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Sto
hasti
s II9. TutorialExer
ise 1Let (Ω, F, Fnn∈N, P ) be a probability spa
e with a given �ltration and let (Xn)n∈Nbe a martingale on this probability spa
e. Prove the equivalen
e of the followingstatements:(a) (Xn)n∈N is a regular martingale.(b) The family (Xn)n∈N is uniformly integrable.(
) There exists a F-measurable, integrable rvs X with Xn

L1

→ X, n → ∞.(d) There exists a F-measurable, integrable rvs X with Xn
L1

→ X, n → ∞ and
E[X|Fn] = Xn.Exer
ise 2Let (Ω, F, P ) be a probability spa
e and (Xn)n∈N be a sequen
e of iid rvs with

P (Xn = 1) = P (Xn = −1) = 1

2
. We equip the probability spa
e with the �ltrationgenerated by Xn, i.e. Fn = σ(Xj : 1 ≤ j ≤ n). Consider now, the pro
ess

Vn :=

n
∑

j=1

2j−1Xj for n ≥ 1,that des
ribes the wealth of a gambler after n rounds of fair 
oin tossing game.The gambler starts with a wealth of 0 and is allowed to borrow an arbitrary largeamount of money. Note, Vn is a martingale (Why?). Moreover, de�ne a stoppingtime τ := min{n ≥ 1 : Xn = 1}.(a) Des
ribe the strategy of a gambler with the wealth pro
ess (Vn)n∈N. Des
ribethe one of a gambler with (Vτ∧n)n∈N.(b) Compute E[Vτ∧n] = E[
∑n−1

j=1
1{τ=j}Vj + 1{τ≥n}Vn] with n ≥ 1.Hint: Use the fa
t, that Vj is 
onstant on the set {τ = j} and Vn is 
onstanton {τ ≥ n}. Many thanks to Max Brixner !(
) Compute E(Vτ ) and 
ompare with (b).1



Exer
ise 3Let w = (w1, . . . , wd) be a d-dimensional Brownian motion and suppose that A and
Ci, i = 1, . . . , d are adapted, essential bounded R

n×n pro
esses in [0, T ]. Moreover,let | · | be the eu
lidian norm in R
n and x a solution of the sto
hasti
 di�erentialequation (SDE)

dx(s) = A(s)x(s)ds +
d
∑

i=1

Ci(s)x(s)dwi(s),

x(0) = x0.Prove
d|x(s)|2 =

(

2xT (s)A(s)x(s) +

d
∑

i=1

(|Ci(s)x(s)|2)

)

ds + 2

d
∑

i=1

xT (s)Ci(s)x(s)dwi(s).Hint: Note d|x(s)|2 = d
∑

x2

j (s).
Hand in Mo 10.01.11 up to 15.00 in postbox 20 at F4.The Sto
hasti
s team wishes you all aMerry Christmas and a su

essful happy New Year
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