SCHOUTEN TENSOR EQUATIONS IN CONFORMAL
GEOMETRY WITH PRESCRIBED BOUNDARY METRIC

OLIVER C. SCHNURER

ABSTRACT. On a manifold with boundary, we deform the metric con-
formally. This induces a deformation of the Schouten tensor. We fix the
metric at the boundary and realize a prescribed value for the product
of the eigenvalues of the Schouten tensor in the interior, provided that
there exists a subsolution.

1. INTRODUCTION

Let (M™,gi;) be an n-dimensional Riemannian manifold, n > 3. The
Schouten tensor (S;;) of (M", g;;) is defined as

1 1
Sij = w2 (Rz‘j - z(n_l)Rgz'j) ;
where (R;j) and R denote the Ricci and scalar curvature of (M",g;;), re-
spectively. Consider the manifold (M " gij> = (M n 6_2“915), where we

have used u € C?(M") to deform the metric conformally. The Schouten
tensors S;; of g;; and S;; of g;; are related by
gi' = U5 + Uju; — %|VU|29M + Sij,
where indices of u denote covariant derivatives with respect to the back-
ground metric g;;, moreover |Vul? = g¥u;u; and (g”) = (gij)~'. Eigen-
values of the Schouten tensor are computed with respect to the background
metric g;;, so the product of the eigenvalues of the Schouten tensor (.S;;)
equals a given function s : M" — R, if
1 2
det (uij + uju; — §|VU| Gij + Sl'j) _ 8(%) (1 1)
e—2nu det (gij)

We say that u is an admissible solution for (1.1), if the tensor in the de-
terminant in the numerator is positive definite. At admissible solutions,
(1.1) becomes an elliptic equation. As we are only interested in admissible
solutions, we will always assume that s is positive.

Date: July 2003.
2000 Mathematics Subject Classification. Primary 53A30, 35J25; Secondary 58J32.
Key words and phrases. Schouten tensor, fully nonlinear equation, conformal geometry,
Dirichlet boundary value problem.
1



2 OLIVER C. SCHNURER
Let now M™ be compact with boundary and u : M™ — R be a smooth (up
to the boundary) admissible subsolution to (1.1)
det (u;; + ww; — 3|Vul’gij + Sij)
e~ det (gij)

> s(x). (1.2)

Assume that there exists a supersolution @ to (1.1) fulfilling some technical
conditions specified in Definition 2.1. Assume furthermore that M"™ admits
a strictly convex function x. Without loss of generality, we have x;; > ¢i;
for the second covariant derivatives of y in the matrix sense.

The conditions of the preceding paragraph are automatically fulfilled if M™
is a compact subset of flat R" and u fulfills (1.2) and in addition det(x;;) >
s(z)e ™ det(g;;) with u;; > 0 in the matrix sense. Then Lemma 2.2 implies
the existence of a supersolution and we may take y = |z|.

We impose the boundary condition that the metric g;; at the boundary is
prescribed,
gij = 6_2ygi]’ on OM™.

Assume that all data are smooth up to the boundary. We prove the following

Theorem 1.1. Let M", g;j, u, W, x, and s be as above. Then there exists
a metric g;j, conformally equivalent to g;; with g;; = 6_2ﬂgij on OM™ such
that the product of the eigenvalues of the Schouten tensor induced by g;j
equals s.

This follows readily from

Theorem 1.2. Under the assumptions stated above, there exists an admis-
sible function v € CO(M™) N C®(M"™\ OM™) solving (1.1) such that u = u
on OM™.

Recently, in a series of papers, Jeff Viaclovsky studied conformal deforma-
tions of metrics on closed manifolds and elementary symmetric functions Sy,
1 < k < n, of the eigenvalues of the associated Schouten tensor, see e. g.
[15] for existence results. Pengfei Guan, Jeff Viaclovsky, and Guofang Wang
provide an estimate that can be used to show compactness of manifolds with
lower bounds on elementary symmetric functions of the eigenvalues of the
Schouten tensor [8]. A similar equation arises in geometric optics [10, 16].
Xu-Jia Wang proved the existence of solutions to Dirichlet boundary value
problems for an equation similar to (1.1), provided that the domains are
small. In [12] we provide a transformation that shows the similarity be-
tween reflector and Schouten tensor equations. Pengfei Guan and Xu-Jia
Wang obtained local C%-estimates [10]. This was extended by Pengfei Guan
and Guofang Wang to local C'- and C?-estimates in the case of elementary
symmetric functions Sy of the Schouten tensor of a conformally deformed
metric [9]. Boundary value problems for Monge-Ampere equations have
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been studied by Luis Caffarelli, Louis Nirenberg, and Joel Spruck in [1] an
many other people later on. For us, those articles using subsolutions as used
by Bo Guan and Joel Spruck will be especially useful [6,7,11,13].

It follows directly from the proof that we can also solve Equation (1.1) on
non-compact complete manifolds provided that there exist appropriate sub-
and supersolutions with locally bounded difference in C°. Then we can
solve (1.1) with an artificially introduced Dirichlet boundary condition on
a sequence of growing domains exhausting the non-compact manifold. A
subsequence of these solutions converges then to a solution of (1.1) on the
manifold. This works as the local C2-estimates in [9] depend only on a local
bound for |u|. Note that either s(x) has to decay at infinity or the manifold
with metric e‘zugij is non-complete. Otherwise, [8] implies a positive lower
bound on the Ricci tensor, i. e. Rij > % gij for some positive constant c. This
yields compactness of the manifold [5].

It is a further issue to solve similar problems for other elementary symmet-
ric functions of the Schouten tensor. As the induced mean curvature of
OM™ is related to the Neumann boundary condition, this is another natural
boundary condition.

To show existence for a boundary value problem for fully nonlinear equa-
tions like Equation (1.1), one usually proves C?-estimates up to the bound-
ary. Then standard results imply C*-bounds for k¥ € N and existence re-
sults. In our situation, however, we don’t expect that C?-estimates up to
the boundary can be proved. This is due to the gradient terms appear-
ing in the determinant in (1.1). It is possible to overcome these difficulties
by considering only small domains [16]. Our method is different. We reg-
ularize the equation and prove full regularity up to the boundary for the
regularized equation. Then we use the fact, that interior C*-estimates [9)]
can be obtained independent of the regularization. Moreover, we can prove
uniform C'-estimates. Thus we can pass to a limit and get a solution in
COM™) N C®(M™\ OM™).

To be more precise, we rewrite (1.1) in the form
log det (u;; + uuj — 2|Vul?g;; + Sij) = f(z,u), (1.3)

where f € C®(M"™ x R). Our method can actually be applied to any
equation of that form provided that we have sub- and supersolutions. Thus
we consider in the following equations of the form (1.3). Equation (1.3)
makes sense in any dimension provided that we replace S;; by a smooth
tensor. In this case Theorem 1.2 is valid in any dimension. Note that even
without the factor ﬁ in the definition of the Schouten tensor, our equation
is not elliptic for n = 2 for any function u as the trace g¥(R;; — %Rgij)
equals zero, so there has to be a non-positive eigenvalue of that tensor. Let

¥ : M™ — [0, 1] be smooth, 1) = 0 in a neighborhood of the boundary. Then
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our strategy is as follows. We consider a sequence 1, of those functions that
fulfill ¢ (x) = 1 for dist(x,0M™) > %, k € N, and boundary value problems

(1.4)

log det (uij + Yuu; — %1/1|Vu|29ij +Tij) = f(z,u) in M™,
u = u on OM™.

We dropped the index k to keep the notation simple. The tensor T;; coincides
with S;; on {x € M™: dist(x,0M™) > %} and interpolates smoothly to S;;
plus a sufficiently large constant multiple of the background metric g;; near
the boundary.

Our sub- and supersolutions act as barriers and imply uniform C?-estimates.
We prove uniform C'-estimates based on the admissibility of solutions. Ad-
missibility means here that u;; +¢u;u; — %w\VUF + 5, is positive definite for
those solutions. As mentioned above, we can’t prove uniform C?-estimates
for u, but we get C?-estimates that depend on 1. These estimates guar-
antee, that we can apply standard methods (Evans-Krylov-Safanov theory,
Schauder estimates for higher derivatives, and mapping degree theory for
existence, see e. g. [4,6,14]) to prove existence of a smooth admissible solu-
tion to (1.4). Then we use [9] to get uniform interior a priori estimates on
compact subdomains of M™ as 1) = 1 in a neighborhood of these subdomains
for all but a finite number of regularizations. These a priori estimates suffice
to pass to a subsequence and to obtain an admissible solution to (1.3) in
M™\OM". AsuF = u = u for all solutions u* of the regularized equation and
those solutions have uniformly bounded gradients, the boundary condition
is preserved when we pass to the limit and we obtain Theorem 1.2 provided
that we can prove HukHcl(Mn) < ¢ uniformly and HukHCQ(Mn) < ¢(v). These

estimates are proved in Lemmata 4.1 and 5.4, the crux of this paper.

The rest of the article is organized as follows. We introduce supersolutions
and some notation in Section 2. We mention C%-estimates in Section 3. In
Section 4, we prove uniform C'-estimates. Then the C?-estimates proved in
Section 5 complete the a priori estimates and the proof of Theorem 1.2.

The author wants to thank Jiirgen Jost and the Max Planck Institute for
Mathematics in the Sciences for support and Guofang Wang for interesting
discussions about the Schouten tensor.

2. SUPERSOLUTIONS AND NOTATION

Before we define a supersolution, we explain more explicitly, how we regu-
larize the equation. For fixed k € N we take 1, such that

_Jo  dist(z,0M™) < £,
Vile) = {1 dist(z, OM™) > 2
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and 1y is smooth with values in [0, 1]. Again, we drop the index k to keep
the notation simple. We fix A > 0 sufficiently large so that

log det (ug; + Yusu; — 39[Vul’gi; + Sij + A1 = ¢)gij) > f(w,u)  (2.1)

for any ¥ = 1, independent of k. As logdet(-) is a concave function on
positive definite matrices, (2.1) follows for k sufficiently large, if

log det (u; 4 wu; — HVul?gi; +Si;) > f(z,u) on M"
and
log det (gij +Si; + )\gij) > f(z,u) mnear OM",
provided that the arguments of the determinants are positive definite.

We define

Definition 2.1 (supersolution). A smooth function u : M™ — R is called a
supersolution, if @ > u and for any 1 as considered above,

log det (;j + Yu; — $¢|VU|*gi; + Sij + M1 — 1) gij) < f(z, u)

holds for those points in M™ for which the tensor in the determinant is
positive definite.

Lemma 2.2. If M™ is a compact subdomain of flat R™, the subsolution u
fulfills (1.2) and in addition

det(gij) > 5(1:)6_2”2 det(gi5)

holds, where u;; > 0 in the matriz sense, then there exists a supersolution.

Proof. In flat R", we have S;; = 0. The inequality
det (u;; + Yusu; — 31|Vul?gij)
e~ 2" det (g;;)

is fulfilled if ¥ equals 0 or 1 by assumption. As above, (2.2) follows for any
¥ € [0,1]. Thus (2.1) is fulfilled for A = 0.

> s(z) (2.2)

Let @ = supu + 1 + ¢|z|? for € > 0. It can be verified directly that 7 is a
MTL

supersolution for € > 0 fixed sufficiently small. O
Notation 2.3. We set
wij =uij +Yuiu; — 3P| VulPgi; + Sij + A1~ ¥)gyj
=uij +puiu; — 39| Vul’gi; + T
and use (wij ) to denote the inverse of (w;;). The Einstein summation con-
vention is used. We lift and lower indices using the background metric.
Vectors of length one are called directions. Indices, sometimes preceded by

a semi-colon, denote covariant derivatives. We use indices preceded by a
colon for partial derivatives. Christoffel symbols of the background metric
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are denoted by Ffj, SO Ujj = Uyj = Uyj — FZU}C Using the Riemannian

curvature tensor (Rijkl), we can interchange covariant differentiation
ab

Uijk =Ukij + Uag" Rbijk, (2.3)

b b :

Uiklj =Uikjl + Uka9™ Ritj + Uiag™ Roij-

We write f, = % and trw” = w¥ gij- The letter ¢ denotes estimated

positive constants and may change its value from line to line. It is used so
that increasing c keeps the estimates valid. We use (c;), (¢¥), ... to denote
estimates tensors.

3. UNIFORM CO-ESTIMATES

The techniques of this section are quite standard, but they simplify the C°-
estimates used before for Schouten tensor equations, see [15, Prop. 3]. Here,
we interpolate between the expressions for the Schouten tensors rather than
between the functions inducing the conformal deformations.

For the existence proof of the regularized problem, we apply a mapping
degree argument. In view of our sub- and supersolutions, we only have to
ensure that we can apply the maximum principle or the Hopf boundary
point lemma at a point, where a solution touches a barrier for the first
time during the deformation associated with the mapping degree argument
to prove C%-estimates. Note that « can touch @ only in those points from
below where 7 is admissible. Compare this to [3]. Without loss of generality,
we may assume that u touches u from above. Here, touching means v = u
and Vu = Vu at a point, so our considerations include the case of touching
at the boundary. It suffices to prove an inequality of the form

0 < a“(u—u)y+ b (u—u);+du—u) (3.1)
with positive definite a.
Define

Sfj[v] = vij + PYviv; — 39|Vol?g;; + Tij.

We apply the mean value theorem and get for a symmetric positive definite
tensor a* and a function d

0 <logdet S;/;[g] —log det S;/;[u] — f(z,u) + f(z,u)
h d h d
_ [ 2 Y _Hs¥ I _
_/ 7 log det {tS” [u] + (1 —1)S;; [u]} dt / dtf(:c,tg + (1 —t)u)dt
0 0
=a" ((uy; + sy — 39|Vl gis) — (uij + Yuivg — 39[Vul’g;))
+d-(u—u).
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The first integral is well-defined as the set of positive definite tensors is
convex. We have |Vu|? — |Vu|? = (V(u — u), V(u + u)) and

1
0 (w1, — i) =a¥ / % tu; + (1 — ) (tu; + (1 — tuy)) dt
0

1

2 [+ 1 it (-

0

so we obtain an inequality of the form (3.1). Thus, we may assume in the
following that we have v < u < 7.

4. UNIFORM Cl-ESTIMATES

Lemma 4.1. An admissible solution of (1.4) has uniformly bounded gradi-
ent.

Proof. We apply a method similar to [13, Lemma 4.2]. Let
W = 1log|Vul* + pu

for u > 1 to be fixed. Assume that W attains its maximum over M" at an
interior point xg. This implies at xq

—W; = —ju” +
= Uu;

for all 4. Multiplying with «’ and using admissibility gives
0 =u'wuij + p|Vul*
4.1 4 2 2 4
> —Y|Vul® + 59|Vu|* — ¢|Vul® — A Vu|* + p|Vul®.

The estimate follows for sufficiently large p as A, see (2.1), does not depend
on ¢. If W attains its maximum at a boundary point xg, we introduce
normal coordinates such that W,, corresponds to a derivative in the direction
of the inner unit normal. We obtain in this case W; = 0fori < nand W,, <0
at xg. As the boundary values of v and u coincide and u > u, we may assume
that u, > 0. Otherwise, 0 > u, > u, and u; = u;, so a bound for |Vul|
follows immediately. Thus we obtain 0 > «!W; and the rest of the proof is
identical to the case where W attains its maximum in the interior. O

Note that in order to obtain uniform C'-estimates, we used admissibility,
but did not differentiate (1.3).
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5. C2-ESTIMATES

5.1. C*-Estimates at the Boundary. Boundary estimates for an equa-
tion of the form det(u;; + Si;) = f(z) have been considered in [1]. It is
straight forward to handle the additional term that is independent of u in
the determinant and to use subsolutions like in [6,7,11,13]. We want to
point out, that we were only able to obtain estimates for the second deriva-
tives of u at the boundary by introducing v and thus removing gradient
terms of u in the determinant near the boundary. The C?-estimates at the
boundary are very similar to [13]. We do not repeat the proofs for the dou-
ble tangential and double normal estimates, but repeat that for the mixed
tangential normal derivatives as we can slightly streamline this part. Our
method does not imply uniform a priori estimates at the boundary as we
look only at small neighborhoods of the boundary depending on the regu-
larization or, more precisely, on the set, where ¢ = 0.

Lemma 5.1 (Double Tangential Estimates). An admissible solution of (1.4)
has uniformly bounded partial second tangential derivatives, i. e. for tangen-
tial directions 11 and 1o, u7ij7'1i7'§ 18 uniformly bounded.

Proof. This is identical to [13, Section 5.1], but can also be found at various
other places. It follows directly by differentiating the boundary condition
twice tangentially. O

Lemma 5.2 (Mixed Estimates). An admissible solution of (1.4) has uni-
formly bounded partial second mized tangential normal derivatives, i. e. for a
tangential direction T and for the inner unit normal v, uﬂ'jTiVj is uniformly
bounded.

Proof. The proof is similar to [13, Section 5.2]. The main differences are as
follows. The modified definition of the linear operator T' in (5.4) clarifies
the relation between T' and the boundary condition. The term T;; does
(in general) not vanish in a fixed boundary point for appropriately chosen
coordinates. In [13], we could choose such coordinates. Similarly, we choose
coordinates such that the Christoffel symbols become small near a fixed
boundary point. Here, we can add and subtract the term Tj; in (5.5) as it
is independent of u. Finally, we explain here more explicitly how to apply
the inequality for geometric and arithmetic means in (5.7).

Fix normal coordinates around a point g € OM™, so g;;(xo) equals the
Kronecker delta and the Christoffel symbols fulfill ‘Ffj’ < edist(-, o) =
clx — xg|, where the distance is measured in the flat metric using our chart,
but is equivalent to the distance with respect to the background metric.

Abbreviate the first n — 1 coordinates by Z and assume that M™ is locally
given by {z" > w(Z)} for a smooth function w. We may assume that (0, w(0))



SCHOUTEN EQUATIONS WITH BOUNDARY 9

corresponds to the fixed boundary point xg and Vw(0) = 0. We restrict our
attention to a neighborhood of xg, Qs = Q5(xg) = M™ N Bs(x) for 6 > 0 to
be fixed sufficiently small, where ¢ = 0. Thus the equation takes the form

log det(u;; + T;5) = log det (u” — Ffjuk + Tij> = f(z,u). (5.1)

Assume furthermore that § > 0 is chosen so small that the distance function
to 99 is smooth in 5.

We differentiate the boundary condition tangentially

0=(u—u) (2, w(@)) + (u—1u)n(Z,w@)ws(z), t<n. (5.2)
Differentiating (5.1) yields
wij (u’ijk — Féjulk) = fk + fzuk + wij (FéjJﬁm — ka) . (53)

This motivates the definition of the differential operators 1" and L. Here
t < n is fixed and w is evaluated at the projection of z to the first n — 1
components

Tv :=vs + vpwy, t<mn,
ij il (5.4)
Ly :=w"v ;; — w"1%;u.
On oM™, we have T'(u — u) = 0, so we obtain
1T (u—u)| < c(8)- |z —x0/* on 8.
Derivatives of u are a priorily bounded, thus
ILT(u—u)| <c- (L+trw?) in Qs.

Set d := dist(-,0M™), measured in the Euclidean metric of the fixed coor-
dinates. We define for 1 > « > 0 and g > 1 to be chosen

9= (u—u) + ad — pd?.

The function ¥ will be the main part of our barrier. As u is admissible,
there exists € > 0 such that

;i — Thw + Ty > 3egij.
We apply the definition of L
Li) =w" (Um - Féjul + T35 ) —w" (Qu - Féjﬂz +1i; )
+ ozwidej - awijféjdl (5.5)
— 2pdwd ;; — 2pw did; + 2pudw T d,
We have w® (u’ij - Féjul + I}j> = wYw;; = n. Due to the admissibility of
u, we get —w% (y” — Féjgl + T,;j) < —3etrw? . We fix a > 0 sufficiently

small and obtain
aw"d ;; — ozw”I’éjdl < etrw".
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Obviously, we have
—2udw"d ;; + 2udwijF§jdl < c(ud)tr w¥.

To exploit the term —2uwd;d;, we use that |d; — '] < c-|x —zo| < ¢4, so
—2pw did; < —pw™™ + c(pd) max ’wkl’ )

N kk ., Kkl
As w" is positive definite, we obtain by testing (Z Kl 1111)) ) with the vectors
u

(1,1) and (1,—1) that |w"| < trw®. Thus (5.5) implies

LY < —2etrw” — pw™ + ¢ + ¢(ud)tr w (5.6)
We may assume that (w”)ivj <y, 1s diagonal. Then
wll 0 . 0 wln
e~/ =det (w") =det 0
0 0 ,wn—l n—1 wn—ln
wln . wn—ln wm (57)
M - S T < [To
=1 <n ]<¢z i=1
j<n

implies that tr w% tends to infinity if w™" tends to zero. So we can fix p > 1
such that the absolute constant in (5.6) can be absorbed. Note also that the
geometric arithmetic means inequality implies

n n 1/n
1 ij 1 i i
“trw = -~ g w’ > Hw ,
i=1 i=1

so (5.7) yields a positive lower bound for trw®. Finally, we fix § = &(u)
sufficiently small and use (5.6) to deduce that

LY < —etrw®. (5.8)
We may assume that ¢ is fixed so small that ¥ > 0 in 5.
Define for A, B > 1 the function
0% := AV + Blz — xo|> £ T(u — w).

Our estimates imply that ©F > 0 on 9Qs for B > 1 fixed sufficiently
large and LO* < 0 in Qs, when A > 1, depending also on B, is fixed
sufficiently large. Thus the maximum principle implies that ©F > 0 in Q.
As ©%(xg) = 0, we deduce that @i > 0, so we obtain a bound for (T'u),,
and the lemma follows. (|
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Lemma 5.3 (Double Normal Estimates). An admissible solution of (1.4)
has uniformly bounded partial second normal derivatives, i. e. for the inner
unit normal v, u;;v'v7 is uniformly bounded.

Proof. The proof is identical to [13, Section 5.3]. Note however, that the
notation there is slightly different. There —u ;; + a;; is positive definite
instead of u;; — Ffjuk + T;j here. O

5.2. Interior C2-Estimates.

Lemma 5.4 (Interior Estimates). An admissible solution of (1.4) has uni-
formly bounded second derivatives.

Proof. Note the admissibility implies that w;; is positive definite. This im-
plies a lower bound on the eigenvalues of u;;.

For A > 1 to be chosen sufficiently large, we maximize the functional
W = log (wijn'n’) + Ax

over M™ and all (n’) with gijninj = 1. In view of the boundary estimates
obtained above, we may assume that W attains its maximum at an interior
point g of M™. As in [2] we may choose normal coordinates around zy and
an appropriate extension of (771) corresponding to the maximum value of W.
In this way, we can pretend that wi is a scalar function that equals wijninj
at ro and we obtain

1
0=Ww; =—wi1; t+ AXi (5.9)
w1
and
1 1
0> Wi; A w2 Wi, W11;5 + AXij (5.10)

in the matrix sense, 1 < 7, j < n. Here and below, all quantities are evalu-
ated at xo. We may assume that w;; is diagonal and w1y > 1. Differentiating
(1.4) yields

wwip =f + faouk, (5.11)

wwija1 — w*wlwiwgy =11+ 2fu + fouiun + founn. o (5.12)
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Combining the convexity assumption on y, (5.10) and (5.12) gives

1 . iy g
0 >—w w1 — —5wwiwin; + Atrw"
w11 w1
it
= w" (w155 — wijn1)
11
T . (5.13)
ik, gl . 7] . .
T W W W1 W1 — W W15 W15
w11 Wiy
1 -
+ w—(fll + 2frur + foouruy + fourn) + Atrw®.
11
It will be convenient to decompose w;; as follows
Wij =Uij + Tij,
(5.14)

rij =puiuj — 39|Vul*gi; + Tyj.

The quantity r;; is a priorily bounded, so the right-hand side of (5.12) is
bounded from below by —c(1 + wiy).

Let us first consider some terms involving at most third derivatives of u

L 1 .. .
kaw]lwij;lwkl;l — —wYwiiwiy > —wY (Wi wy — wiiwig)
w11 w11
1 ..
ZE’U}”((WH + i) (i + rj11) — (win + 1) (Wi + r11g5))
1

y
Zw—w T(uiniujin — wininy + 2unirjig — 201111 — T ) -
11
(5.15)

We will bound each term on the right-hand side individually. The term r11;;
is of the form ¢; + cFuy;. We rewrite ug; = wy; — ri;, use wwj, = 6;, and
obtain

1 .
1,
— w1113

< Lc (1 + w1 —|—trwij) .
w11

w11

Note that w;; is diagonal, so the maximality of W implies |w;;| < wqy for
any 4, j. We use (5.14), (5.9) and rewrite r11,; as above

1 . 1 .
7 2.
—2—w U111 = — 2—w" (w115 — T114) 711y
w11 w11

g 1 .
1, ?,
=22V xir11y + 2w
1

> — A (1+trw?) — wic (14w + trw”).
11
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To estimate the next term, we use (2.3), (5.14), (5.9) and the fact that the
second derivatives of u in 71,1 appear with a factor

9 . 9 .

7 _ 7 ab
—wuiirj =——w" (wll;i — Tl + Uag Rblz’l) Tj1:1
w11 w11

= — 2wy (Cj + wcfwkl + ckwkj)
c ..
— w—w” (c,- + ckwki> (cj + wc;?wkl + ckwkj)
11
> oA (1t tru 4 puntra) - o1+ tro').

We interchange third covariant derivatives and get

1 ..

V3
—w" (Uj11uj11 — U115U115)
w11

1 ..
wanw” (umujn - (Um + UagabRblli) <Uj11 + chCdellj))

1 . 1 3
> — 2—wun1uag" Ryp1j — c——trw?
w11 wy

g 1 . 1 g
:QAwZinuagabRbllj + 2—w”r1~1;1uag“bRb11j — c——trwY
w11 w11

> —c(1+A) (1+trw’).

Recall that tr w® is bounded below by a positive constant. We employ (5.15)
and get the estimate

1 .. 1 . A g
—kawﬂwij;lwkl;l — —wwiwi > —c <1 + A + —> trw".
w11 Wiy w11

(5.16)

Next, we consider the terms in (5.13) involving fourth derivatives. Equation
(2.3) implies

b b b b
U115 =uij11 + Ua19" Rpirj + uag™ Rpitj1 + u1a9" Rpij1 + iag™ Rp1j1
b b
+ uq; 9% Ry11i + ua9™ Rp1145
>uijin — cij(1 4+ win).

We use (5.14)

w (Wit — wigin) = w9 (uinig — wignn) + w9 (r1u — rija)



14 OLIVER C. SCHNURER

>w (7“11 1ig Tij;ll) — cwiytr wij
=w" (gijui + diururj + 2urjun; + 2ur ;)
+ w (=pr1uiug — Aruug — 2hurgun; — 20uug11)
( 23| VulPgn — 2¢uFuggnn — Yufugigr — wukukijgn)
w' (2’¢11|VU| gij + 2"7&1“ Uk19ij + "/)uluklgzj + Yu u’k‘llgl])
w (Th1.45 — Tiji1) — cwyrtrw®.
Some terms cancel. We use (5.14) and the fact that w® is the inverse of
w;;. Then we interchange covariant third derivatives (2.3) and employ once
j
again (5.14)
wij(wll;ij — Wiji11) >
>w' (Q@Z}Uluuj — 2puzugy — Yutupiigrn + wukukllgi]’)
+ w" <—¢U§’uk¢911 + T/fulfuklgij) — cwyrtrw?
=2vu, wijuz‘jl + 20w u, g™ Ry
— hgriuwugy — YgriuFwdueg®™ Ry,
— 2puwugry — 2¢u;w ue g™ Ryt j1
+ YuPugptr w4+ YuFueg®™ Ry tr w'
— g1 (wiy — rig) (wj — rj1) g™

+ p(wi — rig) (wig — r17) g™ tr w" — cwyptrw?,

We replace third derivatives of u by derivatives of w;;. Equations (5.11)
and (5.9) allow to replace these terms by terms involving at most second
derivatives of u
wij(wllgij — Wiji1) >
>2puyw w1 — 20w w g — YgnuFwwgg + YgruFwrgg
— 2pusw w1 + 20uw e + YuFwigtr w? — PuFrygtr w®
+ Yw? trw — cwyptr w?
22)\¢w11wijuixj — )\d)wllukxktr w + 1pw%1tr w9 — cwytr w¥

> — cMpwitrw” + ww%ltr wY — cwyitr w¥

This gives

1 . g
—w" (w115 — wiji11) > —cAptr wY + hwitrw? — etrw?. (5.17)
w11



SCHOUTEN EQUATIONS WITH BOUNDARY 15

We estimate the respective terms in (5.13) using (5.16) and (5.17) and obtain

0> {1/1(1011 —c\) + (A—c— ﬂ)}trwiﬂ'. (5.18)

w11

Assume that all ¢’s in (5.18) are equal. Now we fix A equal to ¢+ 1. Then

(5.18) implies that wy; is bounded above. O
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