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§1 Boolean functions and the Fourier
expansion

§1.1 Boolean values and operations
In computer science, the two-element set of Boolean values
B = {FALSE, TRUE}

together with the unary operation NOT and binary operations like AND, OR, XOR
(exclusive or) are omnipresent. If one encodes FALSE by 0 and TRUE by 1, as it is
common in computer science, the XOR and AND operations become just addition and
multiplication in the finite two-element field

F, = {0,1}.

It is therefore common to work with the field IF, rather than with B. Perhaps unexpect-
edly, we will work however most of the time with the field of real numbers R instead
of IF,. At first sight, this seems to complicate things since the addition is no longer the
important XOR operation. If we encode FALSE by the real number 0 and TRUE by the
real number 1 and if we have a Boolean-valued function f: D — {0,1} C R defined on a
finite set D, then we can count the number of all x € D mapped to TRUE by }_ .p f(x).
For such matters, we often work with

{0,1} C R.

In fact, it turns out that most of the time still another model is more advantageous: We
will preferably use
{-1,L1} C€R

with the perhaps counterintuitive convention that
—1 stands for TRUE and 1 for FALSE.

The advantages of working with {—1,1} will become clear shortly. For the time being,
just note that a Boolean-valued function f: D — {—1,1} C R defined on a finite set
D attains both truth values equally often if and only if }".cp f(x) = 0. The reasons
for our choice of the counterintuitive convention that —1 stands for TRUE are not very
important but note that —1 = (—1)! and 1 = (—1)°. Also note that in this way the
multiplication on {—1,1} gets the XOR operation.



Remark 1.1.1. In the following, we will freely move between our different boolean
models which are resumed in the following table:

B F, = {0,1} {0,1} CR {-1,1} CR
FALSE 0 0 1
TRUE 1 1 -1
NOT x—1+x x—1—x X —X
AND . . (x,y) — W
OR (xy)—»x+y+xy (vy) o xty—xy (xy)— Y
XOR + (v, y) = x+y—2xy

Priority will be given to the models from right to left.

§1.2 Real-valued Boolean functions and their Fourier transform

Definition 1.2.1. A real-valued Boolean function is a function from {—1,1}" to R where
n € INog. The number 7 is called its number of input bits. A Boolean function is a function
from {—1,1}" to {—1,1}, in other words a real-valued Boolean function that is Boolean-
valued.

The previous definition should be understood in a flexible sense according to Re-
mark 1.1.1. Often, we might use a different model for truth values on the source and
the target. For example, a function from IF§ to {0,1} C R is a Boolean function on 6 bits.
The main aim of this lecture is to investigate Boolean functions. However, many con-
cepts generalize automatically to real-valued Boolean functions and the latter are also an
important tool.

Remark 1.2.2. Remember that {—1,1}? is a singleton whose only element is the empty
tuple () (which equals the empty map @ — {—1,1} or the empty set @). A real-valued
Boolean function on 0 bits is thus given by a real number, and a Boolean function on 0
bits is given by a truth value.

Notation 1.2.3. Let n € INj.
(a) We write [n] :={1,...,n}.
(b) For S C [n], we introduce the monomial function

xs: {-1L1}" >R, x—x°:=]]x.
i€S

(c) For any set A, we denote by
P(A):={S|SC A}

its power set, i.e., the set of its subsets.
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(d) For sets A and B, we denote by
AAB:=(A\B)U(B\A)
their symmetric difference.

(e) Forx € {—1,1}", we introduce

1 ify=ux,
O {-1,1V" = R, y —
a } Y {O otherwise.

(f) For S C [n], we introduce

1 ifS=T,

ds: P([n]) = R, T — i
0 otherwise.

(g) We write x ~ {—1,1}" to denote that x is a uniformly chosen random element from
{—1,1}". Equivalently, the n components of x are independently chosen to be 1
with probability  and —1 with probability 3. We always write random variables
in boldface. Probabilities Pr and expectations E will always be with respect to a
uniformly random x ~ {—1,1}" unless otherwise specified. Thus if f: {—1,1} —
R, then E[f(x)] stands for o Yxe{-1,1} f(x). We also often write just E[f] instead.

Lemma 1.24. Letn € Npand S, T € #([n]). Then xsxt = XsAT-

Proof. For x € {—1,1}", we have

(xsxr)(x) = xs(x)xr(x) = Hxini = H Xi H xi2 = H Xj = XsaT(%).

ieS ieT ieSAT ieSNT ieSAT

Lemma 1.2.5. Letn € INg and S € Z([n]). Then

1 ifS=0
1xs] x~{—1,1}" [gxll a(S) {O if S # @.
Proof. If S = @, then Ex[xs(x)] = E[1] = 1. Otherwise,
E [H Xi] = HE[Xi]
X Lies i€s i

because the random bits x, . . ., X, are independant. But each of the factors Ey, [x;] in the
above nonempty productis 11+ 3(—1) = 0. O
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Definition 1.2.6. Let n € INy. We define a scalar product on the finite-dimensional real
vector space R{-11}" by

(F,8)=5 L fg)=_ B [f(3(x)] = Elfg]

xe{—1,1}n {1

for f,g¢ € RI=11". Equipped with this scalar product, the vector space R{~1}" be-
comes an euclidean space. It also becomes a normed vector space since the scalar prod-
uct induces a norm given by

1Fl2:= \/4f. ) = B

for f € RI-11}",
Proposition 1.2.7. Let n € INo. The family (xs)sc [y of monomial functions is an orthonormal

basis of the euclidean vector space R1=11}",
Proof. Since #2([n]) = 2" = #{—1,1}" = dim R{-11}", it is enough to show that

(xs,xr) = 0s(T)
forall S, T € Z([n]). But this follows immediately from Lemmata 1.2.4 and 1.2.5. [

We call (xs)sc|n the Fourier basis of R{-11". Our most important tool will be the
Fourier expansion of a real-valued Boolean function.

Proposition 1.2.8. Let n € INg. For every f: {—1,1}" — R, there is a unique map
f:2(n])) - R
such that

(1.1) fx)= Y f(§)x°
SCln]

forall x € {—1,1}". The map

-~

Z RV 5 RZ(D) £y F

is a vector space isomorphism.

~ ~

Proof. Equation (1.1) can be rewritten f = Y sc(,) f(S)xs- The f(S) are therefore just the
coefficients of f with respect to the basis (xs)sc(s of R{-11}" 0

Definition 1.2.9. Let n € INp and f: {—1,1}" — R. The representation (1.1) of f is
called the Fourier expansion of f. For S C [n], the real number f(S) is called the Fourier
coefficient of f on S. The function fis called the Fourier transform of f. The map .# is
called the (Boolean) Fourier transform (on n bits). The degree of f is defined by

o~

mm@swgp¢(9¢o}ﬁf¢o

kgﬂ:{_m iff=0
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By Proposition 1.2.7 and linear algebra, it is clear that the Fourier coefficient ]?(S ) of
fonS C [n] can be calculated by

F(8) = (s, f = xSf(x)] .

xv{— 11}"{

Another orthonormal basis of the euclidean space {—1,1}" is the family (276, )¢ (—1,1}r
of needle functions. Consider now the Fourier transform .# and its scaled version

Frscated = 22.F : RUWY 5, RZ(M) | ¢ 255

If f € R=11}", then the functions ¢ := 27 f and f give the coordinates of f with re-
spect to the basis of needle functions and the Fourier basis, respectively, and F1e4(8) =

f. Hence Za1ed transforms coordinates with respect to the orthonormal basis (2’71 Ox) xe (—1,1}
into coordinates with respect to the orthonormal basis ( XS)sg[n]- In particular, Fgcaled

is an orthogonal linear map with respect to the standard scalar products on R{-11}" and
RZ(") (which is different on R{=11}" from the one we use). Hence

Y. flxglx)= Y 22f(S)2:g(S)

xe{-1,1}n SCn)
forall f,¢ € R=V1". This is
Plancherel’s Theorem. For any f,g: {—1,1}" = R,
(f.8) =Elfsl= Y f(s

SCln]

Of course, it can also be directly verified. A special case of this is

Parseval’s Theorem. For any f: {—1,1}" —» R,

I = (f.f) =BIfFl = X F(S)

SCn]
In particular, if f: {—1,1}" — {—1,1} is a Boolean function, then || f|]>» = 1.

Example 1.2.10. Reconsidering the rightmost column of the table in Remark 1.1.1, we
see that indeed

| FALSE |, = V12 =1,
ITRUE |2 = 4/(-1)2 =1,

INOT 2 = /(12 =1,
ol (1) (3 = (1) + () -
jorta = (1) (8) + () + (2) -1

| XOR | = V12 =1
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Of course, if n > 1 is fixed, not every f: {—1,1}" — R lying on the unit sphere is a
Boolean function since the unit sphere contains infinitely many points.

Example 1.2.11. Fix x € {—1,1}". Since 6,(S) = (xs,6x) = Ey (—11p [y56:(y)] = ’2‘—,5;,
the Fourier expansion of 2”6, is

26, = 2 xSXS.

SC[n]

Definition 1.2.12. Given two Boolean functions f,g: {—1,1}" — {—1,1}, we define
their (relative Hamming) distance to be

dist(f, §) = Pr{f (x) # g(x)]
the fraction of inputs on which they disagree.

Proposition 1.2.13. The relative Hamming distance is a metric on the set of boolean functions
on n bits.

Proof. Let f,g,h: {—1,1}" — {—1,1}. Then it is clear that dist(f,g) > 0, dist(f,g) =
0 < f = ganddist(f,g) = dist(g, f). Finally, dist(f,g) < dist(f,h) + dist(h, g)

since

x

dist(f,g) = Pr[f(x) # g(x)] < Pr[f(x) # h(x) or h(x) # g(x)]
< Pr{f(x) # h(x)] + Pr{h(x) # g(x)] = dist(f, h) + dist(h, g)

O]

The relative Hamming distance gives a nice interpretation of the scalar product be-
tween two Boolean functions, namely as a measure of how similar they are.

Proposition 1.2.14. If f,¢: {—1,1}" — {—1,1},

(f,8) = Pr(f(x) = g(x)] = Pr[f(x) # g(x)] = 1 —2dist(f,g).

Proof.
(f.9) = E sk
= Pr[f(x)g(x) = 1] — Pr[f(x)g(x) = —1]
= Prf(x) = g()] = Prf(x) # g(x)]
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The mean of f: {—1,1}" — R is E[f]. When f has mean 0, we say that it is unbiased,
or balanced. In the particular case where f: {—1,1}" — {—1,1} is a Boolean function,
its mean is E[f] = Pr[f = 1] — Pr[f = —1] and thus f is unbiased if and only if it attains
each truth value at exactly half of the points of {—1,1}". The next proposition shows
that a real-valued Boolean function f is unbiased if and only if its empty-set Fourier
coefficient is 0.

~

Proposition 1.2.15. Let f: {—1,1}" — R. Then E[f] = f(D).

Proof. E[f] = E[Lf] = (L f) = (xo. f) = f(D) D

The Fourier coefficient f(@) thus yields already an important global information on
f. This is an instance of the following more general idea behind the Fourier basis:
Given f: {—1,1}" — {—1,1}, each Fourier coefficient of f gives information on the

~

global behavior of f. The coefficients f(S) for small sets S give the rough global behavior,
and the coefficients f(S) for big S are responsible for the global fine tuning. The overall
hope is that the fine tuning is not so important for many Boolean functions appearing
in practice and one can therefore get a good idea of the global behavior of f by just
studying f(S) for small sets S. In contrast to this, the coefficients with respect to the
basis (226, ) e {—1,1» of needle functions give only information about the local behavior of
f,namely about the values of f at individual points. The Fourier transform .# converts
all the local information to global information since its scaled version .#yjeq performs

the base change from the basis of needle functions to the Fourier basis.

Next we obtain formulas for the variance of a real-valued Boolean function (with the
same conventions as for the expectation and the probability).

Proposition 1.2.16. (a) The variance of f: {—1,1}" — Ris

Var[f] = E[(f — E[f])?] = E[f}] —E[f2 = |f —E[f][3 =" ¥ F(5)%

045 ]

(b) For f: {—1,1}" — {—1,1}, we have

Var[f] = 1 E[f]? = 4Pr[f(x) = 1] Pr[f(x) = ~1] € [0,1]

X X

and this is 0 if and only if f is constant, and 1 if and only if f is unbiased.
Proof. (a) Var|[f] = E[(f — E[f])?] equals on the one hand

E[f* — 2f E[f] + E[f]*] = E[f*] - 2E[f]* + E[f]” = E[f*] - E[f?]

and on the other || f — E[f] H% From Proposition 1.2.15 and Proposition 1.2.8, we get

f-Efl= Y ]ﬂsm

@#SCn
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and therefore by Parseval

(b)

Var(f] 2 E[f2] - E[f]* = E[1] - E[f]* = 1 — E[f]?
= (Prlf(x) = 1] + Prlf(x) = ~1])* ~ (Pe[f(x) = 1] — Pr[f(x) = ~1])?
= 4Pr[f(x) = 1] Pr[f(x) = ~1] = da(1 - )

with a := Pr[f(x) = 1] € [0,1]. The rest follows by discussing the graph of

0,1 = R, b+ 4b(1 —1D).

Proposition 1.2.17. Let f: {—1,1}" — {—1,1}. Then
2¢ < Var|f] < 4e
where ¢ := min{dist(f, 1), dist(f, —1)}.

Proof. Seta := dist(f,1). Then dist(f, —1) = Prc[f(x) # —1] = 1 —Prk[f(x) # 1] =
1 —dist(f,1) = 1 —a and by Proposition 1.2.16(b) Var[f] = 4(1 —a)a. If a < 1, then

1—112%and2€:2a:4%a§4(1—a)a:Var[f] §4a:4s.lfa2%,thenl—a§%

and 2e =2(1 —a) =4(1—a)3 <4(1—a)a = Var[f] < 4(1 —a). O

By using Plancherel in place of Parseval, we get a generalization of Proposition 1.2.16(a)
to covariance:

Proposition 1.2.18. The covariance of f,g: {—1,1}" — Ris

Cov(f, 8] = E[(f — E[f])(¢ — E[g])] = E[fg] — E[f] E[g] = F(5)3(9).

§1.3 Probability densities and convolution

Definition 1.3.1. Let D # @ be a finite set. A function f: D — R is called a (proba-
- mass , . 1 .
bility) {density} functionon D if Y cp f(x) = {#D}' We write x ~ f to denote that a

random element x from D is drawn from the associated probability distribution which

is defined by Pry¢[x = y| = {];((3))} fory € D.
#D
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Definition 1.3.2. The (Fourier) weight of f: {—1,1}" — R on the set S C [n] is defined
to be the squared Fourier coefficient f(S)2.

The Fourier weights of a Boolean function sum up to 1 by Parseval’s Theorem. If f is
a Boolean function, then f 2 is thus a probability mass function on 2([n]).

Definition 1.3.3. Given f: {—1,1}" — {—1,1}, the spectral sample for f is the probabil-
ity distribution in #([n]) with probability mass function f 2.

The spectral samples of AND and OR are uniformly distributed on {®, {1}, {2},{1,2}}
as can be seen from the table in Remark 1.1.1.

Definition 1.3.4. Let f: {—1,1}" — R and 0 < k < n. The degree k part of f is

= Y. f(5)

SCln]
#5=k

and we call

If=l3 = Y f(5)?
Pl

the (Fourier) weight of f at degree k. If f is a Boolean function, then

If=llz = Pr [#S =K].
S~f 2

We will also sometimes use notation like

fao=Y f(s
SCln]
#S<k
and call
If<l3= Y f(S
SC[n]
#5<k

the weight of f in degree < k.
Remark 1.3.5. If ¢ is a density functionon {—1,1}" and g: {—1,1}" — R, then

L=l = E | 903k

Definition 1.3.6. If © # A C {—1,1}", we write @4 for the density function associated
2
= ifxeA
to the uniform distribution on A, i.e., x) =<4 #4A ' . We typicall
Pa) = 00" e (o113 a0 Ve typically

write y ~ A rather thany ~ ¢4 [— 1.2.3(g)].
Example 1.3.7. By Example 1.2.11, every Fourier coefficient of ¢(1, 1)y is 1,
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Reminder 1.3.8. A commutative real algebra is a real vector space (V, +, -) together with
a binary operation o such that

e (V,+,0) is a commutative ring (with one) and

e (A-x)oy=A-(xoy)forall A € Rand x,y € V, ie., the scalar multiplication
and the ring multiplication are compatible.

As mentioned in Proposition 1.2.8, the Fourier transform .% is a vector space isomor-
phism from R{-11}" to RZ("), Now both R{=11}" and R?(I")) are not just real vector
spaces but even commutative real algebras with the pointwise multiplication we have al-
ready used in the case of R{=11}", We now introduce on either of R{~11}" and RZ (")
an alternative multiplication called convolution and denoted by * that corresponds to
pointwise multiplication “on the other side of the Fourier transform”.

Definition 1.3.9. (a) The convolution of f,g: {—1,1}" — R is defined by
frg:=F((F(NZF3))
(b) The convolution of F,G: & ([n]) — R is defined by
F«Gi= Z((F(F)(F1(G))).

By construction, we have Z(f x g) = Z(f)Z#(g) for all f,¢: {-1,1}" — R and
F Y FxG) = (F7YF))(FYG)) forall F,G: £([n]) — R. Therefore the convolu-
tion makes each of R{~11" and R” (")) into a commutative algebra and . is not just a
vector space isomorphism but even an algebra isomorphism (i.e., in addition a ring ho-
momorphism) if one takes the pointwise multiplication on one of R{~1}" and R(I"))
and the convolution on the other. As this will be extremely important, we formulate
part of this observation in the following proposition:

Proposition 1.3.10. Forall f,g,h: {—1,1}" = R,
(@ frg=1g

(b) f+g=fg

(© (f*g)*xh=fx*(g*h)

(d) (f*@) #h=fx(gxh)

() frg=gxf

(B f+8=8xf.

Theorem 1.3.11. Consider the abelian groups {—1,1}" with pointwise multiplication and
P ([n]) with the symmetric difference [— 1.2.3(d)]. Consider the group isomorphism

:{=1,1}" - 2([n]), x = {i| x; = -1}
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and the natural algebra isomorphism
e R7UD 5 RV F s Fou

Up to this isomorphism, the scaled version of the Fourier transform Fsppeq = 21.F is its own
inverse, i.e.,

* * .

U0 Fsealed © L © Fcated = id .

Proof. Let f: {—1,1}" — IR. We have to show 2" (.Z (i*(f))) = f, i.e.,
2" <f<o\tot> = f.

Evaluate this in a fixed x € {—1,1}". Then the claim becomes

—

2" foul{i|x; = ~1}) = f(x).

We rewrite this as
2"(Xqijx=—1), f o) = f(x).

This becomes

~

2" B Xy (| yi = -1} = f(x).

y~{-11}"

The crucial trick is now to observe

#{i\xi:fl,y;:fl} —

X{ilxi=—13(y) = (1) X{ily=—1} (%)

forally € {—1,1}" from which we get the equivalent formulation

-~

2" E Xiy=-—y (0 f{i [ yi = —1D] = f(x).

yw{—],l}"

This is equivalent to

Y xs(x)f(S) = f(x)

SCln|

which is clearly fulfilled due to

~

flx) = <Z]f<s>x5) (x)= Y xs(x)f(S).

SCln SC[n]

O]

Corollary 1.3.12. The scaled version 1%, ,; := 2"1*: R” () — RV of the natural algebra
isomorphism 1* [— 1.3.11] remains an algebra isomorphism if one takes the convolution (instead

of pointwise multiplication) on both sides.
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Proof. Let f,g: {—1,1}" — R. We have to show 2" (:*) " (f x ¢) = (") 71(f) = (*) "1(g).
By Definition 1.3.9, this means

2'()HFTHF(INZ () = Z(FZHOTHONFHE) (@),

which becomes immediately

24T o) (F(NF(9) = Z (5o Z) 0 F)7H Q)

In terms of F1eq = 22.%, this means

(ﬁscaled © l*)il((ﬂscaled<f))(gscaled(g») =
yscaled(((l* © yscaled)_l(f))((l* © yscaled)_l(g)))‘

But Fscaled © 1F and ¥ o Fq1eq are both self-inverse by Theorem 1.3.11 so that this re-
duces to

(g;scaled © [*)((yscaled (f))(yscaled (8))) = yscaled((([* © ﬁscaled)(f))(([* © yscaled)(g)))

which is clear. O

Theorem 1.3.13. Let f,g: {—1,1}" — R. Then
@ (f*8)(x) = By [f (¥)8(xy)] = By a1y [f (xy)g(y)] for all x € {—1,1}" and
(b) (f*8)(S) = Lrcp F(T)F(S AT) = Ly f(S A T)(T) forall S C [n]

Proof. (b) follows easily from the Fourier expansion since
(F<2)(8) = fg(8) = ¥ FMz(W)
T,UCn]

TAU=S

for S C [n] because

fg= ( Y. J?(T)XT> ( ) §(U)Xu> =) Yo A(T Xs-
TC[n] Ucin| SCn] TAUE

To prove (a), we start with a reformulation of (b), namely that

(FxG)(S)= )_ F(T)G(SAT)

TC([n]

forall F,G € R”(I") and S C [n]. Using the group isomorphism ¢: {—1,1}" — 2([n])
from Theorem 1.3.11, this means

(F+G)(ux)) =}, F(y)G((xy)),

ye{-L1}"
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or in other words

(C(E«G)(x) = ), ((E)WE(G)(xy),

ye{-1L1}"

forall F,G € R?(") and x € {—1,1}". Using L aleq from Corollary 1.3.12, this can be
rewritten as

((L:caled(l:)) * (l;kcaled(G)))(x) = ye{Pl,l}”Kl:caled(]:))(y) (l:caled(G))(xY)]

forall F,G € R”(") and x € {—1,1}". O
Corollary 1.3.14. Let ¢ be a probability density function on {—1,1}".

@) If f: {=1,1}" = R, then (¢ * f)(x) = Ey~o[f(xy)] forall x € {-1,1}".

(b) If ¢ is also a probability density function on {—1,1}", then so is ¢ * , and if x ~ ¢ and
y ~ 1 are drawn independently, then xy ~ ¢ * 1.

§1.4 Application: The test of Blum, Luby and Rubinfeld

Proposition 1.4.1. Let f: {—1,1}" — {—1,1} be a boolean function. Then the following are
equivalent:

@ Vx,y e {=1,1}": f(xy) = f(x)f(y)
(b) 3SC [n]: f = Xxs
Proof. (b) = (a) If S C [n] and f = xs, then f(x)f(y) = x°y° = (xy)° = f(xy) for
all x,y € {-1,1}".

(a) => (b) Suppose (a) holds. Fori € {1,...,n}, letel) € {—1,1}" be defined by
e]@ :=1ifj #iand 31@ = —1.SetS:= {i| f(e)) = —1}. Then forall x € {—1,1}",

flx) = f q o) | @ 1—! () = TT (=1) =«

icS
Xizfl x,':71 xi:fl

O

Remark 1.4.2. In the preceding proposition, consider f as a function IF; — IF, according
to Remark 1.1.1. Then condition (a) becomes Vx,y € IF; : f(x +y) = f(x) + f(y). This
implies f(0) = 0 and therefore YA € IF, : f(Ax) = Af(x). So condition (a) is equivalent
to f being IF>-linear. Condition (b) becomes 35 C [n] : Vx € F} : f(x) = Y;c5 x; which
means that f has a matrix representation. Indeed, Proposition 1.4.1 and its proof are
known from linear algebra.
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Lemma 1.4.3. Consider the function i: [0,1] — R, x — 3x — 10x% 4 8x°.

=1
= 1.

(a) his strictly monotonically increasing on [0, %T‘/E] with 1(0) = 0and h (%)
(b) h(x) > Lforallx [ ﬁ,ﬂ

Proof. (a) W' (x) = 3 —20x + 24x* = 24<x—%ﬁ) (x—ﬂl—ﬁﬁ) for all x € [0,1],
W(0)=3>0, 22 <57

(b) h(x)— ;=38 <x - Z_Tﬁ> (x—1) (x - 2+4ﬁ) forall x € [0, §]

O
Lemma 1.44. Let f: {—1,1}" — {—1,1} be a boolean function. Then
1
o T O =100 = 5 5 B
independent
Proof.
o o 09) = FOOf ()] = PrIfCOf(y)f (xy) = 1]
independent
|5+ /S| = 3+ E[f( >§[f<y>f< X))
e §+ BRG] 54 B
) 131001 1 ~ 3
2024 2 5
2 i 2 SC[n] ¥
O

Theorem 1.4.5 (robust version of 1.4.1). Let f: {—1,1}" — {—1,1} be a boolean function.
Consider the following conditions for e € R>q:

@) Proy (11 [f(xy) = f(x)f(y)] =2 1—¢

independent
(be) 3S C [n] : dist(f, xs) < ¢
Then (b,) implies (az), and conversely

o (a) implies (be) for all e > 0, and

o (a5_10e2480) implies (be) if e < 2¥2 ~ 0.146.
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Proof. The proof of (b)) = (a3) is a robust version of the corresponding part of the
proof of 1.4.1: Choose S C [n] with dist(f, xs) < €. Then

Pr [f(xy) = f(x)f(y)] > Pr[f(xy) = xs(xy) & f(x) = xs(x) & f(y) = xs(y)]

xy~{-1,1}" X,y

independent
=1- £§[f (xy) # xs(xy) or f(x) # xs(x) or f(y) # xs(y)]
>1- f;[f(xy) 7 xs(xy)] = Pr[f(x) # xs(x)] - Pr[f(y) # xs(y)]

13.140) 4 3Pr[f( ) # xs(x)] "2 1= 3dist(f, xs) > 1 — 3e.

For the proof of (az,_1ge2g3) = (b¢), the ideas of the proof of 1.4.1 do not help. We
have to use Lemma 1.4.4. Choose T C [n] minimizing J := dist(f, x7). Forall S C [n]
we have dist(f, xs) > dist(f, xr) and therefore f(S) < f(T) = 1 — 26 by 1.2.14. Hence
we have by Lemma 1.4.4 that

N\H
N\H

(x)  Prlf(xy) = f(x)f(y)] <

(1—24) Z 1 (1—25)_1—5.
X,y SCn

We first suppose that ¢ > 0 satisfies (a;) and we will show that § < e. Now

(a) (%)
1—e 2 Pr [fxy) = F0f(y)] 210

xy~{-11}"
independent
from which ¢ < ¢ indeed follows.
Now suppose that € € [O, %) tulfills (az,_10e2,8:3).- We have to show again § < e.
Using the function / from Lemma 1.4.3, we have then

()
1—h(e) <Prf(xy) = f(x)f(y)] <1-9,

X,y
ie.,

5 < h(e)

s<2<’Tﬁ . (2— \/§> 1.4.3(a) 1

1.4.3(a) 4 4

For S C [n] with S # T, we have (xs, xr) = 0 and therefore dist(xs, x7) = 3 from
which it follows that

N

1.2.13
1-— 2diSt(f,}(5) = Z(diSt(Xs,XT) — diSt(f,Xs)) < Zdist(f, XT) = 26.
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~

and therefore f(S) < 26. We now get

HO S P 68) = S5
independent

1441 1 ~ 3
=515 LSS
2 2.5
3 1 7 2
(1—26)%+ ESCE 26f(S)
C[n]
S#£T

(1-20°+6 Y f(5)?
H

IN
N =
N =

+

N
N —

~

(1-26)° +6(1— f(T)?)

_|_

(1—-26)%46(1—(1—26)%)

+

=R NI, NP, N

~(1—26)% +46* — 46°
— 35+ 106 — 863

+
N

|
=
~
>
—
<

ie, h(6) < h(e) < ; and so by Lemma 1.4.3(b) we have § < Z%E and therefore by
Lemma 1.4.3(a) 6 < e. O

Remark 1.4.6. (a) Proposition 1.4.1 is the special case of Theorem 1.4.5 where ¢ = 0.

(b) In Theorem 1.4.5, for small ¢ > 0, the condition (az,_1(.2,g3) is just a little stronger
than (asz), i.e., the shown implication (az,_12,83) = (be) is just a little weaker
than (aze) = (b¢). For small ¢, Theorem 1.4.4 proves thus almost equivalence of
(aze) and (be).
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§2 Basic concepts and social choice

§2.1 Social choice functions

A Boolean function f: {—1,1}" — {—1,1} can be thought of as a voting rule or a social
choice function for an election with 2 candidates and n voters. The most familiar voting
rule is the majority function:

Definition 2.1.1. Let n € IN,.

(a) For odd n, the majority function Maj,,: {—1,1}" — {—1,1} is defined by Maj, (x) :=
sgn(xq +---+xy,) forallx € {—1,1}".

(b) A function f: {—1,1}" — {—1,1} is called a weighted majority or (linear) threshold
function if there are ap, . ..,a, € R such that f(x) = sgn(ag + a1x1 + ... + a,x,) for
all x € {-1,1}".

(c) AND,,OR;: {—1,1}" — {—1,1} are defined by

AND,(x)=-1:<= x1=...=x, = —1 and
OR,(x)=1:<= xy=...=x,=1.

forallx € {—1,1}" [~ 1.1.1].
(d) Fori € [n], xi := xy;y is called the i-th dictator function.

(e) For k € Ny, a function f: {—1,1}" — {—1,1} is called a k-junta if it depends on
at most k of its input coordinates, i.e., there is ¢ € {0,...,k}, pairwise different
it,...,ip € [n] and g: {—1,1}* — {—1,1} such that f(x) = g(x;,...,x;,) for all
x e {-1,1}".

(f) For odd n and ford € INy, the depth-d recursive majority of n function, denoted Majffd,
is the Boolean function of n bits defined inductively by Maj°(x) := x and

Maj2® 1 (xM), . xM) .= Maj, (Maj®? (x 1), ..., Maj?4 (x™))
forall x(M), ..., x() ¢ {-1, 1}”d. In particular, Majf?l = Maj,, for all odd n.

(g) For w,s € Ny, the tribes function of width w and size s, Tribesy,s: {—1,1}* —
{—1,1}, is defined by

Tribes,s(x1), ..., x()) := OR,(AND,, (xV), ..., AND, (x*)))

forall xM), ..., x(" € {—1,1}7.
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While the tribes function seems implausible, it appears in practice: Consider s nuclear
states (tribes) each having w military commanders. A nuclear war is started if and only
if in at least one of the nuclear states the military commanders are unanimously in
favor of throwing a nuclear bomb. Here are some natural properties of 2-candidate
social choice functions which may be considered desirable:

Definition 2.1.2. We say that a function f: {—1,1}" — Ris

o monotoneif f(x) < f(y) whenever x,y € {—1,1}" withx; < y; foralli € {—1,1}",

odd if f(x) = —f(—x) forall x € {-1,1}",

unanimous if f(1,...,1) =land f(-1,...,—1) = —1,

symmetric if f(xy(1),- .-, Xo(n)) = f(x) forallx € {~1,1}" and alls € S,

transitive-symmetric if for all i, j € [n] there is some o € S, such that ¢(i) = j and
f(xg(l), ce ,xo(n)) = f(X) forall x € {—1, 1}”

Example 2.1.3. Let n € INg. Consider the properties from Definition 2.1.2.

(a) For odd n, Maj, has all properties and it is the the only monotone odd symmetric
Boolean function on 7 bits.

(b) Maj,, (for odd n), AND,, OR, and yx; (for i € [n]) are Boolean linear threshold
functions.

(c) AND, and OR, satisfy all properties except oddness for n # 1 and unanimity for
n = 0.

(d) The dictator functions satisfy the first three properties but for n > 2 they do not
satisfy the last two.

(e) There are exactly 2n 42 1-juntas on n bits, namely the n dictators, the n negated
dictators and the two constant Boolean functions.

(f) For d € Ny and for odd n, Maj,?d satisfies all properties except,if n > 3and d > 2,
symmetry.

(g) For w,s € IN>p, Tribesy s is monotone, not odd, unanimous, not symmetric but
transitive-symmetric.

§2.2 Influences and derivatives

Definition 2.2.1. For x € {—1,1}" and i € [n], we set

bi .
X i= (X1, Xim1, =X, Xig 1, e Xn)-
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We say that the coordinate i € [n] is pivotal for f: {—1,1}" — {-1,1} on input x if
f(x) # f(x®"). The influence of coordinate i € [n] on f: {—1,1}" — {—1,1} is defined
to be the probability that i is pivotal on a random input:

Infi[f]:= Pr_ [f(x) # f(x™)].

x~{—=1,1}"

Example 2.2.2. Let n € N. Then Inf;[OR,] = Inf;]AND,] = 2!~". For odd n,

Infi[Majn] = (nn_11>21n‘

2
Definition 2.2.3. Forx € {—1,1}",i € [n]and b € {—1,1}, we set

i—b) . __
x(0) . — (x1, -, %i-1,b,%i 401, .., Xn).

For i € [n], we introduce the i-th (discrete) derivative operator

D;: RV o R £y <x . f(x=D)y —f(x(ml))>
: ) . '

The derivative operators just introduced are vector space endomorphisms. If

f:{-1,1}" - {-1,1}

is a Boolean function, then x — D; f(x)? is the 0-1-indicator for whether i is pivotal for
fonx e {~1,1}" and we conclude that Inf;[f] = E,_{_11}:[Dif(x)*]. We take this
formula as a definition for the influences of real valued Boolean functions.

Definition 2.2.4. We generalize Definition 2.2.1 to functions f: {—1,1}" — R by defin-
ing the influence of coordinate i € [n] on f to be

nflf] = E  [Df(0% = DS

Definition 2.2.5. We say that coordinate i € [n] is relevant for f: {-1,1}" — R if
Inf;[f] > 0,i.e., f(x("7D) # f(x(=~1D) for at least one x € {—1,1}".

The discrete derivative operators are quite analogous to the usual partial derivatives.

Remark 2.2.6. Leti € [n]and f: {-1,1}" — R.

~

@) Dif = Yscim f(S)xs\ i}

ieS

(b) For i & [n], Infi[f] = Tsciy F(5)*
ie$
Proposition 2.2.7. Let f: {—1,1}" — {—1,1} be monotone and i € [n]. Then

~

Inf[f] = F({i}).
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Proof.
221 N (i i —
(]2 Pr[£00 £ (] = e [O) £ f(x )
f monotone f(X(iHl)) —f(X(iH_l)) 2.2.3 R 226 ~ .
mee B . 2'E[D,f] = DiF(@) 2" f({i})

O]

Proposition 2.2.8. Let f: {—1,1}" — {—1,1} be transitive-symmetric and monotone and
€ [n]. Then

1
Inf; [f] < ﬁ
> . 2. n transitive-symmetric
Proof. 1 = T F(S) = Ty F{i}? "2 Ty Ing [ TS g 112,
]

expectation

Definition 2.2.9. Leti € [n]. The i-th { .
Laplacian

} operator is the vector space endo-

morphism {fl} of R{=11}" defined by
1

El-f(x) = E [f(xl,...,xi,hy,xi“,...,xn)]
y~{-11}
forall f: {—1,1}" > Rand x € {—1,1}" and
Lif == f = Eif

forall f: {—1,1}" - R.

Remark 2.2.10. Letf: {-1,1}" - Rand x € {—1,1}".
(a) Eif (x) = [0

(b) f(x) = Eif (x) + x;Dif (x) = Eif (x) + Lif(x)

(©) Eif (x) = Lscpn F(S)x°

i¢S
(d) Lif (x) = Tscp F(S)x°

ieS

(€ (f,Lif) = (Lif, Lif) = Inf;[f]
Definition 2.2.11. [— 2.2.4] The total influence of f: {—1,1}" — R is defined to be

= il Infi [f]
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Definition 2.2.12. Let f: {—1,1}" — {—1,1}. The sensitivity sens¢(x) of f at x is de-
fined to be the number of pivotal coordinates for f on input x [— 2.2.1].

Remark 2.2.13. For f: {—1,1}" — {—1,1}, I[f] = Ex[sens¢(x)]. [+ 2.2.1]
Theorem 2.2.14. Fix n € Ny. For f: {—1,1}" — {—1,1},

Bf#{i € [n] | xi = f(x)} 2i f{i})

N\S

and, for odd n, this is maximized if and only if f = Maj,.
Proof. Let f: {—1,1}" — {—1,1}. The left hand side equals

i1+§T@&_Z+;ffxu

i=1 =1

which equals the right hand side. Moreover,
1 n
5 L) = B () (a + - +x0)] S Ellxa £ 4]
i=1
with equality if and only if f(x) = sgn(xq +--- + x,) for all x € {—1,1}" with x; +
c++x, #0. If nisodd, then x; + -+ - +x, #0forallx € {—1,1}". O

Corollary 2.2.15. [ 2.2.7] Let n € N be odd. Among all monotone f: {—1,1}" — {—1,1},
Maj,, is the only one with maximal total influence.

Definition 2.2.16. [— 2.2.3, 2.2.9] We introduce the (discrete) gradient operator

Dif(x)
V: RV o (R £ [ 4 :

D f(x)
and the Laplacian operator L := Y" | L;: RI=11" — R{-11}",
These are of course linear maps.

Remark 2.2.17. [— 2.2.10] Let f: {—1,1}" — R.

~

@) Lf = Yscp(#S)f(S)xs
(b) {f,Lf) =1[f]

(©) I[f] = s (#5)F(5)? = Lokl fxll3 [ 13.4]
Remark 2.2.18. Let f: {—1,1}" — {—1,1}and x € {—1,1}".

@) [|Vf(x)[|* = sensg(x)
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(b) Lf(x) = f(x)sensg(x)
(© 11f] = Eg_;.#5] [ 133]
Proposition 2.2.19 (Poincaré inequality). Let f: {—1,1}" — R. Then Var[f] < I|[f].

Proof. Var[f] ““EW voc i F(9)2 < Toep (#8)F(5)2 P2

S£D

If] ]

§2.3 Noise stability

Reminder 2.3.1. Consider random bits x ~ {—1,1} and y ~ {—1,1} both drawn uni-
formly from {—1,1}, but this time not necessarily independently (e.g., one could draw
x ~ {—1,1} and then set y := x). The joint probability distribution of x and y (i.e., the

distribution of (x,y)) is givenby A := Pr[x = —1 = y] € [0, 3] since
A+Prfx=—1&y=1=Prjx=—1] = %

and analogously A + Pr[x = 1&y = —1] = 1. Actually, one sees immediately that
each A := Pr[x = —1 = y| € [0, 3] is realized by a unique probability distribution on
{—1,1}2. We have E[x] = 0 = E[y| and therefore

Cov[x,y] = E[(x — E[x]) (y — E[y])] = E[xy],
Var[x] = E[(x — E[x])?] = 1 and similarly Var[y] = 1. Therefore the correlation of x and
y is
Cov|x,y]

Var[x] Varly]
— Prlf(x) = f(y)] — Prlf(x) # f(y)] =2 — (1-21) =42 — 1 € [-1,1].

The joint probability distribution of x and y is thus uniquely determined by the corre-
lation Corr|x, y] of x and y which can take arbitrary values between —1 and 1.

Corr|x,y| = = Cov|x, y|] = E[xy]

Definition 2.3.2. Fix ¢ € [—1,1]. If two random x,y € {—1,1} are chosen in such a
way that the n pairs (x1,y1), ..., (Xs, yn) are independant, both x and y are distributed
uniformly on {—1,1}" and for each i € [n], the joint distribution of x; and y; is the one
with correlation ¢ [ 2.3.1], then we call x and y o-correlated.

Definition 2.3.3. Let x € {—1,1}". Forall ¢ € [0,1], we write y ~ N,(x) to denote that
y € {—1,1}" is chosen at random as follows: For i € [n] independently,

L)X with probability o
yi uniformly random with probability 1 — o.
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For all ¢ € [—1,0], we set Ny(x) := N_o(—x). If o € [—1,1] such that y ~ N,(x), we
say that y is a g-reliable version of x. Thus, if ¢ € [—1,1], we geta'y ~ N,(x) by setting

. Jxi with probability 5 + 3¢
yir= —x; with probability % - %Q

for each i € [n] independently.

Lemma 2.3.4. Let g9 € [—1, 1]. Suppose that x ~ {—1,1}" is drawn uniformly at random
and then y ~ N,(x) is chosen as a random g-reliable version of x. Then x and y are ¢-
correlated.

Proof. Fix i € [n]. We have to show E[x;] = 0 = Ely;] and E|x;y;]
that E[x;] = 0. From Definition 2.3.3, we get E[y;] = (3 + 10)
0+0=0and E[x;yi] = ( +30) EX}] + (1 — 1o) E[-x?]) = ( _
Q. O

Definition 2.3.5. For f: {—1,1}" — R and ¢ € [—1, 1], the noise stability of f at ¢ is

Stab[f] == E  [f(0f(y)]
o-correlated

If f: {—1,1}" — {—1,1}, we have

Stabylf] = Pr [f(x) = f(y)] = Pr [f(x) # f(y)] =2 Py [f(x) = fly)] — 1

o0-corr. o-corr. Q-corr.

Definition 2.3.6. For f: {—1,1}" — {—1,1} and ¢ € [0,1], we write NS;[f] for noise
sensitivity of f at 5, defined to be the probability that f(x) # f(y) when x ~ {—1,1}"
is uniformly random and y is formed from x by reversing each bit independently with
probability ¢ (so that E[xy] = (1 —J) E[xx] + E[x(—x)] =1—6 — 6 = 1 — 26). In other
words,

1 1

NS5[f] = E — E Stablfz(s[f].

Example 2.3.7. The constant functions 1 have noise stability 1 ateach o € [—1,1]. The
dictator functions x;, satisfy Stab,[x(] = ¢ forall ¢ € [-1,1] and i € [n] (equiva-
lently NS;[x(;;] = d forall 6 € [0,1] and i € [n]). More generally,

Staby[xs] = E [y’]= E [H lyz] I, E [xyi] =TJo=0¢"
g ieS

0-corr. o-corr. |i€S ies XirYi

where we used the fact that the bit pairs (x;, y;) are independent across i to convert the
expectation of a product into a product of expectations.
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Definition 2.3.8. Let ¢ € [—1,1]. The noise operator with parameter ¢ is the vector space
endomorphism T, of R{-11}" defined by

Tof(x):= E [f(y)]

y~No(x)
forall f: {—1,1}" - Rand x € {—1,1}".
Proposition 2.3.9. For o € [—1,1]and f: {—-1,1}" - R,
Tf= Y &f(S)xs =) ¢ frc
SCln] k=0

Proof. By linearity, it is enough to show T,xs = 0" xs forall¢ € [-1,1] and S C [n]
which follows from

Toxs(x) = E [y’ ]=[1 E fyi]=]l(ex)=¢"xs(x).

y~No(x) ics Y~No(x) ics
Here we used the fact that for y ~ N, (x) the bits y; are independent and satisfy E[y;| =
(3 +30)x + (3 —30)(—x) = oxi. O
Proposition 2.3.10. Let o € [—1,1] and f: {—1,1}" — R. Then
Stab,[f] = (f, Tof).
Proof.

234 x~{-11}"
y~Np(x)

Staby[f]2° E [f(X)f(y)]=§[f(X> E(x)[f(y)]]

Corollary 2.3.11. Let ¢ € [—1,1]. Forall f: {—1,1}" — R, we have
Stab,[f] = ) ¢"F(S) = L o"l /=l
SC[n] k=0

In particular,

Staby[f] = E [0"]

S~f2
forall f: {—1,1}" — {—1,1}.
Proposition 2.3.12. Suppose that ¢ € (0,1) and f: {—1,1}" — {—1,1} is unbiased. Then
Stab,[f] < o,

with equality if and only if f € {x(n | i € [n]} U{—x |1 € [n]}.
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Proof. Since f is an unbiased Boolean function, we have Y}_; || f=||5 = 1 and

Staby[f] = zuf 30 < é\rfkrr%eze,

by 2.3.11 with equality if and only if || f—¢||5 = 0 forallk € {2,...,n}.! O
Proposition 2.3.13. For f: {-1,1}" - R,

d e
3o Stabelfl| _ = il

d
— =1I|f|.
Jo Stabels]| =111
Proof. Use 2.3.11, in case of the second claim together with 2.2.17(c). O

Definition 2.3.14. [~ 2.2.4, 2.2.11] For f: {—1,1}" — R, ¢ € [0,1] and i € [n], we
define the g-stable influence of coordinate i on f

() 231 #S—17

Inf: = D; = (D; TD

nf\?[f] := Stab,[D;f] “=" (Dif, T,Dif) 226( S}C%]Q f(S
i€eS

and the o-stable total influence of f

=ilnffg>m=i a3 stab ]

As ¢ increases from 0 to 1, Inflgg) [f] increases from Inf © [f] f{i})?*to Inf Lf] 238
|Dif|3 = *Z* Inf; [f] for any f: {—1,1}" — R and i € [n]. Consequently, at the same

time 119[f] increases from IV[f] = || f1[3 to IV[f] 22l I[f]. For o € (0,1), we
are not aware of an especially natural combinatorial meaning of the ¢-stable influence.
However, we will see later that the stable influences are technically very useful. One
reason for this is that every function f: {—1,1}" — {—1,1} has only a few “stably-
influental” coodinates.

Proposition 2.3.15. Suppose f: {—1,1}" — R has Var|[f] < 1 (e.g., if f is Boolean). Let
5,6 € (0,1]. Then I := {i € [n] | Infgl_‘s) [f] > €} has at most - elements.

Proof. We have 1179 [f] > e#I. It is therefore enough to show that I’ 9 [f] < 1. we

show in fact that 5119 [f] < Var[f]. Comparing 1.2.16 with 2.3.14, it suffices to show
that k6(1 — )1 < 1forallk € {1,...,n}. This follows by discussing the graph of

[0,1] = R, t — kt(1 — )k 1L,
O

INow the reader concludes with a little argument also used as at the end of the proof of 2.4.3. In future
versions of this script, one might want to formulate a suitable lemma.
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It is good to think of the elements of the set I in this proposition as the “notable” coor-

dinates for the function f. The monomial function x|, has n coordinates with influence

1 [— 2.2.6] but has no “notable” coordinate in this sense as soon as Infglf(s) (Xl =

(1—06)""! < g ie., as soon as 7 is large. The intuition becomes quite clear when one
discusses X[, as a voting rule. This voting rule maximizes theoretically the influence
of each voter [ 2.2.1] and yet in practice the voters would consider that they have no
influence, at least if n is big, for a couple of reasons one of which is that small noise
would lead to a quite random outcome of the election.

§2.4 Application: Arrow’s Theorem

When there are just 2 candidates, the majority rule seems to possess about all of the
mathematical properties that one ideally could expect from a voting rule [ 2.1.2,2.1.3,
2.2.15]. Unfortunately, as soon as there are 3 or more candidates, the problem of social
choice becomes much more difficult. For example, suppose we have three candidates
A, B and C and each of the n voters has a ranking of them. How should we aggregate
these preferences to produce a winning candidate? Condorcet proposed to conduct the
three pairwise elections A versus B, B versus C and C versus A and to hope that this
produces a Condorcet winner, i.e., a candidate winning both pairwise elections in which
he participates. Suppose 1 stands for a preference for the first candidate and —1 for
a preference of the second candidate in such a pairwise election. Then we encode a
ranking of an individual voter by a 3-tuple of consistent preferences, i.e., by an element
of the set

R:={(1,1,-1),(1,-1,-1),(-1,1,-1),(-1,1,1),(1,-1,1),(-1,-1,1)}

having 3! = 6 elements. For example (1,1, —1) stands for the ranking where A is first,
B second and C third.

Theorem 2.4.1. Consider a 3-candidate Condorcet election using the same voting rule f: {—1,1}" —
{—1,1} for each pairwise election. If each of the n voters chooses uniformly and independently

one of the 3! = 6 candidate rankings, then the probability of a Condorcet winner is precisely

3_3

i i Stab_% [f]

Proof. Let x,y,z € {—1,1}" be the votes for the elections A versus B, B versus C and
C versus A, i.e., the (x;,y;,z;) are chosen uniformly from R and independently across i.
The function

3 1 1 1
Q: {-1,1}* = {0,1}, w — i lelwz - lelag - 1@02&)3

is the 0-1-indicator function for R. The probability that there is a Condorcet winner is
thus

Elg(F(x), f(y), f(2))] = 3 — 3 BLFS(y)] — § ELF ()£ (2)] — 1 BIF3)f(2)]
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Since E[x;] = 0 = E[y;] and E[xjy;] = 2 — z = —3 for each i, we see that x and y
are (—3)-correlated in the sense of 2.3.2 so that E[f(x)f(y)] = Stab_1 [f] by Definition

2.3.5. Similarly, E[f(x)f(z)] = E[f(y)f(z)] = Stab_, [f] and the proof is complete. []

Corollary 2.4.2. In a 3-candidate Condorcet election using f: {—1,1}" — {—1,1}, the prob-
ability of a Condorcet winner is at most § + 5|| f1]|3.

Proof. From Theorem 2.3.11, we have that the probability in question is

2 3stab_ylr) = 5 - 5 (IolB— 310l + Gl ral - el +..)
<3 (1+ 3108+ el + gl fsl + )
<3 (1431l + el + 155l +.0)
<3 (1431 A1l ) = 5+ Sk

O]

Corollary 2.4.3 (Arrow’s Theorem). Suppose f: {—1,1}" — {—1,1} is a unanimous vot-
ing rule used in a 3-candidate Condorcet election. If there is always a Condorcet winner, then f
must be a dictatorship.

Proof. If there is always a Condorcet winner, then 1 < Z + 2||f4]3 < 7+ 3||f|}3 =
Z+ 32 = 1land thus ||[f-1]|3 = 1 = ||f||3. Hence f = f—1. We leave it to the reader to
show that f must then be a dictator or a negated dictator. Since f is unanimous, f is a
dictator.” O

2This is the same argument as at the end of the proof of 2.3.12. In future versions of this script, one might
want to formulate a suitable lemma.
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§3 Spectral structure and learning

§3.1 Low degree spectral concentration

Definition 3.1.1. We say that the Fourier spectrum of f: {—1,1}" — R is e-concentrated
on degree up to k if || f~i||5 < e [— 1.34]. For f: {—1,1}" — {—1,1} we can express this
condition using the spectral sample [— 1.3.3]: Prg_ 7, [#S > k| <e.

Proposition 3.1.2. Let f: {—1,1}" — R and suppose ¢ > 0. Then the Fourier spectrum of f
is e-concentrated on degree up to @

Proof. First consider the special case where I[f] = 0. Then Var[f] = 0 by the Poincaré

inequality 2.2.19. This implies that f is constant by 1.2.16. Then || f~o/|3 = 0 < &. Now
2

consider the case where I[f] > 0. From 2.2.17(c) it follows that I?Lf] ’f>1m H < I[f].
== 2

Thus [1£_ 3 < £, 3 < e 0

Proposition 3.1.3. Forany f: {—1,1}" — {—1,1} and 6 € (0, 3], the Fourier spectrum of
f is e-concentrated on degree up to  for e := 12 NS,[f] < 3NS,[f].

Proof. Consider the function ¢: (0,1] = R, t = 1 — (1 —2t)t. We have

and therefore

logt-2n) £ (—2) — log(1 — 2t)
QD,(t) —e : 1-2¢ tz

forallt € (0,1). Introducing g: [0,3) = R, t — —125; —log(1 — 2t), it follows that

sgn¢'(t) = —sgng(t)
forallt € (0,3). Because of g'(t) = W%— T = —(1_4%)2 < Ofort e [0,31)
and g(0) = 0, g is pointwise positive. Hence ¢ is monotonically increasing on (0, %)
Because of
: iy Cowesneny o o (1
11m(p(t)—hm<1 e ! >—1—1 0 —q)<2>,

1 1
t—1 t—1
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@ is moreover continuous. Therefore ¢ is monotonically decreasing on its whole do-
main (0, 3]. Now

2NSs[f] “2°1— Staby_o[f] "= 1— E [(1—-26)"]= E [1— (1 —26)*]
S~f2 S~f2
> (1—(1-25)3) Pr [#s > 1] >(1—¢2) Pr [#s > 1]
S~f2 ) SNfZ )

where for the last inequality we use that ¢ is monotonically increasing and that
. 1,2
%13% p(t)=1—e".

O

Lemma 3.1.4. Forall f: {—1,1}" — R with f # 0, we have [~ 1.2.9]

1

I;‘f[f(") # 0] > Sdeg /"

Proof. We prove by induction on d € Ny that for all n € Ny and f: {—1,1}" — R of
degree d, we have Pry[f(x) # 0] > 217,
d=0 Foralln € Ngand f: {—1,1}" — R of degree 0, we have Pr[f(x) # 0] =
1=
50
d—1—d (deN) Letn € Npandlet f: {—1,1}" — R be of degree d. Choose
i€ [n)and g, h: {—1,1}""! — R such that

f(x) =g(x1, o X1, Xigt, oo Xno1) FR(X1, 00 X1, Xig 1, oo, Xn1) %

forall x € {—1,1}" and degh = d — 1. WLOG i = n. Now we have

P/ A0 =5 Pr [fo-D A0+ Pr [f(x1)#0
= 3o Br S0 RO 045 Pr (50 +h(x) £0
> 3o B 1500 = hx) 008 g(x) + h(x) £0)

O]

Proposition 3.1.5. Let d € Ny, f: {—1,1}" — {—1,1} be of degree < d and i € [n]. Then
Inf;[f] is either O or at least 21~

Proof. Inf;[f] i%; Pry[D;f(x) # 0] is zero if D;f = 0 and > m otherwise. By 2.2.6,
deg(Dif) < (degf) —1<d—1. O
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Lemma 3.1.6. Let f: {—1,1}" — {—1,1}. Then I[f] < deg f.
Proof.

2217

Zka Kz = Z k[l f=l3 < (deg f) Z 1f=ll2

= (degf)k; If =I5 = (deg f)[|f]|7 = deg f

O

Theorem 3.1.7. Let d € Ng and suppose f: {—1,1}" — {—1,1} has degree < d. Then f is
a d2? - junta [— 2.1.1(e)].

Proof. Letk € {0,...,n} denote the number of relevant coordinates for f [— 2.2.5]. By
Remark 2.2.6(b), we have to show k < d2¢-1. This follows from

3.

1.5

n 201 3.16
ZIan 2 [f] < degf <d.

=

§3.2 Subspaces and decision trees

Definition 3.2.1. [ 1.2.6] We will use the norms defined on R{-11}" and RZ (") by

1 flleo := max{|f(x)[ | x € {-1,1}"},
1flleo := max{|f(S)| | 5 < [n]},
Ifllhi="3 [f(x)] and

xe{— 11}”
£l = 2 £(s
SC[n

forall f: {—1,1}" — R.

Definition 3.2.2. Lete € Rand f: {—1,1}" — R. We say that f is e-granular if f(5) is
an integer multiple of ¢ for all S C [n].

Definition and Proposition 3.2.3. Let n € INj and let K be a field. For each subspace U
of the K-vector space K", we define the subspace
n
L::{XGK"|Vy€Ll:2xiyi:O}
i=1
of K. Then for any subspace U of K", we have dim(U) + dim(U~) = n and
utt:=uh)*t=u.
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Proof. Let U be a subspace of K" and choose an m € INg and a matrix A € K" whose
rows form a basis of U. Then U+ = ker A and thus

dim(U) + dim(U*) = m + dimker A = rk A + dimker A = n.
For each x € U, we have Y, x;y; = Y y;x; = 0 forall y € U+ and thus x € U+,
This shows U C Ut+. But U and U1 have the same dimension and are therefore
equal since dim(U) + dim(U") = n = dim(U") + dim(U++). O
Proposition 3.2.4. Let n € Ny. Consider the vector space 4 over the field F, = {0,1}.
Consider the natural maps {—1,1}" +— F} N P ([n]) defined by

the i-th component of 1(x) equals —1 < x; =1 < i€ /(x)

forall x € F4 and i € [n]. These maps are group isomorphisms [— 1.3.11]. Let U be a subspace
of IF of codimension k := n — dim U and let v € F}. For the the O-1-indicator function

Ly {~1L1}" = {0,1} CR
of v+ U) C {—1,1}", we have for all S C [n]
T oy {(1(0))52" ifS € (/(U))

1 S

wrt(S) 0 otherwise.

Hence ¢,pu) = Zsel/(uL)(l(U))S Xs where @, is the density function associated to the
uniform distribution on (v + U) from 1.3.6. We have {S C [n] | @)(S) # @} = 2k,

1z(v+ll) is Z_k—gmnular, HL(U—&-U)HOO =2 % and ||1t(v+U) ||1 =1

Proof. Choose a basis uy, ..., uy of U-t. Then

wev+lU «— w—-nvel «— wtvel 22 v+we Ut
— Viek]: ((v+w) ™ =1

for all w € FF;. Hence

251,111y (%) = 2FTTE, (% + 10w+ [—1(x)))t’(uf)>
e o ) )
e hom Yicp (10 + 71 (x))) e )
= Z)\l,...,/\kele(l'(v+L_l(x)))[/()\llll+'..+)\kuk)

u1,...,uy basis

= Tyeus (1o + 17 (x))) W

= Tserun (@ +171(x)))°
1 group hom.
PEEET v (1@ (x)))8
= Yserur)(1(v)x)°
= Yserus)((0))°x°
forall x € {—1,1}". The rest is easy. O
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Definition 3.2.5. A decision tree T is a representation of a real-valued Boolean function
f:{-1,1}" — R. It consists of a rooted binary tree in which the internal nodes are
labeled by coordinates i € [n], the outgoing edges of each internal node are labeled —1
and 1, and the leaves are labeled by real numbers. We insist that no coordinate i € [n]
appears more than once on any root-to-leaf path.

On input x € FFJ, the tree T constructs a computation path from the root node to a leaf.
Specifically, when the computation path reaches an internal node labeled by coordinate
i € [n] we say that T queries x;. The computation path then follows the outgoing edge
labeled by x;. The output of T (and hence f) on input x is the label of the leaf reached
by the computation path.

The size s of a decision tree is the total number of leaves. The depth k of T is the
maximum length of any root-to-leaf path (where you count its number of edges or,
equivalently, the number of its internal nodes). Given f: {—1,1}" — R, we write
DT(f) (respectively, DTj,e(f)) for the least depth (respectively, size) of a decision tree
computing f.

Proposition 3.2.6. Let f: {—1,1}" — R be computable by a decision tree of size s and depth
k. Then

(a) deg f <k,

(b) #{S C [n] | £(S) # 0} <s2F <4k,

© [Ifll < sllfllew <2%|flloo and

d) fis2 *-granular if f({—1,1}") C Z.

Proof. Easy. O

Lemma 3.2.7. If k,n € Ngoand f: {—1,1}" — {—1,1} is a Boolean function computed
by a decision tree T with exactly s leafs whose connecting path to the root hat at least k
edges, then 2K/ f=]13 < s.

Proof. Induction on k. For k = 0, we have 25|| f=¢|13 = || f>«l3 = [IfI5 = 1 < s. Now
consider k € IN and suppose the claim is already proven for k — 1 instead of k. If T
consists only of its root, then f is constant so that we have 2¥|| >3 = 0 = s. From now
on suppose that the root of T is an internal node and denote by T; the decision subtree
of T whose root is connected to the root of T by the edge labeled with b € {—1,1}. In
particular n > 1 and WLOG the root of T is labeled by coordinate 1. Then T, computes
fo: {=1,1}"1 = {-1,1}, (x2,...,x4) = f(b,x2,...,x,) foreach b € {—1,1}. Denote
by s, the number of leafs of T, whose connecting path to the root of T;, has at least k — 1
edges. By induction hypothesis, we have 2571||(f;)>x_1]|3 < sp for each b € {—1,1}.

Now ;
1—x 14+ x;

f(x)=< > >f1(xz,...,xn)+( 5 >f1(xz,...,xn)
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for all x € R". Defining

g {-1,1}" 5 R,

o

we obviously have that f~

1—X1
2

1+x;
2

> (f=1)sk—1(x2, ..., xn) + < ) (f1)sk—1(x2, ..., xn),

= 8=k and thus || fo[7 = [Ig=k[3 < l|g]I3- Moreover,

k k k
28| forll3 = 2llg=ll3 < 2%ligll3 =

X1

-

2

2
) (f-1)sk1(x2, -, xn) )+

»

1+X1

*(737)(

2

) (1)t (6 o 302U skt (X %))+

- <1 —I—X1>2 (f1>2k71(x2,...,xn))2]

2
:2"( 1(f=1)>k— 1H2+ [ (f1)=k— 1H2>
kB4 2 il S b
U

Theorem 3.2.8. Let f: {—1,1}" — {—1,1} be computable by a decision tree of size s and let
¢ € (0,1]. Then the spectrum of f is e-concentrated on degree up tolog, (2) [ 3.1.1].

Proof. Setting k := |log, (£)| € INo, we have to show that | fsxi1[3 = [[fokll3 < e
From log, () < k+1, we obtain £ < 2k+1 Tt therefore suffices to show that

S
I foreall3 < T

This follows from 3.2.7.
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