { (0 (AuR) = b/ (Aut1)) VAU 2 + [[[05, V' (Auh) VAU 2)

C1bR

< COy || VAUF|| oo [ VO | 12 | AOLM | 12 + =25 || Auf || poo || ADLVMH172

+ CllOgY (AuM) | 2| VAV oo [V 00y 2
+ VO |2 |0 (¥ (Au®) — ¥ (Au1)) VAU Y| e
< CrlIVO,uf |2 (IV AV 1o + | A0 12)

+ CrllAGW T H[E: + CrIIVOw [[12 (| AV* [ + [ AGz0"|12)
9



Applying this estimate and the Holder inequality to (2.18), we obtain

T/
E;G(T) +c | Vo[t
0

< CrT'" sup | Av*(t))

0<t<T”

B (T + t/HVu

%{S+1dt7 H = 07

T/
%{s+1 + CR/ |]Avk+1|
0

T/
< CpT’ sup ||Av’“(t)\|§{s+CR/ A2t > 0.
0

0<t<T
Therefore, employing Gronwall’s inequality, we arrive at

T/
Ei (T +c / Vo Fendt < CRT' R sup [|A0S (1) |[Fen, p=0,
0

0<t<T"

Hedt < CRT'e“" sup [|Av(2)]
<t<T"'

Ysy >0,

T/
Bia(@)+e [ Vet
0

Moreover, employing the same argument as (2.13), we get Ej () > C’O_IE:';;’H(t),
where

By () = o™ (01 + A0 (0]

Ep (1) = ol ()]

Hence, this yields

Hs» /’L:O7

Y + AT OB, a0,

Tl

B (1) + / IV, e dt < CoCRT' ™™ sup | Av*(t)[|Fee, =0,
0 0<t<T"

~ o /

Ei (T +e / Vo™ ||3.dt < CoCrT'e“" sup || AvF ()%, p > 0.
0 0<t<T”

Consequently, choosing 7" such that CoCrT"e“"T" < 1, we conclude that {uF}°,
is a Cauchy sequence in X**1[0,7"] for p = 0 (resp. {u*}°, is a Cauchy sequence
X310, 7" for pp > 0).

Now we put Ty := min{T,7"}. From these arguments we conclude that there
is u € X*T0,Ty] such that u* tends to w strongly in X*T1[0,Ty] as k — oo for
p=0 (vesp. u € X;[0,Tp] for p > 0). Furthermore, from equation (2.4), we have
u; € CY([0, Tyl; H=H(R™)) for u = 0 (resp. u; € C([0, Tp); H**(R")) for p > 0), and
the differential equation (2.1) is satisfied.

Finally, we obtain by using the same arguments as in [21] the final regularity
u € X720, Tp] for u = 0 (resp. u € XZ“[O,TO] for yp > 0), and moreover, u; €
CH([0, Tyl; H*(R™)) for u =0 (resp. u; € C*([0, To]; H¥~1(R™)) for u > 0). Hence we
completed the proofs for the local existence Propositions 2.4 and 2.5. ([l

10



2.3. A priori estimates. In this subsection, we prove a priori energy estimates that
will allow us to extend the given local solution to a global one.

Proposition 2.7. [A priori estimate for p = 0] Let s > [n/2] + 1 and uy, Aug €
Hs™2(R™). Let u be a solution to the initial value problem (2.1), which satisfies
(ug, Au) € C°([0,T]; H*T2(R™)) for some T > 0. There exists &g > 0 such that if
the solution satisfies supg<ier || (g, Aw)(t)|| gs+2 < do, then the solution satisfies the
following energy estimate:

t
(2.19) e, D) ()| o2 +/ IV (s, Au) (0)|[Fs12do < CF | (ur, Aug)|[7yes2

0
for 0 <t < T, where C; = C1(do) is a positive constant depending essentially only
on dg.

Proposition 2.8. [A priori estimate for g > 0] Let s > [n/2]+1 and u; € H*™(R"),
Aug € H*T'(R™). Let u be a solution u to the initial value problem (2.1), which
satisfies uy € C°([0,T]; H¥*2(R™)) and Au € C°([0,T); H**'(R")) for some T >
0. There exists 09 > 0 such that if the solution satisfies supg<,<p(|lu(t)]
|Aw(t)||gs+1) < o, then the solution satisfies the following energy estimate:

t
e (@) l[7gs> + At [ Fye10 +/0 ([Vui(o)]

< (|l

Hs+2 +

2 + [ VAu(o)

2 )do

(2.20)

Frst2 + || Aug||3s11)

for 0 <t < T, where C; = C1dy) is a positive constant depending essentially only on
-

Proof of Proposition 2.7. We note that
(2.21) (1Au(t)[| 2o + [[Au(t) [lwr) < Csydo

sup
0<t<T
for © > 0, which comes from (5.2) in Lemma 5.2 and the assumption in Theorem 2.7

or 2.8.
We first introduce the associated free energy ¢,

(2.22) ov) = /0 o).
We have

(2.23) o(v) = %b’(O)v2 + éb”(/@v)v‘3

for some 0 < k < 1, and ¢ > 0 for small v. We obtain

1
{iuf + p(Au) + g|Vut|2}t + 1/2|Vut|2

(2.24)
+ div{utVb(Au) — b(Au)Vuy — Vg — V20, Vb = 0,
On the other hand, we have from (2.1) and the fact Ab(Au) = div(V'(Au)VAu), that

(2.25) Oy, + divoh (V' (Au)VAY) — pAduy — V2 A u, = 0
11



for ¢ > 0. Multiplying (2.25) by 0%u;, this yields

%{(aﬁw + V(AW (AW + VoL 2s + 12|V
(2.26) — Y@ﬁut 08,V (Au) VAU + b (Au) A uV Au - Volu,
— §b"(Au)Aut(A8ﬁu)2 + div{0fu, 05 (V' (Au)VAu)}
— div{t/ (Au) AQLuV 0wy + pdiuV buy + 205u,Voiu, } = 0

for ¢ > 1. Similarly, multiplying (2.25) by —Ad%u, we have

2
{%(Aaﬁuf — 8w A+ uA@ﬁuA&ﬁut}t
(227) 4 (AW) VA — [V uf? — u| A0 ? + VA w - [0, 1 (Au)]V Au
+ div{0%u, Volu, — Ad ud: (b (Au)VAu)} =0

for £ > 0. We compute that 2x (2.24)+12x (2.27) with £ = 0 or 2x (2.26)+12 x (2.27).
Then we obtain

(2.28) %54(75’ z) + Dt x) + divFi(t, z) = RYt, 2)
for ¢ > 0. Here we define that

i

E0t,x) = ul + 20(Au) + p|Vug|* + 5 Au)? — vuAu+ v pAulu,  RO(t,x) =0,

FOt, ) := 2u, Vb(Au) — 2b(Au)Vuy — 2puVuy — 20°u,Vu, + v*u,Vu, — > AuVb(Au),
and
£t 2) = (D) + (D) (ADw)? + | VoL
4
+ %(Aaf;u)? — 120", A + VA U

Fi(t, x) := 205,08 (W (Au)V Au) — 20" (Au) A uNV Oy — 2008,V Oy
— 20205,V Oy 4+ V20 V Oy — V2 ADL UL (B (Au)V Au)
RE(t, x) := 2V uy, - [0, b (Auw)] VAU — 20" (Au) A uV Au - VOu,
+ 0" (Au) Auy (A u)? — AV A w - [04, 0 (Au)]V Au
for £ > 0, and
Di(t, x) := V2|V u|? + v (Au) [ VA u|* — v u| A u,|?

for ¢ > 0.
We integrate (2.28) and get

t t
/ XL, x)dx + 1/2/ VO uy||32do + 1/2/ / V(Au)| VA ul*dedo
Rr 0 0 Jre

t
= [ &%0,x)dx + / R (0, v)dzdo.
R™ o Jrn



Employing (2.21), (2.23) and the fact that,
2 ¢ ¢ 20 ez g, 2
[ otullaotulde < A0kl + L0kl
R

2 ¢ ¢ v ‘o2 7,“2 ¢ 2
po| o [AGul|Ad u|dx < 7||Aa:vu“L2 + = A% udLe,
Rn
we calculate

1
E'(t,x)de > S0 (t)][72 + ((0) - Csocbaoéw )I|A0£ ()]l

]Rn

¢ 2 7M2 02
VL (8)]3 — A0k 2,

2.29
( ) 131/

15 ,
E(t,w)de < —[|0ua()72 + (V(0) + Coy Cosobo + =) AGu(D)] 72

Rn

7 2
+ ulVOur(t)l2 + L1l A

for £ > 0, where we defined Cj5, := supjy<¢, s, 0" (v)] and fix do which satisfies
(2.30) H(0) — Cyy Chsy00 > 0.

Especially, in the case p = 0 we are discussing at the moment, we can derive that
there exists C' such that

s+2
(2.31) CTLE2(t) < Z 54 t,x)dr < CE*T2(t),

where we defined E*(t) := ||(us, Au)(t)||%.. We estimate the remainder terms.
IR (t, x)|dx
Rn
< OV, (uy, M) 22][05, ' (Aw)] VAl 2 + C[[b" (Au) Ay o< | Adgu| 72
B82S (B0 VAl e | A0 12| VO]
< C(Chay + Cos) |V At oo | A ]| 12|V O (s, D) 2
+ CCl gy || Aty || o | AL | 7.5
for ¢ > 1. Here we used that
1107, 0 (Auw)]V Aul| 2 < C([|0:' (Aw)l| 1= VA ull 2 + [V Aul| o< | 056 (Aw) | 2)
< C(Chsy + Croso) | VAU oo | AL 2

for £ > 1, derived from Lemma 5.4 and the same argument as in the previous sub-
section, where

~

éb,&g = 02(03050)%1 sup [V (v)].

— |’U|§CS()50

13



Thus, we derive

t t
Et.a)d 412 [ [V0uldo + (B(0) = CuCiae) [ IVAGLulfado
0 0

Rn

¢
§/ 56(0,x)dx+00b750 sup ||Aut||Loo/ ||A0£u||2L2da
n 0<o<t 0

t
+C(Chgo + Chso) sUP IIVAUIILoo/ 1Az ull 12 [V D, (ur, Aw)|| 2do
0

0<o<t

for ¢ > 0. Here the second and third terms in the right hand side can be neglected if
¢ = 0. Thus, using (2.21), the Holder inequality and the fact that &' (0) — Cs,Ch 5,60 >
0, we can get

t
/ 4t 2)dx + / |V (ur, ADLw)||2ador
(2.33) " ’ :
< C/ 8E(0,x)d:c+0(1+5o)5o/ |Ad w7 2do
n 0

for /£ > 0. Here we also remark that the last term in the right hand side can be
neglect if / = 0, and the certain constant C' depends on dy.
We apply the induction argument with respect to ¢ to (2.33), obtaining

t
/ gf(tv l’)daﬁ' + / ||V8£(Ut, AU)H%QdO’ S C(l + 53)2(5+2)E8+2(0)
" 0
for 0 < /¢ < s+ 2. Consequently, employing (2.31), we arrive that

t
E(t) + / 19 gy Aw)|Bador < C(1 + 82)* 2 E(0),
0

and then we get the useful a priori estimate for s > [n/2] + 1. O

Proof of Proposition 2.8. We start the proof from (2.28). In the case u > 0,
we must control the term |Ad%u,|? in (2.28). To this end, we combine (2.28) and
4 x (2.26) which is replaced ¢ by ¢ + 1. Then we have

(2.34) %Ew(t, z) + D(t, z) + divF (t, z) = RY(t, z)

for £ > 0, where
Elt ) = EXt, ) + 2u(05 ) + 2ub (Au) (A u)? + 2u2| VO %,
D(t, z) = |V |* + v (Au) [ VA ul? + 30| VO u, %,
Ft,z) := Ft, x) + 4pds a0 (0 (Au)V Au) — 4pb (Au) A uV o,
— 4205, VO gy — 402 0, VO
Rt ) = Rt ) + 4uV O u, - [051, ¥ (Au) |V Au

— Apb” (Au) AT uNV Au - VO uy + 2ub” (Au) Auy (A )2,
14



Then integrating (2.34), we obtain

t
/ gf(t,J?)dl’ + V2/ (||V((9f;ut||%z + 3,u||V8£+1ut||%2)dcr
n 0

t t
+ VQ// V(Au)| VA ul*dedo :/ £40, x)dx —i—/ R (0, z)dxdo.
0 JRrn n 0 Jrn

Here, employing (2.29), we compute that

- 1
/ E(t,w)dr > 2| Fpu(t)72 + (V'(0) = CooChseo + 75 )||Aaf Ol

2
+ 34| VO (1|7 + %HAaﬁUtH%Q + 200 (0) — iy Crg,00) 1A ()| 72,

13V
)||Aaz ()|

~ 15
/ E(t, ) < 0% (t) s + (B(0) + CuuChado +

15,u

+3ullVOpue(t)l|72 + — —[Adzue |72 + 2u(V (0) + oy Cogy00) 1A u(t) |72

Thus there exists C' such that

(2.35) CLE(t) Z 5f t,x)dz < CE*(t),

where we defined that E*(t) := ||us(t)||%s12 + [[Au(t)]|%.:1. For the remainder terms
we use the same argument as before. Then we calculate

\ﬁg(t, x)|dz
Rn

IR, ) |dx + C||b" (Au)V Aul| o | AOS | 12 || VO g || 2

]Rn

(236) 4 VO |2 06 B (Aw)] VA 12 + Of6 (M) Ay | o [| A ]2,

[R(t, 2)ldz + C(Chy + Cos) IV Aul| oo | A | 12 V0 | 2
R
+ CChg, || At o [ A |7
15



Therefore we get
t
Et.a)do -+ v [ (V0w + 3 VL ulfa)do
Rn 0
t
SV(0) = CuCrato) [ [VAGLuEado
0
t
g/ £Y0,z)dx 4+ CCy 5, sup HAUtHLoo/ A w2, do
n OSO'St 0
t
+C(Cuy + Con) sup [V 8ulue [ 1806l 9 e, M)
<o<t 0
¢
+ CCys, sup ”AUtHL‘”/ ||A6£+1u||%2d0
0<o<t 0

t
+ C(Chs, + Cb750)0s<u12 HVAUHLOO/ A | 12 || VO g | o do.
<o<t 0

Here we remark that the second and third terms in the right hand side can be neglect if
¢ = 0. Furthermore, using the Holder inequality and the fact that 0'(0) — Cs,Cl 5,00 >
0, this yields

B t

[ &+ [ (90wl + VALl do
n 0
t t
< C/ E40, x)dx + Co(1 + (50)/ A |2 do + 050/ | AD u||?.do.
n 0 0

Here we also remark that the last term in the right hand side can be neglect if ¢ = 0.
We now choose dy sufficiently small. Then we get

t
/ E4(t,)da + / (V% + |V AGLu|a ) do
(2.37) " 0 .
go/ éf(o,x>dx+c50/ | A |2 do.
n 0

Since the last term of (2.37) is neglected if £ = 0, we can employ the induction
argument for £ > 0. Hence, utilizing (2.35), we arrive at the estimate

t
/ Sg(t,a:)dx +/ (HV@ﬁutqul + |]VA6£uH%2)da <C(1+ (58)28E5(0).
n 0
for 0 < ¢ < s, and hence

2 )do < C(1+ 62)*E2(0).

t
B () +/ (V]2 + [V A
0

Consequently we conclude the desired a priori estimate for s > [n/2] + 1. O
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2.4. Proof of global existence and decay estimates. In the last subsection, we
construct the global solution and derive the corresponding decay estimates, that is
we finish the proofs of Theorems 2.1 and 2.2.

Proof of Theorem 2.1. Let R, > 0 be as in Proposition 2.4 satisfying (2.14).
Then we choose R > 0 that R := min{R,/2, 0y}, where §; is given in Proposition 2.7.
According to Proposition 2.4 with t; = 0 there exists a unique solution u on some
time interval [0,7'(R)] with

(2.38) sup || (ug, Au)(t)]

0<t<T

sz < R (< o).

Here we recall that there is R > Ro(R) > 0 for which the initial data must satisfy

|(u1, Aug)||gs+2 < Ro. Now, we choose the initial data which satisfy
(2.39) || (w1, Aug)|| gs+2 < €0
with the definition P
: 0
g0 := min{ Ry, m}
Then, by the a priori estimate from Proposition 2.7 we conclude using (2.39)
(2.40) OiltlfT || (ug, Aw)(t) || grs+2 < C1(00)|| (w1, Aug) || gs+2 < Rp.

This holds in particular for ¢ = T, hence, with the same arguments as before, we
have a solution u on some time interval [0, 27(R)], where u satisfies (2.40). Let

mer2 < Ry}

(2.41) T* :=sup{ S |u exists on [0, 5], sup ||(us, Au)(t)]
0<t<S

The assumption T* < oo can be led to a contradiction by choosing T < T* such that
T+ T(R) > T* giving a solution existing beyond T™. Indeed, from the assumption,
we have ||(ug, Au)(T)||gs+2 < Ry, and employ Proposition 2.4 with t, = T and
Proposition 2.7 again. Thus, we can construct a unique solution u on the time

interval [0, + T'(R)] with

(2.42) sup || (ur, Au)(t)]
0<t<T+T

o2 < R07

contradicting the definition of 7. Hence we have T™ = oo, the solution hence exists
globally in time. Additionally, we have that the solution remains uniformly bounded
by Ry. Our purpose is to derive the following energy inequality.

(2.43) (1) +D(1)* < CE(0)® + CE(t)D(t)?
for s > [n/2] + 1, where

s+2

e =3 sup {(1+0) 9% Aw)(o) 3,
=0 0=o=t

D(1)? ==Z/ (1+ 0) |V (w, Au)(0)|ado.
=070

17



Once we derive (2.43), letting &(0) be suitably small in (2.43), then we conclude
(2.2). To do this, we start our proof from (2.28). Multiplying (2.28) by (1 +t)*, we
have

% (L+ ) (t,x)} + div{(1 + ) F(t,z)} + (1 4+ t)"D (¢, x)
=1+ z) + (1 + )Rt o)

for £ > 0. Noting that for £ > 1 we have £(t,z) < CD*"L(t, ), we get

% (1+ )&t )} + div{(1 + )" Fi(t,z)} + (1 +1)"D (¢, x)
¢

<Oy (1+tYRI(t, ),

Jj=0

and hence

/ (L) E(t a)de + /0 t / (1+0)'D'(0,2)dxdo

¢ t
§/ 5Z(O,x)dm+02/(1+a)j/ R (0, z)|dxdo

for ¢ > 0. Here the last term of the right hand side is neglected if £ = 0. To estimate
the remainder term, we introduce

(2.44)

(2.45) MN(t) .= sup {(1+ 0)1/2HVAU(J)HLoo + (14 0)||Au(0)]| 2= }-

0<o<t

Then, it is easy to get M(t) < CE(t) for s > [n/2] + 1, which comes from the
Gagliardo-Nirenberg inequality. We compute from (2.32)

t
/ (1+0) [ R0, 2)|dudo
0 Rn

t
oagy SOt Cun)R0) [ (14 o) A0 |V, A
. 0

t
+ON) [ (140 Aduldo
0
< ON()D(t)?
for 0 < ¢ < s+2. Therefore, combining the estimate (2.44), (2.46) with M(¢) < C&(¢),
we can get (2.43), thus finishing the proof of Theorem 2.1. O

Proof of Theorem 2.2. The arguments for the global existence of a small solution
are the same as in the proof of Theorem 2.1. Thus we only derive the decay estimate.
Our goal is also to derive the energy inequality for some 7" > 0 that

(2.47) E(t)2 +D(t)? < CE(0)2 + CE)D(t)?
18



for t > T and s > [n/2] + 1, where

€(t)? == sup {(1+0) (|05udllfe + [A5ulF)},

—0 0<o<t

s t
=Y / (1+ o) IVl + IV A u]2)do
=0

Once we get (2.47), letting €(0) suitably small in (2.47), we get (2.3) for t > T.
Moreover, we had already obtained (2.20) for the solution, and we complete the
proof of Theorem 2.2.

To derive (2.47), we start the proof from (2.34). We multiply (2.34) by (1 + t),
and get

OO E 1)} + v+ 0 F )} + (10D 1)
= L1+ ) 7 E () + (1 + 1) Rt )
for £ > 0. Noting that E/(t,z) < CD(t,x) + CD (¢, x), we get

—é><1 48Dt )

2{(1 + 1) Nt )} + div{(1 + ) Fi(t,2)} + (1 — T

ot
¢
<O (L+tYRI(t,x).
=0
Thus we can choose T > 0 such that 1 — sC'/(1 +T) > 1/2, and obtain

/Rn(l + 1) ENt, x)dx + % /Ot /n<1 + 1) D0, 2)dwdo

¢ t
< / SY(O,x)dx—i-CZ/ (14+0) | |Ri(0,z)|dxdo
Rr =0 /0 Rr

for t > T and 0 < ¢ < s. Then the remainder term can be estimated from (2.32) and
(2.36) that

/ t(1 + o) | |RY o, x)|dudo < CN(H)D(¢)?

for 0 < ¢ < s. Here M(t) is defined in (2.45). Noting that 9%(t) < C&(t) for
s > [n/2] 4+ 1, we arrive at (2.47). Hence we finish the proof of Theorem 2.2. O

3. THERMOELASTIC PLATE EQUATION (7 =0, > 0)

In this section, we consider the initial value problem for the thermoelastic system
(1.2), i.e. for the general system (1.1) under the Fourier law (7 = 0),
uy + Ab(Au) — pAuy + vAO =0,
(3.1) 0, — A0 — vAu, =0,

u(0,2) = up(x), u(0,2) =wuy(x), 6(0,2)=0y(z),
19



where ¢ > 0, v > 0, and &'(0) > 0. The purpose is to derive the global existence of
the solution for (3.1). We will obtain the following theorem.

Theorem 3.1. [Global existence for 7 = 0,4 = 0] Let s > [n/2]+1 and (u1, Aug, bp) €
H*T2(R™). There exists g > 0 such that if ||(u1, Aug, 0p)||gs+2 < €0, then there is

a unique solution u to the initial value problem (3.1), which satisfies (u;, Au,0) €
CY([0,00); H¥T2(R™)) with the energy estimate:

%{S+2d7— S CH(ula Aan 0)|

2
Hs+2

t
32 s S OO+ [ 19 A 0)(r)
fort > 0. Moreover, we have the decay estimate:
(33) ”aﬁ(uthuae)(t)”LQ < C”<u17Au07‘90)|
for0 <0< s+ 2.

g2 (1 + t)_e/Q

Theorem 3.2. [Global existence for 7 = 0, > 0] Let s > [n/2] + 1 and u; €
Hs™2(R™), (Aug,6p) € H*TYR™). There exists ¢g > 0 such that if ||uy||gs+2 +
|(Aug, 0p)||gs+1 < o, then there is a unique solution w to the initial value problem
(3.1), which satisfies u; € C°([0,00); H*T2(R™)) and (Au,8) € C°([0,00); H¥H(R™))
with the energy estimate:

e ()72 + ([ (A, 0) ()75 +/0 IV Cut, ) (T) |1 + IV Au(7)]

< C(lluallFrese + [[(Auo, 00)|
fort > 0. Moreover, we have the decay estimate:
(3.5) N0pu(®) 2 + 195 (Aw, ) (1) |1 < C(]|wa
for0 <l <s

2.5)dt

(3.4)

%Is«l»l ) 9

as+1) (1 + t)_e/2

Hs+2 + ||(AUO, 90)|

In order to get the global existence result, we combine the local existence theory
and a priori estimates. We introduce the function spaces

X¥[a,b] = {(u,6) | (ur, Au,0) € C([a, b; H*(R™)), V6 € LX(a, b H*(R"))},

X2la,b] :={(u,0) | (us, Vug, Au,0) € C(la,b]; H*(R™)), VO € L*(a,b; H*(R"))}.

Then our local existence results are stated as follows.

Proposition 3.3. [Local existence for 7 = 0, = 0] Let s > [n/2] + 1, ty > 0
and (us(to), Au(to),0(to)) € H*T*(R"™). There is R, > 0 such that for 0 < R < R,
there are Ry = Ro(R) and Ty = To(R) > to such that for ||(us, Au, 0)(to)|| gs+2 < Ry
there exists a unique solution w to the initial value problem (3.1), which satisfies
(u,0) € X*2[tg, Ty] and (us,0) € C([to, To]; H*(R™)) with

sup || (ue, Au, 0)(t)||gs+2 < R.
tE[tQ,To}

Proposition 3.4. [Local existence for 7 = 0, > 0] Let s > [n/2] + 1, ty > 0
and w(ty) € HT2(R"), (Au(ty),0(ty)) € H*T(R™). There is Ry, > 0 such that for

0 < R < Ry, there are Ry = Ry(R) and Ty = To(R) > to such that for ||u:(to)]
20
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|(Aw, 0)(to)||zrs+1 < Ro there exists a unique solution u to the initial value problem
(3.1), which satisfies (u,0) € X [to, To| and (uy,0) € C*([to, To]; H*~'(R™)) with

w2 + || (Au, 0)(1)]

sup (||u(t)] ms+1) < R.

tE[to,To}

Crucial again are the following a priori estimates.

Proposition 3.5. [A priori estimate for 7 = 0,u = 0] Let s > [n/2] + 1 and
(u1, Aug, 0y) € H*T2(R™). Let u be a solution to the initial value problem (3.1), which
satisfies (ug, Au,0) € C°([0,T]; H***(R™)) for some T > 0. There exists 69 > 0
such that if the solution satisfies supg<,<q |[(1s, Au, 0)(t)|| gs+2 < do, then the solution
satisfies (3.2) for0 <t <T. o

Proposition 3.6. [A priori estimate for 7 = 0, > 0] Let s > [n/2] + 1 and
up € HT2(R™), (Aug, 0y) € HSTHR™). Let u be a solution to the initial value problem
(3.1), which satisfies u; € C°([0, T]; H*2(R™)) and (Au, ) € C°([0, T]; H*T*(R™)) for
someT > 0. There exists 09 > 0 such that if the solution satisfies supy<,<p(||we(t)|| gs+2+
|(Aw, ) ()| ge+1) < 8o, then the solution satisfies (3.4) for 0 <t < T.

The arguments for the local existence and for the construction of the global solution
are analogous to those in Section 2. Therefore, we derive here the a priori estimates
and decay estimates.

Proof of Proposition 3.5. Multiplying the first and second equation of (3.1) by w;
and #, respectively, and combining the resulting equations, we obtain

1, 2 o, 1o 2
- A —|V -0 Vo
(3.6) {2“t+¢( w IVl }tﬂ |

+ div{utVb(Au) — b(Au)Vuy — puyVuy + vuy VO — v0Vuy — QVH} = 0.

Here ¢ is defined by (2.22), which is described as a free energy. On the other hand,
we have from (3.1) that

Oy + divd’ (V' (Au)VAu) — Ay +vAdLH = 0,

3.7
(3.7) 00, — N — vADuy = 0

for £ > 0. We multiply (3.7) by d%u; and 950, respectively, and combine the resulting
equations. This yields

(0 + V(D) (A0 + [ VOLuf? + (20 + | VL0

1
(3.8) —Vohue [0V (Aw)]V Aut V' (Au) A uV Au -V — b (Au)Auy(AdLu)’
+ div{05u: 0% (V' (Au)VAU) — V' (Au) A uV I uy — pdiu,V duy }

+ div{vdlu, VLo — vOLoVOiu, — 850V OL0} =0
21



for £ > 1. Next we construct the dissipation terms. Multiplying (3.7) by 9%0 and
Oy — pAOLuy, respectively, and combining the resulting equations, we get

{(0%u; — pAOuy) 080 4 vV O s [P+ v (A u,)* — v| VLA
(3.9) +Vou - VIO + pAdu NG — VG - 0L (D (Au)V Au)
+ div{9500L (b (Au)V Au) + vdtoNV Lo — v u, VO, — 05uVOLHY = 0

for £ > 0. Moreover, similarly as in the previous section, multiplying (3.7) by —Ad%u,
we have

{ — O A u + uAE)ﬁuAf)ﬁut}t + V' (Au) VA u)? — |V u|* — (A uy)?
(3.10) + VA UV + VA - [05, 1 (Au)|V Au
+ div{0fu, Votu, — vAuV L0 — AdLud: (b (Au)VAu)} = 0

for ¢ > 0. Then, calculating 2 x (3.9) + v x (3.10), we get

{208,050 — 2uNO D00 — v u AO U + v A uND )y

+ VO u|* 4 (A uy)? + vb (Au)| VA ul* — 20|V L0

+2Votu, - VOO + 2uNO u, ADLH + PV A - VOO

—2VL0 - 0LV (Au)VAU) + vV A u - [05, 0 (Au)|VAu

— div{vd‘u, Volu, + 205u, VL0 + > A0 uNV L0 + v A ud: (Y (Au)V Au)}
+ div{20L00 (' (Au)VAu) + 20050V L0} = 0

(3.11)

for ¢ > 0. Here we also remark that the term which includes [9%, V' (Au)]VAu is
eliminated if £ = 0. Now, for a sufficiently small o, we compute 2 X (3.6) +av x (3.11)
with £ =0 or 2 x (3.8) + ar x (3.11). Then we obtain

(3.12) %Se(t, z) 4+ Di(t, ) + divFi(t, z) = R, x)

for £ > 0. Here we define

E%t ) = ul + 20(Au) + p|Vu|* + 0% + av(2ul) — 2l — uAu + pAuluy),
FOt, ) := 2u, Vb(Au) — 2b(Au)Vu, — 2pu, Vi + 20u, VO — 200V u, — 20V0
+ av{2v0V0 — vu;Vu; — 2u; VO — 2 AuVo + 20Vb(Au) — vAuVb(Au)},

RO(t, ) := 20w {b/(Au) — V'(0)}VAu - V6,
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and
ENt x) = (0uy)? + U (Au) (A u)? + p| VO u|* + (040)*
+ av {208,050 — 2uAO 000 — vOiu A U + v A uAD ),
Fi(t, x) := 208,05 (W (Au)VAuU) — 26 (Au) A uN Ol uy — 2u05u, VO
+ 20084,V 0L0 — 20080V Obu, — 2080V 000
+ av {2000V L0 — 1O,V Ouy — 2000, VOO — P AD UV DL
— VA udL (D (Au)V Au) + 205008 (V (Au)VAu)},
Rt x) = 2Vl - [0°, 1 (Au) |V AU — 20" (Au) A uV Au - VO u, + V' (Au) Ay (AD u)?
+ av{2V 040 - 0L ((V (Au) — V' (0))VAU) — VA u - [05, b (Au)]VAu}
for £ > 1, and
Di(t,x) := 2(1 — av?)|VLO)> + ar?{| VO |* + u(Aduy)? + b (Au)| VA u*}
+ av{2Vuy - VOO + 2uN0 i, ADLY + (V2 — 20/ (0)) VA u - VOLO}

for ¢ > 0.
We integrate (3.12) and get

t t
EXt, x)dx + / D' (o, x)drdo = | E£Y0,z)dx + / R (0, x)dxdo.
0 R™ 0 R™

R R

Especially, in the case p = 0 we are discussing at the moment, we employ the same
argument as in Section 2 and obtain

C04 (ue, A, 0)(1))|%2 < EXt, x)dr < C||0 (uy, Au, 0)(1)]|2
T L T

and

D (t,x)dx > ¢|| VI (uy, Au, 0)(t)|[22

R
for ¢ > 0, where we choose a and ¢y suitably small. Furthermore, we estimate the
remainder terms

/ IRO(t, x)|dz < Cl|Aul| < |V Aul| 12| VO] 2,
and

|RE(t, x)|dx

R

< C|VO, (ue, Aw)l|2][[07, ' (M) V Aull 2 + C V0,0 12|05 (6 (Au)V Au) | 2
+ OB (Au)V Au| oo | Ay 22| Ve 2 + CID" (Au) Aae | < | Al
< C|Aul| g0 | Ay ul| 2|V O (e, Aw)l| 2 + C| At || o [| Az ul 7

+ ClI VOOl 2 (| Al L= [V AGzul| 2 + |V Aul| o [ AT ]| 12)
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for £ > 1, which comes from the same argument as in Section 2. Therefore we get

t
/5f(t,x)dx+/ V0L (uy, Au, 0)||22do
n 0

t
<C 5f(o,x)d:c+05o(1+5o)/ |Adul|7.do
0

Rn
for £ > 0, where we take dy suitably small, and the last term on the right-hand side
can be neglected if ¢ = 0. This estimate is equivalent to (2.33) in Section 2, and
hence we can apply the same argument as before. Namely, we arrive at the desired a
priori estimate and have proved Proposition 3.5. 0

Proof of Proposition 3.6. We start the proof from (3.12). Now, in the case pu > 0,
we have to control the term Ad%u; in E9(t,x) and (¢, z). To this end, we combine
(3.12) and 2 x (3.8) where ¢ is replaced by ¢ + 1. Then we have

(3.13) %gz(t’ z) + Di(t, x) + divF'(t, z) = RYt, x)

for £ > 0, where
Et,x) = EX(t,2) + (95 ) + U (Au) (A9 ) + p| VO, | + (9;710)%,
D(t,z) := D(t,z) + 2|VIL 0P,
Fl(t,z) = Ft,z) + 20,05 (V (Au) VAR) — 26 (Au) AD uV o4,
— 2005y, VO uy + 205, VO — 2050V Oy,
RE(t, ) = RY(t, ) 4+ 2V, - [057 b (Au) VAU
— 20" (Au) AT UV Au - VO uy 4 U (Au) Aug (ADS u)?.
Then integrating (3.13) we get

t t
/ ge(t,x)dxjt/ D (0, x)dzdo :/ gz(O,x)dqu/ R (0, z)dzdo.

Moreover, we can derive

CH (10 uel 72 + 110 (Au, O)][7) < / Xt w)dr < C (|10l + 105 (A, 0)17)

and
D(t,x)dx > o(|[VI, (ur, 0) |50 + [ VA u]| 7).
Rn
For the remainder terms, we calculate

IRY(t, z)|dx < IRE(t, x)|dx + OV uy || 2] [057E, 6 (Aw) |V Aul| 12

R" R

+ Ol (Aw)V Aul 1o | A0 ul| 2| VO e 22 + ClIB" (Aw) A o | AT, |72

< | IRt @)ldr + OV Aul oo | A, | 2| VO e 2 + O At o | AT ]| 7.
Rn
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Therefore we get for sufficiently small §y that

t
/ EX(t,x)da + ¢ / (1Y, B) s + [V AGw|f2)do
(3.14) " 0 .
<c éf(o,x)dx+cao<1+5o>/ 1A |2, do,
0

Rn
and thus obtain the a priori estimate, which proves Proposition 3.6. 0

Proof of Theorem 3.1. Here we only prove the decay estimate (3.3). Namely our
purpose is to derive the following energy inequality.

(3.15) (1) +D(t)* < CE(0)* + CE(t)D(t)?
for s > [n/2] + 1, where

€)=Y sup {(1+0)[|04(us, Au, 0)(0)]72},

—0 0<o<t

s+2 t
D(1)? = Z/O (1 + o) | VO (g, A, 0)(0)|[Zado.
/=0

To get (3.15), we start from (3.12). Multiplying (3.12) by (1 +¢)* and integrating the
resulting equation, we obtain

t
/ (1+ )&t x)dr + / (1+0) | Do, x)dzdo

(3.16) ¢ ¢
< Sz(O,at)d:c—l—CZ/ (1 —l—a)j/ R (o, z)|dxdo
Rr =0 /0 Rr

for £ > 0, where we used £X(t,z) < CD*1(t,z) for £ > 1, and the last term of the
right hand side is neglected if ¢ = 0. Similarly as before, we also introduce

N(t) := sup {(1+0)*|VAu(0)][z= + (1 +0) || Aur(0) =},

0<o<t

and estimate
t
/ (1+0) [ R0, 2)|ddo
0 R”
t t
< 050/ (1+0) [ Do, x)dzdo + C‘)’I(t)/ (1+0) YA uldo
0 Rn 0
t
+ON() / (14 o)~ 2| A8l 12 | VO (g, A, 0) ol
0

t
< Cd / (1+0)" | Do, x)drdo + CR()D(t)>
0 R

for 0 < ¢ < s+ 2. Therefore, combining the above estimate and (3.16) with small Jy
and N(t) < CE(t) for s > [n/2] + 1, we can conclude (3.15), thus finishing the proof

of Theorem 3.1. ]
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Proof of Theorem 3.2. Here we only show the decay estimate. Our goal is also to
derive the energy inequality for some 7" > 0 that

(3.17) E(t)? +D(t)? < CE(0)* + CE(1)D(t)>

for t > T and s > [n/2] + 1, where

s

()" =) sup {(L+0) (10uc(0)lIe + 105 (Au, 0)(0)|F1) },

=0 0<o<t
S t
() = Z/O (1+ o) (IV 0% (ur, 0)(0) 7 + | VA u(0)||Z2)do.
=0

To derive (3.17), we start the proof from (3.13). We multiply (3.13) by (1 + #)* and
integrate the resulting equation. Then we get

- 1 [t -
1+ [ &4t x)dx + 5/ (1+0) [ Do, x)dzdo
R~ 0 Rn

L ¢
< / SE(O,x)d:B—I—CZ/ (1+o) R’ (0, x)|dzdo
R =0 /0 Rn

for t > Tand0< /(< s, where we used El(t,x) < CD(t, z) + CD*(t,x), and chose
T > 0 such that 1 — sC/(1 +T) > 1/2. Furthermore the remainder term can be
estimated

t t
/ (1+0) | |RYo,z)|dedo < C(Sg/ (1+0) | Do, x)dxdo + CN()D(t)*
0 Rr 0 Rn

for 0 < ¢ < s. Thus, employing the smallness for d, and DN(t) < C@E(t) for s >
[n/2] + 1, we arrive at (3.17) and finish the proof of Theorem 3.2. O

4. THERMOELASTIC PLATE EQUATION (7 > 0,4 > 0)

In this section, we consider the initial value problem for the thermoelastic system
(1.1) under the Cattaneo law (7 > 0), and with inertial term (¢ > 0),

gy + Ab(Au) — pAuy + vAO =0,

0; + divg — vAu; = 0,

Tqt + q + ve = 07

U(O,I) = UO(ZL‘), ut((),x) = u1($)7 9(07$) = HO(x)v q(O,ZL‘) = q()(x)v

(4.1)

where v > 0 and &'(0) > 0. The purpose is again to derive the global existence of a
small solution for (3.1) togehter with decay estimates.

Theorem 4.1. [Global existence for 7 > 0,u > 0] Let s > [n/2] + 1 and uy €
Hs2(R™), (Aug, by, q) € H*TH(R™). There exists g > 0 such that if |us]
||<AU0790aQO)|

H5+2 +
us+1 < €g, then there is a unique solution u to the initial value problem
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(4.1), which satisfies uy € C°([0, 00); H*T2(R™)) and (Au, 0, q) € C°([0,00); H¥1(R™))

with the energy estimate:

e (@)l 7gs2 + 1| (A, 0, q) (1)

(4.2) 4 / (1 Vu(0)]

< Ot Bpera + 11(Autg, B0, 60)[-11):
fort > 0. Moreover, we have the decay estimate
10w (t) |2 + [195(Aw, 6, @) (t)]|
< C([Jwal[s+2 + || (Auo, b0, 90)|

2
Hs+1

ten [V (A, 0)(0) |7 + lla(o)]

%5_0.1 )dO'

(4.3) as+1)(1+ t)_£/2

for 0 < /¢ <s.

The strategy to get the global existence result, we combine local existence with a
priori estimates. We introduce appropriate function spaces

X2la,b] :={(u,0,q) | (u, Vuy, Au,0,q) € C([a,b]; H*(R")), q € L*(a,b; H*(R™))}.
Then our local existence results are stated as follows.

Proposition 4.2. [Local existence for 7 > 0,u > 0] Let s > [n/2] + 1, to > 0 and
ui(to) € HTP2(R™), (Aulty),0(to), q(to)) € HTH(R™). There is Ry > 0 such that for
0 < R < Ry there are Ry = Ro(R) and Ty = To(R) > to such that for ||u(to)|| gs+2 +
|(Aw, 8, q)(to)|| gs+1 < Ry there exists a unique solution u to the initial value problem
(4.1), which satisfies (u,0,q) € X [to, To] and (uy,0,q) € C*([to, To}; H~H(R"))
with

e+ + [[(Au, 0,¢)(1)]

sup (|Jug(t)] 1) < R.

tG[to,To]

A crucial tool are again the following a priori estimates.

Proposition 4.3. [A priori estimate for 7 > 0, > 0] Let s > [n/2] + 1 and
up € HP3(R"™), (Aug,bo,q) € H*T'(R™). Let u be a solution (u,0,q) to the ini-
tial value problem (4.1), which satisfies u; € C°([0,T]; H*T2(R™)) and (Au,0,q) €
Co([0, T); HSTYR™)) for some T > 0. Furthermore, assume that there exists 6y > 0
such that the solution satisfies supge,op(||we(€) || gs+2 + || (Au, 0, q) (¢) || grs+1) < do. Then
the solution satisfies (4.2) for 0 <t <T.

Similarly as in the previous section, we can construct the global solution in time
and obtain the corresponding decay estimate. Thus we only prove Proposition 4.3 in
this section.

Proof of Proposition 4.3. Multiplying the first, second and third equation of (4.1)
by u, 8 and g, respectively, and combining the resulting equations, we obtain

1 2 2 2 2 2
A e O RN A T

+ div{utVb(Au) — b(Au)Vuy — puyVuy + vuy VO — v0Vuy + Hq} = 0.
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Here ¢ is defined by (2.22). On the other hand, we have from (4.1) that

O gy + divd’ (V' (Au)VAu) — Ay +vAdLH = 0,
(4.5) 9%0, + divd'q — vAd u, = 0,
705q +0bq + V30 =0

for £ > 0. Here the last term on the left-hand side in the first equation is equal to

zero if £ = 0. We multiply (4.5) by 0wy, 0°0 and d'q, respectively, and combine the
resulting equations, yielding

1
5{(8§ut)2 + V' (Au) (A ) + p| VO u|* + (950)? + 710>}, + |04q)?

1
(4.6) ~ Vhuy - [05, 6 (Au) |V Au+b" (Au) A uV Au -V O, — ib”(Au)Aut(Aaﬁu)2
+ div{05u 0L (b (Au)VAU) — b (Au) A uV I uy — pdiu, V0w }
+ div{vdiu, VL0 — vdL0V Oiu, + 05005q} = 0
for £ > 1. Next we construct the dissipation terms. Multiplying the first and second
equation of (4.5) by 050 and 9%u; — uAdLuy, respectively, and combining the resulting
equations, we get
{(0%uy — pAOuy) 040}y + V|V ) + (A w,)* — v|VOLO)
(4.7) — Vu, - 85 — pAdLu divdig — VL0 - 94V (Au)V Au)
+ div{0500. (V' (Au)VAu) + vdL0V L0 — vdiu, VoL, + Oudioq} = 0
for £ > 0. Moreover, similarly as in the previous section, multiplying the first equation
of (4.5) by —Ad‘u, we have
—{(0%uy — A ) A}, + 0 (Aw)| VA ul? — |VOhuy|? — (A0 u,)?
(4.8)  +vVAIuVIO + VA u-[08, 0 (Au)] VAU
+ div{0fu, Votu, — vAuV OO — AdLud (b (Au)VAu)} = 0
for £ > 0. Here we also note that the term which includes [0%,b'(Au)]VAu in (4.8)
can be neglected if £ = 0. Then, calculating 2 x (4.7) + v x (4.8), we get
{(0%uy — pAOuy) (2000 — vA w) Yy + vV O uy|* 4+ pv (A uy)?
+ b (Au) VA ul? — 20| VOO — 2V DL, - 0hq — 2uAdiu, divd'q
(4.9) —2V30 - 0L (b (Au)VAuU) + 1’ VA u - VOO + vV A u - [05, 6 (Au)|VAu
+ div{20L00° (V' (Au)V Au) + 20950V 040 — vOiu,V 0huy + 2040}
— div{r? A uV L0 + v A ud L ( (Au)VAu)} = 0
for ¢ > 0. Here we also remark that the term which includes [9%, V' (Au)]VAu is

eliminated if £ = 0. Furthermore, we multiply the second and third equation of (4.5)

by —7divdiq and VL0, respectively, and combine the resulting equations. Then we
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get

(4.10) — (050 divdyq). + Tdiv(;00,q:) + [VO,6|° — r(divd;q)”
| + V80 - 0Lq + vTALu, divdig = 0

for ¢ > 0. Now, for sufficiently small oy, we compute ajv x (4.9) 4+ x(4.10), obtaining

{700 divdiq + arv(0buy — pA ) (2050 — vAD u) Y,
+ oV (|VOhuy|? + (A0 u,)* 4 V' (Auw) VA ul?) 4 (1 — 20,0%)| VOG>
— 7(divdiq)® + VL0 - 0'q + vT Ad u, divdg + Tdiv(0L00%q,)
(4.11)  + aw{v*VA u - VIO — 2Voiu, - 0q — 2uAd u, divdlg
—2VL0 - 0L (W (Au)VAU) + vV A u - [08, 1 (Au)|VAu}
+ o vdiv{20800° (W (Au)V Au) + 20050V 040 + 208 u,00q}
— ayvdiv{vdiu, Vohu, + 2 AL uNV IO + v A ud (Y (Au)V Au)} = 0.

Moreover, combining (4.4), (4.6) and (4.11), we obtain

(4.12) %gf(t, z) + Di(t, x) + divF'(t, z) = RYt, x)

for ¢ > 0. Here we define

1
E%t,z) = Z{(@gut)Q + p|VFu > + (070)* + 7|07q*} 4 20(Au)
=0
+ V' (Au)(Adu)? — g7 divg + agayv(uy — pAug) (20 — vAu),

1
FOt ) =2 { DV (Au)V Au) — pdjuV ojuy + vdlu, Vo0
=0
— vIIOV P uy + 02007q} — 2b(Au)Vu, — 26 (Au) Ad,uNVdu; + o
+ apov{2v0V0 — vu,Vu, + 2u,q — v AuVo
+ 200" (Au)VAu — vAu(b' (Au)VAu)},
RO(t, ) := 2V Dy - [0p, U (Aw)| VAU — 20" (Au) Ad,uV Au - VO, u,

+ V' (Au) Auy (AD,u)? + 200010 (B (Au) — ¥ (0)) VAU - V0,
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and
1
Elt,x) = Z{((’?ﬁﬂut)z + V' (Au) (A u)? + p| VO u|? + (95790)% 4 7105 ¢|*}
=0

— a0 divdq + agon (90w, — pAO ) (2000 — vAD W),

1
Fit,x) =2 {055 w0l (H (Au)VAu) — ' (Au)AOHuV O u, — pd VoL uy
i=0 , . ‘ . .
+ v U, VOO — vOTHIONV O u, + 05005 ¢ + a0l 00 g,

+ o {20950V 040 — vOiu, V 0y 4 204u,0Lq — VPAD UV LY
+ 20500 (V' (Au)V Au) — vALudl (b (Au)VAu)},

Rt x) = i{QV@ff’jut 05TV (Aw) |V AU — 2" (Au) AT uV Au - VO,
=0
+ V" (Au) Aug (AT u)?}

+ apav{2V L0 - OL((V (Au) — V' (0))VAU) — vV A u - [08, V' (Au)]VAu}
for £ > 1, and
D(t, ) = apon v {| VO ue)® + (A ) 4 V' (Au) [ VA u)?} + a1 — 2a,02)|VIL)?

+2|0%q|* + 2|05 q)? — aoT(divoig)? + apVLe - 0Lq + T AdLu, divolg

+ agav{(v? — 2V'(0)) VA u - VL0 — 2V 0Ly - 0Lq — 2uAdiu, diviq}
for £ > 0. We integrate (4.12) and get
(4.13)

t t
/ gg(t,$)d$~|—/ ﬁz(a,x)ahdaz/ g£(0,az)daz+/ R (0, z)dzdo.
n 0o JRrn» n 0 JR»

For each term we compute

CH (|0 e 32+ 110, (A, 0, ) 71 S/ Xt w)dr < C(|1 05wl + 110, (Au, 0, 9) |3),

n

and

(4.14) Di(t,x)dz > c(|[VOul|ip + V5 (Au, 0)II72 + 19zall7)

]Rn
for £ > 0. For the remainder terms, we also compute

RO (¢, 2)|dz < C||VIuue 2[00, V' (Au)| VAUl 2 + C||V Al g | ADpu]| 2| VOt 2
Rn
+ Ol Auy]| oo | A0zl + Ol Aul| oo [V Al 2 [ V0] 2

< ClIVAul| < || Adyul| 22 ||V Dpue || 2
+ CllAug| 2= [| A0zl 72 + Cll Aulloe |V Aul| 12| VO] 2
<Co | Dt ,x)dx

Rn
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and

IRY(t, z)|d

Rn
1
<O IV | 12| [057 1 (Au)|V Aul| 2
j=0
+ (10" (Au)V Al oo [| A ull 2 [V O e | 12 + ([0 (Aw) A | o< | ADH ]| 72}
+ CIVOL0| L2 (|0, { (V' (Au) — 0/ (0)) VAu} | 2 + C||[ VA ul 12|05, V' (Aw)]V Al 12

1
< O {IVAUl|L | VO | 12| A ul| 2 4[| A = | AL |72}

j=0
+ CO|VOL0|| 2 (| V Aul| oo | ADLul| 12 + [| Aul| 1 [|[VADLu]| 12)
+ C|| VAU o | VA | 12 || A ]| 2

gc&o{ DUt 2)dx + bf—l(t,x)da;}
Rn Rn

for £ > 1. Therefore, substituting the above estimates into (4.13) and letting Jy
sufficiently small, we obtain

t t
/ ge(t,x)dx+/ D0, z)dzdo < C’/ g£(0,$)d$+050/ DY, x)dxdo.
n 0 Jrn n 0 Jre

Here the last term on the right-hand side can be also neglected if ¢ = 0. Conse-
quently, using the same induction arguments as before, we arrive at the desired a
priori estimate, thus proving Proposition 4.3. U

Remark 4.4. In the case 7 > 0 and = 0, we do not have the term (Aduy)? in the
dissipation D(t, x). Therefore we can not control the term Ad‘u; divdlq in D(t, x).
That is, this case remains open and asks for even more sophisticated estimates in the
future. Semilinear nonlinearities have been dealt with successfully in [6].

5. USEFUL INEQUALITIES

In this section, we collect some useful estimates, mainly based on the Gagliardo-
Nirenberg inequality which is stated as follows.

Lemma 5.1. Let q,r be real numbers such that 1 < q,r < oo, and n, j, k be integers
such that n > 1 and 0 < j < k. Then, if p and « satisfy the conditions:

(5.1) 1:i+a(l_ﬁ)+<l_a)l’ J

“<a<l,
p n roon q k

then the following estimate holds:
1020ll o) < Clulls ey 1050 gy
where C' is a certain constant which depends on n,j, k,q,r, .

We often use the well-known Sobolev inequlaty given by
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Lemma 5.2. Let n > 1 and so = [n/2] + 1. Then the following estimates hold:
(5.2) [l ooy < Cgltel] 150 @y,

where Cy, is a certain constant which depends on n.
Next we show

Lemma 5.3. Letn>1,k>2 and 1 < p,q,r < oo with 1/p =1/q+ 1/r. Then the
following estimate holds:

(5.3) ||H39u]||Lp &) < C’Z D llunllzee @) 2O Munll po@e)) 105w | 1 @n).

Jj=1 h#j h#j

for 0; >0, where £ =S5 ;.

7=1

Proof. We use the Holder inequality, obtaining
k k
T 00wl < T N07wsl e ey
j=1 j=1

with 1/p = 2521 1/pj. For each terms of the right hand side, we apply the Gagliardo-
Nirenberg inequality. Precisely, we have

. 1—
197 w5l| 23 @y < Cllus | e 10525 7 ey

where these parameters must satisfy

1 0 1 14 1 0
4 — =4 (= = 1 — ) — ')
(5.4) »; n +O‘J(Tj n)"‘( aj)qj7 /

From (5.4), we can choose that a; = ¢;/¢, and then this yields Z?Zl a; =1 and

Thus we can take ¢; = (k—1)gand r; =7 for 1 < j <k, and hence 1/p =1/g+1/r.

Furthermore, we arrive at the following estimate from the above inequalities and the
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Young inequality
k k / /
. 1—¢:/¢ Z yA
1T 8%l oy < OH o 2 o 0 2
1-1 k 1 Z /
<0H 1 | el e )51 00 2

1-1 k 1 1 k 1 .
—OH (LT Mooy hean | e 19t | ey )

Jj=1 h#j
1-1 k 1 1 k 1
< cz 4 ) el Y s Y o e
J=1 h#j
k
= O Y (LT lhwnlloeqen)' =S T lluanll o) D l05us1] 1 ny
j=1 h#j h#j
k
<O lunllze @) 2 unll o) ) 1050 |- ey
J=1 h#j h#j

To get this estimate, we used that

H AR = (AAT - AP B (ASAT AP BS) (ATAT AR

= (A" ASY - AT BT ) (ATPAS? - AP B?) - (AT Ay" - ARt BYY)
= [J«J]4nB)™.

j=1 h#j

where Z?Zl a; = 1. Consequently, we can conclude (5.3) and complete the proof. [

We present in the next lemma some useful estimates of standard Gagliardo-Nirenberg
type, which we employ to control the nonlinear terms.

Lemma 5.4. Letn > 1 and1 < p,q,r < oo with1/p =1/q+1/r. Then the following
estimates hold:

(655)  [00)llzoeny < Cllullzanllotel oLl

Lr(Rn) + “/UHLq(Rn) L'I(Rn))
for £ >0, and
(5.6) 105, wlduv|l Lo@ry < C100ull oy 1050l Lr@ny + 1020 Laqem) 1050 £r eny )

for £ > 1, where |-, -] denotes a commutator defined by [A, B] = AB — BA.
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Proof. 1t is easy to prove (5.5) by Leipniz formula and Lemma 5.3. We only prove
(5.6). We have from the definition of a commutator

[0, u]0,v = 9 (ud,v) — ud™ v

e
- Z ( ) P udt Ity — wdt e
] X xT X

7=0

g -1,
- udy Ity = k (—k—1
;@aﬂf“@ﬂ ' ,;(ml)am@“)% (0.

On the other hand, we can obtain from Lemma 5.3.
185 (8:w) 0,1 (850) o (ny < C(100ull Laqny 10501 Lr(@ny + 00| o) 1050 £r my )
and hence we arrive at (5.6). O

In the last of this section, we state the small corollary derived by Lemma 5.3.

Corollary 5.5. Letn > 1 and 1 < p < 0o. Suppose that [ is a smooth function of
u. Then the following estimates hold:

L
(5.7) 105 (e < CllOZullLe D Nullgm 79 ()] o

j=1

for ¢ > 1.
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