
�����

� ���	�
��������������
���

������� �"!$#&%('*),+.-0/1#$)2)"+�354�'6�7��+�),+��"�7'*31#&38),+.3:9 �;35<=�"+�'	��+�!8),�;�,+.35'*�
R

3 ! +.3(3(+�3?> +�-6+��"38)
@ 3?<A>;+��;�B+�),�"'6C"D�/A> +E<=+ @ )"+F)EG?HI'6��4	+���<=+�3J<='6+.C,+�3LK	+�>;�,'*MN3 @ 3L# @ C,<(+�/(3(+.3JO @ �P��+�),+��"�7'Q�
3?# 3;)"+�+.'*3(+ECSRS31<=� �7� �"%(/('TC,� @ CU'*3V+.'*3?+��W+�3?<(-*'TD�/=��<='*�7+.3?C2'6� 31#&-6+�3X-6'*3(+E#&�"+�3VYZ# @ �AG8�P'6+.C,+
�P+F),+.�,�7'63?#&38)"+�4	+���<=+�3N4�'*�\[]+�3 @ ),O.+�3_^a`(�\�7+�/(�b),/?+�� �"+F)"'6C"D�/(+BcZ[]+��"-*+.> @ 3(>;+�3L[]+�'�-6'63(+.#&�
�"+�3edb-*+.'6D�/ @ 3(>8C,C,f=Cg)"+��7+�3 @ 3?<h<=+.��K0+ECg)"'*�7� @ 3(>L<=+.�i'*3j9 +.�"C,+�3lkL#$)"�,'*monpC2%1q$),+.�\[1+.'U<=+��
RS'6> +.384	+��,)2)"/(+��;�,'6+�9 �;3XRS3?<=�;�7� �"%(/('TC2�7+�3 @ 3?<V# @(r +.�,/?# -*[X<=+.�U-6'*3?+.#&�"+�3�sZ-6> +�[?�"#\[]+�'t<=+��
��38),+.�,>;�"# -*�"+.D�/(3 @ 3?>�'*3A�7+�/?�,+.�,+.3���+.�"q 3?<=+��"-6'6D�/(+.3pG

u @ 31q D�/?C2)�+�'63X%?# # ����� �"`([1+.�,-6+�> @ 3(>;+�3pv&kJ+EC,C,+�374�'6��'*�
R

2 s�[?Cg)�q&3?<(+Z# @ ^p<='6+�`([(-6'6D�/?+
Hl+�'TC2+;n0C,�j<?# r #&-TC,�5<=+��ws�[?C2)"#&31<I<=+.Cwx @ 3(!8),+EC x = (ξ1, ξ2)

9 �;�zy @ -6-*% @ 3(!8)�> +.�"#;<=+
|x|2 =

√

(ξ21 + ξ22)
'TCg)En1C,�X! { 3?3(+�3A4�'6�P# @ D�/A# @ ^�3?#&'69 +iHl+�'TC,+�O @7| +�O.40+.'px @ 3?!;)"+�3 x, y<=+.3:��3(/?# -Q)

V (x, y)
<=+.CB9;� 35'6/(3(+.3}# @ ^a> +.C,%?# 3(38),+�3:x�# �"# -*-6+�-6� >;�"# �7�7C��B'*)X<=+�3}RUD�! +.3

0, x, y, x+ y
[]+.C2),'6�7�7+�3pG?kN#&3~�,+ED�/(3(+F)�3?#;D�/pv

x

y

x+ y

s�[([('6-6< @ 3(>X�

V (x, y) = 2

(
1

2
(ξ1 + η1)(ξ2 + η2) −

1

2
ξ1ξ2 −

1

2
η1η2 − η1ξ2

)

= ξ1ξ2 + ξ1η2 + η1ξ2 + η1η2 − ξ1ξ2 − η1η2 − 2η1ξ2

= ξ1η2 − η1ξ2.
RS'63(+Nq /(3(-6'6D�/�> +.[?# @ ),+ n0#&[]+��V!;� �7%(-6'*O.'*+.�2)"+��"+A�?� �"�7+�-�^a`(�~<(# CV��� - @ �7+�3I<=+.Cw9 �;3�<=�"+�'
��+�!8)"� �"+�3�# @ ^a> +EC2%?# 3(38),+.3��j%?#&),+.C
/?#&)2),+.3�4�'6�
'6����� �"!$#&%('*),+.-;[]+��"+�'*),>;+.C2),+.-*-*).G$�Z38)"+���C @ D�/?+�3
4�'6�Z<='*+i+.[1+.3A> +�4	� 3?3(+�3(+\�(�;�,�7+.-p# @ ^�Cg)"� @ !;) @ �"+�-6-*+\RS'6> +.3?C,D�/1#$^�),+.3pG=RUC�>;+�-*),+.3pv

�;G
V (x, y)

'TCg)~-*'63(+E#&�~'*3 | +E<=+��~�S#&�"'T#&[(-6+�3pn	<oG /pG
V (u + v, y) = V (u, y) + V (v, y)@ 3?< V (αx, y) = αV (x, y).

sZ3?# -*�;> +ECS> '6-*)	'63�<=+.�0O.40+.'Q)"+�3��S#&�"'6# [(-*+.3pGj�P# r /('6+��"[1+.'
3(+�>8#$),'69 +	Hl+��,),+�^a`(�

V
# @ ^�),�"+F)"+�37! {;3(3(+ n&C,� -6-*),+Z�j'6+�3('6D�/8)SC2),{ �"+�3�G&K0+.'(<=+��0��+ @ ) @ 3?>

<=+.C���38),+.> ��#&-TC�#&-TC��
-Tq D�/?+�3('63(/?# -Q)�'TCg)�C,�$4	#;C | #X# @ D�/AC,D�/(�;3~# @ ^a> +�),�"+F)"+�3pG
� G��j'*31<

x @ 31< y -6'63(+.# �0#&[?/?q&3(>;'*>1n C,��'6C2)
V (x, y) = 0.

db+��;�7+F),�"'TC,D�/7'TCg)�<='*+ECU!j-T#&�En <(#
<(#&3(3J<(#;C�x�#&��#&-6-*+.-*�;> ��#&�7���gO @ C"#&�7�7+�3(!j-T#&%(%=)2��G]�j'*+i!;{ 3(3?+�3A+.CZ# [1+.��# @ D�/~'63J<=+��
�(� �"�7+�-o3?#;D�/(�"+.D�/(3(+.3pG

� GZ�
`?�Z<='*+i!$# 3(� 3('TC"D�/(+�3�RS'*3?/(+�'*)"C,9 +.!;)"� �"+�3
ei

'6C2)
V (e1, e2) = 1.

�P'*+EC2+7<=�"+�'�RS'6> +�31C,D�/?#&^�),+.3N9 �;3
V (x, y)

4	+���<=+�3L4�'6�i#&-TCbdb� @ 3?<(-6# > +�<(+��i��+��?3('*),'6� 3l<=+��
�,��+�),+��"�7'*31#&38),+F�b3(+./(�7+�3pG

�I�o�=�p�1���,�Z���0�=���Z�������	�=�2�U�Z�
�
�~�;�� ¢¡a£.¡¥¤1 �¦¢ 
§©¨�ª=£E«~�_¬®:¯2���8£E�;°$±5¡¥ 
ª? t£.�j 
²³¦¢ �´o£E¡®¤] �µ_¶¢·0¸F¹»ºj¹�¼¾½i¿»À�Á¢¹�À

K
· Âoº

¸F¹Eº=¹�À�Â1Ã(Ä2Å&À"Æ*Ç¥ÈgÉ]¹�ÂJ¶oÃ&É(Æ
n
¹"Ê=Ç6Ë.Ä®Ça¹�ÀEÄ¢Ì=¹�Â1Ã=·V¹�Ç6Â]¹bÍ�Î?Î$Ç*Æ¥º?·&Â(Ì

∆ : Kn ×Kn × ...×Kn

︸ ︷︷ ︸

n ma`

→ K : (x1, ..., xn) 7→ ∆(x1, ..., xn)



��� � � ���������	��
�	���������

�7'Q)�<(+�3~^a� -6> +.3?<=+�3~RS'6> +.3?C,D�/1#$^�),+.3pv
���;v

∆
'6C2)Z-6'*3(+E#&��'63 | +.<=+.� +�'63(O.+�-63(+�3JsZ�"> @ �B+.38).n=�X#&3AC,# >&)U�23=� -6'63(+.# �g��G

� � v��j'*31<
(x1, ..., xn)

-6'63(+.# �P#&[?/?q&3(>;'*>1n(C2�w'6C2)
∆(x1, ..., xn) = 0,

�7# 3LC,# >&)0�,#&-*),+.�,3('6+F�
�,+.3?<8��G

� � vZ�
`?�Z<='*+i!$# 3(� 3('TC"D�/(+�3�RS'*3?/(+�'*)"C,9 +.!;)"� �"+�3
ei

'6C2)
∆(e1, e2, ..., en) = 1.

RS'63(+�� @ 3(!8),'6� 3 ∆
�B'*)0��� @ 3?<X� � /(+�' r )
�,�P+F),+.�,�7'63?#&38)"+�3=^ @ 3?!;)"'*�;3j��n C2'6+�/(+.' r )S3(� �"�7'*+.�2)En

4	+�3(3~O @ C"q$)"O�-6'6D�/~3(�=D�/J� � >;'*-*).G
�P'*+�K	+.<('*3(> @ 3(>7���i[]+.<(+ @ )"+F)P<(# [1+.'¥n(<?# r ^a`(��# -*-6+

i = 1, ..., n
> '6-Q)

∆(x1, ..., xi−1, αx+ βy, xi+1, ..., xn) = α∆(x1, ..., xi−1, x, xi+1, ..., xn)

+ β∆(x1, ..., xi−1, y, xi+1, ..., xn).

u @ � K	+�4	+�'TCSO.+�'6> +.3V4�'*�	O @ 3?q D�/?C2)U+.'*3~# @ D�/wC,%?q&),+��U^a`(��<(# C	�Z�7> +./(+�3w�B'*)���+�),+��"�7'Q�
3?# 3;)"+�3~3j`=),O.-*'TD�/(+.C��p+��7�X#(v

�U�j±5±:ªJ�N¬���	Å&ÀZ¹�Ç6Â]¹ZÍ�Î(Î$Ç6Æ¥º?·&Â=Ì
∆ : (Kn)n → K

¼7Ç¥Ä0ºj¹�Â��SÇQÌ(¹�Â?Ë�ÈgÉ1Ã���Ä³¹�Â�����· Âoº
����Ì=¹�Æ Ä³¹�Â
� Ç! LÍbº(º Ça¹�ÀEÄ
¼VÃ$Â#" ·X¹�Ç6Â]¹�¼¾Í�À2Ì]·&¼w¹�ÂtÄ�¹�Ç*Â%$
Ça¹�Æ&�®ÃjÈgÉ]¹FËZ¹�Ç6Â]¹�Ë�Ã$Âpºj¹�ÀF¹�ÂwÍ�À2Ì]·&¼w¹�ÂtÄ³¹FË('(Ë*)

+ Âoºj¹�À.Ä�Ë,Ç®ÈgÉ_ºj¹�À-,V¹�À.Ä�ºj¹�À.�\¹$Ä³¹�À,¼7Ç6Â1Ã$ÂtÄ³¹�Â���·&Â�/tÄ¥Ç)$Â~Â?Ç®ÈgÉtÄ0'oº21 É�1

∀i6=j∀λ∈K ∆(x1, ..., xi−1, xi, xi+1, ..., xn) = ∆(x1, ..., xi−1, xi+λxj , xi+1, ..., xn).

� Ç6Ç! 43e·&Æ Ä®Ç ÁtÆ*Ç&"�Ça¹�ÀEÄ	¼XÃ&Âl¹�Ç6Â � Â(Ç¥ÈgÉ]Ä0Ì;Æa¹�Ç¥ÈgÉ_Ã&Æ*Æa¹65  \Í�À2Ì]·&¼w¹�ÂtÄU¼7Ç Ä�¹�Ç*Ât¹�¼7�1Ã�/tÄ8)»À
λ ∈ K,Ë9)�¼w· Æ¥Ä¥Ç ÁtÆ6Ç&"�Ça¹�ÀEÄ�Ë,Ç¥ÈgÉ_º=¹�À-,w¹�ÀEÄ�ºj¹�À.�i¹»Ä�¹�À"¼BÇ6Â1Ã&Â]Ä�¹�Â���· Â�/tÄ®Ç:)»ÂA¼7Ç¥Ä

λ
'pº;1 É�1

∀i∀λ∈K ∆(x1, ..., xi−1, λxi, xi+1, ..., xn) = λ∆(x1, ..., xi−1, xi, xi+1, ..., xn).

� Ç*Ç6Ç! <$]¹�ÀEÄ Ã=·;ËFÈgÉtÄS¼VÃ$Â4">=S¹�Ç�ÍZÀ,Ì1·&¼w¹�ÂtÄ�¹?'oË9)X¼w·&Æ Ä®Ç ÁtÆ6Ç!".Ç�¹�À.Ä�Ë2Ç¥ÈgÉeºj¹�À�,w¹�ÀEÄZº=¹�À��\¹$Ä³¹�À"¼7ÇA@
Â1Ã$ÂtÄ³¹�Â���·&Â�/tÄ¥Ç)$Â�¼7Ç Ä

−1,
º;1 É�1

∀i6=j ∆(..., xi, ..., xj , ...) = (−1)∆(..., xj , ..., xi, ...).

BB�DC��8¡FE vZu @HG 'I�v1y�# D�/A���i'6C2)

∆(..., xj , ..., xi + λxj , ...) = ∆(..., xj , ..., xi, ...) + ∆(..., xj , ..., xj , ...).

����-*+�),OF)"+�3�J
+��"� C,'*31<�O.40+.'1s��,> @ �7+�38),+�>;-*+.'6D�/pn&# -6C,��<='6+
n
sZ�"> @ �7+�38)"+�-*'63(+.# �U#&[?/?q&3(>;'*>1n

C,�j<?# r +���3?#;D�/~� � 9 +.�"C"D�/j4�'*3?<(+F).G
u @KG '6'AIFv?�P'*+EC�'6C2)Z+�'63L�j%]+�O�'6+�-*^®#&-6-p9;� 3���� G
u @KG '6'*'I�v1kJ'Q)b<=+��¾+.[1+.3A> +�O.+�'6>&)"+�3~'6C2)

∆(..., xi, ..., xj , ...) = ∆(..., xi − xj , ..., xj , ...)

= ∆(..., xi − xj , ..., xj + (xi − xj), ...)

= ∆(..., xi − xj , ..., xi, ...)

= ∆(...,−xj , ..., xi, ...)

= −∆(..., xj , ..., xi, ...).

�

u @ 31q D�/?C2)¢O.+�'6> +.3�4�'6�S<='6+	RU'*3?<(+ @ )"'*>;! +�'*)U<=+.��3(� �"�7'*+.�2)"+�3��P+F)"+��"�7'*3?# 38),+�3(^ @ 3(!8),'6� 3pGDLZ'6+��,�
O @ O.+�'6> +�3~4�'6��+F)g4�# C�#&-6-*>;+��7+�'63(+.�



�i¹»Ä³¹�À,¼7Ç6Â1Ã$ÂtÄ�¹�Â���·&Â�/]Ä¥Ç)$Â]¹�Â ��� �

¨�ª=£.«J�_¬����jÇ6Âoº
∆

·&Âoº
∆′

"D=�¹�Ç��\¹$Ä³¹�À"¼7Ç*Â]Ã$ÂtÄ³¹�Â���·&Â�/tÄ®Ç:)»Ât¹�ÂVÃ=·���ºj¹�¼
Kn

·&Âoº\Ç6Ë.Ä�º8Ã(Î=¹�Ç
∆

Â�)»À"¼BÇa¹�ÀEÄ0'?Ë*)7¹"Ê=ÇTË�Ä¥Ç�¹�À.ÄU¹�Ç6Â]¹P½ )»Â?Ë.Ä Ã&Â]Ä�¹
c,

Ë9)(º8Ã�� ��Å ÀPÃ$Æ6Æ�¹
x1, ..., xn ∈ Kn

Ì8Ç*Æ Ä

∆′(x1, ..., xn) = c∆(x1, ..., xn).

�b#e+�'63(+L3(�;�,�7'6+��,),+J�P+F),+.�,�7'63?#&38)"+�3=^ @ 3?!;)"'*�;3 # @ ^�<=+.3I!$#&3(�;3('6C"D�/(+.3�RU'*3(/?+�'*)"C,9 +�!8)"� �"+�3
<=+.3~Hl+��,)

1
#&3(3?'*�7��)En=^a� -6>&)Z<(# �"# @ C�C2� ^a� �,)

�w¤1°$¤��	�®ª=°V�_¬�
 �UË�Ì8Ç Î=ÄPÉ]¿(ÈgÉ?Ë.Ä³¹�Â1ËB¹�Ç6Â]¹XÂ2)»À"¼7Ç�¹�À.Ä�¹-�\¹$Ä³¹�À,¼7Ç6Â1Ã$ÂtÄ³¹�Â���·&Â�/tÄ¥Ç)$Â�Ã=·>�\ºj¹�¼
Kn.

�=#&),O���G � '6�7%(-6'*O.'*+.�2)�# -6C,�V<='6+i+�'63(>;# 3(>;C�[]+�/?# @ %=)"+F),+�RS'*31<=+ @ )"'*>;! +.'Q)P<(+��Z3(�;�,�7'6+��,),+.3A�P+F�
),+.�,�7'63?#$)"+�3=^ @ 3(!8),'6� 3pG
BB�DC��8¡FE v G 9;� 3:�=#&),OV��G � I\HI'6��C,+F),O.+�3

c := ∆′(e1, ..., en) @ 3?<hO.+�'6> +�3e<(# r �7'Q)�<('*+EC2+.�
�P� 3?C2)"# 3;)"+�3~<='*+�db-6+�'TD�/ @ 3(>

∆′(x1, ..., xn) = c∆(x1, ..., xn).

^a`(�Z[]+�-6'6+�[('6> +isZ�"> @ �B+.38),+\> '6-Q)EG
J
�,'69j'6# -*+.�,4	+�'TC2+P> '6-Q)ZC,'*+i31#$),`?�,-6'6D�/�^a`(�Z<='6+iRS'63(/(+.'Q)�C29;+�!8),�;�,+.3pG
�j+.'o3 @ 3 (x1, ..., xn) ∈ (Kn)n

>;+�>;+�[]+�3pG=�gC2)�<='6+.C,+\�1#&�7'6-*'6+i-*'63(+E#&�Z#&[?/?q&3(>;'*>1n=C2�7'TCg)

∆′(x1, ..., xn) = 0 = c · 0 = c∆(x1, ..., xn)

@ 3?<A<='6+��(�;�,�7+.-o> '6-Q)EG
�j+.'?#&-TC2�

(x1, ..., xn) ∈ (Kn)n
-6'63(+.# � @ 3?#&[?/?q&3(>;'*>1G&��'6+ZkL#&),�"'Qm

X,
<='6+Z<='6+

xi

# -6C0ut+�'*�
-6+�3w/1#$).nj'TCg)Z<(# 3(3w'63j9 +.�2)"'*+.�,[?# �.n;'*/?�,+� ����������� ������� ���(�;�,��'TCg)�<(#&�7'*)Z<='*+bRS'63(/(+.'Q)�C2�X#$�
),�"'*m

In,
<='6+Z> +.�"#;<=+Z<='6+ZRS'63(/(+.'Q)�C29;+�!8),�;�,+.3

ei

#&-TC0u]+�'6-6+�3X/?#&).G;�P'6+� ����������������� � �³�?� �"�
-Tq r )BC2'TD�/e#&[]+���# @ C X /(+.�"C2),+.-*-6+�35< @ �"D�/h+.'*3(+��(� -6> +w9 � 3��P%]+���#$)"'*�;3(+�3h9 �;3l^a� -6> +�31<=+��
J0f8%�v

� s�<(<='6+��"+bO @ +.'*3?+��bu]+.'*-6+\+�'63A��'6+�-*^®# D�/(+EC�+�'63(+��Z# 3?<=+��"+�3�G

� k @ -*),'6%(-*'6O�'6+��"+\+�'63(+�u]+.'*-6+\�B'*)Z+�'63(+.� �?# !8),� �
λ.

� ��+��,)"# @ C,D�/(+bO�4	+�'
ut+�'6-*+.3pG
�P'*+ECZC2'63?<~#&[]+���>;+���# <=+\<='6+i'*3 �p+.�7�7#7��G � []+.C"D�/(�"'*+.[1+.3(+�3��P%]+���#$),'6� 3?+�3pn(C,�=<(# r C2'TD�/

� [1+.'�<=+���+.�"C2),+.3
∆(x1, ..., xn) @ 3?< ∆′(x1, ..., xn)

[]+�'T<=+i3('TD�/;)Zq 3?<=+��"3pn

� [1+.'0<=+.3:#&3?<(+��"+�3e[]+�'T<=+�3��P%]+���#$)"'*�;3(+�3
∆(x1, ..., xn) @ 3?< ∆′(x1, ..., xn) | +�4	+�'6-6C

@ � <=+.3?C,+�-6[1+.3~�1#&!8),�;�
6= 0

q&3?<(+��"3pG
sZ� RU3?<=+b40+.�"<=+.3

∆(e1, ..., en)
[?O�4iG

∆′(e1, ..., en)
+��"�,+.'6D�/8)En;4	�&^a`(�	<='6+\db-6+�'TD�/ @ 3(>�>;'*-*).G

�b#&3(3A� @?r # [1+.�ZC,D�/?� 3
∆′(x1, ..., xn) = c∆(x1, ..., xn)

> +�4	+.C,+�3AC,+�'63pG
�

�~¡®� �w¤]  E�£.°»¦
´o£.¡¥¤1 I�j¡¥ 
�8°V�~�;£E�8°»±:¡® ¢ª=£.�j ¢² ¦¢ 
´o£.¡®¤] 
�¢`(�

n = 1
'6C2)

(K1)1 = K @ 3?<

∆1 : (K1)1 → K : x := (ξ) 7→ ξ

'TCg)�<='6+\3(� �"�7'*+.�2)"+i��+�),+��"�7'*31#&38),+.3=^ @ 3(!8),'6� 3�G
�¢`(�

n = 2
C2+.'

xj =

(
ξ1j

ξ2j

)

, j = 1, 2 @ 3?<

∆2 : (K2)2 → K : (x1, x2) :=

(
ξ11 ξ12
ξ21 ξ22

)

7→ ξ11ξ22 − ξ12ξ21



��� � � ���������	��
�	���������

'TCg)�<='6+\3(� �"�7'*+.�2)"+i��+�),+��"�7'*31#&38),+.3=^ @ 3(!8),'6� 3�G
��� 3w/('*+.�	# @ C0! � 31Cg)"� @ '6+��"+�374�'6�03 @ 3��,+.! @ �"C,'69�3(�;�,�7'6+��,),+P�P+F)"+��"�7'*3?# 38),+�3(^ @ 3(!8),'6� 3(+.3

^a`(��# -*-6+
n ∈ N.u @ n > 1 @ 3?< 1 ≤ i ≤ n

[]+�O.+�'TD�/(3(+
Pi

<=+.3 LZ� �7�;�B�;�,%?/('6C,� @ C

Pi : Kn → Kn−1, x =















ξ1GGG
ξi−1

ξi
ξi+1GGG
ξn















7→













ξ1GGG
ξi−1

ξi+1GGG
ξn













,

<=+.�Z#&-TC2�X<='6+
i
� ),+ �P� �7%]� 3(+.3;)"+\-*{8C,D�/8).G

�(+.�,3?+���C,+�'p�7'*)P+.'*3(+.�
1 ≤ j ≤ n @ 3?<L<(+����P+F)"+��"�B'63?# 3;)"+�3=^ @ 3(!8),'6� 3 ∆n−1

# @ ^S<=+��
Kn−1 ^a`(�

(x1, ..., xn) ∈ (Kn)n :

∆
(ij)
n−1(x1, ..., xn) := ∆n−1 (Pi(x1), ..., Pi(xj−1), Pi(xj+1), ..., Pi(xn)) .

kL# 3LCg)"�,+.'6D�/(+�# -6C,�XO @ 3?q D�/?C2)�'63N#&-6-6+�3J��+�!8)"� �"+�3J<='6+
i
�¥)"+����;�7%1�;3(+�38),+;n(-T# C"C2+�<?#&3(3L<=+.3

j
�¥)"+�3A��+�!8)"� ��>;# 3(Ob40+.> @ 3?<~40+.3?<=+i<(#&��# @ ^¢<='6+���+�),+.�,�7'63?#$)"+�3=^ @ 3?!;)"'*�;3 ∆n−1

#&3�G
�b#&�7'Q)Z>;'*-*).v

¨�ª=£.«J�_¬ � �	Å&À¢¸F¹»ºj¹�Ë
n > 1

Ì;Ç6Æ¥Ä����gË.Ä
∆n−1

º Ç�¹\Â2)»À"¼7Ç�¹�À.Ä�¹ �\¹$Ä³¹�À"¼7Ç*Â]Ã$ÂtÄ³¹�Â���·&Â�/tÄ®Ç:)»Â ";·
n− 1,

Ë9)�Ç6Ë.Ä ��Å&À
¸F¹»ºj¹�Ë
i : 1 ≤ i ≤ n

º;Ç�¹ ��·&Â�/tÄ®Ç:)»Â

∆n(x1, ..., xn) :=

n∑

j=1

(−1)i+jξij∆
(ij)
n−1(x1, ..., xn)

º Ça¹PÂ2)»À"¼7Ç�¹�À.Ä�¹ �\¹$Ä³¹�À"¼7Ç*Â]Ã$ÂtÄ³¹�Â���·&Â�/tÄ®Ç:)»Â ";·&À.��Ç6¼w¹�Â?Ë,Ç:)»Â
n

· ÂoºAº8Ã$¼7Ç Ä�·&Â1Ã(Î&É + Â=Ì8ÇQÌ��6)»Â
ºj¹�¼¾Ì=¹6= + É(Æ Ä³¹�Â���Âoºj¹�Ê

i.

BB�DC��8¡FE v	HI'6��40+.'6C,+�3B<='*+�'63B�P+F�13('Q)"'*�;3 @ 3?<7�=#$)"O���G6�	>;+F^a�;�"<=+.�2)"+�3�RU'*>;+�3?C"D�/?#$^�)"+�3B3?# D�/�G
���;v
	�������������

k : 1 ≤ k ≤ n � ��� ∆n � ��� ���� ��� k  �!� �#" %$'& � � � �)(=�j+�' xk = αx′k +βx′′k .�P# 3(3N'TCg)i# @ D�/ Pi(xk) = αPi(x
′
k) + βPi(x

′′
k) @ 31<NC,�&^a+��"3

j 6= k,
<oG /pG

Pi(xk)
'63

∆
(ij)
n−1(x1, ..., xn)

)"#&)"C"q D�/(-6'6D�/~[]+�3 @ ),O�)Z4�'*��<on('TC2)�4	+�>;+�3A���\^a`?�
∆n−1

<(# 3(3

∆
(ij)
n−1(..., xk, ...) = α∆

(ij)
n−1(..., x

′
k , ...) + β∆

(ij)
n−1(..., x

′′
k , ...).

�
`?�
j = k

'TCg)
∆

(ij)
n−1

@ 3?# [(/?q&3?> '6>�9;� 3
xk,

<?#$^a`(��/?# [1+.3A4�'*��/('6+��

ξik = αξ′ik + βξ′′ik .

�(� -6> -6'TD�/w'TCg)

∆n(..., αx′k + βx′′k , ...) =
∑

j 6=k

(−1)i+j
(

α∆
(ij)
n−1(..., x

′
k, ...) + β∆

(ij)
n−1(..., x

′′
k , ...)

)

+ (−1)i+k(αξ′ik + βξ′′ik)∆
(ij)
n−1(.......)

= α∆n(..., x′k , ...) + β∆n(..., x′′k , ...).

� � v+* ��� � (x1, ..., xn) � ��� ����,��-�.0/ � $ � $'12��3 � ��� ∆n(x1, ..., xn) = 0 :
HI'*��[1+./?#&3?<(+�-63

O @ 3?q;D�/?C2)�<=+�3}�=%1+.O�'T#&-*^®#&-6-¥v�* ��� �4& � �)�� (x1, ..., xn) 5�6 � ��7 ��8'�)3�9� � $ � � �;: .<1=��3 � ���
∆n(x1, ..., xn) = 0 :

�j+.'Z#&-TC2�
r < s @ 3?< xr = xs.

��3}<(+�3�� @ �7�7# 3?<=+.3:^a`(�



�i¹»Ä³¹�À,¼7Ç6Â1Ã$ÂtÄ�¹�Â���·&Â�/]Ä¥Ç)$Â]¹�Â �����

j 6= r, s
!;� �7�7+�3X<(#&3?37C"D�/(�;3B'63

∆
(ij)
n−1

O�4	+�'(>;-*+.'6D�/?+ZsZ�"> @ �7+�38)"+�9 � �En&C,�j<?# r <='6+.C,+
J�+.�,�7+�9;+���C,D�/j4�'63?<=+.3pG1�?+��"3(+��P'6C2)b4	+�>;+�3

xr = xs

# @ D�/ ξir = ξis =: ξi.
s�-6C,�w'TC2)

/('*+.�

∆n(x1, ..., xn) = (−1)i+rξi∆
(ir)
n−1(...) + (−1)i+sξi∆

(is)
n−1(...)

= (−1)i+rξi

(

∆
(ir)
n−1(...) + (−1)s−r∆

(is)
n−1(...)

)

.

HI'*�	O�+.'*>;+�3pnj<(# r <=+�� �\-T#&�7�7+���# @ C"<=� @ D�!�9;+���C,D�/j4�'63?<=+F)EG8�j+�),O.+�3V4�'6�0/?'*+.�	O @ �	��+��,�
+�'63=^®# D�/ @ 3(>7<=+.�ZyZ�&)�#$)"'*�;3

yj := Pi(xj)
@ 3?< y := yr = ys,

C,�B/1#&[]+�3A4�'*�

∆
(ir)
n−1(x1, ..., xn) = ∆n−1(y1, ..., yr−1, yr+1, ..., ys−1, y, ys+1, ..., yn),

∆
(is)
n−1(x1, ..., xn) = ∆n−1(y1, ..., yr−1, y, yr+1, ..., ys−1, ys+1, ..., yn).

K0+.'6<(+�+�38),/1#&-*),+�3N> +�31# @ <='6+�C,+�-6[1+.3NsZ�"> @ �B+.38),+ n | +.<=�=D�/L'63N# 3?<=+��"+��PY�+�'6/(+�3(^a� -6> + G
��+��,)"# @ C,D�/8)��X# 35'*3

∆
(is)
n−1

C @ !jO�+.C"C,'*9;+ (s − r − 1)
�X# -�<?# C

y
�B'*)X<=+�� | +.40+.'*-TC

�,+ED�/;)�CP<?#»9 � 3lCg)"+�/(+.3?<=+ECPRU-*+.�B+.38).n�C,��+.�,/1q&-*)b�X#&3
∆

(ir)
n−1

@ 31<N3?#;D�/ ��+��7�X#���G �
[1+E<=+ @ )"+F) | +E<=+i��+��,)"# @ C,D�/ @ 3?>�+.'*3(+.3J�?#&!8)"� �

−1.
�b#&�7'Q)Z'TC2)�#&[]+��

∆
(ir)
n−1(x1, ..., xn) = (−1)s−r−1∆

(is)
n−1(x1, ..., xn),

C2�;�B'*)Z<='6+i� []+�3~'*3J<=+.� �\-6# �B�7+.�ZCg)"+�/(+.3?<=+�� @ �7�7+
= 0.

�
`?�Z<=+�3L�j%]+�O.'6# -Q^®# -*-o>;'*-*)�#&-TC2�7� � G
�j'*31<e3 @ 3}# -*-6> +.�B+.'*3

(x1, ..., xn)
-*'63(+.# �B# [(/?q 3(> '6>?n¢C2�_-6q r )BC,'TD�/5+�'63

xr

# @ C�<=+.3
`([(�"'*>;+�3~! � ��[('63('*+.�,+.3pv

xr =
∑

s6=r

λsxs.

�P# 3(3�'TC2)Z3?# D�/A���;v

∆n(x1, ..., xn) = ∆n(x1, ..., xr−1,
∑

s6=r

λsxs, xr+1, ..., xn)

=
∑

s6=r

λs∆n(x1, ..., xr−1, xs, xr+1, ..., xn)

@ 3?<X3?#;D�/w<=+.� �j%1+.O�'T#&-*^®#&-6-1/1#&[]+�3w/?'*+.�	# -*-6+�9;� �"! � �7�7+�31<=+�3X�P+F),+.�,�7'63?#&38)"+�3=^ @ 3?!;�
),'6� 3(+.3~<=+.3AH_+.�2)

0.

� � v
∆n(e1, ..., en) = 1

v�L�'*+.�Z'6C2)
ξij = δij

G�� � ��������� ��� �g�jfj��[]� -I�n(# -6C,�

∆n(e1, ..., en) =

n∑

j=1

δij∆
(ij)
n−1(e1, ..., en)

= ∆
(ii)
n−1(e1, ..., en)

= ∆n−1 (Pi(e1), ..., Pi(ei−1), Pi(ei+1), ..., Pi(en))

= ∆n−1(e
′
1, ..., e

′
n−1) = 1.

�

� 〉



����� � ���������	��
�	���������

� �2� �I�o�=�p�1���,�Z���0�=�©���,�Z�����A���Z�U���S�	��
����j�����
��� ^a� -6> +.3?<=+.��[1+.O�+�'TD�/(3(+

∆
<='6+�+�'63?<=+ @ ),'6>P[]+.C2),'6�7��)"+��P+F)"+��"�7'*3?# 38),+�3(^ @ 3(!8),'6� 3B# @ ^t<=+��

Kn.�gC2)
f : Kn → Kn +.'*3 LZ�;�7� �7� �"%(/('TC2� @ C.njC,�7! {;3(3(+�3~4�'6�Z<='*+�s�[([('6-6< @ 3(>

∆ ◦ f : (Kn)n → K : (x1, ..., xn) 7→ ∆ (f(x1), ..., f(xn))

[]+F),��# D�/8)"+�3pG�kN#&3h%(�"`=^�)�-6+�'TD�/;)�31# D�/pn�<?# r ∆ ◦ f n
�³-6'*3(+E#&� @ 31<e#&-*),+��"3('6+��"+�3?<pn�#&-TC2�A+.'*3(+

�P+F),+.�,�7'63?#&38)"+�3=^ @ 3?!;)"'*�;35'TCg)EG¢yP# D�/:�=#&),O���G � > '6-Q)7<(#&3?35�7'Q)
c := ∆ (f(e1), ..., f(en))<='6+��P# �"C2),+.-*- @ 3(>

(∆ ◦ f)(x1, ..., xn) = c · ∆(x1, ..., xn).

¨�ª=£.«J¦¢ 
§I�~�8�¢ ¢¡a£E¡®¤] }�_¬�I¯2���8£E�;°$±5¡¥ 
ª? t£.�A�j¡® ¢� E��b 
§¢¤]±5¤?°����
¡FE.±l¦ E»µ#�PÇ�¹�É(Ça¹�À
Ã=·>��Ä®ÀF¹»Ä³¹�Âoºj¹B½ )»Â?Ë.Ä Ã&ÂtÄ³¹

c = ∆ (f(e1), ..., f(en))
É]¹�Ç��1Ä\º Ç�¹��A�i¹»Ä�¹�À"¼BÇ6Â1Ã&Â]Ä�¹Vºj¹�Ë �UÂoº )�@

¼�)»À�ÁtÉ(ÇTË2¼�· Ë
f �
'(Â2)jÄ¥Ç�¹�À.ÄSÃ$ÆTË�<=+�)

f.,LÇ6À�É1Ã(Î=¹�ÂJË*)»¼7Ç¥Ä

(∆ ◦ f)(x1, ..., xn) = (
<=+F)

f) · ∆(x1, ..., xn).

HI'6�Z[1+.40+.'6C,+�3~3 @ 3A+�'63('6> +\RS'6> +�31C,D�/?#&^�),+.3~<=+.�Z��+�),+.�,�7'63?#&38),+

¨�ª=£.«J�_¬�� �	Å&À �SÂoº )»¼�)»À�ÁtÉ(ÇTË2¼w¹�Â
f, g : Kn → Kn

Ì;Ç6Æ Ä9�
� Ç! ��gË�Ä��">

f < n,
Ë9)�ÇTË�ÄS<=+�)

f = 0.� Ç6Ç! N<=+F)?'T<
Kn = 1.� Ç*Ç6Ç! N<=+F)

(g ◦ f) =
<(+F)

g ·
<(+F)

f.� Ç �? �UË\Ç6Ë.ÄZ<=+�)
f 6= 0

Ì=¹�Â1Ã=·Nº8Ã$Â(Â�' =�¹�Â(Â
f

¹�Ç6Â �gË9)$¼�)$À³ÁoÉ(Ç6Ë,¼w·;ËPÇTË.Ä 1 ��Â�º Ça¹�Ë�¹�¼ �]Ã$Æ6Æ�¹
Ì;Ç6Æ¥Ä�<=+�)

f−1 = (
<=+�)

f)−1.� �? �0Å ÀP¹�Ç6Â]¹�Â �gË*)»¼�)»À�ÁtÉ(ÇTË2¼�· Ë
g
Ç6Ë.ÄS<=+�)

(g−1fg) =
<(+F)

f.

BB�DC��8¡FE v
G 'IA<=+F)

f = (∆ ◦ f)(e1, ..., en) = ∆ (f(e1), ..., f(en)) .
�gCg)73 @ 3:�">

f < n,
C,�_C,'*31<

(f(e1), ..., f(en)
-*'63(+E#&��#&[?q 3(> '6> @ 3?<AC2�;�7'Q)�<='6+.C,+��Zs @ C"<=� @ D�! = 0.

G '6'IA<=+F)?'T<
Kn = (∆ ◦

'T<
Kn)(e1, ..., en) = ∆(e1, ..., en) = 1.

G '*'6'IAy�# D�/J�=#&),O @ 3?<A�P+F�?3('*),'6� 3J��G �7'TC2)

<=+F)
(g ◦ f) = ∆ (g(f(e1)), ..., g(f(en)))

= (∆ ◦ g) (f(e1), ..., f(en))

=
<=+F)

g · ∆ (f(e1), ..., f(en))

=
<=+F)

g ·
<=+�)

f · ∆ (e1, ..., en)

=
<=+F)

g ·
<=+�)

f.

G '69�I��gCg)Z<=+�)
f 6= 0,

C,�7'6C2)�40+.> +�3 G 'I�<(# 3(3A�,>
f = n,

<oG /pG
f
+�'63~�gC,� �7�;�,%(/?'6C,� @ C.G

�gCg) @ �7> +�!;+�/(�,)
f

+�'63:�gC,� �7� �"%(/('TC2� @ C.n
C,�N+Fm='TCg)"'*+.�2)
f−1 @ 3?< f ◦ f−1 =

'6<
Kn .�P# 3(3�'TC2)

1 =
<=+F)1'6<

Kn =
<=+F)

f ◦ f−1 =
<=+�)

f ·
<=+F)

f−1,

40�;�"# @ C0<('*+�K	+�/1# @ %=) @ 3(>B^a� -6>&)EG



�PÇ�¹ �i¹»Ä�¹�À"¼BÇ6Â1Ã&Â]Ä�¹\¹�Ç6Â]¹�À�3_Ã=Ä®À"Ç*Ê �����

G 9�I�H_+.> +�3 G '6'6'AI @ 31< G '*9�I	'TCg)
<=+�)

(g−1fg) =
<=+F)

(g−1)
<=+�)

f
<(+F)

g = (
<=+�)

g)−1 <=+�) f <(+F) g =
<=+F)

f.

�

�P'*+	+�[]+�3�[1+.4�'*+EC2+.3(+0RU'*>;+�3?C"D�/?#$^�) G 9�I
+��"-6# @ [=)¢+.C.nE<='6+���+��?3('*),'6� 3�<(+�����+�),+.�,�7'63?#&38),+03(�=D�/
O @ +.�,4	+�'*),+.�,3pv

�U�j±5±:ªJ�N¬�� �=Ç*Âoº
U

¹�Ç6Â
n
@�º;Ç*¼w¹�Â1Ë2Ç:)»Â1Ã&Æ�¹�À $]¹9/tÄ8)$À,À�Ã=·&¼ Å1Îj¹�À

K
· Âoº

f ∈
LZ�;�

(U,U),�¥¹�À"Â]¹�À
ϕ, ψ

�gË9)$¼�)»À�ÁtÉ(ÇTË2¼w¹�Â
Kn → U,

Ë*)�Ì;Ç6Æ¥Ä ��Å&À\º;Ç�¹ �SÂpº )»¼�)»À�ÁtÉ(ÇTË,¼V¹�Â

f1 := ϕ−1fϕ, f2 := ψ−1fψ ∈
LZ� �

(Kn,Kn)

<=+�)
f1 =

<=+F)
f2.

BB�DC��8¡FE v	RUC�'TC2)
ϕ = ψψ−1ϕ @ 3?<AC2�;�7'Q)

f1 = ϕ−1fϕ = (ψψ−1ϕ)−1f(ψψ−1ϕ) = ϕ−1ψψ−1fψψ−1ϕ = (ψ−1ϕ)−1f2(ψ
−1ϕ).

�b#&�7'Q)�^a�;-*> )Z<='*+�K	+./?# @ %() @ 3(>X# @ C G 9�I�<=+EC�9 �;�,'6> +.3~�=#&),O�+EC�G
�

�~�;�� ¢¡a£.¡¥¤1 ��_¬���¯g�~�8£.�8°$±5¡® ¢ª( t£E�J�8¡¥ 
� E �P ¢§¢¤1±5¤1°�� �¢¡ EE±l¦ E$µ �jÇ6Âoº
U

¹�Ç6Â $]¹9/tÄ )»À*@
À�Ã=·&¼¾Å1Îj¹�À

K
� )»Â�ºj¹�À ��Ç6¼w¹�Â?Ë,Ç)$Â

n
·&Âoº

f ∈
L�� �

(U,U),
�¥¹�À"Â]¹�À

ϕ
¹�Ç6Â �gË*)»¼�)$À³ÁtÉ?Ç6Ë,¼w· Ë

Kn → U,
Ë*)�É]¹�Ç��?Ä

<=+�)
f :=

<(+F)
(ϕ−1fϕ)

º Ça¹ �A�i¹»Ä�¹�À"¼7Ç*Â1Ã&ÂtÄ³¹#� )$Â
f �
1

3NÃ&ÂlÎ=¹FÃ=ÈgÉ]Ä�¹?'oº8Ã��7É(Ç�¹�À ">=S¹�Ç6¼VÃ$Æ�ºj¹�ÀZË�¹�Æ Î=¹=�gË9)$¼�)»À�ÁtÉ(ÇTË2¼�· Ë " · �»¹�À?=S¹�Âoºj¹�ÂwÇTË�Ä 5
s @ D�/~/?'*+.�2^a`(��>;+�-*),+.3~<='6+i'63J�(#$),Oi��G���>;+��X# D�/8)"+�3�s @ C"C,# > +�3�v

¨�ª=£.«J�_¬®�� �UÀ"Ë�¹»ÄF" ÄB¼XÃ&Â Ç6Â �(Ã(Ä " ��1
	lÅ?Î=¹�À�Ã$Æ6Æ�ºj¹�Â
Kn

º?·&À.ÈgÉ ¹�Ç6Â]¹�Â Î=¹�Æ6Ç�¹&Î$ÇQÌ(¹�Â
n
@

º Ç6¼w¹�Â?Ë,Ç)$Â1Ã$Æa¹�Â $]¹9/tÄ )»À"À�Ã(·&¼ '=Ë*)�Î$Æa¹�Ç³Î=Ä0¹�À =S¹�Ç Ä³¹�À,É(Ç6Â~Ì1Å&Æ Ä®Ç*Ì21
�P+��.BB�DC��8¡FEiC2+.'oO @ �PcZ[ @ 3?>B>;+�-T# C"C2+.3pG

� 〉

� �2� �I�o�=�p�1���,�Z���0�=�©���,�Z�p�����¢�=�?��
��3e�X#&3?D�/?+�3pnp9;� ��# -*-6+�� q&-*),+��"+�3H��+�/(�"[(`?D�/(+.�,3l4	+���<=+�35�j'6+V<=+�35K	+.> �"'QM:<=+.�P�,��+�),+��"�7'Q�
3?# 3;)"+P+.'*3?+.C�RS3?<(� �7� �"%(/('TC2� @ Cg��3('6D�/8)��?3?<(+�3pn(C,� 3?<(+��"3w3 @ ��<=+�3AK	+�>;�,'*Mw�2�P+F)"+��"�B'63?# 3;)"+
+�'63(+.��kN#$),�"'*m;��G=��'6+.C,+�3AK	+�>;�,'*M~!;{ 3(3?+�3w4�'6��� /(3?+\kL`(/(+i# @ C�<=+.� #&-6-6> +��7+.'*3(+.�,+.3V> +.4�'*3(�
3(+.3pG(�P# �,`?[1+.��/('*31# @ C�'TCg)�+EC	^a`(��<(#;C0%?�"# !;)"'6C"D�/(+\Y�+.D�/?3(+�3~�7'Q)��P+F)"+��"�B'63?# 3;)"+�3~3j`=),O.-*'TD�/
<='6+���+�),+.�,�7'63?#&38),+\+.'*3(+.�ZkL#$)"�,'*mw/?# 3?<=/?# [1+.3AO @ ! { 3?3(+�3pG

�~�;�� ¢¡a£.¡¥¤1 ��_¬®]5¯g�~�;£E�8°»±:¡® ¢ª( t£.�J�j¡® ¢�8°���ª=£.°»¡
�
µ4�SÇ*Ât¹
n× n

@ 3NÃ(Ä®À"ÇQÊ
A

Å?Î=¹�À
Kºj¹��(Â(Ça¹�ÀEÄ0¹�Ç6Âoºj¹»·?Ä®Ç*Ìw¹�Ç*Ât¹�Â�� )$¼�)$¼�)»À�ÁtÉ(ÇTË2¼�· Ë

fA := Kn → Kn : x 7→ Ax.

�?¹�Ç*Â]¹ �i¹»Ä�¹�À"¼7Ç*Â1Ã&ÂtÄ³¹�ºj¹��?Â(Ç�¹�À�¹�ÂK=�Ç*À�Ã&Æ6Ëbº Ça¹ �A�i¹»Ä�¹�À"¼7Ç*Â1Ã&ÂtÄ³¹�ºj¹�À.3NÃ=Ä¥À,Ç*Ê
A �

<=+F)
A :=

<=+F)
fA.

s @ C��=#$)"Oi��G���+��"/?#&-*),+.3�4�'6�ZC,�&^a� �,)



����� � ���������	��
�	���������

¨�ª=£.«J�_¬®�� �	Å&À
n× n

3NÃ(Ä®À"Ç!"$¹�Â
A,B

· ÂoºAº Ç�¹
n× n

�SÇ6Â(É]¹�Ç¥Ä Ë2¼VÃ=Ä¥À,Ç*Ê
I
Ì(¹�Æ Ä³¹�Â

� Ç! �UË�ÇTË�Ä�<=+�)
I = 1.� Ç6Ç! �UË�ÇTË�Ä�<=+�)
AB =

<=+F)
A ·

<=+F)
B.� Ç*Ç6Ç! �UË�ÇTË�Ä�<=+�)

A = 0
Ì(¹�Â1Ã(·Vº8Ã&Â(Â	'�=S¹�Â(Â~�">

A < n.� Ç �? �UË�ÇTË�Ä�<=+�)
A 6= 0

Ì(¹�Â1Ã(·Vº8Ã&Â(Â	'�=S¹�Â(Â~�">
A = n,

º;1 É�1	=S¹�Â?Â
A

Ç6Â��$¹�ÀEÄ®Ça¹�À»Î Ã$À	ÇTË�Ä 1
� �? ��gË�Ä

A
Ç6Â��$¹�ÀEÄ®Ça¹�À»Î Ã$À '(Ë9)�ÇTË�ÄS<=+�)

A−1 = (
<=+F)

A)−1.� �»Ç! ��gË�Ä
B

Ç6Â��$¹�ÀEÄ®Ça¹�À»Î Ã$À '?Ë*)BÇ6Ë.Ä0<(+F)
(B−1AB) =

<=+�)
A,

º;1 É 1 + É(Â(Æ6Ç®ÈgÉ]¹ 3NÃ=Ä¥À,Ç&"»¹�ÂJÉ1Ã(Î=¹�Â
º Ç�¹ZÌ8Æ�¹�Ç®ÈgÉ]¹ �i¹»Ä�¹�À"¼BÇ6Â1Ã&Â]Ä�¹

�P+�� BB�DC��8¡FEB'6C2)��7'Q)��=#&),OX��G��w%(��#&!8),'TC"D�/lC"D�/(� 3_> +�^a`(/(�,) @ 3?<hC2+.'S<=+.C,/?#&-6[l3('6D�/8)i�7+�/(�
+Fm=%(-6'6O�'*)Z3(�&)"'*+.�2)EG

kJ'*)�<=+��\+�'63?<=+ @ ),'6>~[1+ECg)"'*�7��)"+�3e�P+F),+.�,�7'63?#&38)"+�3=^ @ 3?!;)"'*�;3 ∆ : (Kn)n → K
/?#&)2),+.3

4�'6�Z<='*+��P+F)"+��"�7'*3?# 38),+\+�'63(+.CZRS3?<=�;�B�;�,%?/('6C,� @ C f : Kn → Kn
+.�,!j-Tq&�,)�# -6C

<=+�)
f := ∆ (f(e1), ..., f(en)) .

u @ C"#&�7�7+�3~�7'Q)��P+F�13('Q)"'*�;3J��G �7[1+.! �;�B�7+.3�4�'6��<(# �B'*)

¨�ª=£.«J�_¬® � �=Ç*Âoº
(a·1, ..., a·n)

º Ça¹ �&ÁpÃ&Æ¥Ä�¹�ÂN¹�Ç6Â]¹�À
n× n

@ 3NÃ(Ä®À"ÇQÊ
A = (aij),

Ë9)�Ì8Ç*Æ Ä
<=+F)

A = ∆(a·1, ..., a·n).

BB�DC��8¡FE v
<=+F)

A =
<=+�)

fA = ∆ (fA(e1), ..., fA(en)) = ∆ (Ae1, ..., Aen) = ∆(a·1, ..., a·n),

�j'6+i+��"'*3?3(+��"3~C,'TD�/pv
� � � *���� � �)� � � ��� �,� � ��� � � � �� ��� 	� ��� .�� � �%��
���8��)3�9� ��

�

�b#&�7'Q)P-*'6+F^a+.�2) @ 31CP�=#&),O���G � +.'*3(+�YZ+�! @ ��C2'6� 3?C2^a� �"�7+�-t^a`(�P<='*+�K0+.�,+ED�/(3 @ 3(>7<=+��P��+�),+��"�7'Q�
3?# 3;)"+\+�'63(+��

n× n
��kL#&),�"'QmoG

¨�ª=£.«J�_¬® 
I¯ �b t£ CX¡��.´ �¥¦
 ��2E EEª=£.«��]¤1  �0ª � �®ª��;��� �b t£9C7¡��E´ �®¦¢ ��e ¢ª���� �j¡® ¢�8°��S�j¡ �¥�(µ
�	Å&À\¹�Ç*Ât¹

n× n
@ 3NÃ(Ä®À"ÇQÊ

A = (ανµ)
·&Âoº,��Âoº;Ç®ÈF¹�Ë

i, j : 1 ≤ i, j ≤ n
Îj¹*"»¹�Ç¥ÈgÉ(Â]¹

Aij

º Ça¹(@
¸F¹�Â?ÇQÌ(¹

(n − 1) × (n − 1)
@ 3NÃ(Ä®À"ÇQÊ�'pº;Ç�¹�Ã=· Ë

A
º?·&À.ÈgÉ �tÄ¥À�¹�Ç®ÈgÉ]¹�Âeºj¹�ÀPÇ@gÄ�¹�Âl¶�¹�Ç6Æ�¹B· ÂoºLºj¹�À

¸*@2Ä³¹�Â��&Á�Ã$Æ Ä³¹PÉ]¹�À �6)»À,Ì=¹�ÉtÄ 1D�\Ã$¼7Ç Ä�Ì;Ç6Æ¥Ä ��Å&À
¸F¹»ºj¹�Ë
i = 1, ..., n :

<=+F)
A =

n∑

j=1

(−1)i+jaij

<=+F)
Aij .

u @ � B�� C��j¡ E~[(��# @ D�/;)7�X#&3�C2'TD�/�40+.> +�3��=#$)"OJ��G6� � 3 @ �7O @ 9 +.�,>;+�4�'TC,C,+��"3pn�<(# r <='6+.C,+
�(�;�,�7+.-o> +�31# @ <='*+�# @ CZ�=#&),O���G �(n(-*+E<='6> -6'6D�/~'*3A+.'*3(+.��#&31<=+��"+�3J�=D�/(�"+�'6[j40+.'6C,+P'TC2).G�J @ 3L�j'6+
<(#;C��

�y�#;D�/~�=#&),O\��G6� � 'TCg)Z<=+�)
A = ∆(a·1, ..., a·n)

<='6+P3?� �"�B'6+��,),+\�P+F),+.�,�7'63?#&38)"+�3=^ @ 3?!;)"'*�;3
<=+.�\�j%1#&-*),+�3N9 � 3

A.
RS[]+�3?C,� > @ )P'TCg)\3?#&),`(�"-*'TD�/N<=+�)

A
# -6CP+�'63(+7� @ 3(!8)"'*�;3 ∆′(a1·, ..., an·)<=+.��u]+.'*-6+�3

ai·

9;� 3
A

O @ -6+.C,+�3pGjy�#;D�/w�=#$)"O���G6����/?#&[]+�3V4�'6�S^a`?� | +.<(+.C i <='6+�RS38)g4�'TD�!j- @ 3?>

∆′(a1·, ..., an·) :=
<=+�)

A =

n∑

j=1

(−1)i+jaij

<(+F)
Aij

@ 3?<_<='6+.CP'6C2)�)"�,'69j'6# -*+.�,4	+�'TC2+i-6'63(+.# ��'63_<=+.�
i
� ),+�3_ut+�'6-*+�9 � 3

A.
�b#

i
9;{ -6-*'6>V[]+�-6'*+.[('*>�4	# �.n

^a� -6>&)ZC,�
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G � I ∆′(a1·, ..., an·) :=
<=+�)

A
'6C2)Z-6'*3(+E#&��'63 | +E<=+��\u]+�'6-*+\9;� 3

A.

�j'63?<A<='6+�u]+�'6-*+.3�9;� 3
A

-*'63(+E#&�Z#&[?/?q&3(>;'*>1n=C2�7'TCg)��">
A < n @ 3?<A<(#&�7'*)�<=+F)

A = 0.
s�-6C,�

G � I�RUC�'6C2)
∆′(a1·, ..., an·) = 0,

C,�&^a+.�,3A<='6+�u]+�'6-*+.3A9 � 3
A

-*'63(+.# �Z#&[(/1q&3(>;'*>7C2'63?<oG
J
�"q >&)Z�X#&3J'63L<='6+Bu]+�'6-6+�3L<='6+�!$#&3(�;3('TC,D�/(+.3ARS'*3?/(+�'*)"C,9 +.!;)"� �"+�3A+�'63pn]C2�V+.38)"C2),+�/8)P<('*+�RU'*3=�
/(+.'Q)�C2�X#$)"�,'*m

I,
<oG /pG

G � I�RUC�'6C2)
∆′(e1, ..., en) = 1

�b#&�7'Q)	/?#&[]+�3X4�'6�0# -6C,��# @ D�/ ∆′ #&-TCU<='6+Z3(�;�,�7'6+��,),+Z�P+F)"+��"�B'63?# 3;)"+�3=^ @ 3(!8),'6� 3V3?#;D�/(> +.4�'*+��
C,+�3 @ 3?<~! {;3(3(+�3A<(# �B'*)P�=#&),O���G*� � +.�,4	+�'*),+.�,3�O @

¨�ª=£.«J�_¬® � �0Ë�Ç6Ë.Ä
<=+�)

A = ∆(a·1, ..., a·n) = ∆(a1·, ..., an·),

º Ça¹ �i¹»Ä³¹�À,¼7Ç6Â1Ã$ÂtÄ�¹ � )$Â
A
Ç6Ë.Ä?Ë*)D= )$É(Æjº Ça¹¢Â2)»À"¼7Ç�¹�À.Ä�¹ �\¹$Ä³¹�À,¼7Ç6Â1Ã$ÂtÄ³¹�Â���·&Â�/tÄ¥Ç)$Â7ºj¹�À �&ÁpÃ$Æ Ä³¹�Â

� )$Â
A,

Ã$ÆTËZÃ=·(ÈgÉNº Ça¹�Â2)»À"¼7Ç�¹�À.Ä�¹ �\¹$Ä³¹�À"¼7Ç*Â]Ã$ÂtÄ³¹�Â���·&Â�/tÄ®Ç:)»Âlºj¹�ÀP¶p¹�Ç6Æa¹�Â � )»Â
A.

HI'6�Z/?#&[]+�3A<(# �B'*)�<=+.3~O.+�38),��#&-6+�3 J�+.'*-�'*� K0+.40+.'6C�9;� 3

¨�ª=£.«J�_¬® ��	Å&À\¹�Ç6Â]¹
n× n

@ 3_Ã=Ä®À"Ç*Ê
A = (aνµ)

Ì=¹�Æ¥Ä�¹�Â
� Ç! ��gË�Ä

AT
º Ç�¹�Ä¥À�Ã&Â?Ë Á )»Â?Ç�¹�À.Ä�¹�3_Ã$À"ÇQÊ�";·

A,
Ë*)�ÇTË.ÄS<=+F)

AT =
<(+F)

A.� Ç6Ç! �tÄ Ã(Ä2ÄpÂ1Ã=ÈgÉw¹�Ç6Â]¹�À�¶p¹�Ç6Æ�¹ /=¿»Â(Ât¹�Â =�Ç*À�Ã=·=ÈgÉ7Â1Ã=ÈgÉw¹�Ç6Â]¹�À �&ÁpÃ$Æ Ä³¹�¹�ÂtÄ =�Ç®È0/=¹�Æ6Â	'j¹FË�Ç6Ë.Ä
Ã&Æ6Ë*)
��Å&À

1 ≤ j ≤ n

<=+F)
A =

n∑

i=1

(−1)i+jaij

<=+�)
Aij .

� Ç*Ç6Ç! N<=+F)
A

ÇTË.Ä¢Æ6Ç6Â]¹FÃ&À�Ç*Â�¸F¹Eº=¹�À �&ÁpÃ&Æ¥Ä�¹�·&ÂoºXÇ6Âi¸F¹»ºj¹�ÀP¶�¹�Ç6Æ�¹ �6)»Â
A.� Ç �? �PÃ=Ä

A
"D=�¹�ÇtÌ;Æa¹�Ç¥ÈgÉ]¹ �&ÁpÃ$Æ Ä³¹�Â4)=º=¹�À ">=S¹�ÇtÌ8Æ�¹�Ç®ÈgÉt¹b¶�¹�Ç6Æ�¹�Â	'?Ë9)�ÇTË�ÄS<(+F)

A = 0.� �? LÍbº(º Ça¹�ÀEÄ]¼VÃ&Â�";·�¹�Ç6Â]¹�À �&Á�Ã$Æ Ä³¹�¹�Ç6Â $
Ça¹�Æ&�®ÃjÈgÉ]¹FËU¹�Ç6Â]¹�ÀUÃ&Âoºj¹�À�¹�Â �&Á�Ã$Æ Ä³¹?'8Ë9) + Âpºj¹�ÀEÄpË2Ç¥ÈgÉ
ºj¹�À-,w¹�ÀEÄ�ºj¹�À.�i¹»Ä�¹�À"¼7Ç*Â1Ã&ÂtÄ³¹�Â(Ç¥ÈgÉ]Ä 1(ÍZÂ]Ã$Æ:)EÌ-��Å&Àb¶p¹�Ç*Æa¹�Â�1

� �»Ç! $]¹�ÀEÄ Ã=·;ËFÈgÉtÄ¢¼XÃ&Â#"D=�¹�Ç��&ÁpÃ&Æ¥Ä�¹�Â )=º=¹�À ">=S¹�Ç
¶�¹�Ç6Æ�¹�Â	'?Ë9)�¼�·&Æ¥Ä¥Ç ÁoÆ*Ç&"�Ça¹�ÀEÄ�Ë2Ç¥ÈgÉNº;Ç�¹ �i¹»Ä³¹�À9@
¼BÇ�Ã$ÂtÄ�¹Z¼7Ç Ä

−1.� �»Ç*Ç! ��Ça¹ �i¹»Ä�¹�À"¼BÇ6Â1Ã&Â]Ä�¹�¹�Ç6Â]¹�À �PÀ�¹�Ç�¹»È0/jË,¼VÃ=Ä¥À,Ç*Ê�ÇTË�ÄSÌ;Æa¹�Ç¥ÈgÉhºj¹�¼��SÀ()(º?·�/tÄZºj¹�À �PÇTÃ$Ì )$Â1Ã$Æ@
¹�Æa¹�¼w¹�ÂtÄ³¹�1

BB�DC��8¡FE v��P'*+X�j%?# -Q)"+�3
(aT

·i)
9;� 3

AT
C,'*31< | #w<='6+�)"�"# 3?C,%1�;3('*+.�2)"+�3_u]+.'*-6+�3

(ai·)
T

9;� 3
A,4	� �7'Q)¢<='*+	K	+�/?# @ %=) @ 3(> G 'AI�<='*�"+�!8)�# @ C
<=+�� 9 �;�,'6> +.3��=#$)"O�^a� -6>&)EGE�b#&�7'*)
> '6-*)
'63?C2[]+.C,� 31<=+��"+

| +.<(+i[1+.O�`(>;-*'TD�/~<(+����j%?# -Q)"+�3~`([]+���<='6+i��+�),+.�,�7'63?#$)"+b>;+��X# D�/8)"+bs @ C,C"#&>;+i# @ D�/�[1+.O�`(>;-*'TD�/
<=+.�Pu]+�'6-*+.3 @ 3?< @ �7> +.! +�/?�2)EG

G '6'I0^a� -6>&)Z<(#&�7'*) @ 3(�7'*)2),+.-*[1#&�Z# @ CZ�=#$)"O\��G6���?n G '6'*'I	[('TC G 9j'AI @ 3(�7'Q),),+�-6[?# ��# @ C��P+F�13('Q�
),'6� 3 @ 31<A�(#$),Oi��G*�iO @ C"#&�7�7+�3~�B'*)��p+.�7�7#7��G � G

G 9j'6'AIZ�gCg) A +�)g4	#X+.'*3?+�� []+��"+��P�"+�'6+.D�!=C2�X#&),�"'Qmon?C,�V'TCg)
aij = 0

^a`(�
i > j.

RS38)g4�'6D�!;+�-63
3?#;D�/~<=+.��+���Cg)"+�3J�j%?# -Q)"+i-*'6+F^a+.�2)

<=+F)
A =

n∑

i=1

(−1)i+1ai1
<=+�)

Ai1 = a11
<=+�)

Ai1.

�b#
A11

C2+.-*[]+���4�'6+.<(+��S+.'*3(+��;[1+.�,+��P�,+.'*+ED�!=C2�X#$)"�,'*m�'TCg) G 4�'*��/1#&[]+�3 | #i<='6+Z+���Cg)"+�u]+�'6-*+ @ 3?<
<='6+i+���Cg)"+��j%?#&-*),+\9;� 3

A
> +.C2),�"'TD�/(+�3;IFn='6C2)Z#&-TC2�7'63?< @ !8)"'*9~C,D�/(�;3

<=+�)
A11 = a22 · a33 · ... · ann
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@ 3?<AC,� �7'*)
<=+F)

A = a11 ·
<=+�)

A11 =

n∏
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aii.
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n×n

�
kL#&),�"'Qm

A = (aij)
+�m=%(-*'6O�'*)�O @ []+��"+.D�/(3(+.3pn @ 3?<5O.4	# ��> +./(+�3e4�'6��q /(3(-6'6D�/59;� ��4�'6+w[]+�'
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(−1)� @ -Q)"'*%(-6'6O�'6+��"+�3 ���tn
!;{ 3(3(+.354�'6�B<(# 3(3
a11 6= 0

# 3(3(+�/?�B+.3 @ 3?<�<(# 3(359 �;3:<=+.� � �¥)"+�3pn
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= 0
4	+���<=+�3pG

LZ'6+��"[]+�'�q 3?<=+��,)w<='6+L��+�),+.�,�7'63?#&38),+J'6/(�"+�3�Hl+��,)w3('TD�/;) � G s�[1+.�w# D�/8)"+�3 �j'6+L# @ ^�<(#;C
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<(+F)

A = (−1)σ <=+F)
A′
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σ = 1
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<(+F)
A′ = a′11

<=+�)
A′
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�8°V�~�8£.�8°$±5¡® ¢ª( t£.�(µ 3NÃ$Â-��Å&É(ÀF¹�Ã&Â�º=¹�À�Ì(¹"Ì=¹ @
Î=¹�Â]¹�Â 3NÃ(Ä®À"ÇQÊ

A
º Ç�¹  ������� � ��� ������� @ �SÆ*Ç6¼7Ç*Â]Ã=Ä®Ç:)»ÂIÇ6Â�º=¹�À �F)»Æ*Ì=¹�Âpºj¹�Â �»¹�ÀF¹�Ç6Â��®Ã=ÈgÉ]Ä�¹�Â

�2)$À,¼ º?·&À.ÈgÉ �
� ��Ça¹ �SÇ � )jÄ8@ ¶�¹�Ç6Æ�¹�Â =S¹�À.ºj¹�Â�Â(Ç¥ÈgÉ]Ä�Â�)»À"¼BÇa¹�ÀEÄ0'
��� ·&Æ6Æ�¹�ÂeÎ$À�Ã(·=ÈgÉ]¹�ÂwÂt·&Ài·&ÂtÄ³¹�À,É]Ã$Æ³Îwº=¹�À.�PÇTÃ$Ì )»Â]Ã$Æa¹�ÂA¹�À "$¹»·$Ì]Ä " · =�¹�À�ºj¹�Â�1

�gË.Ä�º8Ã$Â(Â
C

º Ç�¹�ºjÃ$¼7Ç¥Ä0¹�À,É]Ã$Æ Ä³¹�Ât¹��PÀF¹�Ça¹EÈ0/=Ë2¼VÃ(Ä®À"ÇQÊ�'=Ë9)�ÇTË�Ä

<=+F)
A = (−1)σ <=+F)

C,

= )=Î=¹�Ç
σ

Ã$Â(Ì;Ç³Î=Ä0'�=�Ça¹ ) ��Ä�Îj¹�Ç�º Ça¹�Ë�¹�À��UÆ*Ç6¼7Ç*Â1Ã(Ä®Ç:)»ÂIÇ6Â?Ë2Ì=¹�Ë�Ã$¼�Ä�¶p¹�Ç6Æ�¹�Â �»¹�ÀEÄ Ã(· Ë�ÈgÉ]Ä-= )»À*@
ºj¹�Â}Ë,Ç*Âoº21 ��Ça¹#�\¹$Ä³¹�À"¼7Ç*Â]Ã$ÂtÄ³¹ � )$Â

C
Î=¹�ÀF¹EÈgÉ(Ât¹»Ä\Ë2Ç¥ÈgÉ º8Ã?Îj¹�Ç�¹�Ç6Â��®ÃjÈgÉ�Ã$ÆTË �UÀ*)(º?·�/tÄ�ºj¹�À

�PÇTÃ$Ì )»Â]Ã$Æ@:�SÆa¹�¼w¹�Â]Ä�¹ �6)»Â
C.

� ���l�
�����P���S�
� �Z�p�I�I�o�=�p�1���,�Z���0�=�
�~�;�� ¢¡a£.¡¥¤1 ��_¬®���¯gª ���1�	�¢°»ª?¡ E � �¢� E �w¤]± � �¥�j±5�j t£»µ��gË.Ä

A = (aνµ)
¹�Ç6Â]¹

n×n
@F3NÃ=Ä¥À,Ç*Ê�'

Aij

º Ça¹�º8Ã$À�Ã=· Ë	º1·&À�ÈgÉ �tÄ¥À�¹�Ç®ÈgÉ]¹�Â~ºj¹�À
i
@2Ä³¹�ÂX¶p¹�Ç*Æa¹P·&ÂoºXº=¹�À

j
@gÄ�¹�Â �&ÁpÃ&Æ¥Ä�¹Z¹�ÂtÄ Ë�Ä�¹�É]¹�Âoºj¹ 3NÃD@

Ä®À"Ç*Ê2'?Ë*)�É]¹�Ç��?Ä
Dij(A) := (−1)i+j <=+�) Aij

º8Ã Ë ��Ã&ÆQÌ(¹$Î$À�Ã$ÇTËFÈgÉt¹�½ )»¼�ÁtÆa¹�¼w¹�ÂtÄ
�
ºj¹�Ë.3_Ã=Ä®À"Ç*Ê?¹�Æ�¹�¼w¹�ÂtÄ³¹FË

aij .

�P'*+iRS38)g4�'TD�!j- @ 3?>7<(+��Z�P+F),+.�,�7'63?#&38)"+i3?# D�/A<=+��
i
� ),+.3Ju]+.'*-6+\-*'6+F^a+.�2)�C,�&^a�;�2)

�U�j±5±:ªJ�N¬¥ � �gË.Ä
A = (aνµ)

¹�Ç6Â]¹
n × n

@F3NÃ=Ä¥À,Ç*Ê�'
x = (ξ1, ..., ξn)T

¹�Ç6Â�$]¹*/tÄ8)»ÀX· Âoº
Aj,x

º Ça¹�3_Ã=Ä®À"Ç*Ê2'oº;Ç�¹i¹�Â]Ä Ë�Ä�¹�ÉtÄ0' =�¹�Â(Â�¼VÃ&Â_º;Ç�¹
j
@gÄ�¹ �&ÁpÃ&Æ¥Ä�¹iº1·&À�ÈgÉ

x
¹�À"Ë�¹»ÄF" Ä0'?Ë*)�Ì;Ç6Æ¥Ä

<=+�)
Aj,x =

n∑

i=1

ξiDij(A).

ÍZÂ]Ã$Æ:)EÌ=¹FË0Ì;Ç6Æ¥Ä ��Å&À\º;Ç�¹i¶p¹�Ç*Æa¹�Â 1
u @ �7BB� C��j¡ EB[(��# @ D�/8)b�7# 3_-6+.<('*>;-*'TD�/N3?#;D�/l�=#&),O7��G6� �A<='6+7��+�),+��"�7'*31#&38),+X<=+�)

Aj,x3?#;D�/~<=+.�
j
�¥)"+�3L�j%?# -Q)"+bO @ +�38)g4�'6D�!;+�-63 @ 31<�+.'*3?O @ C,+F)"O�+�3�G

��j%]+�O.'*+.-*-t! {;3(3(+.3V4�'*�	3?#&),`(�"-*'TD�/X^a`(�
x
'*�"> +.3?<=+.'*3(+;n8C"#&>;+�3V4�'6��<='*+

k
� ),+i�j%?#&-*),+

a·k
9;� 3

A
C,+�-6[?Cg)�4�q&/(-6+�3�G(�P# 3(3~^a� -6>&)

�U�j±5±:ªJ�N¬� � �gË.Ä
A = (aνµ)

¹�Ç6Â]¹
n × n

@F3NÃ=Ä¥À,Ç*Ê�'
a·k

º Ça¹
k
@2Ä³¹ �&Á�Ã$Æ Ä³¹ � )»Â

A,
Ë*)XÇTË�Ä

��Å&À
1 ≤ j ≤ n

n∑

i=1

aikDij(A) = δjk

<=+F)
A.

3e·&Æ Ä®Ç ÁtÆ6Ç!".Ç�¹�À.Ä0¼VÃ$ÂNÃ$ÆTË*)wº Ç�¹��SÆ�¹�¼w¹�ÂtÄ³¹7ºj¹�À
k
@gÄ�¹�Â �&ÁpÃ&Æ¥Ä�¹ �6)»Â

A
¼7Ç¥Ä�ºj¹�ÂNÃ&ÆQÌ(¹$Î$À�Ã$ÇTËFÈgÉt¹�Â

½ )»¼�ÁtÆa¹�¼w¹�ÂtÄ³¹�ÂNº=¹�À
j
@gÄ�¹�Â��&ÁpÃ&Æ¥Ä�¹#� )»Â

A
·&ÂoºVË.·&¼7¼BÇa¹�ÀEÄ0']Ë9)B¹�À"É + Æ Ä�¼VÃ$Â

Ç6¼ �1Ã&Æ*Æa¹
j = k

º Ça¹ �i¹»Ä³¹�À,¼7Ç6Â1Ã$ÂtÄ�¹ �6)»Â
A,Ç6¼ �1Ã&Æ*Æa¹

j 6= k
ºj¹�Â ,V¹�À.Ä

0.ÍZÂ]Ã$Æ:)EÌ=¹FË0Ì;Ç6Æ¥Ä ��Å&Àb¶�¹�Ç6Æ�¹�Â�1
BB�DC��8¡FE v�y�#;D�/�<=+.� 9 � �"'6> +�3 ��+��7�X#�'TC2) ∑n

i=1 aikDij(A) =
<=+�)

Aj,a
·k

@ 31<��X#&3�+��"/?q&-*)
Aj,a

·k

'*31<=+�� �X#&3A'*3
A
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j
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k
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j = k
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A
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j 6= k
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�
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A

¹�Ç*Â]¹iÇ*Â �$¹�ÀEÄ®Ça¹�À»Î Ã$ÀF¹ 3NÃ=Ä¥À,Ç*Êe·&ÂoºhÎj¹*"»¹�Ç¥ÈgÉ(Â]¹�Â
Dνµ

º Ça¹�Ã&ÆQÌ(¹$Î$À�Ã$ÇTË�ÈgÉ]¹�Â
½ )»¼�ÁtÆa¹�¼w¹�ÂtÄ³¹�ºj¹�À �SÆa¹�¼w¹�ÂtÄ³¹ �6)»Â

A,
Ë*)�Ì;Ç6Æ¥Ä

A−1 =
1<=+F)
A

(
Dνµ

)T
,

º;1 É�1U¹�À�Ë�¹»Ä ";Ä�¼VÃ$ÂJ¸F¹Eº=¹�Ë-3NÃ=Ä¥À,Ç*Ê1¹�Æa¹�¼w¹�ÂtÄ�º?·&À.ÈgÉ}Ë�¹�Ç6Â�Ã$Æ*Ì=¹&Î$À�Ã$ÇTËFÈgÉ]¹FË�½ )»¼�ÁtÆa¹�¼w¹�ÂtÄ � ¼7Ç¥Ä
$2)»À "»¹�Ç®ÈgÉt¹�Â�5&5  '0Ä¥À�Ã&Â?Ë Á )»Â?Ç�¹�À.Ä\º Ça¹V¹�À,É1Ã&Æ¥Ä�¹�Â]¹ 3NÃ=Ä¥À,Ç*Ê}·&Âpº5º Ç �EÇ¥º Ça¹�ÀEÄ�Ë,Ç�¹�º1·&À�ÈgÉ5<(+F)

A,
Ë*)

¹�À"É + Æ¥Ä�¼VÃ$Â
A−1.

BB�DC��8¡FE v	RUC�'6C2)~<(+F)
A 6= 0

> +.3?# @ <(# 3(3pn040+.3(3
A

'6389;+��,),'6+��"[?#&�w'6C2).G G Hh#&� @ ��� IV�P'*+
3(� ),'6+��,),+i�(�;�,�7+�-o'TC2)�#&-TC2�7C2'63(3j9 �;-*- G?�j+�),O�+.3A4�'*��3 @ 3

D :=
(
dνµ

)
:=
(
Dνµ

)T
, C :=

(
cij
)

:= DA,

C,�B'TC2)

cij =

n∑

ν=1

diνaνj =

n∑

ν=1

Dνiaνj = δij
<=+�)

A.

�(�;-*>;-*'TD�/~'6C2)
C = DA = (

<=+F)
A)I. �

�P'*+EC2+i�b#&��Cg)"+�-6- @ 3?>B<=+.��'*3j9;+���C2+.3wkL#$)"�,'*mV! {;3(3(+.3�4�'6��# @ D�/~[1+.3 @ ),O.+�3pn @ � '*� �1#&-6-*+\+.'*3=�
<=+ @ ),'6>J-*{8C2[1#&�"+��b-*'63(+.# �,+.��db-*+.'6D�/ @ 3?>;C"C2f=C2),+��7+

Ax = b
<='6+��p{;C @ 3(>A>;+.C"D�/(-*�8C,C,+�3_<(#&�"O @ �

C2),+�-6-6+�3pG

¨�ª=£.«J�_¬A�2��¯��������
	�� E ���
� �w� �1� �³µ �gË.Ä
A

¹�Ç6Â]¹�Ç*Â �$¹�ÀEÄ®Ça¹�À»Î Ã$ÀF¹
n × n

3NÃ(Ä®À"ÇQÊ�'	�¥¹�À"Â]¹�À
x = (ξ1, ..., ξn)T

'
b = (β1, ..., βn)T ,

Ë9)7¹�ÊjÇTË.Ä®Ça¹�ÀEÄ
Ì(¹�Â1Ã(·7¹�Ç*Â]¹��¿$Ë.·&Â=Ì � )$Â
Ax = b.

�	Å&À
º Ça¹�Ë�¹��¢¿$Ë.·&Â=Ì7Ì8Ç*Æ Ä

ξj =

<=+F)
Aj,b<=+F)
A

,

º;1 É�1p¼VÃ&Â}¹�À"É + Æ Ä\º Ça¹
j
@2Ä³¹X½�)$¼iÁ )»Ât¹�ÂtÄ³¹Vºj¹�À��¢¿&Ë�· Â=Ì

x
Ã$ÆTË��b· )=Ä®Ça¹�ÂtÄ � )$Â "D=�¹�Ç �i¹»Ä³¹�À9@

¼7Ç*Â]Ã$ÂtÄ³¹�Â	'�= )=Î=¹�Ç�Ç6¼ � ¹�Â(Â]¹�ÀAº Ç�¹ �i¹»Ä�¹�À"¼7Ç*Â1Ã&ÂtÄ³¹4� )$Â
A

Ë�¹�Æ³Î&Ë.Ä\Ë.Ä³¹�ÉtÄ0'UÇ6¼�¶ + É(Æa¹�À~º Ça¹
�i¹»Ä³¹�À,¼7Ç6Â1Ã=Ä�¹wºj¹�À 3_Ã=Ä®À"Ç*Ê2'�º;Ç�¹X¹�Â]Ä Ë�Ä�¹�ÉtÄ0' =�¹�Â(Âh¼XÃ&Â:º;Ç�¹

j
@2Ä³¹ �&ÁpÃ&Æ¥Ä�¹�� )$Â

A
º?·&À.ÈgÉ}º Ç�¹

�TÀ�¹»ÈgÉ]Ä�¹ �1¹�Ç Ä³¹
� b

¹�À�Ë�¹$Ä " Ä 1
BB�DC��8¡FE v	RUC�'TC2)Z�B'*)�<=+.��� []+�3A> +.> +�[]+�3?+�3A�P# �"C2),+.-*- @ 3(>X<=+.��'*3j9 +.�"C,+�3~kL#$)"�,'*m

x = A−1b =
1<=+F)
A

(
Dνµ

)T
b.

�P'*+EC2+.�.�p{;C @ 3(>8C29;+�!8),�;�0/1#$)Z#&-TC j �¥)"+����;�B%]� 3?+�38),+

ξj =
1<=+F)
A

n∑

i=1

Dijbi =
1<=+F)
A

<=+F)
Aj,b.

�

� ª=°$ o¦¢ ��_��'6+��;[1+.3�>;+�> +.[1+.3(+i�P# �"C2),+.-*- @ 3(>7^a`?�
A−1 @ 3?<A<='6+�� ��������� C"D�/(+�Y�+.> +.-

C,'*3?<�O�4�#&�0^a`(��)"/(+��;�,+�),'TC,D�/(+\cZ[]+��"-6+�> @ 3(> +.3w�&^�)ZC,+�/(��3j`=)"O�-6'6D�/�Gj�¢`(�Z<('*+\+Fm=%(-6'6O�'*),+ G 3 @ �7+F�
�"'6C"D�/(+?I	K	+��"+.D�/?3 @ 3(>�<=+.����3j9 +���C,+�3w[?O�4iG(<=+.�.�p{;C @ 3(>B+�'63(+EC�-*'63(+.# �,+.3Adb-6+�'TD�/ @ 3(>8C,C,f=Cg)"+��XC
C,'*3?<XC,'6+Z#&[]+�� ��>8#&3(OZ# [(> +EC2+./(+�3B9 �;373 @ �B+.�,'TC"D�/(+�37xS�"� [(-6+��7+.3 G Y @ 31< @ 3(>8Cg^a+./(-*+.�9I ��98'6+�-
O @ # @ ^a40+.3?<='6>?G�L�'*+.�,O @ 'TCg)�<('*+  ������� � RS-6'6�B'63?#&),'6� 3�<?# C�> +.+�'6> 3(+�),+\��+��,^®#&/?�,+.3pG
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�I�o�=�p�1���,�Z���0�=��� �P�����A�p�?� ���=�¢�=�2�U�Z�
�
�¢`(�7<='*+A�P+F),+.�,�7'63?#&38)"+�3:9;� 3

2 × 2
�=<=+.�

3 × 3
kL#&),�"'*O.+�3e! +.3(3(+.3:4�'6��+.'*3=^®#;D�/(+��b#&�,�

C2),+�-6- @ 3(> +.3~# -6C�� @ �B�7+.3�[(O.4iG(��'*Mt+��"+�3(O.+�3~9 � 3wxS�,�=< @ !;)"+�3~9 �;3�kL#&),�"'Qm=+�-6+��7+.3;)"+�3pG=s @ ^
� ��
��;��
A��� > +./8)	+.'*3(+iC,� -TD�/(+P�b#&��C2),+�-6- @ 3(>�^a`(�

n× n
kL#$)"�,'6O�+.3wO @ �,`?D�!tG LZ'6+��"O @ [(��# @ D�/(+.3

4�'6��+F)g4�# C�`([]+���x�+��"� @ )"#$)"'*�;3(+�3�G

BB�8«;�j¡ ���
 o¦¢ ��e�N¬� � �	Å&À]¸F¹»ºj¹�Â]Ã=Ä2Å À,Æ6Ç®ÈgÉt¹Z¶oÃ$É?Æ
n ∈ N

Î=¹9"»¹�Ç®ÈgÉ?Â]¹»Ä
Sn

º Ça¹ 3_¹�Â=Ì=¹ZÃ$Æ6Æ�¹�À
Î$Ç ¸F¹9/tÄ®Ç �»¹�ÂJÍ�Î(Î$Ç6Æ¥º?·&Â=Ì(¹�Â

π : {1, ..., n} → {1, ..., n}.
3NÃ&Â�Â]¹�Â(ÂtÄ�º Ça¹�Ë\º Ça¹ � �U¹�À,¼�·(Ä Ã(Ä®Ç:)»Â]¹�Â

�
�6)»Â

{1, ..., n}
1

�P'*+b'6<(+�38),'TC,D�/?+PsZ[?[('*-T< @ 3?>�>;+�/({;�2)U31#$),`?�,-6'6D�/wO @ Sn,
^a+.�,3(+.3V�7'Q)

π
# @ D�/w<='6+P���B!;+�/(��#&[(�

[('6-6< @ 3(> π−1,
C2�$4�'6+B�B'*)

σ @ 3?< π # @ D�/l<='6+ LZ'638),+��"+�'63?# 3?<=+���# @ Cg^a`(/?� @ 3?> σ ◦ π.
�b#&�7'Q)

[('6-6<(+�3J<='6+ix¢+.�,� @ )"#&),'6� 3(+.3�+.'*3?+idb� @ %(%]+ n1<='*+�C,� >1G&�2C,fj�B�7+�),�"'6C"D�/(+�db� @ %(%1+F� Sn

G
�j'6+\[1+EC2'*),O�)Z�&Mt+�3j[?#&��>;+�3?# @

n! := n · (n− 1) · (n− 2) · ... · 2 · 1 (
> +.-*+EC2+.37�23J�?# ! @ -Q)�q$)g� )

9j'*+.-*+�RS-6+��7+�38),+;G]�P+�3?3_<=+.3LH_+.�2)P^a`(�
π(1)

!$#&3(3L�X# 3L�&Mt+�3j[?# �Z^a�"+�' @ 38),+��b#&-6-*+.3
n
RS-6+F�

�7+�38),+.3 9 �;3
{1, ..., n}

4	q /(-6+�3pG L�#&)��X#&3 <='6+.C�> +�)"# 3pn0C,�:C2),+�/?+�3I^a`(�
π(2)

3(�=D�/©<='6+
�"+.C2),-6'6D�/(+.3

(n− 1)
9j'6+�-6+�3~H_+.�2)"+iO @ ����+.�2^a`(> @ 3(> @ G C�G 4iG

K	+.C,� 3?<(+���C�+�'63=^®# D�/(+�x�+.�,� @ )"#&),'6� 3(+.3VC2'63?<7<='6+PC,� >?G�� J
�"# 3?C2%]�;C,'*),'6� 3(+.3j�
τij ,

<='*+�> +�31# @
<='6+�[]+�'T<=+.3}9;+���C,D�/('6+.<(+�3(+.35RS-6+��7+�38),+

i, j
�7'*)

1 ≤ i < j ≤ n
9 +.�2)�# @ C"D�/(+�3 @ 3?<:# -*-6+

#&31<=+��"+�3~RS-6+��7+�38),+\^a+ECg)Z-T# C"C,+�3pG=RUCZ'6C2)Z#&-TC2�

τij(k) =







j k = i

i k = j

k k 6= i, j

, (1 ≤ k ≤ n).

��Mt+�3j[?#&��'TCg)�^a`?� | +.<=+ J
��#&3?C,%1�8C2'*),'6� 3 τ C2),+�)"C
τ2 =

'T<
,
#&-TC,�

τ = τ−1.s @ C J���#&3?C,%]�;C,'Q)"'*�;3(+�3~-6q r )ZC,'6D�/ | +.<=+ix�+.�,� @ )"#&),'6� 3A# @ ^a[?# @ +�3�G

�U�j±5±:ªJ�N¬� 
��j¹Eºj¹ �U¹�À"¼w·(Ä³Ã=Ä®Ç:)»Â
π ∈ Sn

ÇTË�ÄiÃ$ÆTË �SÀ()=º1·�/tÄ �6)»Â:Ét¿=ÈgÉ1Ë�Ä�¹�Â?Ë
(n − 1)

�?À�Ã&Â?Ë Á )$Ë,Ç Ä®Ç:)»Â]¹�ÂLº8Ã&À"Ë.Ä³¹�Æ*Æ³Î Ã$À 1
BB�DC��8¡FE v��¢`(�

n ≤ 2
'TCg)Z<='6+.C�� M]+.3j[?#&���"'6D�/8),'6>?G(�¢`(��>;�,{ r +.�,+ n C,+F)"O�+

m := π(n).�gC2)
m = n,

C2�}40+.�"<(+�3©< @ �"D�/ π
'*� +.'*>;+�38),-6'6D�/?+�3©�j'63(3(+l3 @ �~<('*+lRS-6+��7+�38),+l9 �;3

{1, ..., n − 1}
%]+��"� @ ),'6+��,).nS4�# C73?#;D�/���3?< @ !8),'6� 3 # -6C,�h�7'Q)~/({=D�/?Cg)"+�3?C

(n − 1) − 1 =
n− 2 < n− 1

J
�"# 3?C,%1�8C2'*),'6� 3(+.3w[]+�4�'6�,!8)Z4	+���<=+�3~!$#&3(3�G
�gC2)

m < n,
C,�B[]+F)"�"#;D�/8),+\�X#&3A�7'Q)�<=+.�.J���#&31C2%]�;C,'Q)"'*�;3

τmn

<='6+ix�+��"� @ )�#$),'6� 3

π′ := τmn ◦ π.

�¢`(�ZC,'*+i'TCg)
π′(n) = τmn(π(n)) = τmn(m) = n.

HI'6+N+�[]+�3©> +.C"D�/(-6�;C"C2+.3}!$# 3(3 �X#&3 # -6C,�
π′

< @ ��D�/I/({=D�/?Cg)"+�3?C
n − 2

J
�"# 3?C,%1�8C2'*),'6� 3(+.3
<(# �"C2),+.-*-6+�3pn(C,� �7'*)

= τmn ◦ π′ < @ �"D�/~/({=D�/?C2),+�31C
n− 1

98'6+�-6+ G
�

��� u @ C,# �B�7+.3(/?#&3?>��7'Q)��P+F)"+��"�7'*3?# 38),+�3AC,'*3?<V^a`(� @ 3?C�<('*+iC,� >?Gjx�+��"� @ )"#$)"'*�;3?C,�7#&),�"'*O.+�3
'63;)"+��"+.C"C,# 38).G

BB�8«;�j¡ ���
 o¦¢ ��e�N¬� � �UË~Ë�¹�Ç�¹�Â
e1, ..., en

º Ç�¹ /&Ã$Â2)$Â(Ç6Ë�ÈgÉ]¹�Â<�SÇ*Â?É]¹�Ç Ä¥Ë �»¹*/]Ä )»ÀF¹�ÂIÇ6¼
Kn

·&Âoº
π ∈ Sn

¹�Ç*Ât¹ �U¹�À,¼�·(Ä Ã(Ä®Ç:)»Â�1 �\Ã$Â(ÂAÉ]¹�Ç��1Ä	º Ç�¹
n× n

3NÃ(Ä®À"ÇQÊ

Pπ :=
(
eπ(1), ..., eπ(n)

)
,



���"�.� � ���������	��
�	���������

ºj¹�À�¹�Â
k
@gÄ�¹ �&ÁpÃ&Æ¥Ä�¹iÃ$ÆTË9)�Ì(¹�À�Ãjºj¹�º=¹�À

π(k)
@2Ä³¹ �UÇ*Â(Ét¹�Ç Ä¥Ë �»¹9/tÄ )»À�ÇTË.Ä0'�º;Ç�¹ � �U¹�À"¼w·(Ä³Ã=Ä¥Ç)$Â?Ë2¼VÃD@

Ä®À"Ç*Ê
�
" · �U¹�À"¼w·(Ä³Ã=Ä¥Ç)$Â

π.�]¹�À,Ât¹�À�Â]¹�Â?Â]Ä�¼VÃ&Â
C2'6>

(π) :=
<=+F)

(Pπ)
º8Ã Ë�$2)»À "»¹�Ç¥ÈgÉ]¹�ÂNºj¹�À �U¹�À"¼w·(Ä³Ã=Ä®Ç:)»Â

π.

�P'*+�Y�+ED�/8)2^a+��,),'6> @ 3(>B^a`(�Z<='6+.C,+�K0+.O�+.'6D�/(3 @ 3?>�+.�,>;'*[=)ZC,'6D�/A# @ C	^a� -6> +�31<=+��

�U�j±5±:ªJ�N¬�	
� Ç! �0Å À�¸F¹ ">=S¹�Ç �U¹�À"¼w·(Ä³Ã=Ä¥Ç)$Â]¹�Â

σ, π ∈ Sn

ÇTË.Ä

Pσ◦π = PσPπ ,

·&ÂoºAº8Ã$¼7Ç ÄSÃ=·=ÈgÉ
C,'6>

(σ ◦ π) =
C,'6>

(σ) ·
C2'6>

(π).
� Ç6Ç! 4�bÃ Ë�$2)»À "»¹�Ç¥ÈgÉ]¹�ÂJ¹�Ç*Â]¹�À �(À�Ã$Â1Ë Á )$Ë,Ç¥Ä¥Ç)$ÂwÇTË�Ä

−1.
BB�DC��8¡FE v
G 'IA��'6+��j%?# -Q)"+�35C,'*31<l<('*+wK	'6-6<(+���<=+.��RS'63(/(+.'Q)�C29;+�!8),�;�,+.3pG��b#&�7'*)�!$#&3(3e�X#&3e# -6C,�L<='6+

| +�4	+�'6-6C j � ),+��j%?# -Q)"+�<(#&��Cg)"+�-6-*+.3~# -6C

(PσPπ)·j = (PσPπ)ej = Pσ(Pπej)

= Pσeπ(j) = e(σ◦π)(j) = (Pσ◦π)·j .

G '6'IA��'6+�x�+��"� @ )�#$)"'*�;3?C2�X#&),�"'QmwO @ +�'63(+�� J���#&3?C,%]�;C,'Q)"'*�;3�+.�,/?q -Q)Z�X# 3A# @ CZ<=+.��RS'63(/(+.'Q)�Cg�
�7#&),�"'Qm~< @ ��D�/���+.�2)�# @ C"D�/(+�3�9 �;3�O.40+.'��j%?#&-*),+.3pG

�

�b#&�7'Q)\! �;�7�B+.3N4�'6�PO @ �i#&3(>;+�!j`(3?<('*> ),+�3_�P# �"C2),+.-*- @ 3(>~<=+��\��+�),+.�,�7'63?#&38),+;Goy @ )"O�+�3_4�'*�
C,fjC2),+.�X#$),'TC"D�/5<='*+

n
�8��'*3(+E#&�"'Q)�q$)�<(+����P+F)"+��"�7'*3?# 38),+ n¢C2�N+��"/?#&-*),+.3e4�'*��^a`(��<('*+~��+�),+��"�7'Q�

3?# 3;)"+\+�'63(+��
n× n

kL#$)"�,'*m
A = (aij)

<='6+i�P# �"C2),+.-*- @ 3(>
<=+�)

A =
<(+F)

(a·1, ..., a·n)

=
<=+F)
(

n∑

i1=1

ai11ei1 ,

n∑

i2=1

ai22ei2 , ...,

n∑

in=1

ainnein

)

=
∑

1≤i1,...,in≤n

ai11 · ai22 · ... · ainn ·
<=+�)

(ei1 , ..., ein
) .

�b#&[]+�'S'TCg)�`([1+.��#&-6-6+B��31<=+Fmj) @ %1+.- (i1, ..., in)
�7'*)�RS'*38)"�"# > @ 3(>;+�3h# @ C {1, ..., n}

O @ C @ �B�
�7'*+.�,+.3pG �P� �7�7+�3�'63I+�'63(+��zC2�;-6D�/(+ J @ %]+�-P> -6+�'TD�/(+J��3?<='6O�+ECX9 �;�.nSC,�e9 +.�"C"D�/j4�'*3?<(+F)V<='6+
O @ > +�/?{ �"'*>;+b�P+F)"+��"�B'63?# 3;)"+ G > -6+�'TD�/(+��j%?# -Q)"+�3 � I�n1<oG /�G?<(#&3?3~'TC2)

<=+�)
(ei1 , ..., ein

) = 0,

C,�j<?# r #&-TC2�73 @ ��`([]+��Z<='6+ J @ %1+.-pO @ C @ �7�7'*+.�,+.3�'TCg)En=^a`(��<('*+�<='6+isZ[([?'*-T< @ 3(>

π : 1 7→ i1, 2 7→ i2, ..., n 7→ in
+�'63(+�x¢+.�,� @ )"#&),'6� 3J'TCg)EG]YZ+.D�/8)"CPCg)"+�/(+.3N<(#&3?3L<='*+B��+�),+.�,�7'63?#&38),+.3N<=+.��O @ > +�/?{ �"'*>;+�3Ax�+��,�
� @ )"#$)"'*�;3?C,�7#&),�"'*O.+�3pn(<pG /pG1<(# C����;�,O.+�'TD�/(+�3~<=+�� | +.40+.'*-6'*>;+�3~x�+��"� @ )�#$),'6� 3�G

�b#&�7'Q)Z/1#&[]+�3~4�'*�Z<='6+��(�;�,�7+.-o9 � 3	� ��
��;��
 �
¨�ª=£.«J�_¬A� � �	Å&À\¹�Ç6Â]¹

n× n
3NÃ(Ä®À"ÇQÊ

A = (aij)
Å1Îj¹�ÀP¹�Ç6Â]¹�¼ Îj¹�Æ*Ça¹$Î$Ç*Ì=¹�ÂJ½\¿$À³Á�¹�À	Ì;Ç6Æ Ä

<(+F)
A =

∑

π∈Sn

C,'*>
(π) · aπ(1),1 · ... · aπ(n),n.
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��������������
���

〉 �

HI'6�0/?#&)2)"+�3V<='6+�[('TC,/(+��"'*>;+�3Vc�[1+.�,-6+�> @ 3(> +.3V<(#&�7'*)0�7�&)"'*9j'6+��,).n8<(# r '6�
R

2 <=+.�0�¢-Tq D�/(+.3('*3(�
/?# -Q)

V (x, y)
<=+.C	9 �;3VO�4	+�'t��+.!;)"� �"+�3w# @ ^a> +EC2%1#&3(38),+.3Vx�#&��#&-6-*+.-*�;> ��#&�7�XCS<='6+PRU'*>;+�3?C"D�/?#$^��

),+.37/?#$)En&<='*+�4�'6�S<(# 3(379 � 3�+�'63(+���3?� �"�B'6+��,),+.3B�P+F)"+��"�7'*3?# 38),+�3(^ @ 3(!8),'6� 37> +�^a� ��<=+��,)�/?#&[]+�3pG
�b#74�'*��'63(O�4�'TC"D�/(+�3~4�'6C"C,+�3pn(<(# r +.C�> +.3?# @ +�'63(+�C,� -TD�/(+b> '6[=).n(/1#&[]+�3A4�'*�Z# -6C,�

	���
x = (ξ1, ξ2), y = (η1, η2) ∈ R

2 � ���

∆2(x, y) = ξ1η2 − ξ2η1.

�P'*+_+�'63(O�'6> +L3?� �"�B'6+��,),+_��+�),+��"�7'*31#&38),+.3=^ @ 3(!8),'6� 3 '*�
R

3 ! +�3?3(+�3 4�'6�A# @ D�/ C"D�/(� 3�n
C,'*+~'6C2)�31q&�7-*'TD�/}<?# C7�j%?#$),� xU�,�=< @ !8)EG¢Hl+�'TC,+�3��='*+A<='6+.C��7# -�C2+.-*[]+��B3?# D�/ @ 3?<}O�4�#&��# @ ^
^a� -6> +.3?<=+.�¾H_+.>?v(H q /(-6+�3J�j'*+�<(�,+.'��j%?#&-*),+.3=�³��+�!8),�;�,+.3

x = (ξ1, ξ2, ξ3)
T , y = (η1, η2, η3)

T , z = (ζ1, ζ2, ζ3)
T

@ 3?<�+�38)g4�'TD�! +�-63��j'6+	<('*+	��+�),+��"�7'*31#&38),+
∆3(x, y, z)

3?#;D�/�<=+.�
+.�"C2),+.3Bu]+�'6-6+ G»�P#;C�>;'*[=)�<(#&3?3
+�'63(+��?� �"�B+.-p<=+��Zs��2)

∆3(x, y, z) = ξ1∆2

((
η2
η3

)(
ζ2
ζ3

))

− ...

�b#&3(3eC,+F),O.+�3eC,'*+7/('6+���<('*+X�;[('*>;+B�?� �"�7+�-�^a`(�
∆2

+.'*3 @ 31<lC,� -6-*),+�3h<='6+7^a� -6> +.3?<=+V�(�;�,�7+.-
+��"/?# -Q)"+�3pv

∆3(x, y, z) = ξ1η2ζ3 + ξ2η3ζ1 + ξ3η1ζ2 − ξ1η3ζ2 − ξ2η1ζ3 − ξ3η2ζ1.

��+��"'*�?O�'6+��"+�3��j'*+L# 3}<='6+.C,+��zK	+�'TC2%('6+�-�# @ D�/pnS<(# r '6�7�B+.�V<(# C"C,+�-6[1+A/(+.�"# @ C2!;� �7��)En
+.>;# -
3?#;D�/�4	+�-TD�/(+��0ut+�'6-*+��=<=+.�0�j%?# -Q)"+��j'*+�+.38)g4�'6D�!;+�-63pG&kL# D�/?+�3X�j'*+PC2'TD�/�3?�jD�/?�7# -?<=+.3Vu @ C,# �B�
�7+�3(/1#&3(>7�7'Q)�<(+�� '6� ���;�,!$# %('Q)"+�-o+.'*3(>;+F^a`(/?�2)"+�3A> +.� �7+F)"�,'TC,D�/?+�3��j%1#$)2�³xS�"�=< @ !8)Z!j-6# �.G

Hl+�'*),+���[?'6C
� 〉

〉 �

�gC2)
f : R

2 → R
2 +.'*3KLZ�;�B�;�7� �"%(/('TC2� @ C @ 3?<_C,'63?<

x, y ∈ R
2 > +�>;+�[]+�3pnoC,��!;{ 3(3?+�3

4�'6�P<='6+�O�4	+�'
x�#&��#&-6-*+.-*�;> ��#&�7�7+b# @ ^a> +EC2%?# 3(38)Z9 �;3 x, y @ 3?<J9;� 3
f(x), f(y)

[1+�),��# D�/8),+.3pG
��/(�"+i�
-Tq D�/?+�3('63(/?# -Q)"+\C,'63?<

V (x, y) = ∆2(x, y)
@ 3?<

V (f(x), f(y)) = ∆2(f(x), f(y)).

�b#X#&[]+��
∆2(f(x), f(y)) =

<(+F)
f · ∆2(x, y)

'TCg)En(/?#&[]+�3~4�'6��#&-TC2�
V (f(x), f(y)) =

<=+�)
f · V (x, y).

�P'*+EC�! {;3(3(+�3~4�'6��> +��;�7+F),�"'TC,D�/~C2�X<=+ @ ),+.3pv
� @ �"D�/~<=+�3 LZ�;�7� �7� �"%(/('TC2� @ C f 4�'6�"<�<(# C	9 �;3

x, y
# @ ^a> +.C,%?# 3(38),+bx�# �"# -*-6+�-6� >;�"# �7�

O @ <(+��z9 � 3
f(x), f(y)

# @ ^a>;+.C,%?#&3?3;)"+�3�9 +.�,O.+��"�2)EG G Hh#&� @ �z'6C2)�<(#;CVC2� � IX�P# [1+.'�4�'6�"<
C,'6D�/A' G #?G?<=+��P�
-Tq D�/?+�3('63(/?# -Q)�q 3?<=+��"3pG?�P'6+i> +���# <(+\# [(> +.-*+.'Q)"+F)"+��(� �"�7+�-p[]+.C"#&> ).n?<?# r <='6+.C,+
� 31<=+�� @ 3(>�<(+.C���3(/1#&-*),+.C @ 3?# [(/?q&3?> '6>b9;� 3X<=+.� !;� 3(!j�"+F),+.37x�# �"# -*-6+�-6� >;�"# �7��'6C2).n8C2�;3?<=+��"3
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3 @ �V9;� 3I<=+�� LZ�;�B�;�7� �"%(/('TC2� @ C f # [(/?q 3(>&) @ 31<�'*�7�7+��V+.'*3?+�3I! �;3?C2)"#&38)"+�3��?#&!8)"� �En
3?q �B-6'TD�/~<=+�)

f
[1+�),��q&>&)EG

� � � � ���)�  � ��� � � �)� � ��� �����#3 � 3 � 3� �0. � � � &<� � ��� ���  	 � 8��)3��1 & � ��� � � �;: . � ���� � .0� � �� ��� � ��� ��9� ��� � � 39$ 9� � � � -�� � ���  " - - � � ��& � $��'&� : .4� � � � 3 � 3 � 3� ��. � � � &<� / � � ������
��3?C,[1+EC2�;3?<=+.�,+P'6C2)Z#&-TC2�7<=+F)

f
<=+.�	��3?/?#&-*)Z<=+.C�9;� 3

f(e1), f(e2)
# @ ^a> +EC2%?# 3(38),+.3wx�#&��#&-*�

-6+�-6� > ��#&�7�XC
HI'6+.<=+.�,/(�;-*+.3A�='*+i<='6+.C,+�-6[1+.3JcZ[]+��"-*+.> @ 3(>;+�3�^a`(��<=+.3

R
3.db+�/?+�3J�j'*+\+.'*3(�X# -o�B'*)�<='6+.C,+�����38),+.�,%?�,+�)"#$)"'*�;3�<=+.����+�),+��"�7'*31#&38),+i<='6+�s @ C"C"#&> +.3w9;� 3

�=#&),ON��G��h'*�z+�'63(O�+.-*3?+�3 < @ ��D�/ @ 3?<I`?[1+.�,-6+�>;+�3 �j'6+ | +�4	+�'6-6C�<(#&[]+�' nU4�# Cw<='*+N+�'63(O�+.-*3(+.3
s @ C,C"#&>;+�3~> +��;�7+F),�"'TC,D�/V[]+.<(+ @ )"+�3pG

� �
	 &<� � � � � � .�� � $ � � � ��� �� � �!�!$ 9� � 9� : . � & � $���� 	 & � 8'� � 3 � � � ���
� ��.<9��9� � 7 �   � � - � � � 6 � 9��� � * � ��� � � � � $ ��3 � � �  � � : .0��� � �!�� ���� �)��� � 3 � � �� � � �)�� � ��� � � �)� - 9�'& : .0� � �

�¢`(�ZRS31<=� �7� �"%(/('TC,�B+.3�'63J'6�,>;+�3?<=4	+�-TD�/(+.3
n
��<='6�B+.3?C,'*�;3?#&-6+�3

K
�³��+�!8),�;�,��q @ �B+.3w>;+�/8)

3?#&),`(�"-*'TD�/�<='*+EC2+J# 3?C,D�/1# @ -6'6D�/?+���38),+.�,%?�,+�)"#$)"'*�;3�<(+��V�P+F),+.�,�7'63?#&38)"+~9;+��"-*�;�,+.3pG�H_+.3(3 �j'6+
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 = a11a22a33 + a12a23a31 + a13a21a32

− a31a22a13 − a32a23a11 − a33a21a12.
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