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Exercise 1

Let B ={B;: 0 <t < T} be a Gaussian process with drift 0 and variance o?¢
with strictly positive 0> € R™ on the probability space (2, , 3, P), so that we
may see B; as oW, for a standard Brownian motion. Let v € R and define the rv

V2

14
A= exp{;BT — ET}

and let @ defined by Q(A) = E[AL4] = [ ALadP for all A € §. Prove that @ is a
probability measure.

Exercise 2

Suppose By, t € [0,T] is a Gaussian process with drift vt and variance ot with
respect to the probability space (2, F, S, Q).

Consider now the deterministic process P, and the stochastic process S; given by

dPt:T'Ptdt, P():l

and
dSt = St(,udt + O'th), SO = 1,

where W is the standard P-Brownian motion. Define a portfolio as a pair (o, ;) of
two bounded, continuous stochastic processes which are adapted to the filtration
§: generated by the process S;. Let the (wealth) value function for an initial wealth
Vo > 0 of the portfolio be

V;(Oé,ﬁ) = atSt + ﬁtpt, Vo > 0.
Assume moreover that the portfolio is self-financing, i.e.

dVi(e, B) = audS; + BidP,.

Specify a v (as in exercise 1) such that e~"S; is a martingale under @ and prove
that e~"'V} is also a martingale under Q.



Hint: Fuirst, rewrite oWy, with the help of W,, where W, is the standard Wiener
process with respect to () and insert the result into the solution of the SDE of S;.

You may use the following result: Let Wy be a standard Brownian motion, then the
process exp (QVVt — %9215) constitutes a martingale with respect to §;.

Let W, be a standard Brownian motion and ¢; a bounded stochastic process with
continuous sample paths, then the stochastic integral f; 0 dW, defines a martingale
with respect to §;.

Exercise 3
Assume that there exists a pair (a,3) and a positive real number x such that

V; replicates a European call option £ = (S — K)T, i.e. Vp =V + fOT asdS, +
Jo BdP, =&, Vo = .
Prove the Black-Scholes formula, i.e. show that for ¢ < T the value at time t of
the European call option on the stock S with the strike price K > 0 and maturity
T is

Vi = S,®(dy(t,S))) — Ke " T Dd(dy(t, Sy))
where ® is the N(0, 1) distribution function and

log(x/K) + (r+ 30*)(T — t)
B oI —t ’

Hint: Prove first: Let Z ~ N(v,7%) then

Bl — Ky = oot (BRI 20 ) _ ey (tele/ R0 1)

T T

dy(t, ) dy(t,z) = dy(t,x) — oVT —t.

and note that V; = e"e "V, = " Egle ™" Vr|§{| and Vy = (St — K)T. Rewrite St
with the help of S; and apply the above result.

These exercises are additional and voluntary.
Hence, the exercise sheet doesn’t need to be handed in.



