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Stohastis II4. TutorialExerise 1Let (Ω, F, P ) be a probability spae and suppose that the family (Xt)t∈R≥0

is adap-ted to Ft, i.e. Xt is Ft-measurable for t ≥ 0. Moreover, assume that the inrementsof the family (Xt)t∈R≥0
are independent from the past, i.e. for all s, t ∈ [0,∞) with

s < t the di�erene Xt − Xs is independent from Fs.(a) Show that if all Xt are integrable then the family Yt := Xt −E[Xt] is a mar-tingale.(b) Show that if all Xt are square integrable then the family Yt := X2
t
−E[X2

t
] isa martingale.Hint: E[X2

t
|Fs] = E[(Xs + Xt − Xs)

2|Fs]() Show that if α ∈ R and E[eαXt ] < ∞ for all t, then the family Yt := eαXt

E[αXt]
isa martingale.Hint: eαXt = eαXseα(Xt−Xs), where the last expression is a produt of indepen-dent rvs.Exerise 2Let (Bt)t≥0 be a one dimensional Brownian motion with B0 = 0.(a) Show the Markov property of (Bt)t≥0.(b) Show that (−Bt)t≥0 and (Bλ

t
:= 1

λ
Bλ2t)t≥0 with λ > 0 are Brownian motions.() Let s ≥ 0 and B

(s)
t := Bt−s −Bs for t ≥ 0. Show that (B

(s)
t )t≥0 is a Brownianmotion.Exerise 3Show that any sequene of independent random variables taking values in the oun-table set S is a Markov hain. Under what ondition is the hain time homogen?
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Exerise 4Let {Xn : n ≥ 1} be independent identially distributed integer valued randomvariables. Whih of the following onstitute is a Markov hain(a) Sn =
∑

n

r=1 Xr with S0 = 0(b) Yn = Xn + Xn−1 with X0 = 0() Zn =
∑

n

r=0 Sr.
Hand in We 17.11.10 up to 16.00 in postbox 20 at F4.
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