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LMV:414�TU0Q2=4A412 � �

¨M'�0Q2=@�TXV:��8:2='�>
.1@
'fV/'?��.AJI25'�«N2=´�03GN@325' �
F¯dHGIG [*k°m )ÅpDr1svt

λ1, ..., λm

Æ u �Q{=xUy/r u t u s u È�r �Du s<Ç u � ��uµ� � f,
�-svt

u1...., um � � �/u y*')0
�Qr �/u È¯r �/u s�Æ u��<� |b� u s Ë {�|�{3rAsvt?tIr u { u wArAs u ~-�F�IsK~ � y<�$s � r ���
S�d�'nd�¾gaIY¦OR.�0�&(':BDV/´�03.AGI' �� 25.

m = 1 :
�C4ATM��.1JN2='f«I25´�03GI@
.�TX0

u1 6= 0
V/'KB*B/+-OR.10CBD.12°«IGI'�.A8/O +I414A2=.A'/2�JN2=;/.A4AB/2	032

�:+IOR.14A.12
(u1)

V/':+I;/8:­-':JI.AJ �
m > 1 :

� 2=.A2='?'fV/'
(u1...., um−1)

V/':+-;:8:­-'/JN.1J � ºq.A@MV/'�0325@QT3V:��8/25'�25.1':27>7.A'/25+I@3´NGIO��;/.A':+$0Q.1GN'
α1u1 + ... + αm−1um−1 + αmum = 0OR.�0

αi ∈ K.
L�+I��8?·*V/4103.A,/4A.1´$+$0Q.1GN'?O�.10

λm

.�TU0M+-VK��8

λmα1u1 + ... + λmαm−1um−1 + λmαmum = 0,

':+N��8��C'�>¦2='KBD2='�«IGN'
f
+-VDE�BD.A2�2=@�TU0Q2O<F4A2=.���8fV/'/JR.�TU0M+-VK��8

α1f(u1) + ...αm−1f(um−1) + αmf(um) = 0.

SF+
ui

��.AJI2='f«N2=´�03GN@��5V/O¤��.AJI25'�>¦2=@30
λi

.�TX05®7B � 8 � f(ui) = λiui,
´N²I'/'/25'�>
.A@�BD.A2�4A2	0Q�	0Q2

<F4A2=.���8�V:'/JP+-V:��8?T3��8:@325.1;<2='?+-4�T

λ1α1u1 + ... + λm−1αm−1um−1 + λmαmum = 0.
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	�����

�������������������������������

� V/;/03@�+-8/.A2=@Q2='�>
.1@
;<2=.�BD27>¼.1'/2¢+-@Q´IGNO°;/.A':+$0Q.1GN'/2='\«IGI':2=.A':+-':B/2=@¢®fT3G�EHGI4AJ-0

(λm − λ1)α1u1 + ... + (λm − λm−1)αm−1um−1 = 0

V/':B±B/+
(u1...., um−1)

V/'K+-;/8:­I'/JI.AJ?TX.A':B£V/':B
λm − λi 6= 0

EHW:@
i < m,

.ATX0�'/G-0U>¦2='KBD.1J
α1 = ... = αm−1 = 0

V/'KB�B:+-'/'?+-;<2=@M+IV:��8
αm = 0,

>�+IT�BD.A2�¥¦2=8:+IV/,D0QV/'/JR�=25.1JI0 � �

�M4�TM�:GI4AJI2=@QV/'/J�2=@Q8:+I4�0Q2='�>
.1@
B [Dc,C*knmio��Ã� u {Xr �i�N�¡u rAs�È¯svtf|bz\|$��É�y:rA{3z\�I{ f u rAs u { n

0UtIrAz u s:{3r}|$sK~$w u s �<u���� |$�3��~D�Iz u { U

�Du sK~D� n
Æ u ��{	xUy:r u t u s u È�r �Du s�Ç u � ��u λ1, ..., λn,

{�| � r1wgt u s�tNr u¯� � �Du y 'b�Qr �/u s°È¯r �/u s�Æ u��<� |b� u s
(u1...., un) u rAs u �
~-{3rA{µÆ$|bs U.

� GN4A��8/2µ��'KBDGIORGI@Q,/8/.�T3O�25'�JN.1;/0M25T5®D2	0U>�+�B/2=@MBDV/@���8?BD.12�S�.�+-JIGN':+-4AOP+$0Q@3.1ª

F =













λ1

� � � 0

0
� � �

λn













B/+I@3JN25TX032=4A41032F.ATX0M2=.A'*TXGN4A��8/25@ �S�.12R&UBD25'N0Q.�0�­$0�.�B
U

ÐH>�+IT�T3.1':B±BD25@325'£��.AJI25'f>¡25@X0Q2�V:':B��¯.1JN2='f«I25´N0QGI@Q2='��bÑ��=25.1JI0�+-;<2=@¢®
B/+IÎFBDV:@Q��8:+IV:T�2=.A'/2
¥¦+NTX.�T%+-V:Tj��.AJI25'f«I2=´�0QGI@Q2='�2=ªf.�TX03.A2=@Q2='°´$+I'/'7®$GI8:'/2¦B:+-Î

n
«I25@QTQ��8/.A25BD25'/2

��.AJI25'�>¦2=@3032µ«NGI@Q8:+-':B/2='�T3.A':B �<F.A;D0�25TF�=V£2=.A'/2=O¤�¯':BDGIORGN@3,/8:.AT3O°V:T
f
25.1':2�¥�+IT3.�T�+IV:TF��.1JN2='f«I25´�03GI@Q2='¼®<T3G�´N²I'/':2='

>
.A@
f
.A'?T3,<2=�=.A2=4A4A2=@
º±2=.�TX2�B/+I@QTX0325414A2=' �

B [Dc,C*knmio<o .%� u rAs u zÏÈ�svtD|bz\|b�(É�y/r�{Xz��I{
f
{ u r (u1...., un) u rAs u �
~-{3rA{�~D�I{�È�r �/u s�Æ u�� 0

� |$� u s�Æb|$s f � ��È�r �Du s<Ç u � ��u s λ1, ..., λn. Ê ~$s/s �fu {Xr �i�N� f �fu��I�$� w1rgxUyqtIr u { u �R�
~-{3rA{\tIr u
Ê ~$��{ �(u wAwg�-s � ~-wA{ Ê r}~ � |$sK~$wAz¬~ � �3r �

F =
B/.A+IJ

(λ1, ..., λn) :=













λ1

� � � 0

0
� � �

λn













S�d�'nd�¾gaIY�LC+N��8¬)�+-,/.103254:6�T3.1'KBPBD.12C��4125OR2='�032
βij

B/2=@
j
��032=' � ,:+-410¯«NGI'

F
JN2=@�+IBD2MB/.12M;<2=.

BD25@MS�+I@QTX0325414AV/'/J
f(uj) = β1ju1 + ... + βnjun+-V/E}03@Q2	0325':BD25'�)CGf2��P�5.125'N0Q2=' � S�+�BD.12 uj

8/.A2=@n��.1JN2='f«I25´�03GI@Q2='lT3.1':B7®�.�TU0�+-;<2=@�ÐiOR.�0RBD2=O
� �
����� ���M��� � � ¹fO°;<GI4

δij

Ñ

f(uj) = λjuj ,
B � 8 � βij = δijλj .

�

��d� %]j¾Hc5¾"!K] knmio/Á %X_�¾g[/^8!K]j[/ei¾ga5¾gd�`¢¿%[D`)-�� u {Xr �i�N�µu r1sÍÈ�svtf|$z¬|$��Évy/rA{3z\�N{ u r1s u\Ê ~$��{ �(u wK0w��-s � tK�-�=xUy u rAs u
Ê r�~ � |$sK~$wAz¬~ � �Qr �<Ë {�|µy u rA� ��u � 2 tIr}~ � |bsK~-w1r�{3r u � � ~-�,3 � È�rAs uC� ~ � �3r � A
y u r1� �tIr}~ � |bsK~-w1r�{Xr u � � ~-� Ë Ç u s/s�t u ��t:�-�5xUy x 7→ Ax �/uQ�Du-�fu s u È�s7tf|bz\|b�(É�y/r�{3z\�I{CtIr}~ � |$sK~$wAr�{Xr u � 0

� ~-�
rA{ �3�
S�2=' � +$0Q��� � �I�µ´I²N'/'/2='�>
.A@
V/OPBD@3258/2='¼Y
B [Dc,C*knmio # # u t u �¬tNr�~ � |bs<~$wArA{3r u � � ~$� u È�s7tf|bz\|b�(É�y/r�{3z\�I{ f ∈

6CGIO
(U, U) �fu {Xr �i�N�µu rAs u9K~-zRr1wAr u Æ$|bs�È�r �/u s�Æ u���� |b� u s (u1...., un),

tIr u�u rAs u �
~-{3r�{�Æ$|bs U � rAwgt u s �



��� �

S�d�'nd�¾gaIY�SF+
f
BD.�+-JNGI':+I41.�TX.A2=@Q;:+I@�.ATX05®f2	ªD.�TU0Q.125@X0¡2=.A'\&UT3GIORGI@Q,/8/.�TXOnV:T

ϕ : U → Kn,
TXGDB/+IÎ

f ′ := ϕfϕ−1 ;<2=�5W/JI4A.���8�BD25@
´$+-'/GN'/.ATQ��8/25'���.A'/8/25.�0�TX«N2=´�03GN@325' ei

BD.A2�·�+$0Q@3.1ª/B/+-@�TX032=4A4AV/'/J

F =
B/.A+IJ

(λ1, ..., λn) :=













λ1

� � � 0

0
� � �

λn













8:+-0 � SF+-'/'�.�TU0C+I;K25@ f ′(ei) = Fei = λiei

V/':B�OR.10
ui := ϕ−1(ei)

.ATX0MB/+-':'

f(ui) = (ϕ−1ϕfϕ−1)(ei) = (ϕ−1f ′)(ei) = ϕ−1(f ′(ei))

= ϕ−1(λiei) = λiϕ
−1(ei) = λiui.�M4�T3G�TX.A':B BD.A2

ui

�¯.1JN2='f«I25´N0QGI@Q2=' V/':B +-4�T¬¥¦.A4ABD25@\BD25@¬´$+-'/GN'/.ATQ��8/25' ¥�+IT3.�TRV/'�032=@�BD2=O
&UT3GIORGI@Q,/8/.�TXOnV:T

ϕ−1 2=.A'/2�¥�+IT3.�T¡«NGI' U. �

ºq.A@
´I²I':'/2='?BD.A25T325T���@QJI25;/'/.�T��=V:TQ+-OROR2='DEi+NT3T32='?+-4�T
B [Dc,C*knmioHDÃÈ¯r1snÈ�svtf|$z¬|$��Évy/rA{3z\�N{

f
rAs

U
r�{ �K�Du sK~D��t�~$s/s¬tIr�~ � |$sK~$wArA{3r u � � ~$� Ë t � y � t:�-�5xUy

u rAs uFÊ r�~ � |$sK~$wAz¬~ � �Qr � tf~$��{ �(u wAw � ~-� Ë Ç u s/s u { u rAs u �
~-{3rA{
~D�N{�È�r �/u s�Æ u���� |b� u s � � f � r �/�3�
f
r�{ � {XrgxUy u �µtf~$s/s±t�~ � |bs<~$wArA{3r u � � ~$� Ë Ç u s/s u { � �Rr1y:z n =

BD.AO
U
Æbr u w u Æ u �Q{=xUy/r u t u s uÈ�r �Du s<Ç u � ��uM� r �D�Q�

¨MO ·�.ATQTX«N2=@�TU0�­-':B/'/.ATQT32='P«IGN@3�5V/;<2=V/JN2='7Y�>72=.�BD25@¦T3.1'KB¬´I25.1':25T3>¡25JNT�+I414A2C��'KBDGIORGI@Q,/8/.�T3O�25'
.A'�25':BD4A.A��8/��BD.AOR2=':T3.AGI':+I4125';:M­IV/OR2='*BD.�+-JIGN':+-4A.�TX.A2=@Q;:+-@ ���8/2R>
.A@µV/'�032=@�T3V:��8/2='¼®K>¦2=4���8/2�8:­-ÎN41.���8/2='���':BDGNO�GN@3,:8/.AT3OR2='lBD2=':'£T3GI':TX0F':Gf��8±+-VDE}�
03@Q2	0Q2='7®¼2=.A'±,K+I+-@��C;K25@34A2=JNV/'/JN2='±�=V/@��:@Q+IJI2I®v>
.A2POP+-'l��.AJI25'�>¦2=@3032�V/':Bl�¯.1JN2='f«I25´N0QGI@Q2='
;<2=@Q25��8/'/2=0 �&UTX0

λ
�¯.1JN2='f>¡25@X0¢®DTXGR.�TU0
':+N��8 � +-03�µ� � �  U2¢BD25T x 6= 0

+-V:T
BD25O )µ2=@Q'\«NGI'
(f − λ

.�B
U )�=V:JI2=8:²I@Q.1JN2=@¼�¯.1JN2='f«I25´N0QGI@ � S�2='R)µ2=@Q'°�5Vn;<25TX03.AOROR2='�8/2=.AÎ-0�+-;<2=@%2=.A'�8/GIORGIJN2='/2¢T¼4A.A'/25+I@32¢T<F4A2=.���8�V:'/JNTQTX¹DTX0325O§�=V 41²�TX25'±V:':BÀ>¦2='/'À>
.A@°25@QTX0°�=V 2=.A'/2=@�·�+$0Q@3.1ª/B/+-@�TU0Q2=4A41V:'/J

F − λIW/;<2=@QJI25JN+-':JI2='�TX.A':Bv®/T3GI4A41032�BD.A25T�´N2=.A'�¸�@QGI;:4125O©T32=.A' � Ð�� ���������
	 �����
��� ����4A.1OR.A':+$0Q.1GN'�� Ñ
S�2=OR':+I��8�;/@�+-V:��8:2='�>
.1@�+I4AT3G�
U'fV/@��¡'/GD��8PBD.A2¦�¯.1JN2='f>¡25@X0Q2��=VR;K2¢TU0Q.1OROR2=' � SF+$EHW/@�4A2=JI0)�GI@QGI4A4A+I@¡� �A@ EHGI4AJI25':BD2='�º±2=JP':+I8/2IY��������������� �!�"�$#%���'&�()��*
��+����,*��-�.�/�-�,&�()��021�354��61��879�:#;�.��*
�.&.(<�:�'#=���.�,���?>@793 3A������3 3B���:C
�jW/@¦JN+-':�M´f4125.1'/2

n
GDBD2=@¡EHW/@�TX,<2=�5.125414A2µ�j­I414A2MEHW:8/@X0
BD.A25T¦+-V:��8\�=V/O Ó<.A2=4 � &(O +I414AJI25OR2=.1�

'/25'\.�TU0M+-;<2=@
TQ��8/GI'�BD.12µ¥¦25TX03.AORO°V/'/JRBD2¢T¦��8K+-@�+-´�0325@3.�TU0Q.ATQ��8/25'P¸jGN41¹f'/GNOPT¯25.1'/2µOnW/8:TQ+-OR2
� +N��8/2�V/':BÃ�=V/@�¥¦2=@Q25��8/'fV/'/J�T32=.A'/25@�LCV/414�TX032=4A4A2='�.�TU0�OP+-'Ã+IVDE�'fV/OR2=@Q.ATQ��8/2�·*2=038/GDBD25'
+-':JI2=>
.A25T32=' � SC.A25T¡­-':B/2=@30¯TX.���8R'/.A��8�0¯,:@3.A'/�=.A,/.A2=4A4g®N>¡25'/'POP+-'P+-'KBD2=@Q2M·*2	0Q8/GDBD2='P«N2=@3EHGI4AJ-0 �D!�E�@FG���.�/� �!�H�,�I#%�,*$JK�5L=�,�)MN�,*����O�,� �6����JK�:#%1P�H1P*/QR(<�-���!7<�!�-���G�SC �%CK�)79*'�'� �T�)79�"��U
*��-�,&�()���V>$W�(R�,*�79�XLP���H�,� ()1Y#=���Z�H[�L%3\�S&�()C

S�.12¦�MV:TQT3+IJI2�«NGI' � +-03�¯� � ���MTX25.N':Gf��8�2=0U>¦+NT¼+I414AJI25O�25.1':2=@7;<2	0Q@Q+N��8N0Q2	0 � &UTX0 λ
��.AJI2='f>¦2=@30

«IGN'
f
®bTXG�.ATX0%+I4AT3GM':+N��8 � +-03�¦� � �  U25BD25@%Ô�2=´�03GN@ x 6= 0

+-VKT¼´N2=@
(f−λ

.�B
U )
2=.A'°��.AJI25'�«N2=´�03GN@

«IGN'
f
�5V

λ.
LM258/OR2='l>
.1@µ'fV/'±'/GD��8£BD25'±LCV/4A41«N2=´�03GN@F8:.1'/�5V7®7T3G�8:+I;K25'£>
.A@�+-4�TXG�2=.A'/25'

¨M'�0Q2=@Q@Q+IV/O �
B [Dc,C*hj]�_ ��d� j]j¾Hc¢¾ !<]Íknmio�J�%UkF¾i^<df]¼`$[/hMG -?ÂU{ � λ

È�r �Du s<Ç u � �%� � f,
{�|�s u s/s � z¬~$s

��.AJ
(f ; λ) :=

´I25@
(f − λ

.AB
U )

t u s 2 È�r �Du s:��~/�-z 3MÆb|$s f � � λ.
� �b�Du { u y u s±Æb|$s�t u z !��Iw1w�Æ u��<� |b� �Du { ��u y � ��.AJ (f ; λ)

~D�I{
�Du sK~D�°~-w1w u sPÈ¯r �/u s�Æ u��<� |b� u s?Æb|$s f � �-z³È�r �Du s�Ç u � � λ.

ÂU{ � f
~D�I{Mt u z %�|bs ��u����¡�fu�� ~-s/s �UË{�|°{=xUy/� u r �D� z¬~$s�yK�D�P] � ~/�DxUy

Eλ :=
´I2=@

(f − λ
.�B

U )
Ä � ��t u s�È�r �/u s/��~D�Iz �
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SF+ITµGI;<2='±JI25�=25.1JI032 >¼2=OROP+�� � � W/;<2=@�B/.12P¨M'K+-;/8:­I'/JI.AJI´N2=.10F«NGI'£��.1JN2='f«I25´�03GI@Q2='�4A+IVD032=0OR.�0CB/.12¢TX25O©¥¦2=JN@3.1¶�+-4A41JN2=OR2=.A'/25@¦>
.A2FEHGI4AJ-0¢Y
F¯dHGIG [*k°mgo �9pfrAsvt

λ1, ..., λm

Æ u ��{	xUy:r u t u s u È�r �Du s<Ç u � ��u°� � f,
tf~ � � Eλi

tIr u È�r �/u s 0���D�-z u¢Ë {�|°rA{ � tIr u p��-zRz u
W := Eλ1

+ ... + EλmtIrA� u����UË t � y � r�{ �
w1 + ... + wm = 0

zRr � wi ∈ Eλi
, (i = 1, ..., m),

{�|�r�{ � w1 = ... = wm = 0.

S�2=@ Snd�'°df¾ia¯.ATX0¼Ei+NTU0�>¡²N@X0Q41.���8�BD2=@�«IGN'7>72=OROP+M� � � V/':B�T32=.fBD25T38:+I41;�+I4AT �M;/V:'/JCJN2=4�+ITQTX25' �º�­-8:4125'�>
.1@µ+-4�T3GPEHW/@¡ U25BD25'���.AJI25'/@Q+IV/O 2=.A'/2n¥�+IT3.�T=®�TXG\;/.14�BD25'£+-4A4A2nBD.A25T32n»�2=.A41;K+IT32='
�=VKT3+IO�OR25'Í25.1'/2*¥�+IT3.�Tn«NGI'

W =
⊕m

i=1 Eλi
,
BD2=O «NGI' +-4A4125'Í��.AJI25'f«I2=´�0QGI@Q2=' +IVDEHJI2=�

T3,:+-'/'�0Q2='?¨M'�0325@3@�+-V/O � SF+-OR.10M´b+I'/'?OP+-' � +$0Q��� � ���R+-V:��8?TXGP+IV:T3T3,/@Q25��8/25'7Y
B [Dc,C*knmio �qÈ¯r1s£È�svtf|$z¬|$��Évy/rA{3z\�N{

f ∈
6CGIO

(U, U)
rA{ ���Du sK~D��t�~$s/sltNr�~ � |bs<~$wArA{3r u � � ~$� ËÇ u s/s

U =
m

⊕

i=1

Eλi
,

Ç�| �Du r%tIr u λi �Du ��~ft u tIr u Æ u �Q{=xUy/r u t u s u s�È�r �/u s�Ç u � ��u Æb|$s f
t:�-�5xUy/w�~/�-Ä u s �

S�d�'nd�¾gaIY¦&UTX0
f
BD.�+-JNGI':+I41.�T3.125@3;:+I@5®�T3G�;<25T3.103�	0

U
25.1'/2¬¥�+NTX.�T�+-V:Tµ�¯.1JN2='f«I25´N0QGI@Q2='±«IGN'

f.LM.AORO�0POP+-' 8/.A2=@PBD.A2��5V/O T32=4A;K25'Í�¯.1JN2='f>¡25@X0F U2=>¦2=.A4�Tn�5V:TQ+-OROR2='7®�T3G£25@3JN.1;/0RT3.A��8 BD.A2
;<2=8:+IV/,D032=032�SF+-@�TU0Q2=4A41V:'/JP+-4�T
BD.1@Q2=´�0Q2 � V/ORO�2 �&UTX0\+-':BD25@325@QT32=.10QTRBD25@PJN+I'/�=2 :M+IV/O BD.A@Q2=´�032 � V/OROR2�«NGI' ��.1JN2='/@�­-V:O�25'7®�T3GÀ2=@Q8:­-410
OP+-'*':+N��8*GI;/.AJI25@C¥¦2=OR2=@Q´fV/'/J\B:+-@�+-V:T
25.1':2°¥�+IT3.ATC«IGI'

U,
BD.A2�J�+-'/�°+IV:TM�¯.1JN2='f«I25´N0QGI@Q2='

;<25TX032=8�0¢®/>¡GN':+I��8�B/+-':'
f
BD.�+-JIGN':+-4A.�TX.A2=@Q;:+-@¡.ATX0 � �

Õ 〉

ºq.A@P>
.ATQTX25'7®¯B/+IÎl2	0U>�+£W:;K25@
C
 U2¢BD2=@\��':BDGNO�GN@3,:8/.AT3O°VKT

f
2=.A'/25' �¯.1JN2='f>¡25@X0PV/'KB

EHGI4AJI4A.���8l+IV:��8l2=.A'/2='À�¯.1JN2='f«I25´N0QGI@�;<25T3.�0Q�	0 � &UTX0 f
BD.A+IJIGN':+-4A.AT3.A2=@Q;:+-@¢®vTXG*;<25T3.�0Q�	0°25@°T3GIJN+I@

2=.A'/2�¥�+IT3.�T¦+IV:T���.AJI25'�«N2=´�03GN@325' � ¥¦2	03@�+I��8�0Q2='\>
.A@M'fV/'�2=.A'/OP+-4¼B/2='?BDV/@���8

F =





















λ1 1
λ1 1 0

� � � � � �
� � � 1

0 λ1 1
λ1





















JI25JI25;K25'/2='���':BDGNORGI@Q,/8/.�TXOnV:T
f ∈

6MGNO
(Cn, Cn).SF+ITF��8:+-@�+-´�0325@3.�TX03.�T3��8/2°¸jGN41¹f'/GNO 4A+IVD032=0

χf (λ) = (λ1 − λ)n,
T3GfB:+-Î

λ1
BD2=@µ25.1'/�5.1JN2

��.AJI25'�>¦2=@30�«IGN'
f
.�TU0 ��� ¶�2='f;:+I@�.ATX0 e1

B/+I�=V/JN2=8/²N@3.AJI25@µ��.1JN2='f«I25´�03GI@ � � ��8:+IV/2='l>
.A@nBD25'�=V:JI2=8:²I@Q.1JN2='\�¯.1JN2='/@�+-V/O

Eλ1
=
´I25@

(f − λ1
.AB

Cn) =
´N2=@

(F − λ1I) =
´I2=@





















0 1
0 1 0

� � � � � �
� � � 1

0 0 1
0























��� @

+-' � S�.12°·�+$03@Q.1ª F − λ1I
8K+$0C'/GD��8�BD25' :M+-':J

(n − 1)
®<TXGNO�.10C25.1'/25'�2=.A':BD.AOR2=':T3.AGI':+I4125'

)µ2=@Q'¬V/'KB\B/+IO�.10¡.�TX0�+I4AT3G
Eλ1

=
TX,:+I'

(e1),
B � 8 � +-4A412���.1JN2='f«I25´�03GI@Q2='¬T3.A':B¬Ô�.1254�Ei+N��8/2C«NGI'

e1. �jW/@
n > 1

.ATX0M+-4�TXGPBD.A25T325T
f
'/.���8N0CB/.A+IJIGI'K+-4A.AT3.125@3;K+-@ �¨M'�0Q2=@�TXV:��8:2='\>
.A@
B/+IT�Ô�25@38K+-41032='�«IGN'

f
+IVDEjB/2='�´b+I'/GI':.ATQ��8/2='���.A'/8/2=.10QT3«I25´�03GI@Q2='�JI2=�

':+IV/2=@ ��¯T
.�TX0
f(e1) = λ1e1,

B � 8 � (f − λ1
.�B

)e1 = 0.
�¯T
.�TX0

f(e2) = λ1e2 + e1,
B � 8 � (f − λ1

.AB
)e2 = e1 6= 0,

+I;K25@
(f − λ1

.�B
)2e2 = (f − λ1

.AB
)e1 = 0.

� GR´$+-'/'?OP+-'�>¦2=.1032=@�TQ��8/41.A2=ÎN2='�V/':B�2=@Q8:­-410�EHW/@C+I414A2
2 ≤ m ≤ n

(f − λ1
.AB

)em = em−1
V/'KB

(f − λ1
.AB

)m−1em 6= 0, (f − λ1
.AB

)mem = 0.
S�.12¢T�EHW/8/@30M�=V
��d� %]j¾Hc5¾"!K] knmio " %��*[/h���c,*Kd�+vc,!K`$d�] -£ÂU{ � λ

È¯r �/u s�Ç u � �¦� � f ∈
6MGNO

(U, U)
{�|¬y u rA� �E u t u � �<u���� |b� x ∈ U

zRr �
(f − λ

.�B
)m−1x 6= 0, (f − λ

.AB
)mx = 0.

u rAs 2 �F~D�5É � Æ u���� |b� m
0 �(u �Cp � �-Ä u 3 Ë�� z��	� Ë�
DË��A�A� �b�

�jW/@
m = 1

4�+-V/032	0CB/.12�¥¦25B/.1'/JNV/'/J

(f − λ
.�B

)0x 6= 0, (f − λ
.�B

)x = 0,

>�+IT�>¦2=JI25'
(f − λ

.�B
)0 =

.�B�JI2=@�+IB/2�;<25BD25VD032=05®<B/+-Î
x
2=.A'��¯.1JN2='f«I25´N0QGI@�.�TU0 �


$�P7�Q6���E�.+P� 1P*
���
1
U�����*�� �/7���� ��� �:#'JK�5LX�����E�.+P� 1P*
���:C

&(O EHGN41JN2=':B/2='?TX2=03�=25'�>
.A@M�5V/@
Ô�2=@Q2=.A'DEi+I��8fV/':J�BD25@MLMGI0Q+$0Q.1GN'

fλ := (f − λ
.�B

).

F¯dHGIG [*k°mgo ) ÂU{ � xm u rAs ��~/�5É � Æ u���� |b� m
0 ��u �Pp � �-Ä u\� �Iz�È�r �/u s�Ç u � � λ

Æb|$s
f
�-s7t

t u ]/s/r u � u s±Ç�r1�MÄ � � j = 1, 2, ..., m
tIr u\�<u���� |$� u s

xj := f
m−j
λ (xm),

{�| �/u w ��u s
� r � xj

rA{ � ��~D�¢É � Æ u���� |$� j
0 ��u �Cp � �IÄ u$�

� rAr � f(xj) =

{

λxj + xj−1
Ç u s/s j > 1,

λxj

Ç u s/s j = 1.

� r1rAr � (x1, ..., xm),
t � y � tIr u { u Æ$|bs£t u z ��~D�¢É � Æ u���� |$� xm u � �$u � �<��u72 % u$�X�(u 3CÆ$|bs ��~/�5É � 0Æ u���� |b� u s\r�{ � w1rAs u ~-�µ�-sK~ � yK�$s � r ���



����� � ���������
	�����

�������������������������������

S�d�'nd�¾gaIY
ÐH.}Ñ

f
j−i
λ (xj) = f

j−i
λ ◦ f

m−j
λ (xm) = fm−i

λ (xm)

{

6= 0
>¦2=':'

i = 1,

= 0
>¦2=':'

i = 0.

�M4�TXGR.�TU0
xj

6�+-V/,D0Q«I25´N0QGI@
BD25@ � 03VDEH2
j.

ÐH.A.}Ñ

fλ(xj) = fλ ◦ f
m−j
λ (xm) = f

m−(j−1)
λ (xm) =

{

xj−1
>¦2='/'

j > 1,

0
>¦2='/'

j = 1.

Ði.1.A.}Ñ � 2=.

0 =

m
∑

i=1

αixi =

n
∑

i=1

αif
m−i
λ (xm).

S�+I'/'�.�TX0
EHW/@� U25B/25T
k : 1 ≤ k ≤ m

0 = fk
λ (0) =

n
∑

i=1

αif
k
λ ◦ fm−i

λ (xm)

=

k
∑

i=1

αif
k−i
λ ◦ fm

` (xm) +

m
∑

i=k+1

αif
m−(i−k)
λ (xm)

=

m
∑

i=k+1

αixi−k

� 2	0Q�	0POP+-' '�V:' B/2=@ :
2=.A8/2*':+N��8
k = m − 1, m − 2, ...,

T3Gl2=@QJI.A;D0PTX.���8
αm =

αm−1 = ... = α1 = 0,
>�+IT�BD.A2�¨M'K+-;/8:­I'/JI.AJI´N2=.10¦�52=.AJ-0 � �

� GN4A��8/2�)µ2=0X0325'?«IGI'�6C+IV/,D03«N2=´�03GN@325'�T3,/.A2=4A2='�2=.A'/2�>
.���8N0Q.1JN2O:
GI4A412NY

B [Dc,C*knm�Á���È¡{¦{ u r (x1, ..., xm) u rAs u {�|$wixUy u % ub�3��u Æb|$s ��~/�5É � Æ u���� |b� u s � �-z È�r �Du s�Ç u � �
λ
Æ$|bs

f,
�-svt

H :=
TX,:+I'

(x1, ..., xm). Ê ~-s/s �Du w �(u s
� r � f(H) ⊂ H,

t � y � ∀x∈H f(x) ∈ H.
0 � ~-s�{�~ �<�UË�2 H rA{ � f

0HrAs�Æ�~-�3r}~$s � 3 �
� rAr ��Ê r u ��~/�5É � Æ u���� |$� u s �fu$�X�(u (x1, ..., xm)

r�{ � �
~I{Xr�{µÆb|$s H.

� r1rAr � � u��I�$� w1rgxUy*tIr u { u �
�
~-{3r�{¯yK~ � tNr u È�rAs:{=xUy/���-s � �-s � f|H
Æ$|bs

f
~D�-Ä

H
tIr uC� ~ � �3r � t�~$� 0{ �(u wAwg�-s �

FH =





















λ 1
λ 1 0

� � � � � �
� � � 1

0 λ 1
λ





















S�d�'nd�¾gaIYµÐH.}Ñ°V/':B�Ði.1.}ÑµEHGN41JN2=' BD.A@Q2=´�0n+-VKT >725OROR+�� � � � ®¼EHW/@?ÐH.A.1.}Ñ�.�TU0�412¢BD.AJI4A.A��8I>¼2=OROP+� � � � ®AÐi.1.}Ñ¦@3.���8�03.AJn�5V?.1'�0325@3,:@32=03.A2=@Q2=' � �

S�d�CNdf¾ � ��]vhj]j^Àk°m}ÁvoI%������	��

�����*[/a=c¢df] - � ~$s�s u s:s ��u rAs uC� ~ � �3r � t u �
{�É u�� r u wAw u s\rAs
� rArAr � t�~-� �/u { ��u w1w ��u s 9�|b�Qz u rAs u s 2 	8�����
��� 0 %�~I{ �(u s�3 � �Iz È�r �Du s<Ç u � � λ.



��� �

&(' � +-03��� � � @ 8:+$030325'�>
.1@�JI25�=2=.AJ-0¢®:B/+IÎ� U25BD25@�BD.�+-JNGI':+I41.�T3.125@3;:+I@32F��':B/GIORGI@Q,/8/.�TXOnV:TM25.1':2SF+-@�TU0Q2=4A41V/':J�BD2¢TO:M+-V:O�2¢T�+-4�TµBD.1@Q2=´�0Q2 � V/ORO�2R«NGI'±��.1JN2='/@�­-V:O�25'�;<25T3.�0Q�	0 � &(O¤�=>¦2=.10325'
»�2=.A4¯BD.A25T32=@�Ô�GI@Q4A25T3V/'/J?>¡25@QB/2='±>
.1@�EHGN41JN2=':B/2�Ô�25@Q+I414AJI25OR2=.A'/2=@QV/'/J?BD.A25T325T � +N��8f«I2=@Q8:+I4�0Q25T
;<2=>¦2=.�TX25'7Y
B [Dc,C*knm�Á<ÁqÂU{ � f u rAs È�svtD|bz\|b�(É�y/r�{Xz��I{nr1s u rAs u z u svtIwArixUyvtNr1z u sK{XrH|bsK~-w u s � |$z�É�w u��Ku s
�<u���� |b�Q��~/�-z U,

{�| � r �D�¡u { u r1s uFÊ ~$��{ ��u wAw��-s � Æb|$s U
~$w�{FtIr1� u����(u pv�-zRz u

U = H1 ⊕ H2 ⊕ ... ⊕ Hk,

Ç�| �Du r�tIr u Hj f
0ir1s�Æ	~$�Qr}~$s ��u Ì¼s ��u �3���D�-z u {3r1svt Ë tIr u E uPu r1s u % ub�X�(u Æb|bs ��~/�5É � Æ u���� |b� u sÆb|$s

f
~$w�{���~I{Xr�{ �fu {Xr �i�$u s � ��~ � f|Hj

t u s 	 �����
��� 0 %�~-{ ��u s Cj

~-wA{ � ~ � �Qr � t�~-�Q{ ��u w1w��-s �KË{�| �Du {3r �i�I� f
{ u w � { � tIr uF� ~ � �Qr � t�~-�Q{ ��u w1w��-s �

F =













C1

� � � 0

0
� � �

Ck













,

�Du r<t u ��~$w�{�|¦w��-s � {�t u � Ê r�~ � |bs<~$w u tIr u¡u s � {�Év� u xUy u svt u s 	 �����
��� 0 %��-{ ��u s°~D�-Ä �/u � u rAy � {XrAsvt �
� ~-s�s u s/s � tIr u {C~/�DxUy�tNr u72 	 �����
��� {=xUy u !F|$�3z¬~$wAÄg|b�Qz 3 �
� 〉

ºq.A@C'fVD03�52='*BD.A25T32���@QJI25;/'/.�T3T32µW/;K25@C��.AJI25'f>¡25@X0Q2I®/V/O©2=@�TU0Q2��MV:TQTQ+-JI25'?W/;K25@CBD.A2 >7²�TXV:'/J
«IGN'

D�� �T�,*
�,�)�/�S��3 L%3 �,�S&�(979�XLX��� �!� � +=1��)�.����� � �,���H1������,�S��� � �,�
�=V?;<2=´NGIOROR2=' �

y : R → C
n, t 7→ y(t) := (η1(t), ..., ηn(t))T

;<2=�=25.A��8:'/2�BD.A2�TX032=03.AJ°BD.1¶<25@325'/�=.A2=@Q;:+I@325'¬�/V/'/´�0Q.1GN'/2='\+IVDE
R
OR.�0¦º£25@X0Q2='¬.A'

Cn.
S�+I�=V\T32=.

y′ : R → C
n, t 7→ y′(t) := (η′

1(t), ..., η
′
n(t))T

BD.A2��M;/4A2=.103V/':J � � .A2F.�TX0¦'/GD��8�TU0Q2	03.AJP+-VDE R. A := (αij)nn ∈ Cn×n
T32=.�25.1'/2�EH25TX0
JI25>¦­I8/4�0Q2

·�+-03@Q.�ª£ÐiOR.�0M´NGIOR,/4A2	ªD2='�Ó�+-8:4125'�+I4AT���4A2=OR25'N0Q2='KÑ �
S�d�CNdf¾ � ��]vhj]j^Àk°m}Á #
� r ��� r1�
s u s/s u s u r1s u � �/� rAwgt:�-s �

D : y 7→ D(y) := y′ − Ay,
t � y � (D(y))(t) := y′(t) − Ay(t),

u rAs u slwAr1s u ~$� u s Ê r65 u � u s � r}~$wK0
	�É u ��~ � |b� u �Q{ ��u ��	¦�=tNs<�Is � zRr �M� |bs:{ � ~-s ��u s %�| u 
R� rK0
u s ��u s �

� rAr � 9 � � u rAs u { �(ub� r �/u 9¼�-s ��� rH|bs

b : R → C
n, t 7→ b(t) := (β1(t), ..., βn(t))T

y u rA� �
D(y) = b,

t � y � y′ = Ay + b

u rAs�w1rAs u ~$� u { Ê r65 u � u s � r�~-w � w u rixUy��-s � {3{ N:{ �(u z u ��{ �(u ��	¦�5tIs��-s � � zRr �¦� |$s:{ � ~$s ��u s %µ|)0
u�
R� r u s ��u s �¢�ÂU{ � b(t) ≡ 0,

{�|�� u t u s?Ç�r1�CÆb|bs u r1s u z y�|bz\| �/u s u sRp�N:{ ��u z Ë ~$svt u �Qs/Äi~$wAwA{MÆb|bs u r1s u zr1s/y�|bz\| �/u s u s �
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	�����
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·*.10CBD2='*�:V/'/´�03.AGI'/25'/@�­-V/OR2='

U := {u | R → C
n, u

TU0Q2	03.AJ¬BD.1¶<25@325'/�=.A2=@Q;:+I@
}
V/':B

V := {v | R → C
n, v

TX032	0Q.1J
}

.�TU0*G-¶�2='f;:+I@
D ∈

6MGIO
(U, V ),

>¦+NT?BD.12À¥¦2=':2='/'fV/'/J 
X41.A'/25+I@325@�S�.1¶<25@325'N0Q.A+I41GN,K25@Q+-03GN@ �
@Q25��8�0XEH25@X0Q.1JI0 �ºq.A@�>¡25@QB/2='PTX,K­$0325@¯T32=8/25'7®IB/+IÎ�TX.���8P+-V:��8RSC.1¶�2=@Q2='�03.�+-4AJI4A2=.���8fV/'/JNTX��¸�@3GN;/4A2=OR2I®$BD.A2M8/²N8/2=@Q2
�M;:4125.�0QV/'/JI25'n25'�038:+I4�0Q2='7®bW/;<2=@�T3GI4���8/2¡S�.�¶�2=@Q2='�0Q.A+I41GN,K25@Q+-03GI@Q2='�25@QTX0325@ � @�BD'fV/'/JFB/+-@�TX032=4A4A2='4�+ITQTX25' � Ð � .A2=8:2�+-V:��8?¥¦2=.�TX,/.A2=410325.14 � ÑÓ<V/@ >7²�TXV/':J°BD25T¡V/'�0325@¡¥¦2=�52=.���8/'fV/'/J�� � Õ � � ÐH.A.�Ñ�'/G-0Q.125@X0Q2='¬S�.�¶�2=@Q2='�03.�+-4AJI4A2=.���8fV/'/J�T3T3¹DTU0Q2=OPT´I²N'/'/25'P>
.1@�'fV/'�BD.12�+-4A41JN2=OR2=.A'/2C»�8/25GI@Q.12M+IV:T�)�+I,/.�0Q2=4<6�8/25@Q+I'/�=.A2=8/25' � � +-03�C6 � ÕNÕ 4A.12=EH2=@30B/+I'/'�EHW/@
V/':T32=@Q2 � .�0QV:+$0Q.1GN'
F¯dHGIG [*k°m}Á�DÅÂU{ � y∗ u rAs u�� '-{=�-s � t u {�rAs/y<|bz\| �Du s u s*p�N:{ �(u zP{

Dy := y′ − Ay = b,

{�|�r�{ �
L(D; b) := {y∗ + yh | yh ∈

´N2=@
D}

tIr u Q u {�~$z � y u r � ~-w1w u � � '${5�-s �Du s �DÊ ~ �Du r �Du { ��u y � ´I2=@ D ~/�I{C~-w1w u s � '-{=�-s �Du s£t u �My<|bz\|)0
�Du s u s/Q�w u rgxUy<�Is �

Dy := y′ − Ay = 0.

S�.12¢TX27>¼²NT3V/'/JNT3OR2='/JN2
L(D; b)

TX25.v'�V:'�2=0U>¦+NT¦V/'�032=@�T3V:��8�0 �Ó<V/'K­I��8:TX0
;K2=03@�+I��8�0325'�>
.A@MBD.A2�8/GIORGIJN2='/2O<F4A2=.���8�V:'/J �
F¯dHGIG [*k°m}Á JÃÂU{ � y � '-{=�Is � Æb|bs Dy

��� Ë t � y � r�{ � y′ = Ay
�-svt*yK~ � Ä � � u rAs u p �(u wAw u

t0 ∈ R
tIr u 97�-s �<� r}|$s y u rAs u !��Iw1w�{ �(u wAw ubË t � y � r�{ � y(t0) = 0,

{�|Mr�{ � y(t) = 0
Ä � �¯~$wAw u t ∈ R.

S�d�'nd�¾gaIY��jW/@� U2¢BD25T
t ∈ R

.�TU0
y′(t) = Ay(t),

T3GDB/+-ÎR+-4�T3GnEHW:@
i = 1, ..., n

JI.A4�0

η′
i(t) =

n
∑

j=1

αijηj(t).

S�V/@Q��8�&('�0325JI@�+$03.AGI'\EHGI4AJ-0

ηi(t) = ηi(t0) +

∫ t

t0

η′
i(τ)dτ = 0 +

∫ t

t0

n
∑

j=1

αijηj(τ)dτ.

·*.10
η(τ) :=

OR+-ª n
i=1

{ OP+$ª
|τ−t0|≤|t−t0|

| ηi(τ)|

}

V/':B
a :=

OP+$ª
i,j

|αij |

.�TU0CB/+IOR.�0
0 ≤ η(t) ≤

∣

∣

∣

∣

∫ t

t0

n · a · η(τ) dτ

∣

∣

∣

∣

= η(t) · n · a · |t − t0|.

&UTX0
t
T3G�':+-8:2¬;K25.

t0
®%B/+-Î

n · a · |t − t0| < 1,
T3G*EHGN41JI0n+-V:TnBD2=@�4A2	03�=0325' ¨M'/JN4125.A��8fV/':J

'/GI0U>¡25':BD.AJ
η(t) = 0,

TXGDB/+IÎ¬+-4�TXG¬+IV:��8
η(τ) = 0

EHW/@
|τ − t0| < |t − t0|.

SC.A25T32=' � ��8/4AV/Î
´$+-'/'?OP+-'�.1032=@Q.A2=@Q2='�V/':B�2=@Q8:­-410MB/+-@�+-VKT=®DB/+IÎ�':G-0U>¦2=':BD.AJ

y(t) = 0
EHW/@M+I414A2

t ∈ R
.�TU0 � �

ºq.A@M2=@Q8:+-410325'�B:+-OR.�0M+I4AT



���Q�N�

��!<ei^<d�`$h�]j^lk°m}Á �

� r � 9 � ��E u t u { y0 ∈ Cn
yK~ � t�~-{ 2 �Ms:Äi~$s � {=Ç u � � É��	| � w u z 3

Dy = b, y(0) = y0,

y*'/xUy:{ �(u s:{ u r1s u � '${5�-s ���
� rAr ��Ê r u � �/� r1wgt:�-s �

ϕ :
´I25@

D −→ C
n, y 7−→ y(0),

rA{ � r1s,E u���� r�Æ\�-svt?t�~-zRr � BD.AO ´I2=@
D ≤ n.

»j+$0QTQ­I��8:41.���8PJI.A;D0�25T¡;K25.�ÐH.}Ñ¯TX032=0QT¦2=.A'/2�>¼²NT3V/'/J � �:2=@Q'/2=@¦>¡25@QB/2='¬>
.A@¡V:'N0Q2='�TX258/2='7®DB/+IÎ°.A'ÐH.A.}Ñ�BD.12��C;/;/.A4AB/V/'/J
ϕ
;:.  U25´N0Q.1«�.ATX0MV/':B?B/+IOR.�0CB/+I'/'?BD.1O ´I25@

D = n.

S�d�'nd�¾gaIYµÐH.}Ñ � .A':B
y1, y2

>¼²NT3V/'/JN2='�«NGI'
Dy = b,

B/.12¦;K25.AB/2
y1(0) = y2(0) = y0

25@XEHW:414A2='7®
T3G�JN.1410�EHW/@

y := y1 − y2 :

Dy = D(y1 − y2) = Dy1 − Dy2 = b − b = 0,

y(0) = y1(0) − y2(0) = y0 − y0 = 0

V/':B�OR.10�>72=OROP+�� � Õ � EHGI4AJ-0¢®/B/+-Î y1(t) = y2(t)
EHW/@C+-4A4A2

t ∈ R
JN.1410 �ÐH.A.}Ñ � 03.AORO�25'£�5>¡25. >7²�TXV/':JI2='£«IGN'

Dy = 0
+I'±B/2=@ � 0325414A2

t0 = 0
W/;<2=@Q2=.A'7®7T3G�T3.1'KB£T3.12

':+N��8±Ði.�Ñ¦.�BD2='�0Q.ATQ��8 � S�.12¢T�;K2¢T3+IJ-0M+-;<2=@
JN2=@�+IBD2N®DB/+-ÎPBD.A2��M;/;:.14�BDV/'/J ϕ
.1'- U2=´�03.A«\.�TU0 � �

S�.12���.AJI25'f>¡25@X03038/25GI@Q.12F2=@Q4A+IV/;D0
V/':TM'�V:'�BD25'*¥¡25>¡25.AT�«NGI'

B [Dc,C*knm�Á*� Ê r u � �/� rAwgt:�-s �
ϕ :

´I2=@
D −→ C

n, y 7−→ y(0),

r�{ � ~D�DxUyÍ{=�-�KE u���� rgÆl�-svtÍt�~$zRr ��� r E u��<� rgÆ Ë t � y �j� ��E u t u z y0 ∈ Cn � r �D��u { �Du sK~D� u r1s u
� '-{=�Is � t u �
y<|$z\| �Du s u s �Ms/Äi~-s � {5Ç u � � ~D�IÄ � ~ �Du

Dy = y′ − Ay = 0, y(0) = y0.

·*.10\�/GN41JN2=@QV/'/J±� � Õ �±.ATX0¬BD.12¢TP­)?�V/.A«$+-4A2='�0¬B/+-�5V7®�B/+-Î Dy = 0
JN2=':+IV

n
V/'K+-;/8:­I'/JI.AJI2

>7²�TXV:'/JI25'�;<25T3.�0Q�	0 � SC25' Snd�'°df¾iaF«NGI' � +$0Q��� � Õ @ EHW/8/@Q2='?>
.1@
.A'?OR2=8/@Q2=@Q2=' � ��8/@Q.�03032=' �
Z\df_jh�+vc¢¾ !<] k°m}Á "ÃÈ¯{ �Du s �$�K� tIr u ���I{Q{Q~ �Du Ä � �µt u s 9<~$wAw � � �fu Ç u rA{ u s Ë t�~-��tIr u�� ~ � �Qr �
A
rAs 	8�����
��� 0i{=xUy u � !µ|b�QzP~-w1Äg|$�3z Æ$|b�Qw1r uQ�<�3�

S�d�'nd�¾gaIY¦&UTX0
y′ = Ay

V/'KB
G
25.1':2�´IGN':TU0�+-'�032*.A'f«I25@X0Q.125@3;:+I@32*·�+-03@Q.�ªv®¦TXGÀ.�TU0�EHW/@�B/.12

�/V:'/´�03.AGI'
z := G−1y,

+-4�TXG
z(t) = G−1y(t)

B:+-'/'
z′ = G−1y′ V/'KB�B:+-OR.�0

z′ = G−1y′ = G−1AGG−1y = G−1AGz,

EHGI4AJI4A.���8
z
>7²NT3V/'/J?«NGI'

z′ = (G−1AG)z,
>¦GI;<2=.�':+-03W/@Q4A.A��8l'/GD��8

z(0) = G−1y(0).
�¯T

JI25'fW/J-0µ+-4�TXG\B/.12�¥¡258:+-V:,D03V/':J¬EHW/@�B/+NTM0Q@Q+I':TUEHGN@3OR.A2=@3032 � ¹DTX0325O �=V�;<2=>¦2=.�TX25'�V/':B£B/+-;<2=.
´$+-'/'qOP+I'�BDV/@���8 ºl+-8:4C«IGN'

G
BD.12£·�+$0Q@3.1ª

G−1AG
+I4AT 	8�����
��� ��TQ��8/2*LMGN@3OP+I4�EHGN@3O

2=@Q@Q2=.���8/2=' � �

�M4�T
':­N��8:TX0325T¦;<2	0Q@Q+N��8N0Q2='�>
.1@�EHGN41JN2=':B/2='
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B �¯dHCI¾i[:e���[/eie¦knm�Á ) Ê r uP� ~ � �3r � A
yK~ �fu 	8�����
��� {	xUy u !µ|b�Qz¬~$wAÄg|b�Qz¤zRr �
�/u sK~/� u rAs u z	 �����
��� 0 %�~-{ ��u s

A =





















λ 1
λ 1 0

� � � � � �
� � � 1

0 λ 1
λ





















= λI + E,

Ç�| �Du r

I =





















1
1

� � �
� � �

1
1





















, E =





















0 1
0 1 0

� � � � � �
� � � 1

0 0 1
0





















.

Ê ~$s/s*{3r1svt�tIr u p-É7~-w �(u s±t u � � ~ � �Qr �

C(t) := eλt ·















1 t t2

2!
t3

3! . . .

0 1 t t2

2! . . .

0 0 1 t . . .

0 0 0 1 . . .
��� ��� ��� ��� � � �















(m,n)

u rAs u �
~-{3r�{�Æ$|bs�´I25@ D,
t � y � t u � � '-{=�Is �Du s�Æb|$s z′ = Az.

S�d�'nd�¾gaIY¦�¯T
.�TX0M�=V?;K2=03@�+I��8�0325'

z′(t) = Az(t) = (λI + E)z(t).
·*.10M2=.A'/2=O©'/GD��8��5V?;K2¢TU0Q.1OROR2=':B/2='?Ô�2=´�03GN@

c(t) := (γ1(t), ..., γn(t))T

T32	03�52='�>
.1@�+-'7Y
z(t) := eλt · c(t).S�.12¢T
2=@QJI.A;D0MBD.A2�EHW:@C+-4A412

t
�=V?2=@3EHW/4A4125':BD27<F4A2=.���8�V:'/J

z′(t) = eλt(λc(t) + c′(t))

!
= (λI + E)eλtc(t)

= eλt(λc(t) + Ec(t)),
BD.A2�G-¶�2='f;:+I@¦�5V

c′(t) = Ec(t)­)?�V/.A«$+-4A2='�0
.ATX0 �&('*)CGNOR,KGN'/2='�0325'\4�+-VD0Q2	0CBD.A25T

γ′
i(t) =

{

γi+1(t) i < n

0 i = n

V/':BlBD.A2 � ,:+I4�0Q2='lBD2=@�GN;K25'£'/GI03.A2=@30325'±·�+-03@Q.�ª
C
T3.1':B±GI¶<25'�;K+-@O>7²�TXV/':JI2='±BD.A25T32=@7<F4125.��

��8fV/'/J � SF+ C
.1'f«I25@X0Q.125@3;K+-@¯.�TX05®DTX.A':B�TX.A2CV/'K+-;/8:­I'/JI.AJ°V:':B¬OR.10��:GI4AJI2=@QV/'/Jn� � Õ �°+I4AT3G°25.1':2¥�+IT3.AT � �



���Q���

LMV:'�´NGIOROR2='�>
.1@
�5V/O©[:eiei^<dHG�df¾i]jdf] �¼[:eie �S�.12�·�+-03@Q.�ª
A
TX25.v.1' 	 �����
��� TQ��8/25@�LCGI@QOP+-41EHGI@QO JI2=JN2=;<2='7®/+I4AT3GR+-4�T

A =







J1

� � �
Jk







OR.�0 	 �����
��� �()�­ITX0325'
J1, ..., Jk � Ó<VC U25BD25O 	 �����
��� �()�+ITX032='

Ji

;/.A4�BD2¡OP+I'�2='�0QT3,/@Q25��8/25':B
BD25O � ,K25�=.�+-41Ei+-4A4<B/.12F�=V/JN2=8/²N@3.AJI2�·�+$0Q@3.1ª

Ci(t)
V/':B\GI@�BD'/2�+I414A2�B/.12¢TX2µ·�+$0Q@3.A�=25'¬>
.A2MEHGI4AJ-0

�=V?25.1'/25@
'/2=V:2='*·�+$0Q@3.1ª

C(t) =







C1(t)
� � �

Ck(t)






.

SF+-'/'��ÍT3GÀ@32¢��8/'/2	0¬OP+I' 4A2=.���8�0¬':+I��8��ÍT3.1':BqB/.12 � ,K+-41032=' «NGI'/'
C
V/':+I;/8:­-':JI.AJ±V:':B

>7²�TXV:'/JI25'�«NGI'
z = Az,

>¡GNOR.�0
V/':T32=@ � +$03�µJN2=�=25.1JI0
.ATX0 �
�

〉
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�
〉 �
Ó<V/'K­I��8:TX0¯2=.A'¬¥¦2=.�TX,:.1254KB/+-EHW/@5®�B/+-Î°��.1JN2='f>¦2=@3032
V/'/2���.AJI2='f«N2=´�03GN@325'R+IV:��8�
U.A'\BD25@¡L�+$03V:@ �
«IGN@3´NGIOROR2=' �S�@325.FJN4125.A��8KT3��8f>¦2=@Q2�)µV/JI2541'

K1, K2, K3
OR.10?B/2=@*·�+ITQT32 �lTX25.125'Ã>
.A2±+IVDE�BD25O ¥¦.14�B

BDV/@���8��:25BD25@3'\«I2=@Q;/V/'KBD2='�+-VDEHJN2=8:­I'/J-0 � S�.12µ�/2¢BD2=@Q´IGN':TX0Q+-'�0Q2='P��T3.12�JI2=;<2='�+-'7®f>
.A2FTX0Q+I@3´BD.A2*�/25B/2=@P.�TU0R�°T32=.A2='
c1, c2, c3.

ºq.A2*T3��8f>
.A'/J-0PBD.A25T325T � ¹DTX032=O?®�>¦2='/' OP+-' 25T�2=.A'/OP+-4
+-'KTU0Q²IÎ-0�V/':B�>
.A@�+I'/'/258/OR2='7®bB/+-Î�´I25.1'/2¡S�­IO�,/EHV/'/JF2=.A'N0Q@3.10X0 �¦¨MO 25T�2=.A'DEi+N��8/2=@��=V�8:+I4�0Q2='7®
;<2	03@�+I��8�0Q2='�>
.1@
'fV/@
JN2=':+IV�T32='/´f@Q25��8�0�«I2=@Q4�+-VDEH25':BD2 � ��8f>
.1':JIV/'/JN2=' �

K1

K2

K3

c2

c3

c1

�C;/;/.A4ABDV:'/J �

&UTX0
yi(t)

BD.A2P�MV:T34125'/´fV/'/J*+-VKTFB/2=@O:
V/8/254A+IJI2RBD2=@µ.1�g0Q2='l)µV/JI254%�=V/@°Ó<25.�0
t,
B/+I'/'£25@38K­-410

OP+-'�EHGI4AJI25':BD25T � ¹fTX0325O «NGI'?SC.1¶<25@325'�03.�+-4AJI4A2=.���8�V:'/JI25'¬EHW/@CB/.12
yi :

−y′′
1 = c1y1 − c2(y2 − y1)

−y′′
2 = c2(y2 − y1) − c3(y3 − y2)

−y′′
3 = c3(y3 − y2)

SF+¬V/'/JN25B/­IOR,DE}032 � ��8�>
.A'/JNV/'/JI25'�T3��8:²I' � .A'fV:TU�(+-@303.AJP«I25@34�+-V/EH2='7®/OP+N��8/2='*>
.A@MEHGN41JN2=':BD25'
�M'KT3+-03�IY

y1(t) := ξ1
T3.1'

ωt, y2(t) := ξ2
T3.1'

ωt, y3(t) := ξ3
TX.A'

ωt.
º±2=JI25'

(
TX.A'

ωt)′′ = −ω2 TX.A' ωt
>
.A@QB�V/':T32=@ � ¹DTX0325O «IGN'�S�.1¶<25@325'N0Q.A+I41JN4125.A��8fV/':JI2='�B/+-OR.10MW/;<2=@3EHW/8/@30M.1'*B/+NT � ¹DTU0Q2=O

ξ1ω
2 T3.1' ωt = ((c1 + c2)ξ1 − c2ξ2)

T3.1'
ωt

ξ2ω
2 T3.1' ωt = (−c2ξ1 + (c2 + c3)ξ2 − c3ξ3)

TX.A'
ωt

ξ3ω
2 T3.1' ωt = (−c3)ξ2 + c3ξ3)

T3.A'
ωt,

V/':Bl8:.125@3.A'ÀTX.A':B
ξ1, ξ2, ξ3

ÐH'/.���8�0n+-4A412
= 0

ÑµV/'KB
ω
�5VÀ;K2¢TU0Q.1OROR2=' � S�+IOR.�0°.�TX0n+-4�TXG?�5V4A²NT32='?BD.12��¯.1JN2='f>¡25@X0�+-VDEHJ�+-;<2





c1 + c2 −c2 0
−c2 c2 + c3 −c3

0 −c3 c3









ξ1

ξ2

ξ3



 = λ





ξ1

ξ2

ξ3



 (λ = ω2.)

�N25BD25@P��.1JN2='f>¦2=@30
λ = ω2 4A.A2	EH2=@30¬2=.A'/2O
X��.AJI2='/EH@324?NV:2='/���?BD2¢T � ¹DTU0Q2=OPTPV/'KB B/2=@¬�5V/JI2=�

8/²N@3.AJI2n��.1JN2='f«I25´�03GI@
x
41.A2	EH25@X0�BD.A2R�COR,/41.103VKBD2='lBD2=@�+IVDE}03@Q2	0Q2=':BD25' � ��8f>
.A'/JIV:'/JI25' � �N25B/22='�0�TX,/@Q25��8:2=':BÀBD25@n�C@X0¢®�>
.A2¬>
.A@�B/+NT � ¹DTX0325OÏ+I':TX03GIÎN2='7®�+-VDE}0Q@32=032='KBD2 � ��8f>
.A'/JIV:'/J�BD25T

<F25TQ+-O°0QT3¹DTU0Q2=OPTM25@3JN.1;D0FTX.���8�BDV/@���8 �M;<2=@Q4�+-JI25@3V:'/J\BD.A25T32=@���.1JN2=':TQ��8f>
.1':JIV/'/JN2='7®<B � 8 � .�TX0
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+-4�T�>¼.1':25+-@Q´IGNO°;/.A':+-03.AGI'µBD.12¢TX25@�+IV:T¼BD25O9��.1JN2='f>¦2=@303,/@QGI;/4A2=O JI25>¡GN'/'/2=':2='7>7²�TXV:'/JI25'µB:+-@3�
TX032=4A4A;:+-@ �S�V/@Q��8�B/.12\�:25BD25@3'l>
.A@QBl8:.125@°+-VDEMBD.A2\)µV/JN2=4A'l2=.A'/2\)µ@�+$E}0°+-VKTXJN2=W/;D0¢®¼BD.A2¬V/OPT3G�JI@Q²IÎN2=@
.�TU0¢®K U2�JI@Q²IÎN2=@°B/.12��MV:T34125'/´fV/'/Jl+-V:TnBD2=@ :
V:8/2=4�+-JN2¬.ATX05®%V/'KB B/+NBDV/@���8 BD.A2��MVKTX4A2='/´fV/':J
T32=4A;:TU0F´IGN@3@Q.1JN.125@X0 � SC.A25T32 � .�0QV:+$0Q.1GN'7®<B:+-Î\BD.A2��C':BD25@3V/':J\2=.A'/25@ <F@Q²IÎI2n+-;/8:­I'/JI.AJP«IGN'�BD2=@<F@Q²IÎI2MT32=4A;:TX0¯.�TU0¢®-Ò:':B/2=' � .A2M.A'¬+-4A4125'¬¥¦2=@Q2=.���8/2=' ?�V:+-'�0Q.�0�+$03.A«I25'P¥¡2¢T3��8:@325.1;<2=':T�V/':BPOR2=.�TX0
@Q25T3V/4�0Q.125@X0PB/+I@Q+IV:T°25.1' ��.AJI25'�>¦2=@303,:@3GN;/4125O � º±2=.10325@¬¥¡25.AT3,/.A2=4A2�>�­-@Q2=' 2	0U>�+�ºq.A@QTQ��8:+-E}0QTX�>�+I��8:TX03V/O?®/�C4�0Q2=@�TX,f¹f@Q+IOR.ABD2N®fÔ�2=@QO�258/@QV/'/JR«IGN'�¥�+-´�0Q2=@Q.125'7®f2	0Q� �º±2=.1032=@C;/.AT
Õ 〉

S�k°o���¨M'�0325@QT3V:��8/25'�>
.A@MBD2='*BDV:@Q��8?BD.A2�·�+$0Q@3.1ª

F =





−1 2 2
2 2 2
−3 −6 −6





JI25JI25;K25'/2='?6MGNO�GNORGI@Q,/8/.�TXOnV:T
f : R3 → R3.SF+IT
��8:+I@Q+I´N0Q2=@Q.ATX03.�TQ��8/2C¸%GI4A¹f'/GIO 4A+IVD032=0

χf (λ) =
BD2	0

(F − λI) =
BD2=0





−1− λ 2 2
2 2 − λ 2
−3 −6 −6 − λ



 .

� V/;/03@�+-8/.A2=@Q2='�>
.1@MB/.12�4A2	0Q�	032 � ,:+-41032µ«IGN'�B/2=@
�=>¦2=.10325'*TXG�EHGI4AJ-0

χf (λ) =
BD2=0





−(1 + λ) 0 2
2 −λ 2
−3 λ −6 − λ



 .

��'�0U>
.���´I2=4A'�':+I��8?BD2=@
�5>¡25.�0Q2=' � ,:+I4�0Q2µ41.A2	EH25@X0

χf (λ) = −λ(−(1 + λ)2 − 4) − λ((1 + λ)(6 + λ) + 6)

= −λ(λ2 + 5λ + 6) = −λ(λ + 2)(λ + 3).

S�2=OR':+I��8P8K+$0
F
BD.A2CBD@Q2=.K«I2=@�TQ��8/.12¢BD2=':2='R��.AJI2='f>¦2=@3032

λ1 = 0, λ2 = −2, λ3 = −3.
LC+N��8

� +-03�F� � � �°;:.14�BD2='?BD.A2µ�=V/JN2=8/²N@3.AJI25'P��.1JN2='f«I25´�03GI@Q2=' (u1, u2, u3)
25.1':2F¥�+IT3.�T¦B/25T

R3.
�M4�T3G

.�TU0
f
BD.A+IJIGN':+-4A.AT3.A2=@Q;:+-@ �Ó<V/@�¥¡2¢TU0Q.1OROnV/'/JPBD2=@C��.1JN2='f«I25´�03GI@Q2='�;<2	03@�+I��8�0Q2='�>
.1@CB:+IT � ¹DTX0325O

(F − λI)x = 0,
EHW/@

λ = λ1
GDBD25@

λ = λ2
GDBD25@

λ = λ3,
B � 8 � BD.A2 � ¹DTU0Q2=OR2IY

λ1 = 0 :





−1 2 2
2 2 2
−3 −6 −6



 x = 0
O�.10C25.1'/25@ >7²�TXV/':J

x = u1 :=





0
1
−1



 ,

λ2 = −2 :





1 2 2
2 4 2
−3 −6 −4



 x = 0
O�.10C25.1'/25@ >7²�TXV/':J

x = u2 :=





2
−1
0



 ,

λ3 = −3 :





2 2 2
2 5 2
−3 −6 −3



 x = 0
O�.10C25.1'/25@ >7²�TXV/':J

x = u3 :=





1
0
−1



 .

�¯T
;<2=�52=.���8/'/2
G
BD.12�OR.10CBD.A25T32='?��.AJI2='f«N2=´�03GN@325'�+-4�T � ,:+I4�0Q2='�JI25;/.14�BD2=032�·�+-03@Q.�ªvY





0 2 1
1 −1 0
−1 0 −1



 .



¥¦�����

SF+�BD.A25T32�2=.A'/2n¥�+IT3.�TC;/.A4�BD2='7®v.�TX0
G
.A'f«I25@X0Q.125@3;:+I@ � º£25'/' � .12�'fV/'£BD25'£¥¦2=>¦2=.�T�«IGI' � +$03�� � � �R+-V/EHO�25@3´DTQ+IT3O 412¢TX25'7®:T3GI4A4�0Q2=' � .A2�O�25@3´N2='7®/B:+-Î�JI.A4�0¢Y

G−1FG =





λ1 0 0
0 λ2 0
0 0 λ3



 =: F ′.

� .A2�´I²N'/'/2='?BD.A25T 
X�=V?�/V/ÎP�µ'K+I��8/@Q25��8/':2='7®fGDBD2=@MT3GPT3��8:41.A2=ÎN2='7Y
LC+N��8�)�GI'KTU0Q@3V/´�0Q.1GN'\«IGN'

G
.�TU0

ui = Gei (i = 1, 2, 3).
SF+-OR.10M.ATX0

G−1FGei = G−1Fui = G−1λiui = λiG
−1ui = λiG

−1Gei = λiei = F ′ei.

S�kµÁ �Ï&(' � +$0Q��� � �À´I²N'/'/2='q>
.A@\':.A��8�0�+IVDE�BD.12�Ô�GI@�+-V:TQTX2=03�5V/'/Jl«I25@3�5.A��8�0325'7®¯B/+IÎ�BD2=@)�²I@Q,K25@�+I41JN2=;/@�+-.�TQ��8\+-;/JN25TQ��8/4AGNTQTX25'¬.ATX05Y
�M;<2=@

R
;<25T3.�0Q�	0
BD.A2F·�+-03@Q.�ª

F =

(

0 1
−1 0

) ´I25.1':2C��.AJI25'�>¦2=@3032 � B/2='/'¬2¢T¦.ATX0¦B/+NT¡��8K+-@�+-´��
0325@3.�TX03.�T3��8/2R¸%GI4A¹f'/GIO

χf(λ) =
BD2	0

(F − λI) = λ2 + 1 6= 0
EHW/@n+-4A412

λ ∈ R.
�M;<2=@nBD2='

´IGNOR,/412=ªD2=' Ó�+-8:4125'
C
8K+$0�B:+-JI25JI25'

χf(λ)
B/.12¬;<2=.�BD25' LMV/4A4�TU0Q2=4A4125'

±i
V/':B TXGNO�.10°25.1'/2

¥�+IT3.AT�+IV:T
��.AJI25'�«N2=´�03GN@325' � ºq.12�T3.1258�0CTX.A2�+-V:T �º±2=.1032=@C;/.AT
� 〉

〉 �
S�.12�;:.AT38/2=@C;K2=03@�+I��8�032=032='?BD.�+-JNGI':+I41.�TX.A2=@Q;:+I@325'�·�+-03@Q.1�52='�;K2¢T3+IÎI2='?25.1'/2�¥�+NTX.�TM+-VKT���.1JN2='D�
«I25´�03GI@Q2=' � ºq.A@�8:+-;<2='�+-;<2=@¦JI25T32=8:2='7®fB/+-În25T¦«IGN@3´NGIOROR2='P´$+-':'7®DB/+-În'�V:@¦25.1'���.AJI2='f>¦2=@30V/':BÍB/+-�5VÍ+IV:��8 'fV/@�JI25':+-VÍ2=.A' ��.AJI25'�«N2=´�03GN@°2=ªf.�TX03.A2=@30 � ��.A'/2*TXGN4A��8/2�·�+$0Q@3.1ªÀ4A­IÎ-0PTX.���8B/+I'/'*+-VDE%BD.12��:GI@QO

F ′ =





















λ 1
λ 1

0

� � � � � �
� � � 1

0
λ 1

λ





















;/@Q.1':JI2='¼®%+I4AT3Gl+-VDEµBD.12 <F2¢TU0�+-410P2=.A'/25T�2=.A'/�5.1JN2=' 	 �����
��� �()�+ITX032='KT � SC.A25T32 	 �����
��� TQ��8/2
LMGN@3OP+I4�EHGN@3O T32=.vEHW:@
2=.A' �¬'/GD��8�@32¢��8�0
T3.AO�,:412¢T �\¥¡25.AT3,/.A2=4v;<25TX03.AORO�0 �
S�k # �Ï�¯TMT32=.

F =





17 0 −25
0 3 0
9 0 −13





SF+IT
��8:+I@Q+I´N0Q2=@Q.ATX03.�TQ��8/2C¸%GI4A¹f'/GIO 4A+IVD032=0

χf (λ) =
BD2	0

(F − λI) =
BD2	0





17 − λ 0 −25
0 3 − λ 0
9 0 −13− λ





= (3 − λ)[−(17 − λ)(13 + λ) + 9 · 25] = (3 − λ)(λ − 2)2.

ºq.A@M8:+-;<2='?+-4�T3G��5>¡25.v«I25@QTQ��8/.A25BD25'/2��¯.1JN2='f>¡25@X0Q2
λ1 = 3, λ2 = 2.

(F − 3I)x = 0
;<25T3.�0Q�	0MJI25':+-V�2=.A'/2µV/':+I;/8:­I'/JI.AJI2O>7²�TXV:'/J:®f':­IO�4A.���8

u1 = (0, 1, 0)T .�jW/@

(F − 2I)x =





15 0 −25
0 1 0
9 0 −15



 x = 0



¥¦��� � � � � � � �����K� ����� � ���������
	�����

� �

2	ªD.�TU0Q.125@X0�>¡25JI2='*@QJ
(F − 2I) = 2

+-VK��8*'�V:@CJI25':+-V*25.1':2°V/':+I;/8:­I'/JI.AJI27>¼²NT3V/'/J:®:':­-OR4A.A��8
u2 = (5, 0, 3)T .

SF+P+-;<2=@
u2 ∈

.AO
(F − 2I)

.�TU0¢®D8:+$0C+IV:��8?B/+IT�.A'/8/GNO�GNJI25'/2 � ¹fTX0325O

(F − 2I)x = u2,
B � 8 �





15 0 −25
0 1 0
9 0 −15



 x =





5
0
3





2=.A'/27>¼²NT3V/'/J:®f':­IOR41.���8
u3 = ( 1

3 , 0, 0)T .
SF+-'/'?.�TU0

(F − 2I)u3 = u2 6= 0,
+-;<2=@

(F − 2I)2u3 = (F − 2I)u2 = 0,

B � 8 � u3
.�TU0R2=.A'Í6�+-V/,/03«I25´�03GI@��=>¦2=.10325@ � 03VDEH2?�5V/O���.AJI2='f>¦2=@30

2
«IGN'

F.
SC.A2?Ô�2=´�03GN@325'

(u1, u2, u3)
;/.A4AB/2=' 2=.A'/2*¥¦+NTX.�T�«IGN'

R3,
.1' BD2=@

u2, u3
2=.A'/2*)µ2	03032?;/.A4AB/2=' � L�+I��8 � +$0Q�� � Õ ��8:+$0�BD25@�«NGI' F

JN2=JN2=;<2='/2R6MGNO�GNORGI@Q,/8/.�TXOnV:T
f : R3 → R3 : x 7→ Fx

;<2=�5W/JI4A.���8
BD.A25T32=@M¥�+IT3.�T¦T3GIOR.10CBD.A2µ·�+$03@Q.1ªDB:+-@�TU0Q2=4A41V/':J

F ′ =





3 0 0
0 2 1
0 0 2





.A' 	8�����
��� T3��8:2=@�LMGI@QOP+-41EHGI@QO �¥¦.14�BD25' � .12�>
.A2�.1' � ��� BD.A2�·�+-03@Q.�ª
G
OR.10CBD2=' � ,K+-41032='

(u1, u2, u3),
B/+I'/'?´I²I':'/2=' � .A2

':+N��8/@32¢��8/'/25'\GDBD2=@M+I':+-4AGIJ�GI;<2='*TQ��8/4A.125ÎI2='¼®fB:+-Î
F ′ = G−1FG

.ATX0 ��M;<2=@Q4A2=JI25' � .12�OP+-4�®b>¦+I@3V/O 2¢T%´I25.1'/25' � .A'/'R8:+-05®bEHW/@�BD25'n�¯.1JN2='f>¡25@X0
3
2=.A'/2
6C+-V:,D03«N2=´�03GN@

�=V*T3V:��8/25'��µº±GI@�+-'�´b+I'/'�OR+I'*B/+IT
T32=8/25'��
S�2=@%Ô�2=´�03GN@

u′
3 := (0, 0, 1

5 )
>�­-@Q2¯+-VK��8�2=.A'n6�+-V/,D0Q«I25´N0QGI@jJI25>¡2¢TX25'7®5BD25@�OR.10

u2
2=.A'/2¦)µ2=0X0Q2

;/.A4AB/2	0 � �¯TFJI.A;D0�+I4AT3G¬�5V�BD2=O ��.AJI25'f«I2=´�0QGI@
u2
«N2=@�T3��8/.A25B/2='/2¬ÐiV/':+-;:8:­-'/JN.1JN2¢Ñ
6�+-V/,/03«I25´��

03GN@325'7®/BD.A2�OP+-'�.1'*BD.A2�JI2¢TXV:��8�0Q2F¥�+IT3.�T
+-VDEH'/258/OR2='?´$+-'/' ��jW/8/@Q2=' � .A2µB/.12µJI4A2=.���8/25' �M;<2=@Q4A2=JIV:'/JI25'�'/GD��8/OP+I4�+IV:T5®D':+I��8:B/2=O � .A2µ.1'
F
B/+NT�OR.�03034A2=@Q2

��4A2=OR2='�0M«NGI'
3
.A'

2
JN25­I':BD2=@30
8:+-;<2=' �º±2=.1032=@C;/.AT

�
〉

〉

�
�M4�TM¥¦2=.�T3,/.1254v;K2=03@�+I��8�0325'�>
.A@MBD.A2T
UJN2=>¦²I8/':41.���8/2µSC.1¶<25@325'�03.�+-4AJI4A2=.���8�V:'/J Õ �g0Q2=@ � @�BD'fV/'/J��

u′′(t) = (δ − q2)u(t) + 2qu′(t)
OR.10

δ, q ∈ R.

ºq.A@µT32	0Q�=25'
η1 := u, η2 := u′ TXGDB/+IÎ�+I4AT3G η′

1 = u′ = η2, η′
2 = u′′.

� GNO�.10�8:+-;<2='£>
.1@
+-4�T3G�BD.A2 <F4A2=.���8�V:'/JI25'

η′
1 = η2,

η′
2 = (δ − q2)η1 + 2qη2,

>�+IT�>
.A@
O�.10
y :=

(

η1

η2

) V/'KB
A =

(

0 1
(δ − q2) 2q

) T3��8/@Q2=.A;<2='\´N²I'/':2='?+-4�T

y′ = Ay.

SF+-OR.�0M.�TX0CBD.12�;<2=8K+-':BD254�0Q2��/GI@QO 25.1':25T � ¹DTX032=OPTµ�=�g0Q2=@ � @�BD'fV/'/J�2=@Q@325.A��8�0 �Ó<V/@ >7²�TXV/':J¬.ATX0�'fV/'£BD.12 	 �����
��� �(�/GN@3O BD2=@µ·�+$0Q@3.1ª
A
�=V�;K2¢TU0Q.1OROR2=' � SF+IT���8:+-@�+-´�032=�@Q.ATX03.�T3��8:2F¸%GN41¹f'/GNO 4A+IVD032=0

χA(λ) =
BD2	0 ( −λ 1

(δ − q2) 2q − λ

)

= λ2 − 2qλ + q2 − δ = (λ − q)2 − δ.



¥¦��� �

� C�� ��3 3��
δ 6= 0 :

6M.A2=@nJI.A;D0�25T°�=>¦2=.�«N2=@�T3��8:.12¢BD2='/2R��.AJI25'f>¡25@X0Q2
λ1, λ2,

TXGNOR.�0°B/+I�=VÀ�5>¡25.
V/':+I;/8:­I'/JI.AJI2¦��.AJI2='f«N2=´�03GN@325'

c1, c2
V/':B ��@Q25��8/'/25' � .A2MB/+NT�OP+I4/TX2541;<2=@�':+N��8 �°BD.A2
�/V/':´N�

03.AGI':2='

y1(t) := eλ1t · c1

y2(t) := eλ2t · c2

;/.A4AB/2='?2=.A'/2�¥�+IT3.AT�BD2¢T >7²�TXV:'/JNT3@Q+IV/OR25T¡«IGN'
y′ = Ay.

� C�� ��3 3��
δ = 0 :

6M.A2=@
.�TU0C+I4AT3G
χA(λ) = (λ − q)2

OR.�0M'fV/@
25.1':2=O 25.1':�=.AJI2='���.AJI25'�>¦2=@305®D'K­-OR41.���8
q.
�¯T
.�TU0

A − qI =

(

−q 1
−q2 2q − q

)

=

(

−q 1
−q2 q

)

2=.A'/2�·�+$03@Q.1ªÍ«IGNO :M+I'/Jq� � S�+IO�.10\.�TU0�8/.125@\+-VK��8q.18/@�)µ2=@Q' 25.1'KBD.1OR25':TX.AGI'K+-4 � �¯T¬JN.1;/0+-4�T3G�JI25':+-V 2=.A'/2='Í2=.A':BD.AO�25':T3.1GN':+-4A2='��¯.1JN2='/@�+-V/O?®�T3GfB:+-Î�'/GI0U>¡25':BD.AJ�25.1' 6C+-V:,D03«N2=´�03GN@
2	ªD.�TU0Q.125@X0 �ºq.A@M2=@Q8:+-410325'
2=.A'/25'��¯.1JN2='f«I25´N0QGI@

g1 :=

(

1
q

) +I4AT >¼²NT3V/'/J�«IGN' (

−q 1
−q2 q

)

x = 0,
V/':B

2=.A'/25'?6�+-V/,/03«I25´�03GI@
g2 :=

(

0
1

) +-4�T >7²NT3V/'/JR«NGI' (

−q 1
−q2 q

)

x = g1,
V/'KB�OR.10

G =

(

1 0
q 1

)

, G−1 =

(

1 0
−q 1

)

.�TU0
J := G−1AG =

(

q 1
0 q

)

BD.A2 �IGN@QB:+-'DEHGN@3O �Ó<V/O³SC.1¶�2=@Q2='�03.�+-4AJI4A2=.���8fV/'/JNTQT3¹fTX0325O
z′ = Jz

8:+-;<2='R>
.A@¯B/+-':'R+I4AT >¼²NT3V/'/JN2='RBD.12 � ,:+-410325'
«IGN'

C(t) := eqt

(

1 t

0 1

)

.

�jW/@
V/':T32=@Q2µV/@�TX,/@QW/'/JN41.���8/2O<F4125.A��8fV/':J

y′ = Ay

2=@Q8:+I4�0Q2='�>
.1@MB/+I@Q+IV:T¦>¡25JI25'
y = Gz

+-4�T >7²�TXV/':JI2='�BD.A2 � ,:+-410325'?«IGI'

Y (t) := eqt

(

1 0
q 1

) (

1 t

0 1

)

= eqt

(

1 t

q qt + 1

)

,

+-4�T3G
y1(t) = eqt

(

1
q

)

, y2(t) = eqt

(

t

qt + 1

)

.

¸�@QWDEH2=' � .A2�T32=4A;:TU0M'K+I��87®/B/+IÎPBD.12¢T >7²�TXV:'/JI25'�T3.1':B�V/'KB�W:;K25@QT32	0Q�=2=' � .A2�T3.12µ.A' >¼²NT3V/'/JN2='
BD25@
V/@QT3,/@QW/'/JN41.���8/2=' <F4125.A��8fV/':J Õ �g0Q2=@ � @�BD'fV/'/J �
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