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'j_ � R"NE%(I&'�*kblUS>&%
')!AK�#&:E.��@.CmT*EF&�4,A%
Roni*=.&N;%
8SR"0&.&NE%(.��G!p,ZO
q�r;s�tduwv(uyx1t{zi|~}��

K � z��y�1r9�d�-�i��u~v���u~td�k�����"�J� K �y�)�@� �-�=���)�H�������"�+�)�W�l�(���� ��V�W¡;�7�l� ��J�l�D¢`��� � � A �3�y�7£;¤7�l�o�W¡;� � ��£k�l�~¥p +�J�k�¦����� � �l�c�l������� 0, e,
���"�J���¨§ª©-��«����

K
¡=�­¬i®7«�� ��l�W�~�w¯k�����±°S² � ¬&¬E���~�w¯k�±³ + : A×A→ A,

²M¢´¡ � �~�µ« � �@¶=�W�y�M¯-�·�3�y�o¸W¶-� � �=�l�l�V³ α· : K×A→ A,²M¢´¡ � �~�µ« � �"¶=�W�y�M¯-���"� � ³ · : A×A→ A,
�l¯&¬9�-¹ � � � �¦���

��º ° (A, 0,+, α·)
�"�(�

K �
» ��¶���¯-�$�l�W¡E��¼
�6½ ° ∧x,y,z∈A (x · y) · z = x · (y · z) ¾ �=�A��¯-£
�M�W�y�y¿ZÀ
��Á ° ∧x,y,z∈A (x+ y) · z = x · z + y · z, x · (y + z) = x · y + x · z, ¾ ¬E�G�
�y�$���W¡&�y�y¿ZÀkÂ
�6Ã ° ∧α∈K ∧x,y∈A α(x · y) = (αx) · y = x · (αy).

�TÄ ° ∧x∈A e · x = x · e = x ¾ e �j�@�+�l� � �����l�J�~ÀZÂ
Å�*E!3P�:E'$,T_ � R"NE%(I&'A*-b�I1%(g
%(�"K�#&.+%��"2ÆN9*=.&g(%
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K
!$%
R"I+!p,ZU->W�@%�Ì�:ER"ÍS.&:E2·*ER@N;%
I&'�*

K[X ],>W�"%
n× n

� ai*-,$'A�"g
%
.
Kn×n.
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'A%
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K � z��y�1r9�d�-� �AÏ xJ��xJ��x+�kÐ�Ñouy�(�`Òo�-�c�j���l���w��� A,A′ �D�4� �-�-�
���Ó�3�y����"�+�l� � �����������l� e �-£;¤)Â e′ ¡=�­¬ ϕ : A→ A′ ���"�J� � �&�-� � ¬+¡E� � Â;Ô��=�&�· J���"¹+� ϕ ���"� �)�@� �=�-��� �Õ�¯-��¯k��¯k�¦«� &�G�f��¡E�
¼�¤����+� � � � �����
¾ �@À ϕ �G�
�7Õ�¯-��¯k��¯k�¦«� &�G�f��¡E� Ö¦×=�T¬E�w� » ��¶��¦¯k�A��Ø&¡=��� A,A′,

¾ �"�@À ∧x,y∈A ϕ(x · y) = ϕ(x) · ϕ(y),

¾ �@�"�@À ϕ(e) = e′.Ô6�M��ÙD�l���-���~ J�l�y�j¬S��� �)�@� �=�-��� � Õª¯k��¯k��¯-��«� +�"�$����� ϕ : A→ A′ �W��£k�l�~¥p +�J���`¤7�@� �3�y� A−B):;2
(A,A′),

¤7Ø- +�l�l�­¬�B):;2
(A,A′)

Ö¦×=��¬E�w� » �l¶J�¦¯k�A���&¡=� � Õª¯k��¯k��¯-��«� +�"�$�����·�
�l�l���Z¿Z�w���Z�� � �����W�$Â
� %
,A'A*;K�#;,A%
.�/��@' � R@N;%
I&'A%
.�0&.+>?>W%('$%(.�BD:E23:E23:E'AF&#&�G!$2H%(.VUW!f:38;ÊE.&.&%(.�/��"'�.+*=,$[&'AR@�GK�#

*=01K�#·\E:E.·>W%('XaC0+R4,A�@F&R"�"8k*=,$�":E.c*EI+!f%(#&%
.·0+.+>3R"*E.+>W%(.c>&*=.&.�I1%(�+57%
89,A:E'A'A<E0&23%
.30&.+>·>W%('$%(.
B):;23:E23:E'AF&#&�G!f23%(.VOXYS:;2H�@,�I+R@%(�@IW,ÓÚML~*;!p,lÛ·*=R"R@%Z!c[&IJ%
'�57%
89,$:;'$'�<=0+2H%iÉ�%Z!$*EN=,A%�*=0+K�#{Lw[&'
� R"NE%(I&'A%
.?*=.S/X%(.+>WI+*E'(O
� 〉
PQ�"')8EÊ;.&.&%
.�#&�"%
').S0&'�/ %
.+�@N;% � !fFJ%
89,A%�\E:;. � R@N;%
I&'A%
.?0&.9,$%('A!$0+K�#&%(.VO1nJ0&.1<EK�#+!f,�8E:E. �

!f,$'A0&�@%('$%(.]/��"'30&.+!3>&*E!3ÜD'$I&�"RG>Ç*ER@R"%
' � R"NE%(I&'$%(.VU7>W�"%�Lw'A%
�"% � R"NE%
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/��".&.&%(.
/��"')%
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'A%
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Lw%
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.�[&IJ%
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A
���"�J� �)�@� �-�=���W¼ B �l�@���·¢`�l� � �=ÂoÔª�-�&�] J���"¹+� A ÖM�
���w�

�)�@� �=�-�l��×1�S�l� B, ¤7�l�&�i�l�ª���"�J���V¡=�+¶J�y�M¯-� η : B → A � ���W�p¼���¯&¬9�=¹
� � � �$°��d¡� 
�k¬S��� �)�@� �=�-�l� A′ ¡E�­¬! 
�k¬S���"�V¡E�&¶��~�w¯k� λ : B → A′ � ���W��l� � ���1�&¡H���"�J��� �)�@� �-�=��� � Õª¯k��¯k��¯k�¦«� &�G�$��¡E� ϕ ∈ A−

B):;2
(A,A′)�3�y�

ϕ ◦ η = λ.

B

A′

A
ϕ

λ

η

È�'�!f%
,$g
,j2·*=.·#&�"%
'X[&I1%('A*ER@RS_ � R@N;%
I&'�*kb)>W0&'�K�#�_p57%(89,$:E'A'�*=0&2�blUE!f:�NE%
#9,j>W�"%(!$%DÅ6%$#+.+�4,A�@:;.
�".?>&�@%�>W%Z! Lw'$%(�@%(.�57%(89,$:E'A'�*=0&23%(! [&IJ%
'ZO

PQ�"' #1*-,f,A%
.�NE%Z!f%(#&%
.VUW>&*&%('p%Z>W%
'�57%(8;,A:E'A'A*E0&2 Lw'$%(�­�"!f,(O�)d[&' � R@N;%
I&'A%
.��"!f,)>W�@%Z! L~*=RG!$K�#+*
È��".e� %(�"!$F&�"%
R��G!p,3%
,p/�*`>&�@%

R
�¦� R"NE%
I+'A*`>W%
'3'A%
%
R"R"%
.

2 × 2
� a�*=,$'A�@g(%
.�,

A := R2×2.
PQ�@'

g
%(�@N;%
.VUd>&*-%C%Z!�[&IJ%
'A#+*E0&FW,�8;%
�".&%
. � R@N;%
I&'�* � B):;23:E23:E'AF&#&�G!f2�0+!
ϕ : R2×2 → A′ := RNE�"IW,ZU&/ <E#&'A%
.+>�%
�".?!$:ERGK�#&%('�'f*3IJ%
�±%
�".&%
'�Lw'A%
�"%
.

R
��� R@N;%
I&'�*�\E:E'A#+*E.+>W%
.�!f%(�@.?2�[�%=,A%EO

Å�*=g
0�IJ%
,$'�*EK�#9,A%
.�/��@'��".
R2×2 >W�@%T\S�"%
')a�*=,$'A�@g(%
.�,

E1 :=

(
1 0
0 0

)

, E2 :=

(
0 1
0 0

)

, E3 :=

(
0 0
1 0

)

, E4 :=

(
0 0
0 1

)

,

Lw%
'A.&%('
I :=

(
1 0
0 1

)

= E1 +E4, J :=

(
0 1
1 0

)

= E2 +E3.

Èj!��G!f,
I
>&*E!�È��".+!$%
R"%
23%
.9,)�"2

R2×2,
Lw%
'A.&%
'�#1*=IJ%
.?/��@'

J · J = I, E1 ·E4 = E1 · E3 = E2 ·E1 = 0.

P�<='A%�.90+.
ϕ : R2×2 → R

%(�@. � R"NE%(I&'A* � BD:E23:E23:;'$F&#+�"!$2�0+!(UE!$:�2�[�%=,A%DLw:;R@N;%
.+>&%(! NE%(R4,A%
.�,
0 = ϕ(0) = ϕ(E1 · E4) = ϕ(E1) · ϕ(E4).

� RG!$:H2�[�%=,A%T%
�".&%
')>&%
'.)+*E89,$:E'A%
.�\E%('A!AK�#S/��@.+>&%
.VUS%
,p/�*
ϕ(E4) = 0.

Å6*E.&.?/ <E'$%ª*=IJ%
'
1 = ϕ(I) = ϕ(E1 +E4) = ϕ(E1) + ϕ(E4) = ϕ(E1),

>VO #VO
ϕ(E1) = 1.

/)0+.]�G!p,
E1 · E3 = E2 · E1 = 0,

*ER"!$:
ϕ(E1)ϕ(E3) = ϕ(E2)ϕ(E1) = 0

0+.+>´/ %
NE%(.
ϕ(E1) = 1

/�<='A%H*ER"!$:
ϕ(E2) = ϕ(E3) = 0.

Å6*E.&.Ó/ <E'$%3*=IJ%
'�*E0+K�#
ϕ(J ) = ϕ(E2 +

E3) = ϕ(E2)+ϕ(E3) = 0,
/ *;!±g(0�Lw:;R@N;%
.+>W%(2 PQ�">&%
'�!fF&'A0+K�#TLw[+#&'$%(.�/�[&'�>W%0,

1 = ϕ(I) =
ϕ(J · J ) = ϕ(J ) · ϕ(J ) = 0.BD<=,f,A%
.i/��"'ª:EIJ%
.

ϕ(E1) = 0
*=.+NE%
.+:E2323%
.�U­#+<=,f,A%H>W�"%(!ª>W%(.�!$%
R"IJ%
.iPQ�G>W%('A!$F&'A0+K�#

%
'ANE%(I1%(.VO
È�#&%T/��"'�Lw'A%
�"% � R@N;%
I&'A%
.�8E:;.+!f,$'A0&�@%('$%(.VUSg
%(�@N;%
.�/��@')>W�"%TÈ��".+>W%(0W,$�"NE8;%
�@,(O

1 �Wv32Czi|54769�X£;¤7�l�WÖM�l�l�M� �D�4� �-�-�
���?×+�W���)¬S���j�l� � �W���c¢`�l� � � B �$�@�V¬ª�G�l¯k��¯k�¦«� ­¼&¬;�M�X£;¡ � � � J©-�$� � �l�8�±¡=�&¶��~�w¯k����� η, η′ �
�¦�k�y���@�3 
�l¶��~��¿SÂ9Ôª�-�3�y�±¶S©k�+�J���C¤7�"���"�+�(�W�l�l¯k�V¬S���
� �
�¦�k��� B ⊂ A�-�+�J�� &���l�±Â
9Hr0:�r9uy�&;oPQ�@'ªIJ%
.S0W,Ag
%
.`.&:WK�#&2·*=R7>W�"%H!AK�#&:;.�Ê=LM,A%
'ªI1%(��0&.&�"\E%
'�!$%
R �
R"%
.�È��@N;%
.+!AK�#+*=LM,$%
.�*=.&N;%
/ %
.+>&%
,$%ªYWK�#&R"0�%E/ %
�G!$%&,9Èj!�!f%(�@%(.

A,A′ Lw'A%
�[&IJ%
'
B
0&.1>

η : B → A, η′ : B → A′ >&�@%�g
0&N;%
#&Ê;'$�"NE%(.<)+0&.&89,$�": �.&%(.VO
A
�"!f,6Lw'A%
��O�P�<=#&R"%

λ := η′.
ÅD�"%(!�R"�@%
Lw%
'$,�%(�@.+%
. � R@N;%
I&'�*=#+:E23:E23:E' �

F&#&�G!$2�0+!
ϕ ∈ A−

B):;2
(A,A′)

23�@,
ϕ ◦ η = η′.

A′ �G!f,6Lw'A%
��O�P�<=#&R"% λ := η.
ÅD�"%(!�R"�@%
Lw%
'$,�%(�@.&%(. � R@N;%
I&'�*=#&:;23:E23:E' �

F&#&�G!$2�0+!
ϕ′ ∈ A−

B):E2
(A′, A)

2H�@,
ϕ′ ◦ η′ = η.

B

A A′

η η′

ϕ

ϕ′

Å�*=.&.?�G!p,
ϕ′ ◦ ϕ ∈ A−

B):;2
(A,A), ϕ ◦ ϕ′ ∈ A−

B):;2
(A′, A′)

0&.+>

ϕ′ ◦ ϕ ◦ η = ϕ′ ◦ η′ = η, ϕ ◦ ϕ′ ◦ η′ = ϕ ◦ η = η′.



�����

/)0+.�/ <E#&R"%
.�/��"'D�".iÅ6%$#+.&�@,$�":E. � O � *ER"!
A′ NE%
'�*E>&% A 0&.1>

λ = η.
Å�*=.+.�NE�"IW,6%Z!DN;%
.+*E0

%
�".&%(.�B):;2H:;23:E'AF&#&�G!f2�0+!
ψ ∈

B):E2
(A,A)

23�4,
ψ ◦η = η.

Å6%
'�B):;23:E23:E'AF&#+!$2�0+!
ϕ′ ◦ϕ%
'$Lw[&R"R4,�>W�"%(!(U(%(I1%(.+!f:D�">

A .
� RG!f:)�G!f,

ϕ′◦ϕ =
�">
A .
Å60&'AK�#��):ER"R@%(.;,�*=0+!AK�#ªLw:ER"N=,o\EÊER"R"�@ND*E.+*=R":EN1U

>&*&%�*=01K�#
ϕ ◦ ϕ′ =

�G>
A′

�G!p,ª0&.+>`!f:;23�4,
ϕ
0&.+>

ϕ′ g(0&%
�".+*=.1>W%
'��@.S\;%
'�!f%��p!$:E23:;'$F&#+�"!$23%
.!$�@.+>VO
/)0+.�!$�@.+>�*=RG!f:

ϕ
0&.+>

ϕ′ �p!f:;2H:;'$F+#&�"!$23%
.c23�@, ϕ′ ◦ η′ = η
0&.1>

ϕ ◦ η = η′.
�p!f,�!$:E23�@,

η
�@. 'p%(89,$�"\JU�!$:�.&:=,p/ %
.1>W�@N�*E0+K�#

η′
0&.1>´0&23NE%(8E%
#+'f,ZO±� %
�X>&%
'�Lw:;R@N;%
.+>&%
.�m6:E.+!f,$'A0&89,$�":E.

/ %
'�>W%
.�/��@'�%(�@.&%�Lw'A%
�"% � R@N;%
I&'�*�[&I1%('
B
2H�@,)�". 'p%
89,$�"\E%(2

η
8E:;.+!f,$'A0&�@%('$%(.VOWYS:E23�@,)2�[+!A!f%(.

!f,$%
,�!)>W�"%(!$%
η
�". 'p%
89,$�"\�!$%
�".VO

�

��xJtd�
v(�kÒ��­v(uyx1tQrSuytor9�	���-r9uyrStez��~�Jr9�o�-�
nJ0Q%(�@.&%('�aC%(.&NE%

B
!$%
�

Bn := {w = b1 . . . bn | bi ∈ B}
>W�"%iaC%
.+NE%i*ER@R"%
' )&:ER"NE%(.

>W%('�
±<=.+NE%
n
*E0+!ªÈ�R"%
23%
.9,$%(.Ó\E:E.

B.
PQ�"'�!$%
,$g(%
.

B∗ :=
⋃∞
n=0 B

n.
�¦.1!fIJ%(!$:E.+>&%
'A%�Lw[&'

%
.1>WR@�GK�#&%ªaC%
.+NE%
.
B
.&%
.&.9,�2·*=.

B∗ *E0+K�#�>W�"%TaC%
.&N;%�*ER@R"%
'�P�:E'$,$%�[&IJ%
')>W%(2 � R"F&#+*=IJ%
,
B.

)o[+'
n = 0

%('$#1*=R@,$%
.�/��"')>W�@%D_fR"%
%
'A%")&:;R@N;%lb
ε ∈ B∗.�¦.

B∗ �G!p,ª*=0WL7.+*=,$[&'AR"�"K�#&%�P`%(�"!$%�%(�@.&%HaC0&R@,$�"F&R"�@8-*-,A�@:;. ∗
>&0&'AK�#�>+*E!DBD�@.9,A%
'A%
�".+*=.+>&%
' �

#+<E.&NE%(.�\;:E.<)&:ER"NE%(.�N;%
N;%
IJ%
.�,

b1 . . . bn ∗ b′1 . . . b
′
m := b1 . . . bnb

′
1 . . . b

′
m.

Å�*=IJ%
���G!p,�:EhJ%(.SI+*='�>W�"%	
±<E.&NE%·>W%('�Ì�'A:W>W0&89,fLw:;R@N;%3>&�@%�YS0+2H23%�>&%
'�
±<E.&NE%(.�>&%
' )1*=89,$: �
'A%
.VOVa�*E.´!$*EN=,�*=0+K�#±UV>&*-%

(B∗, ∗, ε)
%(�@.C_fa�:E.&:;�">9b·!f%(�yOo�X%Z*EK�#9,$%(.�YS�"%EUo>&*-%

B∗ �@2323%
'23�@.1>W%(!f,$%(.+!)>&*;!�È�R@%(23%
.9,
ε
%
.9,A#+<=R@,(U+*E0+K�#��@2 )+*=R"R"%

B = ∅.PQ�"'·I&�@RG>W%(.e.S0&.{>W%(.ÇLw'A%
�"%
.e\E:;.
B∗ Úw.&�GK�#9,c.S0&'3\E:E.

B!
ÛH%
'Ag
%(0&N=,A%
.Ç57%
89,$:;'$'�*=0&2

A(B).
YS%(�@.+%�È�R"%
23%
.9,A%�!$�@.1>�*=R"R@%�%
.+>&R@�GK�#&%
.�
V�".&%(*E'$8;:E2�I+�@.+*=,$�":E.&%(.�>&%
'HÈ�R@%(23%
.9,$%�>W%
'

��*E!$�"!
B∗,

Ú~!AK�#+*=0&%(.?YW�@%ª.&:E,fL~*=R"RG!�.&:WK�#&2·*=R­.+*;K�#�Å6%$#1.&�4,A�@:;.?0&.+>CYW*-,Ag
��O ��� *µÛlU&>­O #VO

A(B) :=






x =

∞∑

n=0

∑

b1,...,bn∈B

αb1...bn
b1 . . . bn







:W>W%
')<��90&�@\-*ER@%(.;,�N;%(!AK�#&'$�"%
IJ%
.

A(B) :=

{

x =

∞∑

n=0

∑

w∈Bn

αww

}

.

Å6�@%��)<E0&23%
An(B) :=

{

x =
∑

w∈Bn

αww

}

=
!$F+*=.

(Bn)

!$�@.+>H:EhJ%(.9I1*='�Lw'A%
�"% \;:E.
Bn

%
'Ag
%(0&N=,A%�Ü).9,$%('$'�<=0&23%�\E:;.
A(B),

*E0WL�>&�@%)>W�"%DYS�@,$0+*=,$�":E.3\E:;.
YW*=,$g
��O ��� F+*-%E,(OWPQ�"'�#+*=R@,$%(.?>&�@%Z!f%�Lw%(!f,D*=RG!
�jrS���]�Cz�|��

Bn
�G�
�����E�f�G�ª¿k¯-�

An(B),
A(B) =

⊕

n∈N
An(B),��«d�l£
�w� �"� �f�"�­¬

A0(B) = {x = α · ε | α ∈ K} = K
¬S�l��Ù��(¡E�­¬E¶S©-��«����ª¡=�V¬

A1(B) = {x =
∑

b∈B αb · b | αb ∈ K}
¬S����ÖM�
���w�ª¿-¯k�

B
��� � �E�
� ¾ �&�y¥p �� B∗ � ÀD���A£k�-¡ � �¦�

» ��¶��¦¯k�A���&¡=�CÂ
Å6�@%��D<=0&23%

An(B)
#&%
��%E%(.D_p#&:;23:ENE%(.&%��)<=0+2H%j\E:E2 É�'A*;>

n
b�U
�@#&'A%�È�R"%
23%(.;,A% _p#+:E23:EN;%
.

\E:;2�É�'�*E>
n
b�O



��� � � �������
	���
�������������	����������

�¦.
A(B)

%
'A8-<='A%
.�/��"'�.S0&.?%
�".&%�aC0&R@,$�"F&R"�@8-*=,$�":E.
⊗ : A(B) ×A(B) → A(B)

>W0&'�K�#
(
∑

w∈B∗

αww

)

⊗

(
∑

w′∈B∗

α′
w′w′

)

:=




∑

w,w′∈B∗

αwα
′
w′ww′



 ,

/ :EIJ%
�
ww′ >W�@%�:;I1%(.�>W% #+.&�"%
'$,$%�aC0&R@,$�"F&R"�@8-*-,A�@:;. ∗ �". B∗ *=RG!f:ª>&*;!dBD�@.9,A%
'A%
�".+*=.+>&%
'A#+<=.&N;%
.>W%(' )+:ER"NE%
.

w,w′ IJ%(>&%
0W,A%
,(O)Å�*=23�@,��G!f,��".+!fIJ%(!$:E.1>W%
'A%�Lw[&' w,w′ ∈ B∗ : w ⊗ w′ =
ww′.

��%ZK�#&.&%(.`!$�@%3!f%(R@I1!p,ª.+*EK�#±U�>+*-%�>&�@%3%
IJ%
.�>W%$#1.&�@%('f,A%·^6FJ%
'�*-,A�@:;.
⊗
*E!A!$:Eg
�G*-,A�@\?0&.1>

>W�G!p,A'$�"I&0W,A�@\C�G!f,�0&.1>
ε
*=RG!6È��@.1!f%(R@%(2H%(.9,�#+*=,(O­Å�*=NE%(NE%(.C�"!f, 'f*+U�/X%(.&.

B
/X%(.&�@N9!p,A%
.+!6g
/ %
�

È�R"%
23%
.9,A%
b1, b2

IJ%(!$�4,Ag
,ZUV>&*=.&.
b1b2 6= b2b1,

>­O #±OV>W�@%Z!f%c^6FJ%
'�*-,$�":E.i�"!f,��"2Ý*ER@R"NE%(2H%(�@.+%
.
�������	� 8;:E232�0W,�*-,A�@\�OPQ�"'�L~*E!A!f%(.�g(0+!$*E232H%(.�,
1 �Wv32Czi|�
 �j���l���w���

B
���"�J��¢`��� � �Z¼ Bn ¬E�M� ��¯ �@� ���Ç¬S�l�
�oØ-� � � n ×+�W���

B
¡E�­¬

B∗ =
⋃∞
n=0B

n,
Öy���A�J���

A(B)
¬S�l��ÖM�
���w� » �l¶J�¦¯k�A���&¡=� ×+�S�l�

B∗ ¡=�­¬ An(B)
¬E�w�?¿k¯-�

Bn
��� �£k�-¡ � �¦��� ¾  J¯-��¯ � �l�J���&À��o�������A�lØW¡=����¿k¯-�

A(B).
Ô��=�&�?�"�(�

A(B) =
⊕

n∈N
An(B).¢C��� ¬S���D���"� � ��Ö¦×= &�Z���l��¢´¡ � �y� « � �"¶-�&�~�w¯k� ⊗

¤7�"�
¬
A(B)

£;¡·�l�@����� �)�@� �=�-�����3�y�����"�+�l� � � ��������
ε,
¬S���¨�l�@�+£
� � ����� � ����������¿k¯-� B0. A(B)

�����y 1Ø � � ¬S���ÓÙ��(¡E�­¬E¶S©-��«���� K = A0(B)¬S�l��ÖM�
���w����¿k¯-�
B
���A£k�-¡ � �¦��� » ��¶���¯-�$�l�W¡=� A1(B)

¡=�­¬�¬9�=�H���7�1�&�f×=� � �y¥p ��&¡W¥p  B �l� � �=�(�$Â
� ¡;�H¬S���TÕ�¯-��¯ � �l�&����ØW�6¬S�l���o�������A�lØW¡=���c¡=�­¬�¬S���TÔT���&�&���~�w¯k�e¬S�l�T¢´¡ � �~�µ« � �"¶=�W�y�M¯-�`Öy¯ �4� �£E¡&¬S���

An(B) ⊗Am(B) ⊂ An+m(B).

Å6�@%Z!f% � R@N;%
I&'�*
A(B)

%
'A/X%(�"!f,�!$�GK�#�.S0&.?*=RG! Lw'A%
�"% � R"NE%
I+'A*+OWÉ�%(.+*=0+%
'�NE�"R@,
1 �Wv32Czi|�� ¢C����¬S�l�)¬+¡=�(¥p �¬E�w���¦�&¶ � ¡E�f�w¯k� B ⊂ A(B)

¬S���&�&�w���Z���l�·¶-�=�J¯k�+�"�
¥p J��� �±¡=�&¶��~�w¯k�
η : B → A(B) : η(b) = b (b ∈ B)

�G�
�
A(B)

ÖM�
���w� �)�@� �=�-����×+�W��� B.
9Hr0:�r9uy�&,�YS%(�

A′ �"'$N;%
.+>Ç%
�".&% � R"NE%(I&'�*&U λ : B → A′ %
�".&%CNE%(NE%(I1%(.&% )+0&.&89,$�":E.±OjÉ��@IW,%(!�[&IJ%
'A#+*=0&F&,�%
�".&%(. � R"NE%(I&'A* � BD:E23:E23:;'$F&#+�"!$2�0+!
ϕ : A → A′ 23�@, ϕ ◦ η = λ,

Lw[&'
>W%(.e*ER"!$:iLw[+'c*=R"R@%

b ∈ B
!f,$%
,A!

ϕ(b) = λ(b),
!$:`2�0�%�Lw[&'c*=R"R@%

x, y ∈ A
NE%(R4,A%
.VU�>+*-%

ϕ(x ⊗ y) = ϕ(x)ϕ(y).
YS:;2H�@,·�"!f,·�@.1!fIJ%(!$:E.+>&%
'A%cLw[&'

w = b1 ⊗ . . . ⊗ bn ∈ B∗ >&*E.&.
ϕ(w) = ϕ(b1 ⊗ . . . ⊗ bn) = ϕ(b1) · . . . · ϕ(bn) = λ(b1) · . . . · λ(bn),

0&.+>e>&*
ε
>&*E!

È��".+!$%
R"%
23%
.9,)\E:;.
A(B)

�"!f,��"!f,D*=0+K�#
ϕ(ε) = e′,

*ER"!$:·>&*E!�Èj�@.+!$%
R"%
23%(.;,)\;:E.
A′.

)&:;R@N;R@�GK�#
2�0�%

ϕ
*=0WL

B∗ Lw:ER"NE%
.1>W%ªP`%('f,A%ª*E.&.&%(#&23%
.�,
ϕ(ε) = e′, ϕ(b) = λ(b), ϕ(b1 · · · bn) = λ(b1) · . . . · λ(bn), (b, b1, . . . , bn ∈ B).

Å�*
A(B)

>W%(')Lw'A%
�"%T57%
89,$:;'$'�*=0&2�[&IJ%
'
B∗ �G!p,ZU+RG<-%E,D!f�GK�#�>W�"%(!$%T57:E'AN;*=IJ%T*=0WL7N;%
.+*E0�%(�@.+%P�%
�G!f%3g
0Ó%(�@.&%(2Ë57%
89,A:E'A'A*E0&2 � BD:E23:E23:E'AF&#&�G!$2�0+!

ϕ : A(B) → A′ Lw:E'$,A!$%
,$g(%
.VOVÅ6%
'T�G!f,>&*E.&.�*EI1%('�*E0+K�#�!AK�#&:E.�%
�". � R@N;%
I&'�* � B):;2H:;23:E'AF&#&�G!f2�0+!��(>W%
.&.H*=0WL
B∗ �G!p, ϕ(w)·ϕ(w′) =

ϕ(ww′)
0&.+>?!f:;23�4,

ϕ(
∑

w

αww) · ϕ(
∑

w′

α′
w′w′) = (

∑

w

αwϕ(w)) · (
∑

w′

α′
w′ϕ(w′))

=
∑

w,w′

αwα
′
w′ϕ(w) · ϕ(w′) =

∑

w,w′

αwα
′
w′ϕ(ww′)

= ϕ(
∑

w,w′

αwα
′
w′ww′) = ϕ

(

(
∑

w

αww) ⊗ (
∑

w′

α′
w′w′)

)

Å�*=23�4, �"!f,j%(�@.
ϕ ∈ A−

BD:E2
(A(B), A′)

23�@,
ϕ◦η = λ

NE%
Lw0&.+>W%(.c0&.+>·>&�@%�mD:;.+!p,A'$0+8;,A�@:;.
g
%(�@NE,(US>&*-%�%(!X.90+' >W�"%(!$%
.�%
�".&%
.�NE%
IJ%
.�8k*E.&.VOSÅD�"%�I1%(.90&,$g
,A%�)+0&.&89,$�":E.

η
/ *E'X>W�"%DÈ��".SI1%
, �

,$0+.&Nc\E:;.
B ∈ A(B)

0&.+>�>&*E23�4,),A'$�"\S�"*ER@%('$/ %
�G!$%��". 'p%(8;,A�@\�O � RG!f:��"!f,6*=01K�#CY&*-,$g � O � 'p%
,Ag
,
\E:;R@RG!f,A<=.1>W�@NHNE%(g
%(�@NE,(O

�



�����

PQ�"')#+*=IJ%
.C.S0&.Cg(0�'p%(>W%('DaC%
.+NE%
B
%(�@.&%�Lw'$%(�@% � R@N;%
I&'�*

A(B)
8E:;.+!p,A'$0+�@%('f,ZU&>&*=23�@,6*=IJ%
'

*=.1>W%
'�!�*=RG! I1%(�±57%
89,A:E'A'A<E0&23%
.�.+:SK�#�.&�GK�#9,D*=R"R@% � R"NE%(I&'A%
.�%
'$L~*-%=,ZOWÈj!�NE�"R@, 'p%(>W:WK�#
1 �Wv32Czi|�� 69�k¬S� �)�@� �=�-�����G�
�� �¯k��¯k��¯k�¦«� J�
� � � � ¬`���"�J���TÖM�
���w��� �)�@� �=�-�l�S¼7¬1Â  ±Â­£;¡" 
�k¬S���
�)�@� �=�-�l� A′ � ���W�X�
�6���"�J��¢`�l� � � B ¡=�­¬����"�J�����(¡=�� 
��¶��~��¿k�l� �D�4� �-�-�l� � Õ�¯-��¯k��¯k�¦«� &�G�f��¡E�
ϕ : A(B) → A′.
9Hr0:�r9uy�&, P�<=#+R@%�*=RG!�aC%
.&N;%

B
>W�"%XN9*=.&g(% � R@N;%
I&'�*

A′ U=>­O #VO B := A′ 0&.+>�*ER"! λ : B → A′NE%('A*;>W%
λ :=

�G>
A′ .

Å�*
A(B)

Lw'A%
�X�"!f,�[&IJ%
'
B
NE�"IW,�%Z!�>&*E.&.Ó%
�".&%
.]BD:E23:E23:;'$F&#+�"!$2�0+!

ϕ : A(B) = A(A′) → A′,
>&%
'

λ
Lw:;'f,�!f%
,$g
,ZOdÅ�*

λ
!$0&' 'p%(89,$�"\`�G!p,ZU�2�0�%�%Z!

ϕ
%(I1%(.WL~*=R"R"!

!$%
�".VO
�Å6�@%Z!f%X#&�@%('oIJ%
.S0W,Ag
,A%�Lw'A%
�"% � R"NE%(I&'�*

A(A′)
�G!p,�!f%(R@I1!p,oLw[&'�_f8SR@%(�@.+%lb � R"NE%(I&'$%(.

A′ %
�".�'A�@%Z!f�"NE%Z!^6I 'p%(8;,�0&.+> YW�@%Ó!f:;R@R@,$%(.�N;*E'�.&�GK�#9,�\;%
'�!f0+K�#+%
.VUj!$�GK�# >W�"%(!�%
R"%
23%
.9,p/ %
�G!f%�\;:E'Ag
0+!f,$%(R@R"%
.±O
Å6%
0W,AR@�GK�#��G!f,�*EI1%('(Uk>&*-%�>W%
'�%(I1%(.�8E:;.+!f,$'A0&�@%('f,A%XBD:E23:E23:E'AF&#&�G!$2�0+!

ϕ
8E%(�@.&%Z!f/ %
N9!V�". 'p%
89,A�@\

!$%
�".Q8k*E.&.VO Å6*<'p%Z>W%
'�B):;2H:;23:E'AF&#&�G!f2�0+!3\E:;. � R@N;%
I&'A%
.Q*E0+K�#Q%
�".�B):;2H:;23:E'AF&#&�G!f2�0+!
\E:;.{57%
89,$:;'$'�<=0&23%(.e�G!f,(UªÚw/��"'�I&'�*=0+K�#+%
. 'f*´.S0&'�>&�@%ia�0&R4,A�@F+R@�"8-*-,$�":E. �@.�>W%(. � R"NE%(I&'A%
.
g
0`\E%('$N;%(!A!f%(.C0&.+>�%('$#1*=R@,$%
.`57%
89,$:;'$'�<=0+2H%;U Û�Lw[&#&'$,�0+.+!ª>W�@%Z!ª*=0WLX>&�@%·Ü).9,A%
'�!f0+K�#S0&.+N�>W%
'
mª%
'A.&%ª\E:;. � R@N;%
I&'�* � B):;2H:;23:E'AF&#&�G!f23%
.±O9BD�@%('$g(0�Lw:;R@N;%
.+>&%
q�r;s�tduwv(uyx1t{zi|��{�����drS�&���i�j�T�l���

A
�l�@��� �D�4� �-�-�l�&ÂJ���"�J�	����� � ���l� � � U ⊂ A

 J�l�@¹1�)�l�@�
¾ £;¤7�l�"�l�����~� � �
�pÀ ��¬S�
� � �"� A, ¤����&�
¾ �@À U �l�@� �±���¦���A���&¡=� ¿k¯-�

A
¡=�­¬

¾ �"�@À�Ö¦×=� � �@� � u ∈ U, x, y ∈ A
�(���-�y�

xuy ∈ U
�"�(�d¯&¬S�����&� � ��¶�×=�A£E� AUA ⊂ U.

Ô��c¤7�@�����"�
���@�1��� � �l�c�l����¬S�l��¢´¡ � �~�µ« � �@¶=�&�~�w¯k�] J�&�W��� �W�Z¬S�-¡&���-��¬E�w�l�Z° �p�
��¿k¯k�Ç�l�@������
��
¯W¬1¡=¶��
���"� �J�-¶���¯-���@�

U
¼+�l¯��
¥p J¯-�i¬S�=� � �=�&£k��
��
¯&¬+¡=¶��$Â

Å6%
' �p>W%Z*=R � � %
N;'$�@hÓ�"!f,ªLw0&.+>&*E2H%(.9,A*=RdLw[&'�*ER@R"%3Ü).9,$%('A!$0+K�#S0&.&N;%
.i�"2ÞnJ01!$*E2H23%(.&#+*=.+N�23�4,
� R"NE%(I&'A%
.�0&.+>`\E%
'A/�*=.+>S,A%
.ÓY9,$'A0&89,$0&'A%
.±O­È��@.´� %
�G!$F&�@%(R7#+*-,$,$%(.�/��"'�!AK�#&:E.`�@.ÓmT*=F&�@,$%(RXn
IJ%
,$'�*EK�#9,A%
,(UW.1<=23R@�GK�#?>W�@%�a�%
.&N;%

J (f)
*=R"R"%
'�Ì�:ER"Í9.+:E23%ª�@.

K[X ],
>W�"%�\;:E.�%
�".&%
2 Lw%(!f,$%(.

Ì�:ER"ÍS.&:E2�
�>W:;'f,)>W%(2�aC�".&�"2·*=R"F1:;R@ÍS.&:;2�g
0
f

cN;%
,$%(�@R@,)/ %
'�>W%
.VO

1 �Wv32Czi|~}�� �p�(�
ϕ ∈ A −

BD:E2
(A,A′)

� � �l¯i�l�@� �)�@� �=�-�l� � Õ�¯k��¯-�c¯-��«­ &�"�$��¡;�
¼j¡E�­¬��G�(�
U := {x ∈ A | ϕ(x) = 0}

¬S�l�)§����A�`¿-¯k�
ϕ,
��¯��G�
�

U
���"����¬W�
� � �"� A.

9Hr0:�r9uy�&,�Å�*
ϕ
*E0+K�#C%
�".i57%(8;,A:E'A'A*E0&2 � BD:E23:E23:;'$F&#+�"!$2�0+!��G!f,(U��"!f,

U
�".+!$I1%Z!f:;.+>W%('$%�%
�".

Ü).9,A%
'A'A*E0&2?O�)+%
'A.&%
'��G!p, Lw[&'
u ∈ U

'f*
ϕ(u) = 0

0&.+>�>&*E2H�@, Lw[&'�I1%(R@�"%
I&�"NE%
x, y ∈ A

>+*=.&.
ϕ(xuy) = ϕ(x)ϕ(u)ϕ(y) = ϕ(x) · 0 · ϕ(y) = 0,

!$:S>+*-%3*=0+K�#
xuy ∈

8E%
'
(ϕ) = U

�G!p,ZO
�Å6�@%Z!f%(' YW*=,$gDRG<-%E, !$�"K�#·0+2H8;%
#&'A%
.·0+.+>�>W�"%(!$%DÜD2H8;%
#&'A0&.&N�/��@'�>·!$�"K�#�*ER"!j0&.&N;%
#&%(0&%
'X/��@'A8 �

!A*=23%(! �¦.1!p,A'$0&23%(.;,dg
0&'omD:;.+!p,A'$0+8;,A�@:;.ª.&%
0&%(' � R@N;%
I&'A%
.ª23�4,d\E:;'$N;%
NE%(I1%(.&%
.�È��"NE%(.+!$K�#1*-LM,$%(.
%
'A/ %
�G!f%(.VO

nJ0&.1<EK�#+!f,�'p%Z>W:WK�#?%
�".�F1*E*='�� %
�G!$F&�@%(R@%�Lw[&' �p>W%(*ER@%0,
�¦.Ó>W%
'ªLw'A%
�"%
. � R"NE%(I&'A*

A(B)
!$�@.1>`*ER@R"%·Ü).9,$%('$'�<=0&23%

Um :=
⊕

n≥mAn(B), (m =
0, 1, . . .)

�p>W%Z*=R"% �o>&%
.&.´Lw[+'('p%Z>W%(!�È�R@%(23%
.9,H8-*E.&.�>W%
'·É�'�*E>´>W0&'�K�#´%
�".&%�aC0&R@,$�"F&R@�"8-*-,A�@:;.
23�4,)%(�@.+%
2�*E.+>W%('$%(.�È�R"%
23%(.;,)#+ÊSK�#1!p,A%
.+!�/�*EK�#+!$%
.±O

�p!f,�Lw%
'A.&%
'
A
%
�".&%6I1%(R@�"%
I&�"NE% � R"NE%
I+'A*+U;>&*E'$�".

S ⊂ A
%
�".&%6I1%(R@�"%
I&�"NE%6aC%
.&N;%EU9!f:�N;�@I&,j%(!

!f,$%
,�!�%
�". �p>W%Z*=R�UJ>&*;!
S
%
.9,$#1<=R@,(UJ.+<=23R"�"K�#

A
!$%
R"I+!p,ZOJÅ�*�>W%
'ªÅD0+'AK�#+!AK�#&.&�@,f,ª\E:;.�IJ%
R"�@%(I&�@N

\S�@%(R@%(. �p>&%(*=R"%
.3!f,$%
,�!7/��"%(>W%('7%
�". �p>W%Z*=RW�G!p,DÚ~/ *E'$0+2��kÛ
U-8EÊE.+.&%
.H/��@'�*ER"!$:ª>W%
.·Å60&'AK�#1!$K�#&.+�4,$,
*=R"R"%
'

S
%
.9,$#+*ER4,A%
.+>&%
' �p>W%Z*=R"%��".

A
I&�@RG>W%(.�0+.+>�%
'A#+*=R@,$%(.�>&*;! �p>W%(*ER
U(S) :=

⋂

S⊂U⊂A
U ���������

U
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q�r;s�tduwv(uyx1t{zi|~}J}eÔ6�M�
���
�6�-�W���?¶W¯k�+�(�~�Z¡=�w���Z��� ��¬S�
� �  J���"¹+� ¬9�E�T¿k¯-� S ���A£k�-¡ � �¦� ��¬S�
� � Â
nJ%(�@N;%
.·YS�@%)!$%
R"I+!f,(UE>+*-%T>W�"%(!$%(!��p>W%Z*=R

U(S)
*=01!7*=R"R@%(.H%(.+>WR"�"K�#+%
.cYS0&2323%
.3\E:;.�ÈjR@%(2H%(.9,$%
.

>W%(' � '$,
xsy

IJ%(!f,$%
#9,ZU&/X:;I1%(�
s ∈ S, x, y ∈ A

!$�@.+>VO
/)0+.�8;:E2323%
.�/��@'�g(0C>W%
')*E.&NE%(89[+.+>W�"N=,$%(.�ÜD2H8;%
#&'A0&.&N3\;:E.CYW*-,Ag � O �

1 �Wv32CÒdt �Qq�r9sdtduwvZu~xJtÇzi|~}&Îe���·Òdx1v(u~rSt�vZr9t � z��~�Jr9�o�-�1��j�X���l�
A
�l�@�J� �)�@� �-�=���W¼ U ⊂ A

���"� ��¬S�
� � Â;Ô��=�&� � ���W��l�H���"�J� �)�@� �=�-��� A/U ¼ � �l�1�-�+�J�ª²���¡9¯W�~�w�������l� �~�D�4� �-�-�l�W³¡=�­¬ �l�@����� �(¡=�  
�l¶��~��¿k��� Õª¯k��¯k��¯k�¦«� &�G�$��¡E�
π : A →

A/U, � ���1�=�&���{²Q¶-�=�J¯k�+�"�
¥p J��� �o«��"�c¯-��«­ &�"�$��¡;�
³e�3�y�

U ⊂
8;%
'

ϕ ⊂ A A′

A/U

ψ

ϕ

π

8E%('
π = U,

��¯&¬9�=¹´¬E�w� �D�4� �-�-�l� A/U ¬E�w�·Öy¯ �4� ���­¬W�·�$�M�i�-�G�3�&¡=Ö �p�l¯k��¯k�¦«� &�w��¥p 1�=���=¶���� ��A�"�$�M�l�l�l�­¬S��¡=�&��¿k�l�A�l� �"� �D��� � �l�+�
¥p 1�-Ö¦���W�l�$�y�y£E�$°� ×=�� 
�Z¬S� �)�@� �=�-��� A′ ¡=�­¬  
�k¬S����Õ�¯-�c¯-��¯k�¦«� &�G�f��¡E� ϕ : A → A′ �3��� U ⊂
8;%
'

ϕ � ���W�7�l�
� �l�1�W¡c���"�J�l�?Õª¯k��¯k��¯-��«� +�"�$��¡E� ψ : A/U → A′ ¼1�l¯&¬9�-¹ ϕ = ψ ◦ π.

9Hr0:�r9uy�&, PQ�"'�#+*=,f,$%(.´%
�".&%
.´*E.+*=R":EN;%
.´YW*-,Ag3Lw[&'�57%(8;,A:E'A'A<E0&23%3I1%(/��@%Z!f%(.VU±*=0&L�>&%
.Ó/��@'
.S0&.{g
0&'A[+K�8SNE'A%
�@Lw%
.±O�n�0&.+<EK�#1!p,·\E%('$N;%(!A!f%(.]/��"'·�@.{0&.1!f%('$%(. � R@N;%
I&'A%
.Q>W�"%CaC0&R@,$�"F&R@�"8-*-,A� �
:E.±Uk!$:W>&*-%6.S0&'o.+:SK�#�57%
89,$:;'$'�<=0+2H%j0&.+>�57%
89,$:;'$'�*=0&2 � B):;2H:;23:E'AF&#&�G!f23%
.ª[&I+I&'$�"NEI+R@%(�@IJ%
.VO
�¦.+!$I1%Z!f:;.+>W%('$%��G!p,

U
%
�".�Ü).9,A%
'A'A*E0&2 \;:E.

A.
Å6*E.&.·#+*EI1%(.c/��@' *=IJ%
'XNE%
.1*=0c>W�"%D!AK�#&:E.·IJ%
�

57%
89,A:E'A'A<E0&23%
.cIJ%
,A'A*;K�#;,A%
,A%ªYS�@,$01*-,$�":E.±OSÅ6�"%(!�IJ%(>W%(0W,$%
,(U&>&*&%�%Z!X%(�@.+%
.�57%(89,$:E'A'�*=0&2
A/U0&.+>H%(�@.&%(.�57%(89,$:E'A'�*=0&2 � È�F&�"2H:;'$F+#&�"!$2�01!

π : A→ A/U
N;�@I&,(U-23�4,j>&%
2 *ER@R"%(!d�".30&.+!$%
'A%
2

YW*=,$g�IJ%
#+*E0&FW,$%
,$%)N;�@R@,(U;!f:;R"*E.&NE% /��@'j.&�"K�#9,j>W�"% � R"NE%(I&'�* � aC0&R@,$�"F&R@�"8-*-,A�@:;.��".+!jYSF+�@%(R+I&'A�@.+NE%
.±O
PQ�"')#+*=IJ%
.?*=RG!$:H.S0&'�.+:SK�#�Lw:ER"NE%(.+>W%Z!�g
0?R@%(�"!f,$%(.�,
� O��
	�� � � 	�
�	 � � A/U 	 � � 	������ � � � � ����� � ��� ����� � 	 � � 	! ���"� �$#%� 
 �"� �&� 	 � 	$'&	 � �(� 
)
 � ��*,+

- � 
)� � � ��
�./�0	 � � 	/
,12� 34	65/
 � * � �87 � �  9	/
):;	 � � 	/
 ��� � �<� ./: � 
= �%�>�?�A@ π
./�B	 � � 	�*

12� 3�	C5/
 � +�D � * � * � 
 � � �  )*
�E !: � 
 ��F
� OHGI	 � 34	 �J�?�A@K�?� * � �L� � ��� ψ : A/U → A′ 	 � � 12� 34	C5�
 � +�D � * � * � 
 � �	�  )*,�E !: � 
 �?F

nJ0 � O5,;YW%
�
x, y ∈ A/U.

Å�*
π
!$0&' 'p%(89,$�"\��G!p,ZUEN;�@IW,X%(!

x, y ∈ A,
!f:W>&*&%

π(x) = x, π(y) = y./)0+.?>&%$#+.&�"%
'A%
.�/��"')%
�".&%TaC0&R@,$�"F&R"�@8-*-,A�@:;.?�@.
A/U

>W0+'AK�#

x · y := π(xy),
>­O #VO

π(x) · π(y) := π(xy). (∗)

Å�*
π
'f*?%(�@.&%·.+�"K�#9,f,A'$�"\S�"*ER@%(.�mª%('$.`#+*-,ZUVNE�"IW,�%Z!T\E%('A!AK�#&�"%(>W%(.&%

x,
>W�"%c*=R"R@%·\;:E.

π
*E0WL

x*=I+NE%
I+�@RG>W%
,X/X%('A>W%(.VUE!$:W>&*-%T/��"'�F&'A[WLw%
.�2�[+!A!f%(.VU=:;I·2H�@,
(∗)

[&IJ%
'A#+*E0&FW,j%(�@.&%D\E%
'A.S[&.WLM,A�@N;%
^6FJ%
'�*-,$�":E.�>W%$#1.&�@%('f,)�G!f,3,

YS%(�+*=RG!f:
π(x) = π(x′) = x, π(y) = π(y′) = y.

Å�*=.&.·�G!p,
π(x−x′) = π(x)−π(x′) =

0
0&.+>e%(I1%(.+!f:

π(y − y′) = 0.
)&:;R@N;R@�GK�#e�"!f,

u := x − x′ ∈ U =
8;%
'

π
0&.+>e%(I1%(.+!f:

v := y − y ∈ U =
8;%
'

π.
� R"!$:·�"!f,

x = x′ + u, y = y′ + v
23�@,

u, v ∈ U =
8E%('

π.

Å�*=.&.?%
'A#+*ER4,A%
.�/��@')*EI1%('�2H�@,D>W%(2 È��".+!$%
R"%
23%
.9,
e
\;:E.

A

xy = (x′ + u)(y′ + v) = x′y′ + x′v + uy′ + uv = x′y′ + (x′ve+ euy′ + euv)

0&.+>��@2ÞR@%
,$g
,$%
.NM±%('$2Þ�"!f,�>W�"%cN9*=.&g(%cmªR"*E2H23%('��".
U =

8E%('
π.
PQ�@'�#+*=IJ%
.�*ER"!$:

xy =
x′y′ + w

2H�@,
w ∈

8E%
'
π,
!f:W>&*&%

π(xy) = π(x′y′) + π(w) = π(x′y′).Å�*=23�4,)�G!f,6*=RG!f:·>W0+'AK�#
(∗)

'p%(>W%(.WL~*=R"R"!)%
�".&%H^6FJ%
'�*-,$�":E.��".
A/U

>W%$#1.&�@%('f,ZO+Ì�'A[WLw%(.�/��"'
>W�"% �LO �":E23%&,

��� ,&*E!A!f:;g
�G*-,A�@\ ,

(xy) · z = π(xy) · π(z) = π((xy)z) = π(x(yz)) = π(x) · π(yz) = x · (yz).



�����

� � ,&>W�G!p,A'$�"I&0W,A�@\ ,

(x+ y) · z = π((x + y)z) = π(xz + yz) = π(xz) + π(yz) = (xz) + (yz).

0&.+>?*E.+*=R":EN3>W�"%�*=.+>W%('$%!)&:;'$23%(RyO
� � ,

α · (xy) = α · π(xy) = π(αxy) = π((αx)y)

= π(αx) · π(y) = (α · π(x)) · π(y) = (α · x) · y

α · (xy) = α · π(xy) = π(αxy) = π(x(αy))

= π(x) · π(αy) = π(x) · (α · π(y))) = x · (α · y)

� � ,+YS%
�
e := π(e)

Lw[&')>&*;!�È��".+!f%(R@%(23%
.9,
e
\;:E.

A.
Å�*=.&.��"!f,

e · x = π(ex) = π(x) = x = π(x) = π(xe) = x · e,

!$:S>+*-%3*=RG!f:
e := π(e)

>&*;!�È��".+!f%(R@%(23%
.9,)\E:;.
A/U

�G!f,(O
aC�@, >W%('X>W0+'AK�#

(∗)
23�@,f,$%(R"!

π
\;:E.

A
*E0WL

A/U
[&I1%('f,A'A*ENE%(.&%
.·aC0&R@,$�"F&R"�@8-*=,$�":E.c�G!p,�*=RG!f:

A/U
%
�".&% � R"NE%(I&'A*�0&.+>`>&*=IJ%
��,A'$�"\S�"*ER@%('$/ %
�G!$%�*=0+K�#

π
%(�@. � R"NE%
I+'A* � BD:E23:E23:E'AF&#&�G!$2�0+!(O

Å�*=23�4,)�G!f, � OWNE%(g
%(�@NE,(O
nJ0 � O ,±PQ�"'�/��"!A!$%
.VU±>+*-%C%(!�%
�".&%
.Ó57%
89,A:E'A'A*E0&2 � BD:E23:E23:E'AF&#&�G!$2�0+!

ψ
NE�"IW,ZU±!f:W>&*&%

ϕ = ψ ◦ π,
>­O #VOWLw[+')*=R"R@%

x ∈ A :

ϕ(x) = (ψ ◦ π)(x) = ψ(π(x)) = ψ(x),

/ :EIJ%
�­/��"%(>W%('
x := π(x).

Å�*=.+.��G!p,)�".+!$I1%Z!f:;.+>W%('$%

ψ(x · y) = ψ(π(xy)) = ϕ(xy) = ϕ(x) · ϕ(y) = ψ(x) · ψ(y)
0&.+>

ψ(e) = ψ(π(e)) = ϕ(e) =
Èj�@.+!$%
R"%
23%(.;,)\;:E.

A′.

� RG!$:��G!f,
ψ
%(�@. � R@N;%
I&'�* � B):;2H:;23:E'AF&#&�G!f2�0+!
OJÅ6*E23�4,��G!p,�Y&*-,$g30&.1>�Å6%$#1.&�4,A�@:;. � O � � NE% �

g
%(�@NE,(O
�

� 〉

PQ�"'T/X%('A>W%(.i>W�"%(!$%·mD:;.+!p,A'$0+8;,A�@:;.�23%
#&'$L~*EK�#�*=0WLjLw'$%(�@% � R"NE%(I&'A%
.
A(B)

*E.9/ %
.1>W%
.VO�)d[&'
>W�"%CÅD�G!f8S0+!A!$�@:;.Ç>W%('H%('$#1*=R@,$%
.+%
. �60+:=,$�"%
.9,A%
. �¦� R"NE%(I&'A*i/��@'�>]>&%
'3Lw:ER"NE%(.+>W%CYW*-,Ag?#&%
R@Lw%
.VU
>W%(')>W�@%�n�%
'AR@%(NE0&.&NH�".�#+:E23:EN;%
.&%ªÜ).9,$%('$'�<=0+2H%ªIJ%
.S0W,Ag
,(O
1 �Wv32Czi|~} ���j���l���

A(B)
ÖM�
���w� �)�@� �=�-�l�S¼ U ⊂ A(B)

���"� ��¬S�
� � ¼ Ö¦×E��¬9�E���3���3���"�J�l�
m ∈ N � � � �p¼±¬S�-¹ U ⊂

⊕

n≥mAn(B),
Öy���A�J���)�l���

π : A(B) → A(B)/U
¬S���)¶=�=�J¯k�&�G�
¥p J�

�o«��"��¯k�¦«� &�G�f��¡E�ZÂ;Ôª�-�&���"�(�
π
���"� � �
�
¥p +��Ø=�&¶��o�W¡=Ö ⊕n<mAn(B)

�@�  
��¶��~��¿WÂ �¦�1�(�W�l�l¯k�­¬W���
�
�����y 1Ø � ���@� �J� �"� � m ≥ 2

¬E�w�>��¡9¯S�y�M�l�������J� �@� �-�=���D�l�@�H�G��¯-�c¯-��«­ J�l� � � � ¬�¿-¯k� K⊕
!fF+*E.

(B).

9Hr0:�r9uy�&, Èj!3N;%
.S[&N=,Hg
0�g(%
�"NE%(.VU7>&*-%`8E%
'
π ∩

⊕

n<mAn(B) = (0)
�G!p,ZO7ÅD�"%(!H�G!p,·*=IJ%
'

,$'A�"\9�G*=R"%
'A/ %
�G!f%3!f: �±>W%(.&.Ó.+*EK�#Ó57:E'�*=01!$!$%
,Ag
0&.&N?�G!p, 'f*?8;%
'
π = U ⊂

⊕

n≥mAn(B)
0&.1>

(
⊕

n<mAn(B)) ∩ (
⊕

n≥mAn(B)) = (0),
>&*3%Z!D!$�"K�#?0&2 YS0&232·*=.1>W%
.C%(�@.&%('D>W�"'$%(89,$%
.

YS0&2323%T#+*E.+>W%
R@,(O
�

� RG!�.1<EK�#+!f,$%Z!ª/X:;R@R"%
.Ó/��"'�[&IJ%
'�>W�"%(!$% �60&:E,$�"%
.9,$%(.&8E:;.+!p,A'$0+8;,A�@:;.�>&�@%c!$:EN;%
.+*E.&.9,$%
.�8E:;2 �
2�0&,A*-,A�@\;%
. � R"NE%(I&'$%(.�N;%
/��".&.&%(.VO
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q�r;s�tduwv(uyx1t{zi|~} 4{� ��xJ����Ò±vZ�Wv(u��1r?z��y�1r9�d�k�J�
���"�J�

K �~�D�4� �-�-�l� A  J���"¹+�V¶W¯k�3��¡+���W�y�y¿9¼+¤����+�H�" &�
��¢´¡ � �~�µ« � �@¶=� ��~�w¯k�?¶W¯k��¡+���W�y�y¿T�G�(�p¼V¬1Â  ±ÂWÖ¦×E�6� �"� � x, y ∈ A � � � � xy = yx.�j���l���
B
�l�@�3¢`�l� � �k¼ A ���"�J��¶S¯k�3��¡&���&�~��¿k� �D�4� �-�-�l�&ÂZÔ��=�&�H J���"¹+� AÖM�
���w�ª¿k¯-�
B
���A£k�k¡ � ����¶S¯-�H��¡&���&�~��¿k� �D�4� �-�-�l�S¼J¤7�l�&�?�
���l�@���.�±¡=�&¶ ��~�w¯k�

η : B → A � ���W�p¼=�l¯&¬9�-¹ � � � �$°-�d¡  
�Z¬S�l�d¶W¯k�3��¡+���W�y�y¿-��� �D�4� �-�-�l�

B

A′

A
ψ

λ

η

A′ ¡=�V¬! 
�Z¬W���"�V¡=�+¶J�y�M¯-� λ : B → A′ � ���W���l� � �l�1�W¡��l�@����� �D�4� �-�-�l� � Õ�¯-��¯k��¯k�¦«� &�G�f��¡E�
ψ : A → A′ �3��� λ = ψ ◦ η.
� %
�G!fF+�@%(R@%�Lw[&'c8;:E232�0&,A*-,A�@\;% � R"NE%
I+'$%(.e!$�@.1>Ç%
,p/ *Ó>W%('cmDÊ;'$FJ%

K
!f%(R@I+!f,c:W>W%
'c>&�@%C\;:E.

%
�".&%(2ÝÈ�R"%
23%
.9,�%('$g(%
0&NE,$%HLw'$%(�@% � R@N;%
I&'�*&UV>VO #VOo>W�@%·Ì�:;R@ÍS.&:;2H%3�".Ó%
�".&%
'�ÜD.9IJ%(!f,$�"232�,A%
.VO
Å�*=NE%(NE%(.�!$�@.+>�Lw[&'

n ≥ 2
>&�@%Ta�*=,$'A�@g(%
. �¦� R"NE%(I&'$%(.

Kn×n .&�GK�#;,)8;:E232�0&,A*-,A�@\�O
)&'A%
�"%�8;:E232�0&,A*-,A�@\;% � R@N;%
I&'A%
.�/ %
'�>W%(.�/��@'HNER"%
�GK�#�8;:E.+!f,$'A0&�"%
'A%
.VO�nJ0&.+<;K�#+!f,�/��"%(>W%('

>W%('$%(.�È��".+>W%(0W,$�"NE8;%
�@,3,
1 �Wv32Czi|~} � 6S�D£E¤����­ÖM�
���w�Z¼­¿k¯-�i¬S�l����� � �W���?¢`��� � � B ���A£k�k¡ � ���)¶S¯-�3��¡&���W�~��¿k� �)�@� �=�-�
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ψ
�p!$:E23:E'AF&#&�G!$2H%(.

B B′

A(B) A(B′)

λ−1

λ

ψ

ϕ

η η′

!$�@.+>VO
nJ0 Ú~�@�MÛ ,

n = 0 :
YS�@.1>

ε
I&g
/TO

ε′
>W�"%`È��".+!$%
R"%
23%
.9,A%`\;:E.

A(B)
I&g
/TO

A(B′),
!$:]�G!f,

A0(B) = {αε | α ∈ K}
0&.+>

A0(B
′) = {αε′ | α ∈ K}

0&.+> !$:E23�4,?.&:E,p/X%(.+>W�"N
ϕ(αε) = αϕ(ε) = αε′,

/ :E'�*=0+!X2·*=.C*=I&R"�"%(!f,(U&>&*&%
ϕ0

%(�@. �p!$:E23:E'AF&#&�G!f2�0+! �"!f,(O
n = 1 :

Å�*
ϕ
�@.1!fIJ%(!$:E.+>&%
'A%

B
*E0WL

B′ I+� 'p%(8;,A�@\´*EI&I&�"R">W%
,H0+.+>´IJ%
�G>W%(!3��*E!$%
.´\;:E.
A1(B) = V = A1(B

′)
!$�@.1>­U-�"!f,

ϕ1
%(�@.H57%
89,A:E'A'A*E0&2 � �p!$:E23:E'AF&#&�G!$2�0+!

A1(B) → A1(B
′).

n > 1 :
PQ�"%H:;I1%(.ÓI1%(2H%('$89,�/��"'A>

An(B)
\;:E.Ó>W%
.

n
� L~*EK�#&%(.iÌ�'A:W>W0&89,$%(.Ó\E:E.�È�R"% �

23%
.9,$%(.�*E0+!
V
%('$g(%
0&NE,(O�Å6*E23�4,T[&IJ%
'$,$'�<=NE,�!$�"K�#�>W�@% � 0+!$!A*=N;%�\;:E2 )+*ER@R

n = 1
*E0WLX>W%(.

*=R"R"NE%
23%(�@.&%(. )1*=R"RyO
�Å�*E!cP�%(!$%
.9,AR@�GK�#&%i*E.�>W%
'�Lw'$%(�@%(. � R"NE%(I&'A*

A(B)
�G!p,?*=RG!f:´N9*='A.&�"K�#9,�>W�"%`a�%
.&N;%

B,!$:E.+>W%('$.Q>W%('�\;:E.{�@#+'�%
'Ag
%(0&N=,A%?Lw'$%(�@%i57%
89,$:;'$'�*=0&2
V,

g
0�>W%(2
B
%
�".&%i��*E!$�"!c�"!f,�0&.1>

>W%('?!$%
R"I+!f,�/��"%(>&%
'A0&2 �@.
A(B)

*=RG!�#&:;23:ENE%(.&%
' �)*E0&2
A1(B)

%(.;,A#+*=R@,$%(. �G!p,ZO)ÅD�"%(!$%
'
Y9,�*=.+>WF+0&.&89,�Lw[&#&'$,)0&.+!�g(0�Lw:ER"NE%
.1>W%
' )&%Z!p,�!f%
,$g(0&.&N�,
q�r;s�tduwv(uyx1t{Òdt � 1 �Wv 2�zi|~}��{��� r9td�Zx+�-�&�y�1r9�d�k�J���X���l���

V
�l�@� ¾ ���V¬ � �y¥p ´¬E�"�����+�$�w¯k�1� �

� ���$À » ��¶���¯-�$�l�W¡E��¼ B ���"�J� ���E�f�G�C¿-¯k�
V
¡=�­¬

A(B)
¬E�w��ÖM�
���w� �D�4� �-�-�l�e×+�W��� B. � �"��J�l�&�J���]¬9�-�+���W¡&¥p 

T (V ) := A(B)
¬E�M�·²��J�l�+��¯-��� �4� �-�-�l��×+�W��� V ³T¡=�V¬i¬E�w�T �¯k��¯ � ���J�l��±���¦���A��Ø&¡=���

Tn(V ) := An(B)
�&¡W¥p i²������+�l¯k�A��Ø&¡=���k³�Â



�)�A�;�

�j�3�G�
�
T0(V ) = K

¬S����Ù��Z¡=�­¬;¶S©k�¦«����(¼
T1(V ) = V

¡=�V¬ÓÖy�l�$�����3Ö¦×=�
n ≥ 2

�(���-�y�
Tn(V ) =

!$F+*=.
{x1 ⊗ . . .⊗ xn | xi ∈ V },

¡=�­¬?¬9�=�3�y��¬9�=�&�

T (V ) =

∞⊕

n=0

Tn(V ).

Ô6�M� �����+�l¯k�l� �@� �=�-��� T (V )
¡=�­¬3�@ &�
� �����1��¯-� � �±�����l�$�lØW¡E�c���f�"�­¬�¬1¡=�
¥p  V �=�"���W¡EÖ �p��¯-��¯k� �«� &�w���l�@�V¬S�k¡&�y� � �S�
�
�y�@�3���$Â Tn(V )

�J���&���X�·�=�i�W¡W¥p �¬9�=� �J�l�+��¯-��«­�l¯&¬+¡=¶���¿-¯k�
n
���1��� �« � �-�
���`¬S�l� �6�W¡=���l� V. � �"�D�
¥p &�l�l���W���`¬9�=Ö¦×=�D�W¡W¥p 

Tn(V ) = V ⊗ . . .⊗ V (n
�c� � Â )

� �W�-t­Òdto��� �!��
 � ��� � 	2./����	 � . � �<� � � 	�
 � 	 - � � 
�	 � 5/:;	 �  �	
� �   �	!* � �  ��� � �������	� ./� � 	/

� 
)
 � 34	 � �$	 � � � � 3 # 	/
)��	 � � 	 �"� ����@ � � ��	 7 ��	/* 	 � � 	 #%� � V ⊗. . .⊗V � � 	��8	) ��� � � x1⊗. . .⊗xn��� � � 	 �&F 12� ��	� � � � � 	 � 7 ��	/* 	 ��� 	L� � 	(34	 � � 
 � � � �<� 	�
�.C	/�?3�	 � � � 	� /	 �
	�� ��* � � 5 	�
8	/
85 	� � 	 �	�
� �E � � ��	 ��� � � 	 � 
 �?� * 5 � �&� � ��� � 	 �  � � ��� 	/
 7 ��	/* 	 ��� 	 F

Å6�@%Z!f%8Mo%
.+!$:E'A'�<=0&23% I1%Z!f�@,$g(%
.3.S0&.·%
�".&%�0&.&�"\E%('A!$%
R"R"% Èj�@N;%
.+!AK�#+*-LM,��"2 n�0+!$*E232H%(.&#+*E.&N
23�4,�2�0&R4,A�@R"�".&%(*E'$%(. � I+I&�@RG>W0&.+NE%
.±U&>W�@%T!AK�#&:E.�I1%(�VÅD%
,$%('$23�".+*=.9,$%(.`Ú~. � R"�".&%(*E'�ÛX0&.+>�'A%
%
R"R"%
.
YS8-*=RG*='AF&'A:W>W0&89,$%(.`ÚwI+�@R"�@.+%(*='lÛ�*=0&LwNE%
,A'$%
,$%(.�/�*='A%
.VO
q�r;s�tduwv(uyx1t{zi|~}��e�

n � �yu~tdr9�&�=���j�7�l���w��� V1, . . . , Vn,W » �l¶J�¦¯k�A��Ø&¡=����×+�W����¬W��� �l� � �S�l�§T©k�¦«d�l�
K.

���"�J� � �+�-� � ¬+¡=� �
f : V1 × V2 × . . .× Vn →W : (x1, x2, . . . , xn) 7→ f(x1, x2, . . . , xn)

 J�l�@¹1�
n �w� �@���
�-�(¼­¤7�l�&�?Ö¦×=�� 
�k¬S�l� i ∈ {1, 2, . . . , n} � � � �A°��d�
�W�w���Z�7�c�-�C� �"� � � � � ¡=�����������-�G��W¡EÖ)¬9�E�6�3������¡=�3�����

i,
��¯·�"�(��¬E�w�H�l���y�(���� ����­¬S� �V¡E�&¶��~�w¯k�

Vi → W
�l�@� » ��¶��¦¯k�A���&¡=� �Õ�¯-��¯k��¯k�¦«� &�G�f��¡E�
¼&� � �l¯

f(x1, . . . , xi−1, αx+ βy, xi+1, . . . , xn) =

= αf(x1, . . . , xi−1, x, xi+1, . . . , xn) + βf(x1, . . . , xi−1, y, xi+1, . . . , xn).

�p�(�X��«d�l£
�w� �"� V1 = . . . = Vn = V,
��¯c��«��A�y¥p J�j�·�=��¿k¯-�

n �~� �"�J�
�=�l�l� � �&�=� � ¬+¡=� � ���Ç¿k¯k� V�1�W¥p 
W.

Å6�@%
1
� R"�".&%(*E'$%(. � I&I&�"R">W0+.&NE%(.i!f�".+>�:=h�%
.SI+*E')NE%(.+*=0C>W�"%�N;%
/ ÊE#&.&R"�GK�#&%
.�57%
89,$:;'$'�*=0+2 � B): �

23:E23:E'AF&#&�G!$2H%(.VO
nJ0 'p%(>W%(2 57%(8;,A:E'A'A*E0&2

V
�G!p,D>W�"% � I&I+�@RG>W0&.&N

⊗ : V × . . .× V → Tn(V ) : (x1, . . . , xn) 7→ x1 ⊗ . . .⊗ xn

%
�".&%
n
� R"�".&%(*E'$% � I&I&�"R">&0&.&N+U&>+*.'f*��@.?>W%
'XLw'A%
�"%
. � R@N;%
I&'�*&US>­O #VOS�@.�0&.+!$%
'A%
'�M±%(.+!$:E'�*=R"NE%
I+'A*

>&*;!·ÅD�G!p,A'$�"I&0W,A�@\SN;%(!$%
,$g�Lw[&'�>&�@%CaC0&R@,$�"F&R"�@8-*=,$�":E.
⊗
NE�"R@,c0&.+>e!f8-*=RG*='A%<)+*=89,A:E'A%
.]\;:E'·>&*E!

Ì�'A:W>W0&89,�N;%
g
:;NE%(.e/ %
'�>W%(.{>&[&'fLw%(.VUªÚ �LO �":E23% ��� U � � U � � ÛlO PQ�@'�/X%('A>&%
.Q!f%(#&%
.±U >&*&%
>&*E2H�@,)%
�"NE%(.9,$R"�"K�#?!$K�#+:E.�>+*E!�PQ�GK�#;,A�@N9!p,A%T[&IJ%
'

n
� R@�".&%(*E'$% � I+I&�@RG>W0&.+NE%
.?N;%(!A*=N=,��G!p,ZO

nJ0&.1<EK�#+!f,T.&:WK�#´%
�".´F+*E*E'T57:E'AI1%('$%(�4,A0&.&NE%(.VO 
±�@.&%Z*='A% � I&I&�"RG>W0&.&N;%
.]!$�@.1>�>&0&'AK�#Ó�"#&'A%
P�%
'$,$%�*=0&Lo%
�".&%(')� *;!f�G!�IJ%(!f,$�"2H2�,(O��D#&.&R"�"K�#+%(!�N;�@R@,�Lw[&'

n
� R@�".&%(*E'$% � I+I&�@RG>W0&.+NE%
.+,

1 �Wv32Czi|GÎ ���j�d�l���w���
V1, . . . , Vn

���­¬ � �y¥p ·¬E�"�����+�$�M¯-�1� � � » �l¶J�¦¯k�A��Ø&¡=���  
�k¤���� � �o�3�y� ���=�l���
Bi := {b

(i)
1 , . . . , b

(i)
mi},

Öy�l�$�����
W

���"� » ��¶���¯-�$�l�W¡E�Þ¡E�­¬
λ : B1 × . . . × Bn → W

�l�@�J�
�V¡E�&¶��~�w¯k�±Â&Ôª�-�+� � ���W�X�
� � �l�1�W¡c���"�J� n �w� �"�J�
�=�l� � �&�=� � ¬+¡=� � f : V1 × . . .× Vn →W

�3�y�
f|B1×...×Bn

= λ.



����� � � �������
	���
�������������	����������

9Hr0:�r9uy�&, PQ�"'7I1%(#+*=.+>&%
R".�.S0&'7>W%
.�)+*ER@R
n = 2

0&.+>�.&%
.&.+%
.�>&�@%���*E!$%
.
B = {b1, . . . , bm}0&.+>

C = {c1, . . . , cn}.
�p!p,

f : V1 × V2 2
� R"�@.&%Z*='�23�4,

f|B×C = λ,
!$:3#+*=IJ%
.?/��"')*=RG!f:�Lw[&'

x1 =

m∑

i=1

αibi, x2 =

n∑

j=1

βjcj ,

f(x1, x2) = f(

m∑

i=1

αibi,

n∑

j=1

βjcj) =

m∑

i=1

αif(bi,

n∑

j=1

βjcj)

=

m∑

i=1

αi

n∑

j=1

βjf(bi, cj) =

m,n
∑

i=1,j=1

αiβjλ(bi, cj).

YS:;2H�@,�IJ%(!f,$�"232H%(.�>W�"%
λ(bi, cj)

!AK�#&:E.´>W�"%cP�%
'$,$%·\;:E.
f,
>­O #VO±%Z!�NE�"IW,�#&ÊWK�#+!f,$%(.+!T%(�@.&%

� I+I&�@RG>W0&.+N�23�@,�>W�@%Z!f%(.�P�%
'$,$%(.VO � .+>W'A%
'�!$%
�@,A!�>W%$#1.&�@%('f,�:EI+�@N;% )&:;'$23%(RS*E0+K�#�%(�@.+%XI&�"R"�@.&%Z*='A%
� I+I&�@RG>W0&.+N+U&/ :E23�@,�*ER@R"%(!�N;%
g(%
�"N=,��"!f,(O

Å6�@% � 0+!$>&%
#&.S0&.&N·*E0WL
n > 2

8EÊ;.&.&%(.?YS�"%T/ :E#&RV!$%
R"I+!f,3*
�

/)0+.�8;ÊE.&.+%
.�/��@')>W�"%�*=.+NE%
8S[&.1>W�@NE,$%�È��"NE%
.1!$K�#+*=LM,D>W%(!LMo%
.1!f:;'$F&'A:W>W0&89,$%Z! g
%
�"NE%(.VO
1 �Wv32Czi|GÎV}�j�����l�M�l�

V,W » ��¶��¦¯k�A��Ø&¡=���Z¼ f : V × . . . × V → W
���"�J�

n �~� �"�J�
�=�l� � �+�-� � ¬+¡=� � Â=Ôª�-�&� � ���W�o�
� � �l�1�W¡����"�J��� » �l¶J�¦¯k�A���&¡=� �Õ�¯-��¯k��¯k�¦«� &�G�f��¡E�
ϕ : Tn(V ) → W,

��¯&¬9�=¹CÖ¦×=�·� �"� � xi ∈ V
� � � �p¼V¬9�=¹ f(x1, . . . , xn) = ϕ(x1 ⊗ . . .⊗ xn),

¬1Â  ±Â
f = ϕ ◦ ⊗.

V × . . .× V A

Tn(V )

ϕ

f

⊗

9Hr0:�r9uy�&, Èj!�!f%(�
B
%
�".&%c��*E!$�G!T\E:;.

V.
Å�*=.&.´�G!p,

{b1 ⊗ . . . ⊗ bn | bi ∈ B}
� *;!f�G!ª\E:;.

Tn(V ).
YS:;2H�@,)NE�"IW,�%(!)NE%
.1*=0�%(�@.+%
.CB):;2H:;23:E'AF&#&�G!f2�0+!

ϕ : Tn(V ) →W
2H�@,

ϕ(b1 ⊗ . . .⊗ bn) = f(b1, . . . , bn)
Lw[&'D*ER@R"%

(b1, . . . , bn) ∈ B × . . .×B.

Å6�@% � I&I&�"R">W0+.&N
⊗ : V × . . .× V → Tn(V ) : (x1, . . . , xn) 7→ x1 ⊗ . . .⊗ xn

�G!p,
n
� R@�".&%Z*='ZOWYW:E23�4,)�G!f,D*=0+K�#

ϕ ◦ ⊗ : (x1, . . . , xn) 7→ ϕ(x1 ⊗ . . .⊗ xn)

n
� R@�".&%(*E'�0&.+>�!p,A�@232�,�*=0WL

B× . . .×B
23�@,

f
[&IJ%
'A%
�".VO9Å6*E2H�@,X�G!f, >W�"%(!$% � I+I&�@RG>W0&.+N�.+*;K�#

YW*=,$g � O � � �G>W%
.9,$�G!AK�#�23�@,
f. �

��	 � 	 n +�� � � 	 � 
�	 1H5C5 � � � � � 3 V × . . . × V → W
� �A@ �  ����� � �  � � ����� � 3�	 �&� 	$./:;	 �

� 	 � � � 565 � � � � � 34	 � .C	�
)� 	 34	 ���

���
	 � 
�	�.�� � � ���  � � � 	�� � � � # 	/
  /	�� ��	�
 n +�� � � 	 � 
 	�1H5C5 � � � � � 3 ⊗ : V × . . .×V → Tn(V )
� � � 	 � � 	 �  � 
)
 � ��* � �E >� �<�9� �  � � � � 	 @ 	 �&�

� 	 � � 	�� � * 3�	/:�� � � � ����� 	 � - � ��� 	�� � � � 	 � 
�	H1H565 � � � � � 3 ϕ : Tn(V ) →W.

PQ�"')#+*-,$,$%(.
n
� R"�@.+%(*='A% � I&I+�@RG>W0&.&N;%
.�*E0+!�%
�".&%
2¨Ì�'A:W>W0&89,D�"2�*=R"R"NE%
23%(�@.&%(.?\E%
'�!AK�#&�@% �

>W%(.&%
' �)<=0&23%H>W%$#+.+�@%('f,ZOJÅ6�@%Z!)Lw[+N=,�!$�GK�#C#&�@%('6g(/ *E.&NER":;!)%
�".VO�YW%
�"%
.
V1, . . . , Vn

I1%(R@�"%
I+�@N;%
57%
89,A:E'A'A<E0&23%EO9PQ�@'�I&�"RG>W%
.�%
�".&%
. �)*E0&2

V,
>&%
'�*=R"R@%T>W�"%(!$% �)<=0&23%T*=RG!�Ü).9,$%('$'�<=0+2H%6%
.9, �

#+<ER4,ZU=%
,p/�*6>&�@%)>W�"'A%
89,$%)YS0&2323%
V :=

⊕n
i=1 Vi.

/)0+.HI+�@RG>W%
.3/��"'�>W%
. Mo%
.+!$:E'A'A*E0&2
Tn(V )0&.+>�IJ%
,A'A*;K�#;,A%
.?>&*='A�".�>W%(.CÜ).9,$%('$'�*=0&2

V1 ⊗ . . .⊗ Vn :=
!$F+*=.

(x1 ⊗ . . .⊗ xn | xi ∈ Vi, i = 1, . . . , n) ⊂ Tn(V ).



�)�A���

q�r;s�tduwv(uyx1t{zi|GÎJÎ�ÔT�����=�S�l�`���"� � �lÖ¦×= &�Z��� �D�&¡=� V1 ⊗ . . .⊗ Vn
 J�l�@¹1��¬9�=�ª²������+�l¯k�¦«��
¯ �¬+¡=¶��$³D¬S�l� �DØW¡E�c�

V1, . . . , Vn.Å6�@%���%ZK�#9,fLw%
'$,$�"NE0+.&NHLw[&')>W�"%(!$%�ÅD% #+.&�@,$�":E.?R@�"%
NE,��@.�Lw:ER"NE%(.+>W%(2
1 �Wv32Czi|GÎ�� ¾ �@À �d¡  
�Z¬S�l� n �w� �@���
�-�
��� � �&�=� � ¬+¡=� � f : V1× . . .×Vn →W � ���W�±�l� � ���1�&¡���"�J��� » ��¶���¯-�$�l�W¡E� � Õ�¯-��¯k��¯k�¦«� &�G�f��¡E� ϕ : V1 ⊗ . . .⊗ Vn →W

�3���
f(x1, . . . , xn) = ϕ(x1 ⊗ . . .⊗ xn).

¾ �"�@ÀiÔ��E� �J�l�+��¯-��«­�l¯&¬+¡=�+¶J� �G�
�ª¬+¡E�
¥p Ç¬E�w��¡=�&��¿k�����l� �"� ����� � �l�+�
¥p J�-Ö¦� ¾ �@À��-�G���W¡=Ö �p�l¯k��¯k� �«� J¯k�w�ª���"�­¬S�-¡&�~� � �S�
�
�y�@�3���$Â
¾ �@�"�@À �X×E�  
�k¬S� 
j�l�$��¡&���&�~�w¯k� π ¬W��� �¦�­¬E�"£k�l� 1, . . . , n

�$�@�V¬�¬E�w� �DØ&¡=���
V1 ⊗ . . .⊗Vn

¡E�­¬
Vπ(1) ⊗ . . .⊗ Vπ(n)

�G��¯-�c¯-��«­ ±Â
9Hr0:�r9uy�&,)nJ0 Ú~�GÛ$,dÅ6�"%cÈ O �"!f,$%(.&g�\;:E.

ϕ :
PQ�"'�/�<=#+R@%(.´%
�".&%
. �)*E0&2

V,
!f:W>&*&%

Vi ⊂ VLw[&'�*ER@R"%
i.
Å�*=.+.`N;�@IW,T%Z!ªg
0 'p%(>W%(2

Vi
%
�".&%
.Ó8E:;23F&R@%(23%
.9,A<E'$%(. �)*=0+2

Ui
�".
V
UV!f:W>&*&%

V = Vi⊕Ui.
Å�*=g(0c!f%(�@%(.

πi : V → Vi
>W�"%DÌ�'A:-'p%(8;,A:E'A%
.H.+*EK�#�Y&*-,$g ��O � � O=PQ�"'j%
'A/ %
�@,$%
'A.

>W�"%
n
� R"�".&%(*E'$% � I&I+�@RG>W0&.&N

f : V1 × . . .× Vn →W
g(0�%(�@.&%(' � I&I+�@RG>W0&.&N

g : V × . . .× V →W : g(x1, . . . , xn) := f(π1(x1), . . . , πn(xn)),

>W�"%�:EhJ%(.9I1*='�/��"%(>&%
'
n
� R"�@.+%(*='��"!f,(U�>&* 'f*i>W�"%

πi
57%(89,$:E'A'�*=0&2 � B):E23:;2H:;'$F+#&�"!$23%
.Ó!f�".+>­O

/D*;K�#�YW*-,Ag � O �W� NE�"IW,c%Z!·g
0
g
Ú~NE%
.1*=01Û3%(�@.+%
.QB):;2H:;23:E'AF&#&�G!f2�0+!

ψ : Tn(V ) → W,!$:S>+*-%3!p,A%
,A!
g(x1, . . . , xn) = ψ(x1 ⊗ . . .⊗ xn)�G!p,ZO �p!p,�.S0&.C!$:EN;*E'

xi ∈ Vi
U+!$:3�"!f,

π(xi) = xi
0+.+>?>&*=23�@,)�@.C>W�"%(!$%
')YS�@,$0+*=,$�":E.C!$:EN;*E'

g(x1, . . . , xn) := f(x1, . . . , xn).

� RG!$:��G!f,�>W�@%3È��".+!AK�#&'�<=.&8S0&.&N�\E:;.
ψ
*E0WL >&%
.´Ü).9,$%('$'�*=0+2

V1 ⊗ . . . ⊗ Vn ⊂ Tn(V )
>W%
'

NE%Z!f01K�#;,A%�BD:E23:E23:;'$F&#+�"!$2�0+!
ϕ.Å60&'AK�#�>W�"%�� %(>&�@.&N;0&.&N

f(x1, . . . , xn) = ϕ(x1 ⊗ . . .⊗ xn)
�"!f,�>&�@%Z!f%('�BD:E23:E23:;'$F&#+�"! �

2�01!
ϕ
*E0WL�%
�".&%
2ÞÈ�'Ag
%
0+NE%
.1>W%
.+!$ÍW!p,A%
2 \E:E.

V1 ⊗ . . . ⊗ Vn
Lw%(!f,$NE%(R@%(N=,ZU±!f:W>&*&%C%(!�*E0+K�#

#&ÊWK�#+!f,$%(.+!�%
�".&%
.C!$:ERGK�#&%
.�NE%(I1%(.�8-*E.&.VO
nJ0iÚ~�@�MÛ ,+nJ0+2 M±%(.+!f:;'$F+'$:W>W0&89,

P := V1 ⊗ . . .⊗Vn
NE%(#&ÊE'$, >W�"% _f.+*=,$[&'AR@�GK�#&%
b

n
� R"�@.&%Z*='A%� I+I&�@RG>W0&.+N

η : V1 × . . .× Vn → P, (x1, . . . , xn) 7→ x1 ⊗ . . .⊗ xn,

!$:S>+*-%�!$�"K�# 'p%(>&%
n
� R"�".&%(*E'$% � I+I&�@RG>W0&.+N

f : V1 × . . . × Vn → W
2H�@,�%(�@.&%(2 %(�@.1>W%
0W,A�@N

IJ%(!f,$�"2H2�,$%(.?BD:E23:E23:;'$F&#+�"!$2�0+!
ϕ
*=RG!

f = ϕ ◦ η
!AK�#&'A%
�"I1%(.�RG<-%E,(O

YS%(�j.S0&.´.&:WK�#�!$:C%
�".&%�YS�@,$01*-,$�":E.´N;%
N;%
IJ%
.VU±>VO #VOd%
�".&%c/ %
�@,$%('$%('
�)*E0&2
P ′ 0&.+>´%(�@.+%

n
� R@�".&%(*E'$% � I&I+�@RG>W0&.&N

η′ : V1 × . . . × Vn → P ′,
!f:W>&*&%�!$�"K�# 'p%(>W%

n
� R@�".&%(*E'$% � I+I&�@RG>W0&.+N

f : V1 × . . . × Vn → W
23�@,H%(�@.&%(2 %
�".+>W%
0&,$�"NiIJ%(!$�@232�,A%
.eB):E23:;2H:;'$F+#&�"!$2�01!

ψ
*ER"!

f = ψ ◦ η′
!AK�#&'A%
�"I1%(.�RG<-%E,(O

Å�*=.&.VUd!f:i/��@'�>ÓI1%(#+*=0+FW,$%
,(U�!f�".+>
P
0&.+>

P ′ �G!f:;23:E'AF&#VO±Å6�@%Z!�N;%
#9,�/��"%(>W%('�23�4,3>W%
'!AK�#&:E.�23%
#&'$L~*EK�#�I1%(.S0W,$g
,$%
.CaC%
,$#&:W>W%0,

·P�<=#&R"%

W := P ′, f := η′.
Å6�"%(!�R"�@%
Lw%
'$,�%(�@.+%
.CB):;2H:;23:E'AF&#&�G!f2�0+!

ϕ : P → P ′ 23�4,
η′ = ϕ ◦ η.
�P�<E#&R@%

W := P, f := η.
Å6�@%Z!DR"�@%
Lw%
'$,6%(�@.&%(.�B):;2H:;23:E'AF&#&�G!f2�0+!

ψ : P ′ → P
23�4,

η = ψ ◦ η′.Å�*='�*=0+! %
'A#+<ER4,�2·*=.
ψ ◦ ϕ ◦ η = ψ ◦ η′ = η

0&.+>�%
IJ%
.+!$:
ϕ ◦ ψ ◦ η′ = ϕ ◦ η = η′,
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/ :E'�*=0+!
ψ ◦ ϕ =

�G>
P

0+.+>
ϕ ◦ ψ =

�G>
P ′

Lw:;R@N;%
.VUd!f:W>&*&%
ϕ
0+.+>

ψ
g(0&%
�".+*=.1>W%
'��@.S\E%('A!$%

�p!$:E23:E'AF&#&�G!f23%(.�!$�@.+>VO
Å6�@%Z!f%('o� %
/ %
�G!Vg(%
�"N=,o[+I1%('A>W�"%(!(U(>+*-%6>&%
'o*ER"!±NE%(2H%(�@.1!$*E2H%('�^6IJ%
'A'A*E0&2 >W%
'

Vi
NE%(/ <E#&R4,A%

�)*E0&2
V
Lw[&'D>+*E!�%
'A#+*ER4,A%
.&%�Mo%
.+!$:E'AF&'A:S>&0&89, \;ÊER"R@�"N�IJ%
RG*=.+NER":;!��G!p,ZO

nJ0 Úw�"�@�MÛ ,jPQ�@'cg(%
�"NE%(.e>W�"%(!3% O %
23F&RG*='A�"!AK�#�Lw[&'�g
/ %
� �)<E0&23%
V1, V2

0&.+>e\E%('$/ %
.+>&%
.
>&*EI1%(�jÚw�"�GÛ
O

Å�*=g
0?!$%
�
P ′ := V2 ⊗ V1

0+.+>
η′ : V1 × V2 → P ′ : (x1, x2) 7→ x2 ⊗ x1.

a�*E.�'A%(K�#&.+%�.1*EK�#VU&>&*&%
η′
I&�@R"�".&%(*E'��"!f,(O

/)0+.�IJ%
,A'A*;K�#9,$%
.�/��"'
f : V1 × V2 → W,

I&�"R@�".&%(*E'�0&.+>�I&�"R">&%
.C>&*=g(0
g : V2 × V1 →W : g(x2, x1) = f(x1, x2).

aC�@,
f
�G!p,D*E0+K�#

g
I+�@R"�@.+%(*='�0+.+>?>&*=23�@,)NE�"IW,)%(!�%(�@.&%(.CB):E23:;2H:;'$F+#&�"!$2�01!
ψ : P ′ = V2 ⊗ V1 →W : g(x2, x1) = ψ(x2 ⊗ x1).

Å�*=.&.?�G!p,D*EI1%('
(ψ ◦ η′)(x1, x2) = ψ(x2 ⊗ x1) = g(x2, x1) = f(x1, x2),

>­O #VO
f = ψ ◦ η′

0&.+>­UW/��"%�:EIJ%
.�N;%(!$%
#&%(.VUS8-*=.&.�%(! [&IJ%
'A#+*=0&F&, .S0&'�%
�".&%(.�!$:ERGK�#&%
.�B):E23: �
23:E'AF&#&�G!f2�0+!

ψ
NE%
IJ%
.±O � R"!$:c%
'$Lw[&R"R4,

P ′ := V2 ⊗ V1
2H�@,

η′
>W�"%�0&.&�"\E%('A!$%
R"R"%TÈ��@N;%
.+!AK�#+*=LM,

>W%Z!LM±%(.+!f:;'$F+'$:W>W0&89,A%(! \E:;.
V1
0&.+>

V2
0&.+>��G!p,)>&*E2H�@,)�G!f:;2H:;'$F+#�g(0

V1 ⊗ V2. �aC�@,�>W�"%(!$%
2 YW*-,Ag·8EÊ;.&.&%
.Ó/��"'�*=01K�#�g(0´%
�".&%
'�8E:E.+89'A%
,A%
.ÓÅ6*E'A!f,$%(R@R"0&.&NC\;:E. M±%(.+!$:E'AF&'$: �
>W0&89,A%
.?8E:;2H23%(.VO&� %
,$'�*EK�#9,A%
.�/��"')% O %(23F&R"*E'$�G!AK�#�>&*;!LM±%(.+!f:;'$F+'$:W>W0&89,

Km ⊗Kn ⊗K` :

PQ�"')I&�"R">W%(.
Km×n×` := {A := (αµνλ) | αµνλ ∈ K, 1 ≤ µ ≤ m, 1 ≤ ν ≤ n, 1 ≤ λ ≤ `},

/ :E23�4,�>&�@%�� �"R">W0+.&NÓ\E:E.Qa�*=,$'A�@g(%
.{*=0WLª#&Ê;#&%
'A%
'cY9,A0WLw%EUX#&�@%('�>W'A%
�G>W�"2H%(.+!$�@:;.+*=R�U7\E%('A*ER@R �
NE%(23%
�".&%
'$,��G!f,(OVYS:ERGK�#&%ª_AMo%
.+!$:E'A%
.Wb�NE%
.1*=.&.9,$%ª_fmª�G!f,$%
.`\E:;R@R�n�*=#+R@%(.Sb�!f�".+>`#&�G!p,A:E'A�"!AK�#�>W%
'
nJ0&N9*=.&NHg
0+'8M±%(.+!f:;'$'A%(K�#+.90+.&N�[&IJ%
'A#+*E0&FW,(O

� RG!�57%
89,$:;'$'�*=0+2 �"!f,�.1*-,$[+'$R"�"K�#�>W%
'
Km×n×` *=0&LX.+*=,$[&'AR@�GK�#&%HP`%(�"!$%H�"!$:E23:E'AF&#`g
0&2

Kmn`

]I+g
/TOj*E.+*=R":EN�Lw[&'c#+ÊE#&%('$%�Å6�@23%(.+!f�":E.+%
. 
]0&.+>Q>W�"% Mo%
.+!$:E'A%
.VU�>&�@%i*E.{NE%
.1*=0

%
�".&%('·Ìd:9!f�@,$�":E.{%(�@.&%
1,
!f:;.+!f,3[+I1%('A*ER@R

0
#+*EI1%(.VU�I&�"R">&%
.{%
�".&%���*E!$�"! �7>W%
.+.eI+�"!c*E0WLT>W�@%

YWK�#&'A%
�"IS/X%(�"!$%ª!f�".+>?!f�"% 'f*3NE%('A*;>W%�>&�@%ª8-*=.&:;.&�G!$K�#&%(.�Èj�@.&#+%
�@,A!$\E%
89,A:E'A%
.VO&Å6�@% � I&I&�"R">&0&.&N

η : Km ×Kn ×K` → Km×n×` :











ξ1OOO
ξm




 ,






η1OOO
ηn




 ,






ζ1OOO
ζ`









 7→ (ξµηνζλ)

�G!p,�:=h�%
.SI+*='c,$'A�@R"�@.+%(*='ZOXYS�"%iIJ%
/��"'A8;,�Lw[&'�>&�@%`8k*E.&:E.+�"!AK�#&%
.{È��".&#&%(�4,�!f\;%
89,$:;'$%(.Q23�4,?>W%
2
� ���+������� ��� !$ÍS2�IJ:ER

δij :

η(ei, ej , ek) = (δµi · δνj · δλk),

/�*E!D*ER"!�� �@RG>W%('�*ER"!$:�N;%
'�*E>W%�>&�@%�8k*E.&:E.+�"!AK�#&%���*;!f�G!)�"2
Km×n×` %('$N;�@IW,ZOJa��4,�YW*-,Ag � O � �%
'A#+*ER4,A%
.�/��"'o*ER"!$:�Lw[&'

Km×n×` 23�@, η >W�"%j0+.&�@\;%
'�!f%(R@R"%�È��"NE%(.+!AK�#+*-LM,�>W%(!IM±%(.+!$:E'AF&'$:W>W0+8;,A%(!(U!$:S>+*-%?ÚwI&�G!)*=0&L �p!$:E23:E'AF&#&�"%ZÛ
Km ⊗Kn ⊗K` = Km×n×`



�)�A� �

�G!p,ZO
Å6�@%T57%('A*ER@R"NE%(2H%(�@.+%
'A0&.&N�*E0WL�g
/ %
�­I&g(/TO+*=0WLd23%
#&'D*ER"!�>&'$%(��)+*=89,A:E'A%
.��G!f,)/X:;#&R­8SR"*E'(O
È��".?/��"K�#9,$�"NE%(')YSF1%(g
�G*=R@L~*=R"R±!$%
�­.&:WK�#�% O F&R"�@g(�4,)%('$/�<=#&.9,ZO
nJ03>W%
2 57%
89,A:E'A'A*E0&2

V
!f%(�

V ∗ :=
B):E2

(V,K)
>W%
' �)*=0&2 >W%
'7R"�".&%(*E'$%(.�)+0&.&89,$�":E.+*ER@%

*=0&L
V.
PQ�@'6!f%
,$g
%(.

V rs := V ⊗ . . .⊗ V
︸ ︷︷ ︸

r

⊗ V ∗ ⊗ . . .⊗ V ∗

︸ ︷︷ ︸

s

,

>&*;!=M±%(.+!$:E'AF&'$:W>W0+8;,c*E0+!
r
È O %
23F&RG*='A%
.{\E:;.

V
0+.+>

s
È O %
23F&RG*='A%
.{\;:E.

V ∗.
YW:ERGK�#&%

Mo%
.+!$:E'A%
.�.&%
.+.;,o23*E.
r
� L~*;K�#�8;:E.9,$'�*k\-*='A�"*E.9,J0&.1>

s
� L~*EK�#ª8E:-\-*E'$�G*=.9,(U�/�*E!­*E0WLW�@#&'±57%
'A#+*=R@,$%(.

IJ%
�±m6:S:E'�>W�@.1*-,$%(.9,$'�*=.+!fLw:E'A2·*-,$�":E.+%
.·g
0+'$[+K�8SN;%
#9,(OSÈj!��G!f,D!f�".&.S\E:;R@R
V 0

0 := K
g(0?!$%
,Ag
%(.VO

nJ/��G!$K�#+%
.i!$:ERGK�#&%
. �)<=0&23%(.iNE�"IW,�%(!�%
�".&%H/��"K�#9,$�"NE%�.+*-,A[&'AR@�GK�#&% � I&I&�"R">&0&.&N+U­N;%
.+*E.&.9,
_f57%
' 'p[&.&NE0+.&N-blO
1 �Wv32CÒdt �Qq�r9sdtduwvZu~xJtÇzi|GÎ�4Q���Tr9�����dto�JÒdto�­� �X×E�

r, s ≥ 1 � ���W� �
� � ���1�&¡����"�J���iÕª¯ ���¯k��¯k�¦«� &�G�$��¡E�
ψ, � ���J�-�&��� » ���� Z×=� � ¡=� � ¼&�3���7Öy¯ �@� �l�­¬S���?��� � �l�+�
¥p 1�-Ö¦�¦���±°

ψ : V rs → V r−1
s−1 :

x1 ⊗ . . .⊗ xr ⊗ y∗1 ⊗ . . .⊗ y∗s 7→ y∗s(xr) · x1 ⊗ . . .⊗ xr−1 ⊗ y∗1 ⊗ . . .⊗ y∗s−1.

9Hr0:�r9uy�&,
y∗s
�"!f,�%
�".�)+0&.&89,$�":E.+*ERW*=0WL

V,
!$:E23�@,

y∗s (xr) ∈ K.
nJ0&2 /6*EK�#S/X%(�"!(Uk>&*-%�%(!d%
�".&%(.

B):;23:E23:E'AF&#&�G!f2�0+!)23�@,ª>&%
.�IJ%
#+*E0&FW,A%
,$%(.iÈ��"NE%(.+!AK�#+*-LM,A%
.�N;�@IW,ZU�.90&,$g
%(.�/��"'ªYW*=,$g � O � � O
nJ0&.1<EK�#+!f,)8E:;2H2�,�%(!D>&%
23.+*EK�#?.&�GK�#9,D*=0WL7>W�"%
��%(�@#&%(.WLw:ER"NE%�>&%
'()1*=89,$:;'$%(.�*E.VU+!$:S>+*-%3/��@'
*=01K�#

V rs = V ⊗ V ∗ ⊗ V r−1
s−1!AK�#&'$%(�@IJ%
.�8EÊ;.&.&%(.VO&ÅD�"% � I+I&�@RG>W0&.+N

f : V × V ∗ × V r−1
s−1 → V r−1

s−1

(x, y∗, t) 7→ y∗(x) · t

�G!p,d:=h�%
.SI+*='±,$'A�@R"�".&%(*E'XÚw.1*EK�#&'A%(K�#&.+%
.�*µÛlU(I1%Z!p,A�@232�,7*=RG!$:)%
�".+>W%(0W,$�"ND%(�@.&%(.�B):;23:E23'$F+#&�"!$2�01!

ψ : V rs = V ⊗ V ∗ ⊗ V r−1
s−1 → V r−1

s−1

23�4,
ψ(x ⊗ y∗ ⊗ t) = f(x, y∗, t) = y∗(x) · t,

0&.+>?>W%('��"!f,D>W%('�NE%(!$0+K�#9,$%;O
�

� � � 5 	 � ���	� 	 : � 	 � 	/
 �>�?�A@ � � 	 7 ��	�* 	 ��� 	 � 	/
 � � 
)* x ⊗ y∗ ⊗ t � ��� � �  ���"� � 3 � � .
V ⊗ V ∗ ⊗ V r−1

s−1

5 � � � 	 ���  � �<� 	/
 � 	/
  �L� 	/
�	 � � � � 	 � 
 ��� * 5 � �<� � ��� � 	 ���
� %
,A'A*;K�#;,A%
.�/��@')>W�"%(!$%ª57%
' 'p[&.&N;0&.&N·.&:WK�#�Lw[&'D>W%(. )1*=R"R

r = s = 1,
>­O #VO

V r−1
s−1 = K.Å�*=g
0Ç/ <E#&R"%
.e/��@'3%
�".&%C��*E!$�"!

B = (b1, . . . , bn)
�".
V
0&.+>e>&*Eg
0Ç>&�@%�>W01*=R"%���*E!$�G!

B∗ = (b∗1, . . . , b
∗
n)
�".
V ∗.

Èj!��G!f,D>&*=.&.?*=RG!$:

b∗j (bi) = δij .

Èj!DI&�@RG>W%
,
(bi ⊗ b∗j | i, j = 1, . . . , n)

%
�".&%���*;!f�G!�\E:;.
V ⊗ V ∗ = V 1

1

0+.+>8'p%(>&%(!�È�R"%
23%(.;,
s
\;:E.

V 1
1

#+*=,D>&*=23�@,�>&�@%T%(�@.+>&%
0W,A�@N;%
.CÅ6*E'A!f,$%(R@R"0&.&N

s =
n∑

i,j=1

αij(bi ⊗ b∗j ).
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aC�@,D>W%
2�57%
' 'p[&.&N;0&.&N;!$#&:;2H:;23:E'AF&#&�G!f2�0+!
ψ
�G!f,D>&*=.&.

ψ(s) = ψ(

n∑

i,j=1

αij(bi ⊗ b∗j )) =

n∑

i,j=1

αijψ((bi ⊗ b∗j ))

=
n∑

i,j=1

αijb
∗
j (bi) =

n∑

i,j=1

αijδij =
n∑

i=1

αii.

Èj!��G!f,6*=RG!f:
ψ(s) =

!$F&0&'
(A(s)),

/ :EIJ%
�
A(s)
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�".+>W%(0W,$�"NCI1%Z!p,A�@232�,��"!f,(U
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�@,·>W%
'�YSF+0&'c>W%
'cÅ�*='�!f,$%
R"R"0&.&N;!$2·*-,A'$� O

A(s)
\;:E.e>W%
'

NE%(/ <E#&R@,$%
.?��*E!$�"!(O
� 〉

m6:E2323%
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0&')*E.&NE%(8S[&.+>W�"N=,A%
.?<=0�%;%
'A%
. � R@N;%
I&'�*�,
YWK�#&:;.ÓI1%(� Å6%
,A%
'A2H�".+*E.;,A%
.´#+*=,f,A%
.´/��"'

n
� R@�".&%(*E'$%;UV*=R@,$%('$.&�"%
'A%
.1>W% � I&I+�@RG>W0&.&N;%
.�IJ% �

,$'�*EK�#9,A%
,(O&Å6�"%(!�N;'$%(�4Lw%(.�/��"'�.S0&.�/��"%(>&%
')�".�%(�@.+%
2�*ER@R"NE%(23%
�".&%
'A%
. �)*=#&23%(.?*E0WLpO
q�r;s�tduwv(uyx1t{zi|GÎ �Q�j�·�l���w���

V,W » �l¶���¯k�A�lØW¡=���-Â � �"�·�J���&���������"�J� n �~� �"�J�
�-�
� � �&�-� �G�¬+¡=� � f : V ×. . .×V →W
²w� � ���l�$�+�M�l�l�l�­¬+³y¼E¤7�l�&� f(x1, . . . , xn) = 0,

��¯-Öy���A�
(x1, . . . , xn)

� �@�J�
�-�D�+�- 1Ø-� � � � �$�@�V¬1Â
PQ�"%TI1%(�±>W%
.CÅ6%
,A%
'A2H�".+*E.;,A%
.WLw0+.&89,$�":E.&%(.�IJ%
/ %
�G!f,�2·*E.
1 �Wv32Czi|GÎ 
��j�D���l�

f : V × . . .× V →W n �~� �"�J�
�-�kÂ
¾ �@À �p�
�d�@�3�����

f(x1, . . . , xn) = 0,
�l¯kÖy�l�$��£E¤���� � � � ¡=���l�J�¦� �9� �l�~¥p ��f�"�­¬&¼&�l¯ª�G�
� f � � ���l� ��&�M�l�l�l�­¬1Â

¾ �"�@À �p�
�
f
� � ���l�$�+�M�l�l�l�­¬&¼W��¯�Ø-�­¬S�l�(� f ¬S�l� � ���Z�d�+�~¥p ��p¼­¤����&���c�-��£;¡3�l�@�J�l� � � � ¡=���l�J����"�J� �V�"�J�
�=�$¶W¯k���=�@�1�&�~�w¯k�C¬W���6�=�­¬S���
���?�S¬&¬;�M�l�(�AÂ

¾ �@�"�@À �p�
�
f
� � ���l�$�+�M�l�l�l�­¬&¼­��¯�Ø-�­¬W���Z�)¬S�l� � ���Z�ª¿k¯-� f �S�l�@� » ���Z���W¡;�
¥p J�l��¿k¯-�i£;¤7�l� � � �

� ¡=�������¦���`¬9�=� » ¯-�$£-���y¥p J���±Â
Å6�@%

n
� R"�".&%(*E'$%(. � I&I&�"RG>W0&.&N;%
.]#1*-,f,A%
.Çg
0&' M±%(.+!$:E' ��� R@N;%
I&'�*?NE%
Lw[&#&'$,(U7>W�"% 
ÓI&�"!H*=0&L6>W�"%

� %
,A'A*;K�#;,A0&.&N9!f/ %
�G!f% 
Ç>W�"%�Lw'A%
�"% � R"NE%(I&'�*`/�*='ZO7ÅD�"%Cg
01!$<=,$g
R"�GK�#&% )&:E'�>W%('$0&.+NÓ>&%(! � R@,$%(' �
.&�"%
'A%
.+!�Lw[&#&'$,?0&.+!?*=0WLH>W�@% �)0�%E%
'A% � R@N;%
I&'�*&U�>W�"%`%(�@. �60&:=,A�@%(.;,?>W%
'�Lw'A%
�"%
.VU�*=RG!$:]>W%
'
Mo%
.+!$:E' ��� R@N;%
I&'�*��G!f,(O

� %
�"2 �DI1%('$N9*=.&NC\;:E.´>W%
'�Lw'$%(�@%(. � R"NE%
I+'A*?g(0&'�8E:;232�0W,�*-,$�"\E%(. � R"NE%
I+'A*�#+*=,f,$%(.´/��@'
IJ%
.S0W,$g
,(Ud>&*-%C>W:;'f,

xy − yx = 0
�"!f,(UV0+.+>´>&*=#+%
'�>&*;!ª\E:E.´*ER@R"%
.�È�R"%
23%
.9,$%(.�>W%
' )&:E'A2

xy−yx
�".
A(B)

%
'Ag
%(0&N=,A% �p>&%(*=RS#&%('A*E0+!fL~*=89,$:;'$�G!f�"%
'$,(OkaC�@,�>W%
'�0&'�!fF+'$[&.+NER"�"K�#�%(�@.+NE%
Lw[+#&'f,A%
.
YWK�#&'A%
�"IS/X%(�"!$%�#+<-,$,$%
.?/��"'�Lw[&'D>W�"%(!$%ªÈ�R"%
23%
.9,$%

x⊗ y − y ⊗ x
!$K�#+'$%(�@IJ%
.�2�[+!A!$%
.VO

Å6%
.{n�0&N;*E.&N�g
0e>W%
.e*=R@,$%('$.&�"%
'A%
.1>W%
. � I&I&�"R">&0&.&NE%(.]IJ%
8;:E2323%
.]/��"'3*=.+*ER@:;N`>W0&'�K�#
B)%('A*E0+!fL~*=89,$:;'$�G!f�"%
'A%
.�*=R"R@%('�È�R@%(23%
.9,$%�>W%('.)&:;'$2

x⊗ x.

q�r;s�tduwv(uyx1t{zi|GÎ �Ç����Ò��Vr9�krCz��~�Jr9�o�-�1�i�j�����l�
V
�l�@�Ç�l�­¬ � �~¥p ­¬;�@�����1�f�w¯k�1� � �l� » ��¶��¦¯k� ��l�W¡=��¼

T (V )
¬;�M� �����+�l¯k� �y�)�@� �-�=���ª×1�S�l� V ¡=�­¬

U = U(S)
¬S�=� ¿k¯-�

S := {x⊗x | x ∈ V }�"�
T (V )

���A£k�-¡ � �¦� ��¬S�
� � ÂWÔª�-�&�? J�l�@¹1�

E(V ) := T (V )/U

¬E�w��²MØ&¡=¹S�l�l� �)�@� �=�-���&³D×+�W��� V.ÔT���T¶=�-�1�=�J¯k�+�"�
¥p J���o«��"��¯k�¦«� &�G�f��¡E�
T (V ) → E(V )

�l����¤7�w�Z¬W�����3���
π
�W��£-���y¥p &�J�-�p¼

�l���"��§��l�$���"�(�
U.
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Ô6�M� ¢´¡ � �y� « � �"¶-�&�~�w¯k�·�"� E(V )
�S�l£k���y¥p &�J�-�­�c�-�3�3�y��¬S�l� ¸��W���S¯ � ∧, �
�7�"�(��¬9�=�H���±� � �l¯

π(x⊗ y) = π(x) ∧ π(y).Ô6�M�
π � � � � ¬S���ª¬W���� J¯-�c¯ � �l�J��� �DØW¡=���

Tn(V )
¤����(¬S�l���3���

En(V )
�S�l£k�l�~¥p &���k�$Â

Ôª�6¸&�&�~£ � Â ºZÁ ¤7�M�k¬S���7�-��¤����­¬1�;�-�d�"�(�p¼=�$�@�­¬ V, T1(V ), E1(V )
¤7�M�k¬S�����G��¯-�c¯-��«­ ���¯&¬9�=¹

¤7�"���@� ¤7�l�y�¦���
���
V = T1(V ) = E1(V )

�l�k�~£-���±Â+Ô��=�H���7�G�
� ¬9�=�&�?Ö¦×=�
x ∈ V

�W¡W¥p 
x = π(x)

¡=�V¬��l���y��«��l�k¥p J���V¬

π(x1 ⊗ . . .⊗ xn) = x1 ∧ . . . ∧ xn.

Ôª�-�3�y�7�G�(�j� � ��¯��W¡W¥p 

En(V ) =
!$F+*=.

(x1 ∧ . . . ∧ xn | xi ∈ V ).

Å6�@%Z!f% �)<E0&23%
En(V ) = π(Tn(V ))

8EÊ;.&.&%(.�/��"'�.90+.�*=01K�#�*=.1>W%
'�! NE%
/��".&.&%(.�0&.1>�%('$#+*ER �
,$%(.C>&*=23�@,D>W�@%ª57%('$I&�".+>W0+.&N·g
0C>W%(.

n
� R@�".&%Z*='A%
. � I&I&�"RG>W0&.&N;%
.VO

Å6�@% � I&I&�"R">&0&.&N
πn := π|Tn(V ) : Tn(V ) → En(V )

�"!f,±�".+!$I1%Z!f:;.+>W%
'A%7%
�".T57%
89,A:E'A'A*E0&2 �
B):;23:E23:E'AF&#&�G!f2�0+!(US>&%
'�.+*;K�#�m6:E.+!f,$'A0&89,$�":E.�!f0+' 'p%(8;,A�@\��"!f,(O1YW%
�".?mª%('$.��G!p,�:=h�%
.SI+*E'

8E%('
πn =

8E%
'
π ∩ Tn(V ) = U ∩ Tn(V ) =: Un

0&.+>?>W�"%(!��G!f,)%
�".?ÜD.9,$%
'A'�*=0&2�\;:E.
Tn(V ).

PQ�@')I+�@RG>W%
.C>&*E23�4,D>W%(. �60+:=,$�"%
.9,A%
.

Qn := Tn(V )/Un,
g
0C>W%(2 >W%(')8-*=.&:;.&�"!AK�#&%�È�F&�"23:E'AF&#&�G!f2�0+!

π′
n

NE%(#&ÊE'A%EO
/D*;K�#�mD:;.+!f,$'A0&89,$�":E.��"!f,H>&*E.&.´8E%('

π′
n = Un =

8E%('
πn

0+.+>Ó[&IJ%
'3ÅD% #+.&�@,$�":E.�0&.1>�YW*-,Ag
��O � Lw:;R@NE,(U&>&*&%

Qn
0&.1>

En
�G!$:E23:E'AF&#�!$�".+>­O&PQ�"'�#+*=IJ%
.C*ER"!$:

�jrS���]�Cz�|GÎ � �j���G�
�
En(V ) = Tn(V )/(U ∩ Tn(V )).

Å�*=23�4,)IJ%
8;:E2323%
.�/��@'D.90+.
1 �Wv32Czi|GÎ ���j�·�l���w���

V,W » ��¶��¦¯k�A��Ø&¡=���Z¼ f : V × . . . × V → W
���l�

n �~� �@�J�
�-��¡=�­¬� � ���l�$�+�M�l�l�l�­¬1Â�Ô��=�&� � ���W�D�l� � �l�1�W¡C���"�J���ÓÕ�¯-��¯k��¯k�¦«� &�G�f��¡E� ϕ : En(V ) → W,
��¯&¬9�=¹

�(���k���
f(x1, . . . , xn) = ϕ(x1 ∧ . . . ∧ xn)

�G�
�AÂ
Ô6�M� �DØ&¡=���

En(V )
�f�"�­¬3 &�M�l�
¬1¡=�
¥p Ó�-�G�D�W¡EÖ �p�l¯k��¯k�¦«� &�w�6�l�@�V¬S�k¡&�y� � �W�l�(�~�"�3���AÂ

9Hr0:�r9uy�&,Å�*
f n

� R@�".&%(*E']�G!p,ZU3NE�"IW,e%Z!eNE%
.1*=0�%(�@.&%(.�BD:E23: �
23:E'AF&#&�G!f2�0+!

ψ : Tn(V ) → W
23�@,

f(x1, . . . , xn) =
ψ(x1 ⊗ . . .⊗ xn).

/)0+.CR@�"%
NE,
U ∩ Tn(V )

�@.?8E%('
ψ;
>W%
.&.

U ∩ Tn(V )
IJ%(!f,$%
#9,)*=01! 
±�@.+%(*='A8E:;2�I&�".+*=,$�":E.&%(.·\E:E.�È�R"% �

23%
.9,$%(. >W%(' )+:E'A2
x1 ⊗ . . . ⊗ xn,

�". >W%
.+%
.�g(/X%(�6IJ% �
.+*;K�#9I1*='$,$% )1*=89,$:;'$%(.�NER"%
�GK�# !$�@.+>VO )d[&'?!$:ERGK�#&%i�G!p,C*=IJ%
'
ψ(x1 ⊗ . . . ⊗ xn) = f(x1, . . . , xn) = 0,

>+*�'f*
f
*=R@,$%
' �

.&�"%
'A%
.+>��"!f,(OSPQ�"'�#+*=IJ%
.?>&*=23�@,(UW>&*&%�8E%('
π|Tn(V ) ⊂

8;%
'
ψ0&.+>�/X%(NE%(.�
V%
232·* � O � �)% O �G!f,$�"%
'$,oNE%(.+*=0T%(�@.HB):;2H:;23:E' �

F&#&�G!$2�0+!
ϕ : En(V ) →W

23�4,
ψ = ϕ ◦ π,

!$:S>+*-%·*=RG!f:

V × . . .× V

Tn(V ) W

En(V )

ψ

π
ϕ

f⊗

ϕ(x1 ∧ . . . ∧ xn) = ψ(x1 ⊗ . . .⊗ xn) = f(x1, . . . , xn).Å6%
' /D*;K�#S/X%(�"!(U->&*-%T>W�"%
En(V )

>&*E>W0+'AK�#3*=0+K�#H%
�".+>W%(0W,$�"N�K�#+*E'A*E8;,A%
'A�"!$�"%
'$,±/X%('A>&%
.VU=!$%
�
[&IJ%
'AN;*E.&NE%(.VO

�
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Å6�@%DY9,A'$0+8;,A0&'j>W�"%(!$%
'�<E0�%E%('$%(. � R@N;%
I&'�*
E(V )

I&g
/TO=>W%('��)<E0&23%
En(V )

!f%(�&.&:WK�#�N;%
.+*E0&%
'
0&.9,$%('A!$0+K�#9,(O

Å�*=g
0ÓIJ%
,A'A*;K�#;,A%
.Ó/��"'�%
�".&%���*E!$�G!
B = (b1, . . . , bm)

\E:;.
V,
>W�@%·�".+!$I1%Z!f:;.+>W%('$%c>W%(.

8-*=.&:;.&�G!$K�#&%(. �p!$:E23:;'$F&#+�"!$2�0+!
λ : V → Km

V 3 x =
m∑

i=1

αibi 7→ λ(x) :=






α1OOO
αm






IJ%(!f,$�"2H2�,(O
/)0+. # O �"%
'A%
.`/��@'

n ≤ m
0&.+>�/ <E#&R"%
. �¦.+>W�"g
%(!

1 ≤ i1 < i2 < . . . < in ≤ m
0&.1>

>&*Eg
0?>W%
.?Ì�'A:-'p%(8;,A:E'

Pi1...in : Km → Kn :






α1OOO
αm




 7→






αi1OOO
αin




 .

� �@RG>W%
,)23*E.�Lw[+'
n
!$:ERGK�#&%
'�57%(89,$:E'A%
.

xj ∈ V
.90+.

(Pi1 ...in(λ(x1)), . . . , Pi1...in(λ(xn))) ,

!$:H�G!f,D>W�@%Z!�%
�".&%
n× n

� a�*-,A'$� O US>&%
'A%
.CÅD%
,$%('$23�".+*=.9,$%ª/��"'�23�4,

∆i1...in(x1, . . . , xn)

IJ%
g
%(�"K�#+.&%
.VO1Å6*=Lw[&'�NE�"R4,):EhJ%(.SI+*='
1 �Wv32Czi|�� � � ×=���l�@�J�l�

K �l» �l¶���¯k�A�l�W¡=� V
�3�y� ���=�$�"�

B = (b1, . . . , bm)
¡=�­¬ �¦�­¬E�"£k�l�

1 ≤ i1 < i2 < . . . < in ≤ m
�G�(��¬E�M�ª�=�S�l�`¬W���&�&�w���Z��� � �&�-� � ¬1¡=� �

∆i1...in : V × . . .× V → K : (x1, . . . , xn) 7→ ∆i1...in(x1, . . . , xn)

n �~� �"�J�
�=�ª¡=�­¬�� � ���l�$�&�w���
���V¬1Â
� ×=�ª¬E�w� ���=�$�"�l� � ���������¦� � � � ����� ∆i1 ...in(bj1 , . . . , bjn) =

{

1 (i1 . . . in) = (j1 . . . jn)

0 (i1 . . . in) 6= (j1 . . . jn)

/D*;K�#�YW*=,$g � O � � IJ%(!$�4,Ag
, 'p%(>W%ª>W�"%(!$%
'
n
� R"�@.&%Z*='A%
. � I&I&�"R">W0+.&NE%(.

∆i1...in

%
�".&%6Å�*='�!p,A%
R"R@0+.&N
*=RG!

∆i1...in(x1, . . . , xn) = ϕi1...in(x1 ∧ . . . ∧ xn),
/ :EIJ%
�

ϕi1...in : En(V ) → K,
*=RG!f:·%(�@.CR"�@.+%(*='A%(!()&0&.&89,A�@:;.+*=R±*E0WL

En(V )
�G!f,(O1a��4,6>&�@%Z!f%(.

)&0+.&89,$�":E.+*ER@%(.�%('$#+*ER4,A%
.�/��@'D.90+.�>W�"%ªLw:ER"NE%(.+>W%(. � 0+!$!A*=N;%
.�[&IJ%
')>W�"%��)<=0+2H%
En(V ).

1 �Wv32Czi|��±}Ç�j�����l�
V
���"�

m � ¬E�"�c�l�+�$�M¯-�1� � ��� K �
» ��¶��¦¯k�A���&¡=��¼ B = (b1, . . . , bm)
�l�@���

���=�$�"��¿-¯k�
V.
Ôª�-�+� � � � ���l�

¾ �@À�ÔD�w� � �&�=� � ¬+¡=� �
V × . . .× V → En(V ) : (x1, . . . , xn) 7→ x1 ∧ . . . ∧ xn

�"�(�
n �w� �@���
�-�T¡E�­¬�� � �����A�&�w���
���­¬JÂ

¾ �"�@À En(V ) = (0)
Ö¦×=�

n > m.

¾ �@�"�@Ài>W�@2 En(V ) =
(
m
n

) ¡=�­¬
(bi1 ∧ . . . ∧ bin | 1 ≤ i1 < . . . < in ≤ m)

�G�
� ���=�$�"��¿k¯-�
En(V ).
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¾ ��¿ZÀ�¢C�y��¬W���i¯W�W����¶S¯-�+�
�y�(¡E�M�l�(�¦��� �±¡=�&¶��~�w¯k�J� � ��� ϕi1...in �W¡=Ö
En(V )

�"�(�

x1 ∧ . . . ∧ xn =
∑

1≤i1<...<in≤m

ϕi1...in(x1 ∧ . . . ∧ xn) · (bi1 ∧ . . . ∧ bin).

¾ ¿ZÀ�ÔD�w� �DØW¡E�c� En(V )
¡=�V¬

Em−n(V )
�f�"�­¬·�"�l¯k��¯-��«� oÂ

�¦�+�(�W�l�l¯k�V¬S���
���G�(�
Em(V ) = K,Em−1(V ) = V.

¾ ¿k�@ÀC�j�)�$�@�­¬ (x1, . . . , xn) � �"�J�
�-�D�&�= 1Ø-� � � �H� �l�1�W¡&¼V¤7�l�&� x1 ∧ . . . ∧ xn = 0 ∈ En(V ).

9Hr0:�r9uy�&,)nJ0´Úw�MÛ ,1ÅD�"%(!�Lw:;R@NE,)>W�@'A%
89,D*E0+!�>W%
')m6:E.1!p,A'$0&89,A�@:;.VO
nJ0 Ú~�@�MÛ ,�Èj!��G!p,

En(V ) =
!$F+*=.

(x1 ∧ . . . ∧ xn | xi ∈ V ).
�p!f,?.90+.

n > m,
!$:

!$�@.+>�.&:E,p/X%(.+>W�"N
(x1, . . . , xn)

R@�".&%(*E'�*=I&#+<E.&NE�"N�0+.+>�/ %
N;%
.�Úw�MÛj�G!f,�>+*=.&.�.+*EK�#?YW*-,Ag � O �?�
x1 ∧ . . . ∧ xn = 0.

Å�*=23�@,)�"!f,�.&:=,p/ %
.+>&�@N·*=01K�#
En(V ) = (0).nJ0eÚw�"�@�MÛ ,­Èj!��G!p,

(bi1 ⊗ . . . ⊗ bin | 1 ≤ i1, . . . , in ≤ m)
%
�".&%3��*E!$�"!6\E:;.

Tn(V )
0&.1>

>&*E2H�@,
(bi1 ∧ . . . ∧ bin | 1 ≤ i1, . . . , in ≤ m)%
'Ag
%(0&NE%(.+>ÇLw[&'

π(Tn(V ) = En(V ).)
57%('f,�*=0+!AK�#9,c23*E.Q�@.Q%(�@.+%
2 !f:;R"K�#+%
. M±%('$2 g
/ %
�

�¦.+>W�"g
%Z!
U&!$:·<=.+>&%
'$,�!$�GK�#�.1*EK�#CYW*-,Ag � O �?� .90+')>&*E!�57:;'$g(%
�GK�#&%
.VU&!$:W>&*-%3!AK�#&:E.
(bi1 ∧ . . . ∧ bin | 1 ≤ i1 < . . . < in ≤ m)

N;*E.&g
En(V )

%
'Ag
%(0&N=,ZO;57:;.�!$:ERGK�#&%
.=Mo0&FJ%
R".�N;�@IW, %(! NE%(.+*=0 (m
n

) \S�@%(R@%;OWnJ0 'p%(>W%(2�!f:;R"K�#+%
.
/�*EK�#+!$%
.+>�*=.&N;%
:;'A>W.+%
,$%(. �¦.+>&% O ,$0&FJ%
Ro#+*=IJ%
.�/��"'D>&*E! )+0&.&89,$�":E.1*=R

ϕi1...in ,
Lw[&')>&*;! 'f*

ϕi1...in(bj1 ∧ . . . ∧ bjn) =

{

1 (i1 . . . in) = (j1 . . . jn)

0 (i1 . . . in) 6= (j1 . . . jn)

�G!p,ZO;Å�*=23�4,XI&�@RG>W%(.�>W�"%(!$%.)&0&.&89,A�@:;.+*=R"%D*=0&L
En(V )

g
0+!A*=2323%
.323�4,�>W%
' )+*=23�"R@�"%D>W%('
(bj1 ∧

. . . ∧ bjn | 1 ≤ j1 < . . . < jn ≤ m)
%
�".�� �@:;'f,A#&:E.&:;'$2·*ER"!$ÍW!p,A%
2?O7Å6*E.&.Q!f�".+>Q*=IJ%
'

IJ%
�G>W%�YSÍW!f,$%(2H%DR@�".&%(*E'�0&.+*EI&#+<E.&NE�"NT0&.+>·!$:E23�@,j.+*EK�#c>&%
2 :EIJ%
.�É�%
g(%
�"N=,A%
.·�".+!fIJ%(!$:E.1>W%
'A%
(bj1 ∧ . . . ∧ bjn | 1 ≤ j1 < . . . < jn ≤ m)

%
�".&%���*E!$�"! \;:E.
En(V ).nJ0 Ú~�@\&Û$,�Å6�"%(!�Lw:ER"N=,H.90+.�0&.&23�@,f,$%(R@I1*='·*=0+!H>W%('�%(I1%(.]NE%(g
%(�@NE,$%
.0Md*-,�!$*;K�#&%EUd>&*-%�>W�"%

ϕi1...in
g
01!$*E2H23%(.�23�@,D>W%
.

bj1 ∧ . . . ∧ bjn
I+�@:;'f,A#&:E.&:;'$2·*ER@%ª��*E!$%
.�!$�".+>­O

nJ0ÓÚw\&Û ,+P`%(NE%
. (m
n

)
=
(
m

m−n

) #1*=IJ%
.
En(V )

0&.+>
Em−n(V )

>W�"%T!f%(R@IJ%�Å6�@23%
.1!f�":E.VO
nJ0�Ú~\9�MÛ ,7YS�".+>

(x1, . . . , xn)
R"�@.+%(*='H*=I&#1<=.&N;�@N1UV!f:��G!f,�.+*EK�#�Ú~�GÛ�23�4,·YW*-,Ag � O � � *E0+K�#

x1 ∧ . . . ∧ xn = 0.� .1>W'$%('A!$%
�@,A!d8-*=.+.H2·*E.H%(�@.+% 0+.+*=I&#1<=.&N;�@N;% )1*=23�"R@�"%
(x1, . . . , xn)

!p,A%
,A!�g(03%
�".&%
'���*E!$�G!
(x1, . . . , xn, xn+1, . . . , xm)

\E:E.
V
%
'AN;<E.&g
%(.VO­Å6*E.&.´�G!p,

x1 ∧ . . . ∧ xm
.+*EK�#QÚ~�@�"�GÛ3Úy>&*E!

%
�".&g(�@N;%ZÛ�ÈjR@%(2H%(.9,�%(�@.&%('���*;!f�G!)\;:E.
Em(V )

0&.+>`>&*=23�@, 'p%Z>W%
.WL~*ER@RG!
6= 0.

Å�*�*E.+>W'A%
'�!f%(�4,�!
x1∧ . . .∧xm = (x1∧ . . .∧xn)∧(xn+1∧ . . .∧xm)

�"!f,(U=2�0�%T>&*=.+.3*E0+K�#
x1∧ . . .∧xn 6= 0!$%
�".VO

�

P�%
.+>W%(.Ó/��@'�>&�@%Z!T.S0&.´*=0WL�>W%
. �)*E0&2
V := Km

23�4,�>W%(.´8-*=.&:;.&�"!AK�#&%(.`È��".&#&%(�4,�! �
\E%(89,$:E'A%
.

ei
*=RG!�� *;!f�G!�*=.±O��E%Z>W%(!

x ∈ V
�"!f,D>&*E.&.?%
�".?YSF1*=R@,$%
.S\;%
89,$:;'

x =






ξ1OOO
ξm






0&.+>?>W�"% )&0+.&89,$�":E.+*ER@%T!$�@.+>�%(�@.WL~*;K�#

ϕi1,...,in(x1 ∧ . . . ∧ xn) = ∆i1,...,in(x1, . . . , xn) =
>W%
,





ξi11 ξi12 . . . ξi1nOOO OOO OOO OOO
ξin1 ξin2 . . . ξinn




 .
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a�*E.�%('$#1<=R@,�!f�"%c*=RG!f:1UV�".+>W%
2Þ2·*=.Óg
0+.+<EK�#+!f,�>W�"%
x1, . . . , xn

*=RG!�YSF1*=R@,$%
.Ó%(�@.&%('
m × n

�
a�*=,$'A� O .&:E,$�"%
'$,(UW>&*='�*=01!X*ER@R"%ªnJ%(�@R"%
.�23�4,./)0+2H23%('$.

i /∈ {i1, . . . , in}
#+%
'�*=0+!A!p,A'$%(�"K�#9,j0+.+>

>&*E.&.C>W�@%TÅ6%
,A%
'A2H�".+*E.;,A%�>W%
'�%(.9,A!f,$%
#+%
.+>W%(. �;01*E>W'�*-,A�"!AK�#&%
.�Ú~ÜD.;,A%
'lÛ � a�*-,A'$� O IJ%
'A%(K�#&.&%
,(O
�¦.+!$I1%Z!f:;.+>W%('$%��"!f,D>&*E.&.

ϕ1,...,m(x1 ∧ . . . ∧ xm) = ∆1,...,m(x1, . . . , xm) =
>W%
,

(x1, . . . , xm),
>W�"%TNE%(/XÊ;#&.&R"�"K�#&%ªÅ6%
,$%('$23�".+*=.9,A%EO

/)0+.��G!f, Lw[+' 'p%(>W%Z!
n < m

'f*
x1 ∧ . . . ∧ xm = (x1 ∧ . . . ∧ xn) ∧ (xn+1 ∧ . . . ∧ xm),

Lw%
'A.&%('�#+*=IJ%
.?/��"')*=RG!�Å6*E'A!f,$%(R@R"0&.&N3NE%(2·<-%·YW*-,Ag � O �+� OGÚw�"�@�MÛ #&�"%
'�Lw[&'
k ≤ m :

x1 ∧ . . . ∧ xk =
∑

1≤i1<...<ik≤m

ϕi1,...,ik(x1 ∧ . . . ∧ xk)(ei1 ∧ . . . ∧ eik).

� RG!$:HN;�@R@,
>W%
,

(x1, . . . , xm) · (e1 ∧ . . . ∧ em)

= ϕ1,...,m(x1 ∧ . . . ∧ xm) · (e1 ∧ . . . ∧ em)

= x1 ∧ . . . ∧ xm

= (x1 ∧ . . . ∧ xn) ∧ (xn+1 ∧ . . . ∧ xm)

=




∑

1≤i1<...<in≤m

ϕi1 ,...,in(x1 ∧ . . . ∧ xn)(ei1 ∧ . . . ∧ ein)





∧




∑

1≤in+1<...<im≤m

ϕin+1,...,im(xn+1 ∧ . . . ∧ xm)(ein+1 ∧ . . . ∧ eim)





=
∑

i1<...<in
in+1<...<im

ϕi1,...,in(x1 ∧ . . . ∧ xn) · ϕin+1,...,im(xn+1 ∧ . . . ∧ xm)·

· (ei1 ∧ . . . ∧ ein ∧ ein+1 ∧ . . . ∧ eim).
YS�".+>�0&.9,$%(')>W%
. �¦.+>W�"g
%Z!

i1, . . . , im
g
/ %
�­NER"%
�GK�#&%;U&!f:3\E%('A!AK�#S/��@.1>W%
,�>&*E! g(0&NE%(#&ÊE'A�@N;%6Ìj'$: �

>W0&89,ª>W%
'
eik .

YS�".+>�>&*ENE%(NE%
.�*ER@R"%
m

�¦.+>W�"g
%Z!D\;%
'�!$K�#+�@%Z>W%
.VU1!f:�!p,A%
R"R@%(.i!f�"%�*ER"!$:c%(�@.&%�Ì�%
' �
2�0&,A*-,A�@:;.�>&%
'�n�*E#&R"%
.

1, . . . ,m
>&*='�0&.1>�>&%
23.+*EK�#��G!p,

(ei1 ∧ . . . ∧ ein ∧ ein+1 ∧ . . . ∧ eim) = ±(e1 ∧ . . . ∧ em),
/ :EIJ%
�1!$�GK�#c>&*E!j'$�GK�#9,$�"NE%)57:;'$g(%
�GK�#&%
.

ε
*=0+!X>W%
' � .&gZ*=#&RJ>W%
'Xg
0&'�B)%('A!f,$%(R@R"0&.&N�>W%
'X.+*-,A[&'$R"� �

K�#&%(.�^6'�>W.S0&.&N·.+:=,p/ %
.+>W�"NE%(.?57%
'$,A*=01!$K�#S0&.&N;%
.�\E:;.�g(/X%(�VÈ�R"%
23%
.9,A%
.VUJ>­O #±O1>W%(2�57:;'$g(%
� �
K�#&%(.�>W%('D>&*E'$N;%(!f,$%
R"R@,$%
.�Ì�%
'A2�0W,�*-,$�":E.�g
0

ε = (−1)i1+...+in+ n(n+1)
2

IJ%(!f,$�"2H2�,(U&/��"%T/��"'�0&.9,$%
.?g(%
�"NE%
.�/ %
'�>W%
.VO
Å�*=23�4,)�G!f,�>+*=.&.

∑

i1<...<in
in+1<...<im

ϕi1,...,in(x1 ∧ . . . ∧ xn) · ϕin+1,...,im(xn+1 ∧ . . . ∧ xm)·

· (ei1 ∧ . . . ∧ ein ∧ ein+1 ∧ . . . ∧ eim)

=
∑

i1<...<in
in+1<...<im

{i1,...,im}={1,...,m}

(−1)i1+...+in+ n(n+1)
2 · ϕi1,...,in(x1 ∧ . . . ∧ xn)·

· ϕin+1,...,im(xn+1 ∧ . . . ∧ xm) · (e1 ∧ . . . ∧ em).



�)� �&�

É�%
#+%
.i/��"'�.90+.�g
0&2 � .WL~*=.+N�>W�"%(!$%
'ªÉ�R@%(�"K�#S0&.&N9!f8;%
,$,$%�g(0&'A[+K�8�0+.+>�%('A!$%
,Ag
%
.`>W�@%�)&0&.+8 �
,$�":E.1*=R"%D>W0&'�K�#c>W�"%D%
.9,�!fF&'A%(K�#+%
.+>W%(.cÜ).9,$%('A>&%
,$%('$23�".+*=.9,A%
.VU9!f:�#1*=IJ%
.c/��"'�Lw:;R@N;%
.+>W%(.cÈ�.9, �
/��GK�89R"0&.&N9!$!A*-,AgDLw[+'DÅD%
,$%('$23�".+*=.9,$%(.VU&>W%(')>W�@%������ � � ���S� È�.9,p/��GK�8SR@0&.+N�\;%
'�*=R"R@N;%
23%
�".&%
'$,
1 �Wv32Czi|���Î � ×=�� 
�k¬S�

m×m � ¢i�&�~�A�
�T�3���±¸=«V� � ���l� x1, . . . , xm
�G�
�­Ö¦×E�� 
�Z¬S�
�7Öy�l�(���

n < m

>W%
,
(x1, . . . , xm) =

=
∑

i1,...,in
in+1,...,im

(−1)i1+...+in+ n(n+1)
2 · ∆i1,...,in(x1, . . . , xn) · ∆in+1,...,im(xn+1, . . . , xm),

¤�¯W�W���H×+�S�l�?� �@� �Ó¤7�S¥p 1���l�­¬]�-� � �
¯k�(¬E�J�-���l� �V¡(«�� � (i1, . . . , in)
¡=�­¬

(in+1, . . . , im)
£;¡

�(¡=�3�H�w���
�����G�
�f¼V¬E�w�6£E¡E���-�3����� � �l�1�W¡ {1, . . . ,m}
�l� � �-�W���±Â� ×=�

n = 1
�"�(� ¬E�w�l�ª¬E�w��×+� � �y¥p J������� � � ��� � �j�J�¦¤7�y¥p¶ � ¡E� � Â

�)IJ%
'AR"%
NE%(.?YW�@%T!$%
R"I+!p,ZU&/��"%ª>&�@% )+:E'A2H%(R�g
0?23:S>&� #+g(�@%('$%(.��G!f,(U&/ %
.&.�2·*=.?>W�"%�YSF+*=R@,$%(.�*E0WL
*=.1>W%
'A%ªP`%(�"!$%ª�@.?Ì7*=8;%
,$%ªg(0

n
I&g
/TO

m− n
YSF+*ER4,A%
.�%
�".;,A%
�"R@%(.?/��@R"RyO

PQ�"'d#1*=IJ%
.H.&:WK�#H>W�"% 57:E'Ag
%
�GK�#&%(.WLw:E'A23%
RW*=I&g(0&R"%
�@,$%
.±Uk>VO #VOEg
0�IJ%(!f,$�"2323%
.VU=23�@,7/��@%(\9�"%
R
57%
'$,A*E0+!AK�#90+.&NE%(.�\E:;. 'p%(/X%(�@RG!�g
/ %
�­ÈjR@%(2H%(.9,$%
.�!$�GK�#�>W�"%�
V�G!f,$%

(ei1 , . . . , ein , ein+1 , . . . , eim)

�".?>&�@%T.+*=,$[&'AR"�"K�#?*=.&N;%
:;'A>W.+%
,$% 
V�G!f,$%
(e1, . . . , en, en+1, . . . , em)

,$'�*=.1!pLw:;'$23�"%
'A%
.�RG<-%E,(O&Å�*=g(0�N;%
.S[&N=,�%Z!
U+>&�@%Z!f%(R@IJ%")&'�*=NE%�Lw[&')>&�@% �¦.+>&% O R@�G!f,$%
.
(i1, . . . , in, in+1, . . . , im)

0&.+>
(1, . . . , n, n+ 1, . . . ,m)g
0?IJ%
#+*E.+>W%(R@.VO1B)�"%
'$Lw[&'�I1%
,$'�*EK�#9,$%(.�/��"'�Lw:ER"NE%(.+>W%�YS�@,$01*-,$�":E.+,+É�%
NE%(I1%(.C!f%(�@%(.

r ≤ s ≤ m0&.+>�%(�@.&% � .&:E'�>W.S0&.&N3>W%('6n�*=#&R"%
.
{1, . . . ,m}

*=RG! 
V�G!p,A%
(a1, . . . , ar−1, ar, br+1, . . . , bs, cs+1 . . . , cm).

57%
'$,A*E0+!AK�#;,)2·*E.�>&*=.&.
ar
!$0&8Sg
%Z!$!$�"\E%

s − r
2·*=RV23�@,�!$%
�".&%
2 'p%
/ %
�"R"�@N;%
.C'A%(K�#9,$%(.</6*EK�# �

I+*E'$.VU&!$:3%
'ANE�"IW,)!f�GK�#?>W�@% � .&:E'�>W.S0&.&N
(a1, . . . , ar−1, br+1, . . . , bs, ar, cs+1 . . . , cm).

B)�"%
'AIJ%
�V#+*=,D!f�GK�#?R@�".&8W!)*E0WL�>&%
.?Ì�:;!$�4,A�@:;.&%
.
1
I&�G!

r − 1
0&.+>�'A%(K�#9,A!�*E0WL7>W%
.CÌ�:;!$�@,$�":E.&%(.

s + 1
I&�G!

m
.&�"K�#9,�!DN;%(<=.1>W%
'$,(U�>W�"%

br+1, . . . , bs
!$�@.+>i*=RG!�� R":WK�8�0&2Ý%
�".&%�Ì�:;!$�@,$�":E.i.1*EK�#

R"�@.&8W!�N;%
/�*=.+>W%('f,ZO
/)0&,$g
%(.´/��@'�>W�@%Z!TLw[&'�0&.+!$%
'A% �¦.+>W% O R"�G!p,A%
.VOoÈj!��G!p,

i1 < . . . < in,
!f:;23�4,�.&:E,p/X%(.+>W�"N

in ≥ n,
!f:W>&*&%�/��"'

r := n, s := in
/�<=#&R"%
.�8;ÊE.&.+%
.VO�)&%('$.+%
'��"!f,

in+1 < . . . < im.
Å6%
'

�¦.+>W% O
in
�"!f,�>W%('6N;'$Ê0%=,A%�>W%
'�%
'�!f,$%
.�É�'$0&F+F1%;U�*ER@R"%�N;'$Ê0%E%('$%(.�R"�"%
NE%(.i*=RG!$:c�@.�>W%
'�g
/ %
�@,$%(.

É�'A0&F&FJ%EO7YS:ERGK�#&%�N;�@I&,�%(!H*=IJ%
'�NE%(.+*=0
m − in

\S�@%(R@%;O � R"!$:`!$�@.1>�*=R"R@%
ik
2H�@, /)0&2323%
'A.

k > in
!$%
R"I+!f,6N;'$Ê0%E%
')*ER"!

in,
0&.1>C/X%(�@Rd>&*=.+.�23�4,ª>W�@%Z!f%(.�0&.+>

in
!$%
R"I+!f,�*=R"R"%�P`%('f,A%�\;:E.

{in, in + 1, . . . ,m}
I1%(R@%(N=,)!$�@.+>VU+!f�".+>?*=RG!$:H*ER@R"%ª[&I&'A�@N;%
. �¦.+>W�"g
%(!

ij < in.P�%
.&.Ó/��"'�*=RG!f:�>&%
. �¦.+>W% O
in
\E:E.�Ì�:;!$�4,A�@:;.

n
*E0WL�Ìd:9!f�@,$�":E.

s = in
!AK�#+*=hJ%(.VU­%
.9, �

!f,$%
#9,)%(�@.&% � .&:;'A>W.S0&.+N+USLw[&'D>&�@%�>&�@%�É�'A0&F&FJ%
.C23�@,6>W%
. /D0&232H%('$.
1
I+�"!

n− 1
0+.+>�2H�@,

>W%(. /)0+2H23%('$.
n
I&�G!

m
'p%�23:E.+:=,$:;.]/�*EK�#+!$%
.1>´NE%(:E'�>W.&%
,3!f�".+>­O�PQ�"'3#+*=IJ%
.{*=RG!f:�>W�"%� 01!fN9*=.&N9!$!$�4,A0+*-,A�@:;.�/��"%(>W%('(U&*ER@R"%
'�>W�".&N;!XLw[&'

n− 1
!f,A*=,f,�Lw[&'

n.
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Å�*=23�4,)I+'A*E0+K�#&%
.�/��@')*ER"!$:3�@.1!fN;%(!A*=2�,
n∑

k=1

(ik − k) =

n∑

k=1

ik −
n(n+ 1)

2

\S�@%(R@%�Mo'A*E.+!$F1:9!f�@,$�":E.&%(.VO&Å�*=23�4,)%('$N;�@I&,�!$�GK�#�*ER"!�57:;'$g(%
�GK�#&%
.

ε = (−1)i1+...+in−
n(n+1)

2 = (−1)i1+...+in+
n(n+1)

2 .

È��".&%T/ %
�@,$%
'A% � .S/ %
.+>W0+.&N3\E:E.CYW*=,$g � O �&� �G!p,
1 �Wv32Czi|���� ÔT��� �D�-� � �l�@����� m × k � ¢i�W�y�$� �Ç�G�
� �;� ���y¥p  ¬W��� �6�l�@ ����&£k�-  � ¬W��� � �l©-¹+�¦����&�y¥p ��f¿k�l�A�
¥p �¤7�@�V¬S���­¬W��� �o�������(¬S�-�����A�3�@�J�-�����=Â
9Hr0:�r9uy�&, Èj!)!$%
�"%
.

x1, . . . , xn
�"'$N;%
.+>W/ %
RGK�#&%TYSF+*ER4,A%
.C>W%
')ai*-,$'A� O O&Å�*=.+.��G!f,

x1 ∧ . . . ∧ xn =
∑

1≤i1<...<in≤m

∆i1 ,...,in(x1, . . . , xn)(ei1 ∧ . . . ∧ ein).

YS�".+>
(x1, . . . , xn)

0&.1*=I&#+<E.&NE�"N+U;!f:��G!f,
x1 ∧ . . .∧xn 6= 0

0+.+>·>&*=23�@,X/ %
.&�"N;!f,$%(.+!7%(�@.&%
>W%('

n
� 'A%
�"#&�"NE%
.�ÅD%
,$%('$23�".+*=.9,$%(.

∆i1,...,in(x1, . . . , xn) 6= 0.YS�".+>
(x1, . . . , xn)

R"�@.&%Z*='T*=I+#+<=.&N;�@N1UJ!$:��G!f,
x1 ∧ . . . ∧ xn = 0.

Å6*�%(!ª!$�"K�#`0&2Ë%(�@.&%
��*E!$�"! � Å6*E'A!f,$%(R@R"0&.&N�#+*=.+>&%
R@,(U&2�[+!$!$%
.?>&*E.&.C*=R"R@%Tm6:9%��·g
�"%
.9,$%(.�\;%
'�!$K�#S/��".+>W%
.±US>VO #VO1*=R"R@%

∆i1,...,in(x1, . . . , xn) = 0

!$%
�".VO
�Èj!X!f%(�&.&:WK�#·%
�".&%)/ %
�@,$%('$% � .9/ %
.1>W0&.&N�%('$/�<=#+.;,ZUE>W�"%�Lw[&' >W�@%�ÚwF&'A:-'p%(8;,A�@\;%ZÛ7É�%(:E23%
,A'$�"%

/��GK�#;,A�@N3�G!p,ZO
1 �Wv32Czi|���4 �j�ª�l���

V
���"� » �l¶J�¦¯k�A���&¡=��¼ U ⊂ V

���"� �±���¦���A���&¡=� ¡E�­¬
x1, . . . , xn

��¯;¤7�w�
y1, . . . , yn

�l���w��� ���=�l����¿k¯k�
U.
Ôª�-�+� � ���&���
�6���"�J�6§T¯k�+�(���=�J�¦� γ ∈ K, 6= 0

�l¯W¬S�-¹
x1 ∧ . . . ∧ xn = γ · (y1 ∧ . . . ∧ yn).

9Hr0:�r9uy�&,ªÚw�MÛ ,9È�.9,$#1*=R@,$%
.c>&�@%�IJ%
�G>W%
.c��*;!f%(.3>&�@%)!$%
R"I1%(.·È�R"%
23%
.9,$%D.90+'7�@.·\;%
'�!$K�#&�"%(>&%
.&%(.&'
��%(�@#&%(.WLw:ER"NE%;U&!f:·!f,$�"232H%(.C>W�@%TIJ%
�G>W%(.�Ìj'$:W>W0&89,A%TI&�"!�*E0WL7>&*E!�57:;'$g(%
�GK�#&%
.�[&I1%('$%(�@.±O

Úw�"�MÛ , �;%(>&%(!
xi
R"<&%=,)!$�"K�#C*=RG! 
±�@.&%Z*='A8E:;2�I&�".+*-,A�@:;.�>W%('

y
j

!$K�#&'A%
�"IJ%
.VO1YW%
,$g(%
.C/��"')>W�"%(!$%
%
�".?0&.+>�'A%(K�#&.&%(.�>&�"!f,$'A�@I+0W,$�"\�*=01!
U&!$:3%
'A#+*=R@,$%(.�/��"')%
�".&%TÅ�*='�!p,A%
R"R@0&.+NH\;:E2 MXÍSF

x1 ∧ . . . ∧ xn =

n∑

i1,...,in=1

αi1,...,in · (yi1 ∧ . . . ∧ yin)

23�4,)N;%
/��G!$!$%
.?m6:9%��·g
�"%
.9,$%(.
αi1,...,in ∈ K.)d[&')>W�"%�*=0WLM,A'$%
,$%(.+>W%
.

y
� Ìj'$:W>W0&89,A%�N;�@R@,3,

� %
.9,p/X%Z>W%
'�!$�@.1>�g(/X%(� �¦.+>W�"g
%Z!�NER"%
�GK�#VU&>&*=.+.��G!f,�>+*E!�Ì�'A:W>W0&89,
= 0;

� :S>&%
'o*ER@R"%�!f�".+>T\;%
'�!$K�#&�"%(>&%
.VOZÅ6*E.&.�#+*E.+>W%(R4,�%(!d!f�GK�#�.+*;K�#�Úw�MÛ±I&�"!�*E0WL+>&*E!o57:E'Ag
%(�"K�#+%
.
0&2�>&*;!�Ì�'A:S>&0&89,

y1 ∧ . . . ∧ yn.� RG!$:�Lw:;R@NE,
x1 ∧ . . . ∧ xn = γ · (y1 ∧ . . . ∧ yn)0&.+>?>&*HIJ%
�G>W%TÌ�'A:W>W89,$%

6= 0
!$�@.1>­UW2�0�%c*E0+K�#

γ 6= 0
!f%(�@.±O

�
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É�%
#+%
.i/��"'ª.S0&.i#&�"%
'AIJ%
�7*=0+!6\E:;.
V = Km

23�4,�>W%('ª8k*E.&:E.+�"!AK�#&%
.`� *;!f�G!
e1, . . . , em!$:H#1*=IJ%
.?/��@' 'f*

x1 ∧ . . . ∧ xn =
∑

1≤i1<...<in≤m

∆i1,...,in(x1, . . . , xn)(ei1 ∧ . . . ∧ ein). (∗)

Å6%
'3%
IJ%
.eI1%(/��@%Z!f%(.&%CYW*-,Ag�IJ%(!A*=NE,3,7YS�@.1>
x1, . . . , xn

0&.+>
y1, . . . , yn

� *;!f%(.]>W%Z!$!$%
R"I1%(.
Ü).9,A%
'A'A*E0&23%(!(US!$:3NE�"IW,)%(!�%(�@.+%�mD:;.+!p,�*=.9,$%

γ 6= 0,
!f:W>&*&%

x1 ∧ . . . ∧ xn = γ · (y1 ∧ . . . ∧ yn).

Å�*E!�#&%(�5%E,D*=IJ%
'�#&�"%
'ZU&>&*-%HLw[&'6*=R"R@% �¦.+>W% O ,$0&FJ%
R
1 ≤ i1 < . . . < in ≤ m

N;�@R@,

∆i1,...,in(x1, . . . , xn) = γ · ∆i1,...,in(y1, . . . , yn).

q�r;s�tduwv(uyx1t{Òdt � 1 �Wv 2�zi|�� �e���������	��

� � ��xVx1� �du~td�WvZr9t7�iÔ��E� (m
n

) � �±¡(«�� �
(∆i1,...,in(x1, . . . , xn) | 1 ≤ i1 < . . . < in ≤ m)

£E¡����"�J�l� ���E�f�G�
x1, . . . , xn

���"�J�
� �±�����l�$�l�W¡=�·�
U ⊂ Km

�J�l�&���ª�·�=� ¬;�M�c J¯k��¯ � �������¯&¬S����� �0� � � ��� � §ª¯S¯k�(¬E�"�1�W�¦���{¿k¯-� U Â�¸S�w�c�$�@�V¬]¬+¡=�(¥p  U �-�G�·�W¡=Öª���"�J��� �­�-  � ���+Ö~�-¶���¯-�
γ 6= 0

�l�@�V¬S�k¡&�y� � �W�l�(�~�"�3���AÂ�� ��� � ����� � §T¯S¯k�(¬E�@�J�W���l��£E¡�¿k�l�A�
¥p &�w�Z¬S�l�J��� �±�����l�$�lØW¡E�c�l�
�$�@�­¬ � �@���
�-�ª¡=�J�&�- 1Ø=� � � � Â
Å�*=g
0?g(/X%(�V�X%(�"!$F&�"%
R"%&,

U =
!fF+*E.

(x1)
,XÅ6�"%�� ��� � � ���1� m6:S:E'�>W�".+*-,A%
.Ç!$�".+>

(∆i(x1) | 1 ≤ i ≤ m),
*=RG!f:

IJ%(!f,$%
#+%
.+>�*=0+! *=R"R@%(.
1
� 'A%
�"#&�@N;%
.cÜD.;,A%
'�>W%
,A%
'A23�@.+*E.9,$%
.�>W%
' %
�".&%
.?YSF+*ER4,A%

x1.
ÅD�"%(! R"�@%
Lw%
'$,

x1
!$%
R"I+!f,(O
U =

!fF1*=.
(x1, x2)

,­PQ�"'ª#+*=IJ%
.Ó>W�"%3g
/ %
�"'$%(�@#&�"NE%(.iÜ).9,A%
'�>W%
,A%
'A2H�".+*E.;,A%
.�>W%
'�a�*=,$'A� O
(x1, x2)

g
0�I1%
,$'�*EK�#9,$%(.VO"Mo0&.?/��@')>W�"%(!)% O F&R"�@g(�4,�Lw[&'
m := 3 :

Å6*E.&.?#+*=IJ%
.?/��"'

(x1, x2) =





ξ11 ξ12
ξ21 ξ22
ξ31 ξ32





0&.+>
∆12(x1, x2) =

>W%
, (ξ11 ξ12
ξ21 ξ22

)

, ∆13(x1, x2) =
>W%
, (ξ11 ξ12

ξ31 ξ32

)

,

∆23(x1, x2) =
>&%
, (ξ21 ξ22

ξ31 ξ32

)

.

� �"!�*=0&L�>&*E!�57:;'$g(%
�GK�#&%
. >&%
'�2H�@,f,AR@%('$%(. Å6%
,A%
'A2H�".+*E.;,A%�!$�".+> >W�"%(!�N;%
.+*E0 >W�"%�>W'A%
�
m6:E23F1:;.&%
.9,A%
.?>W%(!�57%(8;,A:E'AF&'A:S>&0&89,$%(!�>W%(')IJ%
�G>W%
.?57%
89,A:E'A%
.

x1
0&.+>

x2.Å6�@%Z!f%�� ��� � �����1� m6:9:;'A>&�@.+*=,$%(.?!$�".+>�.+*=,$[&'AR"�"K�#`.&�"K�#9,�!6*E.+>W%
'A%(!�*=RG!�� *;!f�G!A>&*='�!p,A%
R"R@0+. �
NE%(.�>&%
'TÈ�R"%
23%
.9,A%·\E:E.

x1 ∧ . . . ∧ xn
�@.
En(V ).

�)IJ%
'
(∗)

8-*=.&.�2·*=.´>&*E.&.�*E0+K�#Ó>W�@%
aC0&R@,$�"F&R"�@8-*=,$�":E.

∧
�".
E(V )

[&IJ%
'�%(�@.T_pÌj'$:W>W0&89,fb�>W%('�� ��� � �����1� m6:S:E'�>W�@.1*-,$%(.�>&*E'A!f,$%(R@R"%
.VO
Å6�@%Z!�8-*=.&.�2·*=.?�@.1!fIJ%(!$:E.+>&%
'A%6�"2�nJ01!$*E2H23%(.&#+*=.+NH23�@,�Lw:ER"NE%(.+>W%
2¨YW*-,AgT.90&,$g
%(.�,
1 �Wv32Czi|�� 
 �d¤���� �±�����l�$�lØW¡E�c�

X
¡=�­¬

Y
¿-¯k�

V
 J�&�W��� � �l�1�W¡Ó¬S�-�&�Ç�l�@�J�l���&�y¥p ��f�~�A� �¿k�G� � �l� �±�����l�$�l�W¡E� � �l�����"�+�A�=��¼j¬1Â  ±Â X ∩ Y 6= (0),
¤����&�{¬S�=��Ø&¡=¹S�l�l� 
��
¯&¬+¡=¶��D�" &�
���

� ��� � � ��� � §T¯S¯k�(¬E�"�1�W�¦����¯&¬S�l�DØ��W¡=��¿l� � �l���X¿-¯k� ���E���l�`¿-¯k� X ¡E�­¬
Y
¿-�����
¥p �¤7�"�­¬S�-�$Â
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9Hr0:�r9uy�&, /D*;K�#�>W%('XÅ6�@23%
.1!f�":E.+!fLw:E'A23%
R1NE�"R4,�>W�@2
X+

>W�"2
Y =

>W�"2
(X ∩Y )+

>W�"2
(X+

Y ),
/ :E.+*;K�#Ç>W�"2

(X ∩ Y ) > 0
NE%
.1*=0{/X%(.&.Q>W�"2

(X + Y ) <
>W�"2

X +
>W�@2

Y.
YS�".+>

.S0&.
x1, . . . , xn

0&.1>
y1, . . . , yk

'p%(/X%(�@RG!���*E!$%
.Ó\E:;.
X
I+g
/TO

Y,
!$:C�G!p,�>&�@2

(X + Y ) <>W�"2
X+

>W�@2
Y = n+k

NE%(.+*=0VUk/ %
.&.
x1, . . . , xn, y1, . . . , yk

R"�@.&%Z*='�*=I&#1<=.&N;�@N60&.+>�NE%
.1*=0
>&*E.&.?�"!f,

x1 ∧ . . . ∧ xn ∧ y1 ∧ . . . ∧ yk = (x1 ∧ . . . ∧ xn) ∧ (y1 ∧ . . . ∧ yk) = 0.

�

� 〉
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9Hz�}�;=ÅD�"%j8;:E23F&R"% O %
.�n�*E#&R@%(.
C
I+�@RG>W%
.T23�@,d>W%(.T[&I&R"�"K�#+%
.�^6FJ%
'�*-,$�":E.+%
.ª%
�".&%

R
��� R@N;%
I&'�*&O

Å�*E!�m6:E. 'p0&N;�@%('$%(.��G!p,)%(�@. � R@N;%
I&'�* � B):;2H:;23:E'AF&#&�G!f2�0+!
C → C.

9Hz�Î�;EÅD�"%jÌ�:;R@ÍS.&:;23*ER@N;%
I&'�*
R[t]

�G!p,d%
�".&%
R
�¦� R"NE%
I+'A*+O �p!f,

A′ %(�@.&%X/X%(�4,A%
'A% R
�¦� R"NE%
I+'A*+U

%
,p/�*
A′ = C,

:W>W%
'
A′ = Rn×n

0&.+>
a ∈ A′ %
�".?I1%(R@�"%
I&�"N·NE%(/ <E#&R@,$%(! È�R"%
23%(.;,ZU+!$:H�G!f,

ϕ : R[t] → A′ : p(t) =

n∑

i=0

αit
i 7→ ϕ(a) := p(a) :=

n∑

i=0

αia
i

%
�".
R
��� R@N;%
I&'�* � B):;23:E23:E'AF&#&�G!f2�0+!(U;>W%('j_pÈ��".+!$%
,Ag � B):E23:;2H:;'$F+#&�"!$2�01!¦blO

Y9,A0+>W�"%
'A%
.?!f�"%�>W�"%(! Lw[&')\;%
'�!$K�#+�@%Z>W%
.&%(. � R@N;%
I&'A%
.
A′ �"2�Å6%
,�*=�"RyOoÚyYS�"%
#&%�*E0+K�#?� � � Û
O

P�%
�@,$%
'�I+�"!
� 〉
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9Hz �+;XÅ6�@%�Lw'$%(�@%
K
�¦� R"NE%(I&'A*?[+I1%('3>&%
'HR@%(%
'A%
.]aC%(.&NE%

∅
�G!p,·>W%
'3m6ÊE'AF1%('

K
!$%
R"I+!f,(O

nJ%(�@N;%
.·YS�@%)>&�@%Z!7%
�".&2·*=R&[+I1%('�0&.+!$%
'A%)mD:;.+!f,$'A0&89,$�":E.�>&%
'7Lw'A%
�"%
. � R"NE%(I&'�*�
�>W�"%�R"%
%
'A%.)&:;R@N;%
ε
/��@'�>{#&�"%
'�/��GK�#9,$�"N 
Ç0&.1>Q!p,A0+>W�"%
'A%
. YS�"%`>&*E.&.�>W�"%(!$% � 01!$!A*=N;%�*=.�>W%('�0&.&�"\E%('A!$%
R"R"%
.

È��"NE%(.+!$K�#1*-LM,(O
9Hz 4�;�/D*EK�#·� � � �"!f,X!$:E23�4,

R
%(�@.+%�Lw'$%(�@%

R
�¦� R"NE%(I&'�*&U

C
%
�".&%�Lw'A%
�"%

C
�¦� R"NE%
I+'A*+U-Lw%
'A.&%
'

.+*;K�#�� ���
C
%
�".&%

R
��� R@N;%
I&'�*&O

C
�"!f,�*=IJ%
'�*ER"!

R
�¦� R"NE%(I&'�* � ��� � � Lw'A%
��UV>&*?%Z!ª8E%
�".&%(.

R
�

� R"NE%(I&'�* � B):E23:;2H:;'$F+#&�"!$2�01!
ϕ : C → R

NE�"IW,ZOjÜ)2 R@%
,$g
,$%
'A%(!cg
0Q!f%(#&%
.±U�.&%
#+2H%(.�YS�@%
*=.±U1%Z!)/�<='A%

ϕ
%
�".&%
'�0&.+>�>+*=.&.�IJ%(!f,$�"2323%
.�YW�@%�23*ERd>&%
.�P�%
'$,6\;:E.

ϕ(i)2,
/X:;I1%(�

i
>W�"%

�"23*ENE�".+<='A%�È��@.+#&%
�@,D�G!p,ZO
9Hz ��; ÈX!c!f%(�

f ∈ K[t]
%
�".{Lw%(!f,cNE%(/ <E#&R@,$%(!3Ì�:;R@ÍS.&:;2�O�Å�*=.+.eIJ%(!f,$%(#9,�>&*E!3\;:E.

f%
'Ag
%(0&N=,A% �p>W%(*ER
(f)

*=01!�*=R"R@%(.?>&0&'AK�#
f
,$%
�"R"I+*='A%
.�Ì�:ER"Í9.+:E23%
.VO+P�<=#&R"%
.�YS�"%T.S0&.C!fFJ%
g(�@%(R@R

f(t) := tm+1,
8;:E.+!f,$'A0&�"%
'A%
.�YS�"%)!$�"K�#3>W�"%(!$%(! �p>W%Z*=R

(tm+1)
0&.+>H\E%('$N;R@%(�"K�#+%
.HYW�@%�23�4,j� � � O

PQ�"%�!f�"%
#9,6>W�"% � R@N;%
I&'�*
K[t]/(tm+1)

*E0+! ��*=RG!�57%(8;,A:E'A'A*E0&2 �T/��"%T2�0&R@,$�"F&R"�@g(�@%('f,623*E.
>&*E'$�". � �DI1%('$R"%
N;%
.CYS�@%�>+*E!)É�R"%
�GK�#&%�Lw[&')%
�".?I1%(R@�"%
I+�@N;%(!�Ì�:ER"ÍS.&:E2

f.

9Hz 
+;EÈ��".�ÈjR@%(2H%(.9,
a
%
�@.+%
' � R"NE%
I+'A*6#&%
��%=,V_fÈ��@.+#&%
�@,pblU-/X%(.&.�%Z!d%
�".

b ∈ A
N;�@IW,ZU-!f:W>&*&%

ab = 1.
n�%
�"NE%
.iYW�@%0, �p!f,

U ⊂ A
%
�". �p>W%Z*=R±0+.+>�%(.;,A#+<=R@,

U
%
�".&%�È��".&#&%(�4,ZUV!f:��"!f,

U = A.PQ�"%3!$%
#+%
.Ó>W�@%3È��".&#&%(�4,A%
.´�".�>&%
'TÌ�:ER"ÍS.&:E2 �¦� R"NE%
I+'A*
K[t]

*E0+!(U­/��@%·*=R"R"NE%
23%(�@.`�@.Ó%
�".&%('
Lw'A%
�"%
. � R"NE%
I+'A*

A(B)?
Ú 
±Ê;!$0&.&N�,+É�%(.+*=0?>W�"%�mDÊ;'$FJ%
'A%
R"%
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9Hz���; )d[&#+'$%(.QYW�@%�>W�"%�m6:E.+!f,$0&89,A�@:;.Ç\;:E.Q� � � >W0&'�K�#eLw[&'�>W�"%?Lw'$%(�@% � R@N;%
I&'�*
R[t]0&.+>�>&*;!DÌ�:ER"ÍS.&:E2

f(t) := t2 + 1.
Èj!ªIJ%
g(%
�GK�#&.&%

π
>W%(.i8-*=.+:E.&�G!$K�#+%
.�È�F+�@23:E'AF&#&�G!$2�0+!

R[t] → C := R[t]/(t2 + 1).
� %
g(%
�GK�#&.&%(.?YS�"%

π(1) = 1, π(t) = i.
nJ%(�@N;%
.CYS�"%

� Èj!��"!f,
i2 = −1;

� 'p%(>W%Z!
u ∈ C

#+*-,)%(�@.+%�%(�@.1>W%
0W,A�@N;%�Å6*E'A!f,$%(R@R"0&.&N·*ER"!
u = α01 + α1i.

� YS%
,Ag
%
.`/��@'
u := α01 − α1i,

!f:��"!f,
uu = uu = (α2

0 + α2
1)1,

!f:W>&*&% 'p%Z>W%(!
u 6= 0%
�".&%ªÈ��@.+#&%
�@,D�G!p,ZO
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� ÅD�"% � R"NE%(I&'A*
C
�"!f,)8E:;2H2�0W,A*=,$�"\�O

Å6�@%Z!f% � R@N;%
I&'�*?�G!p,3*=RG!f:C%(�@.�m6ÊE'AF1%('�Ú �8O �@:;2H%�F&'$[&Lw%
.�*µÛ 
ÓYW:ER"R4,A%
.]YS�"%�>W%(.�%
,p/�*C!$K�#+:E.
8E%(.&.&%(. �

9Hz �+; ��%(%
R"R@%��60+*-,A%
'A.&�":E.&%(.�,9� �"R">&%
.CYS�@%ª>W�"%DLw'A%
�"% � R"NE%
I+'A*
A(X,Y, Z)

g(0�>W'A%
��È�R"% �
23%
.9,$%(.

X,Y, Z
0&.+>?>&*E'$�".�>&*;! �p>W%(*ER

U := (X2 + ε, Y 2 + ε, Z2 + ε,XY Z + ε),
/ :EIJ%
�

ε
>&*;! È��@.1!f%(R@%(2H%(.9,D>W%
' � R"NE%(I&'�*�IJ%
g(%
�GK�#&.&%EO&ai*=.�.&%
.&.9,

H := A(X,Y, Z)/U
>W�@% � R@N;% �

I&'�*�>W%('�_ �60+*=,$%
'A.&�":E.&%(.Sb�[&IJ%
'
R.
Èj!ª!f%(�o/��"%(>W%('

π : A(X,Y, Z) → H
>W%
'�8-*=.&:;.&�G!$K�#&%

È�F&�"23:E'AF&#&�G!f2�0+!(OWPQ�@')IJ%
g(%
�GK�#&.&%(.�!$F1%(g
�"%
R"R
π(ε) = 1, π(X) = x, π(Y ) = y, π(Z) = z.

� nJ%
�"NE%(.�YS�"%�>&*-Lw[+')>W�@%�a�0&R4,A�@F+R@�"8-*-,$�":E.1!p,�*=IJ%
R"R@%
· |1 x y z
1|1 x y z
x|x −1 z −y
y|y −z −1 −x
z|z y −x −1

0&.+>?!$K�#+R@�"% %;%
.�YW�@%�>&*E'A*E0+!
� 'p%(>W%Z!

u ∈ H
#+*=,�%
�".&%T%
�".+>W%(0W,$�"NE%TÅ�*='�!p,A%
R"R@0&.+N3*ER"!

u = α01 + α1x+ α2y + α3z (αi ∈ R).

� YS%
,Ag
%
.�/��"'
u = α01 − α1x− α2y − α3z,!f:��"!f,

uu = uu = (α2
0 +α2

1 +α2
2 +α2

3)1,
>­O #VO 'p%(>W%Z!

u 6= 0
�G!f, È��".&#&%(�4,ZO+Å�*=23�4,��G!p,

H
%(�@.&% � ��� � � ��� *,*,� �(� � � # 	T\S�"%
'�>W�@23%(.+!f�":E.1*=R"%6'A%
%(R@R"%TÅD�"\S�"!$�@:;.+!A*=R"NE%
I+'A*+O

Å6�@%Z!f%�!$:EN1O������ ���
	 �+� !$K�#&%(. �601*-,$%('$.+�@:;.&%
.�,$'A%
,A%
.?%
,p/�*3I1%(�o>W%('D� %(!AK�#&'A%
�"I&0&.&N3>W%
'
� %
/ %
N;0&.&NE%(.�!f,A*E'$'A%
'�m6ÊE'AF1%(' *E0WLpO

P�%
�@,$%
'�I+�"!
� 〉

〉 �

m6:E232�0W,�*-,A�@\;% � R"NE%
I+'$%(.·g
%
�GK�#&.&%(.c!f�GK�#c>W0&'�K�#�>W�"%)g(0+!$<=,$g(R@�GK�#&%)È��"NE%(.+!AK�#+*-LM,�*=0+!(U;>&*&%
IJ%
��>W%
'3aC0&R@,$�"F&R"�@8-*=,$�":E.Ç>&�@% ��%
�"#&%
.&Lw:ER"NE%�>&%
'8)+*=89,A:E'A%
.´0&.&%('$#+%
I&R"�"K�#]�"!f,(O7Å6�@%Z!�\;%
'A%
'AIW,
!$�"K�#�0&.9,$%(')B):E23:;2H:;'$F+#&�"!$23%
.VO

9Hz �+; �p!f,
A
%
�".&%�8E:;232�0W,�*-,$�"\E% � R@N;%
I&'�*&U

B
%
�".&%�IJ%
R"�@%(I&�@N;% � R"NE%(I&'A*�0&.1>

ϕ : A → B%
�". � R"NE%(I&'�* � B):E23:;2H:;'$F+#&�"!$2�01!
U&!$:·�"!f,�>+*E!D� �"R">
ϕ(A) ⊂ B

%
�".&% ��� *,*,� �(� � � # 	HÜ).9,$%(' �*=R"NE%(I&'�*3\E:E.
B.

Å6%
.+.�Lw[&'
b1, b2 ∈ ϕ(A)

NE�"IW,�%(! 'f*
a1, a2 ∈ A,

!f:W>&*&%
bi = ϕ(ai)

0+.+>
>&*E.&.?�"!f,

b1b2 = ϕ(a1)ϕ(a2) = ϕ(a1a2) = ϕ(a2a1) = ϕ(a2)ϕ(a1) = b2b1.

YS:;2H�@,�!$�@.1>´�@.1!fIJ%(!$:E.+>&%
'A%c*=R"R@% �60&:E,$�"%
.9,$%(.´\E:;.´8E:E232�0W,A*=,$�"\E%
. � R"NE%(I&'A%
.�!f,$%
,�!�!$%
R"I+!f,
8E:;232�0W,�*-,$�"\�O&� %
�G!fF&�"%
R"%ª#+*=IJ%
.?/��"')!$K�#+:E.�:EIJ%
.�NE%(!$%
#+%
.VOWÈ��".?/X%(�4,A%
'A%(!��G!p,

9Hz�}���;�ÈX!�!$%
�
A := K[t], A′ = Kn×n, b ∈ A′ Lw%(!f,3NE%
/�<=#+R4,�0+.+> ϕ : A → A′ :

p(t) 7→ p(b)
>W%
'DÈ��@.1!f%
,$g
#+:E23:E23:E'AF&#&�G!$2�0+!(O

ϕ(A)
IJ%(!f,$%(#9,6>&*=.+.?*E0+!�*=R"R"%
. 
V�".&%(*E'$8;:E2 �

I&�".+*-,A�@:;.&%
.�\E:;.�Ì�:E,$%
.+g
%
.C>W%(')a�*-,A'$� O
b
0&.+>?>W�"%(!��G!f,)%
�".&%T8E:;2H2�0W,A*=,$�"\E%ªÜ).9,$%('A*ER@N;%
I&'�*

*=R"R"%
')a�*=,$'A�@g(%
.VO



� �����

9Hz�}J}�;9�X%(.S0W,$g(%
.�YS�"%�� ����� U(0&2 !$�GK�#�8SR"*E'og(0�2·*EK�#+%
.VUk>&*-%6%
�".&%�Ü).9,$%('A*ER@N;%
I&'�*�%
�".&%('
� R"NE%(I&'�*

A
�"2 *ER@R"NE%(23%
�".&%
. � 	 � ���/� 	 � �1�G!p,ZOEÅ6%
.&.·%(�@.&%�ÜD.;,A%
'�*=R"NE%(I&'A*6�G!p,�%(�@.·Ü).9,A%
'A'A*E0&2?U>W%('±*=0+K�#T*ER@R"%7Ì�'A:S>&0&89,$%j*E0+!­g
/ %
�;!f%(�@.&%('VÈ�R"%
23%
.9,A%�%
.9,$#1<=R@,(O
� %
�"2 �p>W%(*ER=I&'�*=0+K�#9,V>&*=N;%
N;%
.

.S0&'�%
�".&%(')>W%
'.)1*=89,$:;'$%(.�*E0+!�>W%
2 �p>W%(*ER­g
0C!$%
�".VO
P�%
�@,$%
'�I+�"!

� 〉

〉 �

9Hz�}&Î�;VnJ0&.+<;K�#+!f,�%(�@.+�@N;%ª� %(�"!$F&�"%
R"%6Lw[+'
n
� R"�".&%(*E'$% � I&I+�@RG>W0&.&N;%
.VO

� O �p!p,
A
%
�".&% � R@N;%
I&'�*&U+!$:c�G!p,�>W�@%�aC0&R@,$�"F&R@�"8-*-,A�@:;.��@.

A, (a, b) 7→ a · b
%(�@.&%�I&�@R"�".&%(*E'$%

� I&I&�"RG>W0&.&N1O � .+*ER@:;NE%Z!XN;�@R@,�Lw[&')Ì�'A:W>W0&89,$%T\;:E.
3, 4, . . .

)+*E8;,A:E'A%
.VO
� O�Èj!�!$%
�"%
.

K
%
�".]m6ÊE'AF1%('�0&.+>Ç>&*=g(0

Pm[t]
>W�@%�Ì�:ER"Í9.+:E23%�\;:E2 É�'A*;>

≤ m
[&IJ%
'

K.
Å6*E.&.��"!f,)>W�@%ªN;%
/ ÊE#&.&R"�GK�#&%DÌ�:ER"ÍS.&:E232�0&R4,A�@F+R@�"8-*-,$�":E.�%
�".&%ªI&�"R@�".&%(*E'$% � I+I&�@RG>W0&.+N

Pm[t] × Pm[t] → P2m[t].
� %
,$'�*EK�#9,A%
.Ó/��@'�#&�"%
'AI1%(�yUo/��@%�!$�GK�# 
iL~*=R"R"!

2m ≥ 17



>W%
' � �k� ,A%�m6:9%��·g
�"%
.9,�>W%Z!DÌj'$:W>W0&89,AF1:;R@ÍS.&:;23!ª*E0+!6>&%
.`m6:S% �·g
�"%
.9,A%
.i>W%('ªI1%(�">W%(.
)+*=89,A:E'A%
.�%('$N;�@I&,(U&!$: #+.1>W%
.?/��"'�%
�".&%TI&�"R@�".&%(*E'$% � I+I&�@RG>W0&.+N

Km+1 ×Km+1 → K.Èj!��"!f,)%
,p/�*
(a0 + a1t)(b0 + b1t) = a0b0 + (a0b1 + a1b0)t+ a1b1t

2

0&.+>CIJ%
�G!fF+�@%(R"!$/X%(�"!$%�>W%('623�@,f,AR@%('$%HmD:S% �·g(�@%(.;,
a0b1 + a1b0

�G!p,ªI&�"R@�".&%Z*='D�".
(a0, a1)0&.+>

(b0, b1).

� O)�X%(�)>W%
'·N;%
/ ÊE#&.+R@�GK�#&%
.{a�*=,$'A� O 2�0+R4,A�@F&R"�"8k*=,$�":E.
AB = C

�"!f,"'p%(>&%(!·È�R"%
23%(.;,�>&%
'
Ì�'$:W>W0+8;,A2·*-,$'A� O

C
I+�@R"�@.+%(*='��".?>W%
.?È�R"%
23%
.9,A%
.?\E:;.

A
0&.+>�\;:E.

B.

9Hz�} ��;-)d[&'�'p%(>W%
n×n

� a�*-,A'$� O
A = (αij)

�"!f,
xTAy =

∑n
i,j=1 aijξiηj

%
�".&%jI&�"R"�@.&%Z*='A%
� I+I&�@RG>W0&.+N

Kn × Kn → K,
RG<-%E,3!$�"K�#e*=RG!f:�*=RG!�R"�".&%(*E'$% � I&I&�"R">&0&.&N

Kn ⊗ Kn → KIJ%(!AK�#&'$%(�@IJ%
.±O&Å6*=Lw[&')8-*=.&.�2·*=.?%
,p/�*3!f:3\;:E'ANE%
#+%
.�,
YS%(�

T := Kn×n,
>W�@%·aC%(.&NE%3>W%('

n × n
� a�*-,A'$�"g
%(.VU

⊗ : Kn ×Kn → T
>W% #+.&�"%
'$,

>W0&'�K�#
(x, y) 7→ x ⊗ y := x · yT ,

>­O #VOV*ER"!$:?YWF+*=R@,$%
×
n�%
�"R@%��

(n, 1)
� a�*=,$'A� O

× (1, n)
�

a�*=,$'A� O O /)0&.`g
%
�"NE%(.iYS�"%�2·*=R�U�>&*-%�>&�@%Z!f% � I&I&�"RG>W0&.&N
⊗
I&�"R@�".&%(*E'6�G!f,(UJ0&.+>i>&*&%

T,⊗
%
�".

Mo%
.+!$:E'AF&'A:S>&0&89,��G!f,(OSÅ6*E.&.·�"!f,
x⊗y = x ·yT

>&�@%Dai*-,$'A� O 23�4,�>W%
.·Èj�@.9,$'�<=N;%
.
(ξiηj),

0+.+>
!$:E23�4, �"!f,

xTAy =
∑n

i,j=1 αijξiηj
%
�".cR"�@.&%Z*='A%(! )&0&.&89,A�@:;.+*=RJ*=0WL

T
IJ%
,A'A*;K�#9,$%
,X�@2 Ì�0&.+8;,

x⊗ y.É�R"%
�GK�#&g
%(�4,A�@NH!f�"%
#9,�23*E.�#&�"%
'�*=.�/��@%Z>W%
'ZUW>&*-%
T,
>­O #±O

Kn⊗Kn
/X%(�4,�23%
#&'�È�R"%
23%
.9,A%

*=RG!�>W�"%T\E:;.�>W%('6É�%(!f,A*ER4,
x⊗ y

I1%Z!f�@,$g
,(O
nJ%(�@N;%
.�YW�@%T�".C>W�@%Z!f%(2 m6:E.9,$% O ,�%
,p/ *
� O)ÅD%(' �)*=.&N·>W%(')a�*-,A'$� O

x⊗ y
�G!p,

≤ 1
0+.+>

= 1
NE%(.+*=0VUS/ %
.&.

x 6= 0
0+.+>

y 6= 0.

� O)ÅD%(' �)*=.&N3\;:E. ∑r
i=1 xi ⊗ yi

�"!f,
≤ r.

� O)BD*-,o%
�".&%ja�*=,$'A� O
C
>W%
.
�D*=.&N

r,
!f:)N;�@I&,±%(!±%
�".&%jÅ�*='�!p,A%
R"R@0&.+ND*=RG!

C =
∑r

i=1 xi⊗yi.57%
'�!$0+K�#&%
.ÓYS�"%�.+*;K�#�:EI+�@N;%
2ËaC0+!f,$%('TÅ6*E'A!f,$%(R@R"0&.&N;%
.CLw[&'�>&�@%H�@.�� ��� � NE%(.+*=.+.;,A%
.�I+�@R"� �
.&%Z*='A%
. � I&I&�"RG>W0&.&N;%
.?[&IJ%
')>W�"%Tg
0&N;%
#&Ê;'$�"NE%(. Mo%
.+!$:E'A'�<=0&23%Dg(0 #+.+>W%(.VO

P�%
�@,$%
'�I+�"!
� 〉

〉 �
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9Hz�} 4+;WPQ�"'X#1*=IJ%
.c%(�@.&%657%
'�*=R"R@N;%
23%
.+�@%('$0&.+Nª>&%(! ����� � � ��� !$K�#+%
.·È�.9,p/��GK�89R"0&.&N9!$!A*-, �
g
%Z!�#&%
'ANE%(R@%(�4,A%
,ZO � 2�� %(�"!$F&�"%
RV%(�@.&%('

4 × 4
� a�*=,$'A� O RG*=0&,$%
,D>&�@%Z!�%
,p/�*

>W%
,






α1 β1 γ1 δ1
α2 β2 γ2 δ2
α3 β3 γ3 δ3
α4 β4 γ4 δ4







=
>W%
, (α1 β1

α2 β2

) >W%
, (γ3 δ3
γ4 δ4

)

−
>W%
, (α1 β1

α3 β3

) >W%
, (γ2 δ2
γ4 δ4

)

+
>W%
, (α1 β1

α4 β4

) >&%
, (γ2 δ2
γ3 δ3

)

+
>&%
, (α2 β2

α3 β3

) >W%
, (γ1 δ1
γ4 δ4

)

−
>W%
, (α2 β2

α4 β4

) >&%
, (γ1 δ1
γ3 δ3

)

+
>&%
, (α3 β3

α4 β4

) >W%
, (γ1 δ1
γ2 δ2

)

Å6�@%Z!ªNE�"R4,T.+*=,$[&'AR@�GK�#Ó*=R"R@N;%
23%
�".&%
' ��/��@'ª8;ÊE.&.&%(.iLw[+'T%
�".&%
m ×m

� ai*-,$'A� O >W�"%3Å6%
,A%
'A23� �
.+*E.;,A%)>&*='�!f,$%
R"R"%
.·*=RG!jYS0&2323%)\;:E.3Ì�'A:S>&0&89,$%
.3\;:E.·*=0+!j>W%
.·%('A!f,$%(.

n
YSF+*ER4,A%
.·N;%
I&�"R">&%
,$%(.

Å6%
,$%('$23�".+*=.9,A%
.H0&.+>3>W%
.·>&*Eg
0H8E:;2HF+R@%(2H%(.9,A<='A%
.�*=0+!7>W%(.3R@%
,$g
,A%
.
m−n

YSF+*ER4,A%
.VU-/ :EIJ%
�
.&:WK�#?>&*E!�57:;'$g(%
�GK�#&%
.�'$�GK�#9,$�"N�g(0?/ <E#&R@%(.��G!f,(O

Å�*�%
�".&%ªÅD%
,$%('$23�".+*=.9,$%�#&ÊWK�#+!f,$%(.+!X>+*E!X57:E'Ag
%
�GK�#&%(.�<=.+>&%
'$,(U9/X%(.&.�2·*=.?YSF+*ER4,A%
.c\;%
' �
,A*E0+!AK�#;,ZUV8-*=.&.Ó2·*=.´*ER"!$:C*=.+*ER@:;NE% )&:;'$23%
R".Ó%
'A#+*=R@,$%(.VU­/ %
.&.Ó2·*=.�!$�"K�#��"'$N;%
.+>W/ %
RGK�#&%

nYSF+*ER4,A%
.Ó/�<=#&R@,T0&.+>�>&*='�*=0+!�I&g(/TO±*=01!T>W%
.�[&I&'A�@N;%
.´YSF+*ER4,A%
.ÓNE%(I&�@RG>W%
,$%·ÅD%
,$%('$23�".+*=.9,$%(.
IJ%
,$'�*EK�#9,A%
,(O � .+*=R":EN38-*=.+.�2·*=.C*ER@R"%(!�23�@,�nJ%
�"R@%(.�2·*;K�#&%
.VO

)d[&#&'A%
.CYS�"%�>W�@%Z!�%
,p/�*3*=.?>W%
'�:;I1%(.�.+:=,$�"%
'$,$%(.
4 × 4

� a�*-,A'$� O *E0+!
O

9Hz�} ��;±nJ0&2 � I1!$K�#&R"0�%c!$%
�"%
.?.&:WK�#C%
�".?F+*E*E'DB)�".S/X%(�"!$%�*=0&L�>W�"%�� %(>&%
0W,A0&.&Nc>W%Z!D<=0 �
%E%('$%(.�Ìj'$:W>W0&89,A%(! Lw[&'D>&�@%�É�%
:;23%
,$'A�"%�N;%
N;%
IJ%
.VO

PQ�"').&%
#+2H%(.C>W%
.
R3 23�@,6>W%
.C8-*E.&:E.&�G!AK�#&%
.�È��".&#&%
�@,A!$\E%(89,$:E'A%
. e0, e1, e2 *=RG!)aC:W>W%(R@RLw[&'�>W%
.�N;%
:;2H%
,$'A�"!AK�#&%(.ÇÈ�0+89R"�G>W�"!AK�#&%(. �)*=0+2 23�@,�8-*='$,$%Z!f�G!$K�#+%
2 m6:S:E'�>W�".+*-,A%
.+!$ÍW!p,A%
2?O

�;%(>W%('oÌ�0+.&89,
x 6= 0

%('$g(%
0&NE,d%(�@.+%�É�%('A*;>W%X>W0+'AK�#
0,
'p%Xg(/X%(�S0&.+*=I+#+<=.&N;�@N;%

x, y
%
�".&% È�I1%(.&%

>W0&'�K�#
0,
'p%X>W'A%
�;0&.+*=I+#+<=.&N;�@N;%

x, y, z
>W%
.TN9*=.&g(%
. �)*E0&2?O3/)0+.�I1%
,$'�*EK�#9,$%(.T/��@'o>W�@% <=0�%;%
'A%

� R"NE%(I&'�*
E(R3).

B)�"%
'A�".H�G!f,
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