HYPERSURFACES OF PRESCRIBED GAUSS CURVATURE
IN EXTERIOR DOMAINS

FELIX FINSTER AND OLIVER C. SCHNURER

ABSTRACT. We prove an existence theorem for convex hypersurfaces
of prescribed Gaufl curvature in the complement of a compact set in
Euclidean space which are close to a cone.

1. INTRODUCTION

Hypersurfaces of prescribed curvature have been subject to intensive stud-
ies. To mention a few examples, compact convex hypersurfaces are con-
sidered in the closed case in [2], for Neumann boundary conditions in [7],
and for Dirichlet boundary conditions in [4, 5, 8, 10], based on the method
of [12]. In the non-compact case, complete convex hypersurfaces are found
n [1, 9], whereas [6, 13] deal with equations of mean curvature type in ex-
terior domains. In this paper, we consider the Dirichlet problem for convex
hypersurfaces of prescribed Gaufl curvature in exterior domains. More pre-
cisely, let ) # K C R™, n > 2, be a compact set whose boundary 0K is

a smooth submanifold of R™. Then for 0 < f € C“((R" \ IO{) X R) and
ug € C*°(0K) we consider strictly convex hypersurfaces of prescribed Gauss
curvature represented as graphs over R™\ IO{ , 1. e. functions u € C'*° <R" \ IO{ >
such that

Klu] = det Du = f(z,u) inR"\ K,

nt2
(14 [Dul?) 2 (1.1)
U = ug on 0K .

The hypersurfaces should be close to a cone in the sense that

sup |u —r| < o0 (1.2)
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with v = wu(z) and r = |z|. A function u € C°°<R"\I%> is called a
subsolution if u is strictly convex and

Klu] = f(z,u) inR"\K,
U = U on 0K .

(1.3)

We prove the following main theorem.

Theorem 1.1. Let ug € C%(0K) and 0 < f € C((R"\ ) x R) with
Df| +|D?
f2>0, sup(f ") +sup <Lf’f‘> < 00 (1.4)

Suppose that v € C* <R"\[O{> is a subsolution (1.3) which is close to a

cone and satisfies the following decay conditions at infinity,

pu-nl=o(1) . Pu-ni+pul = 0(5). 09

Then there exists a smooth, strictly convex hypersurface of prescribed Gaufs
curvature (1.1) which is close to a cone (1.2).

Note that u — r has no prescribed values at infinity, because the property
that u is close to a cone determines the asymptotics only up to a bounded
function. In particular, the function |u —u| will in general not become small
near infinity. Due to these weak assumptions on the asymptotics, we cannot
expect uniqueness of our solutions.

We remark that the upper bound for f in (1.4) is natural because the decay
conditions for u, (1.5), imply that f(z,u) = O(r~""1). Namely, if v and 7, 7/
denote unit vectors in radial and axial directions, respectively, the deriva-
tives of u decay at infinity like |D,,ul, |Dyru| = O(r~2), |Drpu| = O(r~1).
Thus det D?u = O(r~""!), and the differential inequality (1.3) yields the
claimed decay rate for f(z,u).

The above theorem has the disadvantage that it involves the existence of a
strictly convex subsolution. Therefore, we give methods to find subsolutions.
In the special case when K = B,, = B, (0) is a ball, the boundary values
are zero, and f decays even faster than in (1.4), we construct an explicit
subsolution to get the following result.

Theorem 1.2. Let p1 >0 anda > 2. If f € C®((R™\ B,,) x R) such that
f2=0,

D D? n
sup <—| f|;| f|> < 0, 0< f<(a—-1) 951 p‘f‘l pl-n-a.
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then there exists a smooth, strictly convex hypersurface of prescribed Gaufl
curvature,

Klu] = f(z,u) inR"\ B,
u =0 on 0B,, ,

which is close to a cone.

A more general method for constructing a subsolution is to combine a sub-
solution in a bounded set with a subsolution near infinity, in the spirit of
viscosity solutions.

Theorem 1.3. Let 0 < f € COO((R" \ f() X ]R). Assume that R" \ K =

Q1 UQq, where 1y is a bounded open set, 0K C 04, and Qs an unbounded
open set. Suppose that ug is a strictly convex subsolution in €1y,

Klug] > f(z,up) in O,

and that w is a strictly convexr subsolution in o, both smooth up to the
boundary, without prescribed boundary values. Furthermore, we assume that

u < u on (R"\ K)NoQy,
u < U on 0y ,

that w is close to a cone, and (1.4), (1.5) are satisfied. Then there exists
a smooth, strictly convex hypersurface of prescribed Gaufl curvature (1.1)
which is close to a cone.

This theorem can be applied to the situation when we have a subsolution
with correct boundary values ug near 0K and a subsolution u near infinity,
which can be glued together as made precise above. For u one can for exam-
ple take the subsolution used in the proof of Theorem 1.2, see Lemma 5.1.

The proof of Theorem 1.1 is outlined as follows. It is well known from [4]
(see also [10]) that the Dirichlet problem for the prescribed Gauf curvature
equation has a strictly convex solution on smooth compact domains for
smooth data, provided that for the same boundary values there exists a
smooth, strictly convex subsolution u. Thus we choose Ry such that K C
Bpr, and consider for any R > 4R, the Dirichlet problem

’C[UR] = f(:c,uR) in Bg \ K,
uf = u on 0BRr U JK.

(1.6)

Our main task is to show that the C%-norms of u® are uniformly bounded
in R. Namely, once this is established, standard Krylov/Shafanov and
Schauder regularity theory yields locally uniform bounds for u® in any C*-
norm [11]. Using a diagonal sequence argument, we get a subsequence uft,
R; — oo, that converges locally smoothly to a strictly convex solution of our
original problem. To obtain the required C?-estimates, we first use barriers
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to uniformly bound uf* — |z|. These C%estimates and the convexity of the
hypersurfaces allow us to control the asymptotic behavior as R — oo of
the first derivatives of u*(x) in the region R/2 < |z| < R. Using the inner
maximum principle for the largest eigenvalue of u;; as well as standard a pri-
ori estimates for D?u® on 0K, the C?-estimates are reduced to controlling
D?uf on the outer boundary. We bound the tangential second derivatives
from above and below by differentiating the Dirichlet boundary conditions
and using the C''-estimates. By adapting the barrier constructions of [4, 10]
with constants that have an appropriate scaling in R, we obtain estimates
for the mixed second derivatives. In contrast to the compact case [4, 10], the
estimates mentioned so far are so strong that when putting them into the
equation, we immediately get estimates for the second derivatives in normal
direction.

Theorem 1.2 follows immediately from Theorem 1.1 by choosing an ex-
plicit subsolution u, given in Lemma 5.1. To prove Theorem 1.3, we apply
Lemma 5.2 to get the solution to the compact Dirichlet problem (1.6) and
then proceed exactly as in the proof of Theorem 1.1.

2. PRELIMINARY A PRIORI ESTIMATES

Notation 2.1. In what follows, lower indices denote partial derivatives in R".
We denote the partial derivative of f with respect to the second argument
by f.. We set (u”) = (u;;)~!. All other indices are raised with respect
to the Euclidean metric. Unless otherwise stated, we will use the Einstein
summation convention. By ¢ we denote a constant independent of R which
may change its value from line to line throughout the text.

Without loss of generality we can assume that 0 € [2’ . We choose a constant
L > max(up — |z|) and set
0K
u = |z|+L. (2.1)
The functions @ and u (as in Theorem 1.1) will be used as upper and lower
barriers, respectively. Let uf be a solution of the Dirichlet problem (1.6).

R

Lemma 2.2. As R — oo, the functions u'* converge locally uniformly to a

o
continuous function u. Moreover, u < u* < in Br \ K.

Proof. From the maximum principle we deduce that
u<uft<u in Br \ K.
Hence for R; < Ra,
uft <uf®  on OBR, UK,
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and again from the maximum principle,
u < w2 in Bg, \ K.

We conclude that the u’ are monotone in R. Their pointwise limit is convex
and thus continuous. So they converge locally uniformly according to Dini’s
theorem. O

From now on we omit the index R and assume that u is a solution of (1.6)
with R fixed sufficiently large.

Lemma 2.3. |Vu| is a priori bounded, uniformly in R.

Proof. Since u is strictly convex, |Vu/| attains its maximum at the boundary.
Tangential derivatives are uniformly bounded there in view of the Dirichlet
boundary conditions. The normal derivatives are estimated as follows. Let
r € 0K and v the outer unit normal to 0K at . We choose Ay > 0
independent of R such that the line segment {z + Av, 0 < X < Ao} is
contained in Bp, \ K. Using the convexity of u as well as the fact that u
lies below v and u(x) = u(z),

x4+ Aov) — u(x)

Ao

(Vyu denotes the directional derivative). For x € 0B and v = z/|z|, we

consider similarly the line segment {Av, Ry < A < R} and obtain
u(z) — u(Rov)

Voulz) < Voulz) < A (for z € OK)

< Vyu(z) < Vyu(z) (for z € OBR).

R — Ry
We finally use the uniform C® bounds of Lemma 2.2, in particular that
fuz) — Jz]] < c. O

The next lemma controls the asymptotic behavior of Vu as R gets large.

Lemma 2.4. For & < |z| < R let v = z/|z| and T be unit vectors parallel
and orthogonal to x, respectively. Then there is a constant ¢ independent of
R such that

Vo (u = u)(2)]

IN

glo="

(2.2)

Vou()| < (2.3)

Proof. Since u is convex and lies above u with u(Rv) = u(Rv),
u(z) — u(Rov)
u) ZWIY) o g u(z) < V,u(Rv),
L) < Souta) < Vo)
and thus
u(z) —|z|  u(Rov) — Ro
|| = Ro || = Ro
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The CV estimates of Lemma 2.2 imply that |u(z) — ||| < ¢, and so the left

hand side is O(R™!). According to (1.5), |V,u(x) — 1] = O(R™!), and thus
1

V-l = Voule) - 11+0(3) < 5

In order to derive (2.3), we consider u and the barrier functions along the

line segment {z+ A7} parametrized by A € [—\g, Xo], Ao = v/ R? — |z|?. The

boundary values of u are u(+£Xg) = u(£Ao). Thus using that u lies above u
and is convex, we obtain the estimate

U(=Xo) < U(=X) < W(A=0) < d(N) < u(No),
and thus

Vou(z)| = [o/(A=0)] < max{[u'(N)], [&/(=Xo)|} -
Using (1.5),

R R’

where we have set y = x + A\g7. These estimates imply (2.3) provided that
x is sufficiently close to the outer boundary, more precisely if x lies in the
strip

WM = Vo), = Vo) = by + Vo, =03 ) £ 52

R? —|z|> = X3 < kR,
where k is some constant independent of R. Now suppose that z lies outside
this strip, A2 > xkR. We construct straight lines through (0,u(z)) € R?
which are tangential to the hyperbola (A, w(\)) = (A, v/|z]2+ A2+ L). A
short explicit calculation shows that there are exactly two such lines, and
that they go through the points (£A;,u()\)) with

ot
IR L —TY
VT Gt
Using that u — |x| is bounded uniformly in R, one sees that \? = O(|z|),
and so we can by increasing x arrange that
Al < kR, (2.4)

Thus \? < )\g, meaning that the tangential points are inside the ball Bp.
Since wu is convex and lies below @, the line segments joining the points (A =
0,u(A = 0)) and (£A1,u(£A1)), respectively, both lie above u. Moreover,
these line segments are by construction tangential to the hyperbola (A, @()\))
at A = +\;. Hence
ﬂ/(—)\l) < u,()\:()) < ﬂ,()\l) .
Using (2.1), we obtain that
A1
\Y < 2=
Veu(w) < 270,

and (2.4) gives (2.3). O
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It remains to derive the C? a priori estimates. As in [4], one obtains that
the second derivatives on 9K are bounded uniformly in R. Furthermore, it
is well known (see e. g. [3]) that considering

w = g\DuP—i—logug&

in an interior maximum taken over (z,£) € (Br \ K) x S"! yields that

max |D%u| < ¢+ max |D%ul.
Br\K OBRUOK

Hence it suffices to bound |D?u| on the outer boundary dBg. It is here

where we shall use the assumption sup(|Df| + |D?f|)/f < oc.

The following lemma gives an estimate for the tangential second derivatives.
The mixed second derivatives will be treated in the next section, and the
normal second derivatives in Section 4.

Lemma 2.5 (tangential second derivatives at the outer boundary).
Let xg € OBR and 11, 79 be tangential directions at xog. Then we have at xg,

‘u7'17'2 - ’x‘nm’ < ﬁ :

Proof. We may assume that 2o = R-e, = R-(0,...,0,1). Then 0Bp is

represented locally as graph w, where

w:Br={teR"!:|#| <R} — R,
3 = JRE-ZP.

According to the Dirichlet boundary conditions,
(u—u)(Z,w(%)) = 0.

We differentiate twice with respect to &%, &7, 1 < i, j < n — 1 and obtain
that at xg,

(u—w)iy+ (u—u)ywi =0.

According to the decay conditions at infinity (1.5),
1
{ﬂij - \x’z‘j‘ = O(ﬁ) g

5ij
wij(zo) = =55 -

Thus the result follows in view of Lemma 2.4. O

and furthermore
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3. MIXED C2?-ESTIMATES

Lemma 3.1 (Mixed second derivatives at the outer boundary). For zo €
OBRr let 7 and v be unit vectors in tangential and normal directions, re-
spectively. Then

C

ursl(0) < . (3.1)

The proof of this Lemma is split up into several lemmata.

As in the proof of Lemma 2.5 we may assume that o = R- e, and represent
OB locally as graphw with w(#) = y/R? — |£|2. We take the logarithm of
the differential equation in (1.6),

2
log det u;; — % log (1 + |Du|2) = log f(z,u),

and differentiate with respect to z¥,
ij n+2 S + frur
.. Y = . 3.2
This gives a motivation for introducing the linear differential operator L by
n+2

Furthermore, we define for ¢ < n the linear operator

0 0 0 x 0O
T.= - 0o — =L 2t 9
Oxt +wir(0) oxn — Ozt R Oan’
where we used the convention wy, = 0 (thus we sum over r =1,... ,n —1).
In what follows we restrict attention to the domain Q5 := Bs(xo) N Br with

o< %, notice that Q5 C B \ K.

Lemma 3.2. The function u — u satisfies the following estimates,

c
T(u—u) < — in Qs,
VR
T(u—u) < % |z —z0|> on OBg,
LT (u —u)| < c—i—%truij in Qs ,
where tru¥ = ij5ij.
Proof. Note that |w;| < ¢, |wij| < § and |wijr| < 5. The first inequality

follows directly from the C'! estimates of Lemma 2.4, whereas for the second
inequality we use furthermore that (v — u); + (u — w)pw; = 0 on OBpg, the
decay properties of w;ji, and the fact that u — u vanishes on 9Bg. To
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prove the last inequality, we apply (3.2), the relation u% Ujp = 5};, and the
C'-estimates to obtain that

D i 1
|LT(uw —u)| < c- % + % +c-|D*u| +c-tru¥ . <|D3g| + E|D2Q|> .
Now we use the conditions (1.4) and (1.5). O

The function ¥ introduced in the next Lemma will be the main part of a
barrier function which we shall construct in what follows.

Lemma 3.3. There exists a positive constant € independent of R such that

1 1
Vi=(u—u)+—=d-—

d2
VR 2Ri

fulfills the estimates
Ly < —¢ Rin —e R 1 tru¥ in Qs,
9 > 0 on 09y ,

provided that 6 = R and R is sufficiently large. Here d = R — |x| is the
distance from OBR.

Proof. Tt is obvious that ¢ > 0 on 9Qs. We fix z¢ € Q5 and set v = x¢/|xo].
Let 7,7 belong to an orthonormal basis for the orthogonal complement of
v which we choose such that the submatrix ™™ is diagonal. Assume that
v and 7, 7' correspond to the indices n and 1, ..., n — 1, respectively. We
use the Einstein summation convention for 7, 7. The matrix u% is positive,
and thus testing with the vectors v & 7 gives

—_

W’ < = (W 4u"T) . (3.3)

\V)

We introduce the abbreviation

tra’ = u¥ <5ij - ﬂﬁ)
|z [|

Direct computations using (1.5) and (3.3) give

g \DUP

Lu = U”Uz'j — (’I’L + 2) m < C,
Lu > —c + u™ U + 20w, + vy,

1 /

> —c+ (— - %) tru™ — % u’",
| x| ||
1 1 c 1 1 d /

L < e (1+_) - <___+_ (___>)mﬁ

VR lz| |=>  J2[ \VR R?%

1
_ <_5 _ LQ> v,
Ri |zl
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and thus for R sufficiently large,
1 / 1
LY < c— —tru"” — —=u"".
2R 2R

Expanding the determinant and using that ™™ is diagonal gives

ull 0 L. 0 uln
detu”? = det < 0
0 . 0 un—l n—1 un—ln
uln . un—ln u™m
. ’ .
— Hum _ § :|un’r|2 HU’TT < Hum.
7 T T'£T 7

Hence the inequality for geometric and arithmetic means as well as (1.6)
and (1.4) show that for large values of R,

1 n— 1 .
LYy < c¢c——- (detuij)_% SR i — = tru
¢ 4R1
< c¢— E ]w\nTH Ra((e=D+) _ 15 trut
¢ AR+
< —l-R%— 15truij.
¢ AR+

O

Lemma 3.4. There exists a positive constant A independent of R such that
1 2
O = 194—14-@-’1'—.%'0’ +T(u—u)
satisfies the inequalities

Le < 0 inQs,
{ © > 0 ondQs, (3.4)

where § = R% and 9 is as in Lemma 3.5.

Proof. According to Lemma 3.3, the condition © > 0 on 025 follows if
1
A'ﬁ Nz — 2o £ T(u—u) >0 on 99.
In view of Lemma 3.2, this can be arranged by choosing A sufficiently large.
The property LO < 0 now follows from the inequality

_eRin —eR7d tru”—i—c-ﬁ—i-c—i-c-%tru” <0,

which holds for R sufficiently large. O
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Proof of Lemma 3.1. The maximum principle applied to (3.4) yields that
© > 0 in Q5. Since O(xg) = 0, it follows that

@V(CCQ) Z 0
with v = —%. Thus we obtain
Uu(x0) > |(T'(u — u))w|(z0) ,
and this finally gives (3.1). O

4. REMAINING A PRIORI ESTIMATES

The decay rate in Lemma 3.1 has been chosen such that the following lemma
follows immediately.

Lemma 4.1 (Double normal C2-estimates at the outer boundary).
Under the assumptions of Lemma 3.1 and of one of our Theorems 1.1-1.3,

|t [(20) < c.

Proof. We choose for fixed 2y € 0Bg an orthonormal basis as in Lemma 3.3,
now such that the submatrix u,,» is diagonal. We expand the determinant,

n+2
2\ 2 2
f(x,u)-(l—HDu\ > = detu;; = unnHu”—Zukn H Uij
<n k<n k#i<n
2 1
i<n <n k<n kk

Now we substitute in the estimates of Lemma 2.5 and Lemma 3.1,

c ug,
11w foan kR

<n

IN

2
c-R”l-R"H—Z@ < c.
R

k<n

5. BARRIER CONSTRUCTIONS

The following lemma gives a simple example of a barrier construction.

Lemma 5.1. Let K = B, (0) with p; > 0 and ug = 0. Suppose that
fecCc® (]R"\ IO{) satisfies

0< f < (a—1)2" 5 1 lylona
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with a > 2. Then there is a strictly convex subsolution w which is close to a
cone such that (1.5) is satisfied.

Proof. We introduce functions ¢ and ¥ by
a—1

p(r) = B P T

o) = [ ([etnir)a
(r) /pl /p o(r) dr | dp
and define u by

w i R\ B, R ¢z [a] - pr+oJa])

This u is zero on 0B, , is close to a cone, and satisfies the regularity condi-
tions (1.5). Furthermore,

o< v = [Temar < [Tomar =5

1

We compute the Gauﬁ curvature of graph u,
/ mz

X4 Tj T Tj
= 1 sty
S r( ““(” ) e
We conclude that in R™\ B,
_n42
IC[Q] _ SD_T,lfn‘(l_|_¢l)nfl . (1_|_(1_|_¢I)2) 2
> (a—1)-p]" L plon—a g-n o—23%

O

The above construction could be extended to more general domains and
non-zero boundary values, provided that the boundary values are sufficiently
close to a cone, i. e. |ug— |z||c2 < €, and f is sufficiently small. For non-zero
boundary values, it seems preferable to use the following construction of a
subsolution, based on the idea of viscosity subsolutions.

Lemma 5.2. For a smooth domain 2 C R"™ and a smooth positive function
f: QxR — R with f, > 0, we assume that there exist two smooth, strictly
convex subsolutions, i. e.

wi = R, Klug] > f(x,u) in €, i=1,2,
such that Q1 U Qo = Q (; = open), u; < uz—; on 0y, i = 1,2, and
{u1 = ua} € Q1 NQ (in particular {ug = ug} NIQ =0). Then there exists
a smooth function u : Q — R such that

Kl = fleu) i
u = max{ug,uz} on 09,
u > max{ug,uz} in Q.
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Proof. We choose a smooth, strictly convex function w : Q@ — R such that

w > max{up,us} in Q,
w = max{uy,uz} on I

and define f,,(z) := Klw](z). Then w is a solution of the Dirichlet problem
{ Klw] = fu(z) in €,

w = max{uy,uz} on .

We may assume that f,, < f(-, max{uj,us}) in Q because otherwise we solve
a Dirichlet problem (with small f) by using [4] with w as the subsolution,
and take the solution to this Dirichlet problem instead of w. Finally, we
apply the continuity method and solve the Dirichlet problems

Klu'] = (1—¢)fu(x)+tf(z,u') inQ,

u' = max{uy,us} on 01},

ut > max{uy,us} in Q,

for smooth strictly convex functions u! : @ — R, 0 < ¢ < 1. The solvability
of this Dirichlet problem is a consequence of the a priori estimates of [4] and
the fact that

u' > max{uy,us} in Qfor 0 <t < 1.

The last inequality follows from the maximum principle because (1—t) f,, (z)+
tf(z,max{u1,us}) < f(x,max{uy,u2}) for 0 <t < 1. For ¢t = 1 we obtain
the function u we are looking for. O

APPENDIX A. NOTES

We remark that the C?-estimates at the outer boundary dBp cannot be ob-
tained from the estimates on compact domains by a simple scaling argument.
The reason is that if one considers the function }% u(Rz) near Bl\(}% - K),
the corresponding rescaled function f tends to zero near 9By as R — oc.

The purpose of this paper was to find a method for proving the existence
of strictly convex hypersurfaces of prescribed Gaufl curvature in exterior
domains. But for technical simplicity, we did not consider the most general
situation to which our methods apply.

First of all, our regularity assumptions could be weakened; indeed, it is
sufficient to assume the same regularity as in the compact case, i. e. similar
to [10]

IK € C* gec‘*(w\f?) , fec2((R"\f() XR) .
Furthermore, it is possible to treat equations of the form

detu;; = f(z,u, Du)



14 PRESCRIBED GAUSS CURVATURE IN EXTERIOR DOMAINS

with f > 0. We do not consider this case here because the explicit con-
struction of a subsolution becomes more complicated for this more general
ansatz.

Moreover, it is possible to remove the technical condition f, > 0 by using
a mapping degree argument and assuming that f, > 0 only outside the set
{(z,z) € (R"\ K) xR :u(x) <z <u(r)}. But the uniqueness as described
in Lemma 2.2 is lost, i. e. the limit of u/* as Rj, — co may depend on the
choice of the subsequence. We also remark that the decay condition

sup (M) <o

is clearly only needed between the two barriers.

Finally, one could consider hypersurfaces of prescribed Gauf3 curvature which,
instead of being close to a cone, have a different asymptotic behavior near
infinity. One example would be to take a smooth convex domain  C
R 1 0 € Q, and to consider hypersurfaces which are close to the cone
Ry - (09 x {1}). It even seems possible to adapt our methods to hypersur-
faces of prescribed Gaufl curvature which are close to a more general convex
hypersurface, provided that its GauB curvature decays sufficiently fast at
infinity, and that one can find barriers that give good C'-estimates.
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