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Stohastis II (Stohasti Proesses I)12. TutorialExerise 1Let B = {Bt : 0 ≤ t ≤ T} be a Gaussian proess with drift 0 and variane σ2twith stritly positive σ2 ∈ R

+ on the probability spae (Ω, F, Ft, P ), so that wemay see Bt as σWt for a standard Brownian motion. Let ν ∈ R and de�ne the rv
Λ = exp{ ν

σ2
BT − ν2

2σ2
T}and let Q de�ned by Q(A) = E[Λ1A] =

∫

Λ1AdP for all A ∈ F. Prove that Q is aprobability measure.Exerise 2Suppose Bt, t ∈ [0, T ] is a Gaussian proess with drift νt and variane σ2t withrespet to the probability spae (Ω, F, Ft, Q).Consider now the deterministi proess Pt and the stohasti proess St given by
dPt = rPtdt, P0 = 1and

dSt = St(µdt + σdWt), S0 = 1,where W is the standard P-Brownian motion. De�ne a portfolio as a pair (αt, βt) oftwo bounded, ontinuous stohasti proesses whih are adapted to the �ltration
Ft generated by the proess St. Let the (wealth) value funtion for an initial wealth
V0 > 0 of the portfolio be

Vt(α, β) = αtSt + βtPt, V0 > 0.Assume moreover that the portfolio is self-�naning, i.e.
dVt(α, β) = αtdSt + βtdPt.Speify a ν (as in exerise 1) suh that e−rtSt is a martingale under Q and provethat e−rtVt is also a martingale under Q.1



Hint: First, rewrite σWt, with the help of W̃t, where W̃t is the standard Wienerproess with respet to Q and insert the result into the solution of the SDE of St.You may use the following result: Let Wt be a standard Brownian motion, then theproess exp
(

θWt − 1
2
θ2t

) onstitutes a martingale with respet to Ft.Let Wt be a standard Brownian motion and φt a bounded stohasti proess withontinuous sample paths, then the stohasti integral ∫ t

0
φudWu de�nes a martingalewith respet to Ft.Exerise 3Assume that there exists a pair (α, β) and a positive real number x suh that

Vt repliates a European all option ξ = (ST − K)+, i.e. VT = V0 +
∫ T

0
αsdSs +

∫ T

0
βsdPs = ξ, V0 = x.Prove the Blak-Sholes formula, i.e. show that for t < T the value at time t ofthe European all option on the stok S with the strike prie K > 0 and maturity

T is
Vt = StΦ(d1(t, St)) − Ke−r(T−t)Φ(d2(t, St))where Φ is the N(0, 1) distribution funtion and

d1(t, x) =
log(x/K) + (r + 1

2
σ2)(T − t)

σ
√

T − t
, d2(t, x) = d1(t, x) − σ

√
T − t.Hint: Prove �rst: Let Z ∼ N(γ, τ 2) then

E[(aeZ − K)+] = aeγ+ 1

2
τ2

Φ

(

log(a/K) + γ

τ
+ τ

)

− KΦ

(

log(a/K) + γ

τ

)and note that Vt = erte−rtVt = ertEQ[e−rT VT |Ft] and VT = (ST −K)+. Rewrite STwith the help of St and apply the above result.
These exerises are additional and voluntary.Hene, the exerise sheet doesn't need to be handed in.
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